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Abstract Here we consider the discrete time dynamics described by a transformation 7" : M — M, where
T is either the action of shift 7' = o on the symbolic space M = {1,2,..., d}N7 or, T describes the action
of a d to 1 expanding transformation T : ST — S of class C1T¢ (for example z — T(z) = dz (mod
1)), where M = S is the unit circle. It is known that the infinite-dimensional manifold N of Holder
equilibrium probabilities is an analytical manifold and carries a natural Riemannian metric. Given a
certain normalized Hélder potential A denote by ua € N the associated equilibrium probability. The
set of tangent vectors X (functions X : M — R) to the manifold A/ at the point u4 (a subspace of the
Hilbert space L?(u4)) coincides with the kernel of the Ruelle operator for the normalized potential A.
The Riemannian norm |X| = | X|4 of the vector X, which is tangent to A at the point w4, is described
via the asymptotic variance, that is, satisfies
IX[2 = (X, X) = limp oo £ [(CF ) X 0TH)2dpa.

Consider an orthonormal basis X;, ¢ € N, for the tangent space at pu4. For any two orthonormal

vectors X and Y on the basis, the curvature K(X,Y) is

1 oo} oo
K(X,Y) = Z[Z(/XYXi dpa)? — Z/Xin d,LLA/YQXi dpal.
=1 =1

When the equilibrium probabilities 4 is the set of invariant Markov probabilities on {0,1}N C
N, introducing an orthonormal basis d,, indexed by finite words y, we show explicit expressions for
K(as,az), which is a finite sum. These values can be positive or negative depending on A and the words
z and z. Words z, z with large length can eventually produce large negative curvature K (az,d). If z, 2
do not begin with the same letter, then K(G,,a.) = 0.

Keywords: equilibrium probabilities; analytic infinite dimensional; manifold; Riemannian structure;
curvature; Haar basis of the kernel of the Ruelle operator
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1. Introduction

We denote by T : M — M a transformation acting on the metric space M, which is
either the shift o acting on M = {1,2,...,d}, or, T is the action of a d to 1 expanding
transformation 7 : 81 — S, of class C'T®, where M = S' is the unit circle.
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2 A. O Lopes and R. O Ruggiero

For a fixed o> 0, we denote by Hol the set of a-Hoélder functions on M.
For a Holder potential A : M — R, we define the Ruelle operator (sometimes called
transfer operator) — which acts on Hoélder functions f : M — R — by

f=Zaf@)= > AW f(y). (1)

T(y)==

It is known (see for instance [18] or [2]) that .£4 has a positive, simple leading eigenvalue
A4 with a positive Holder eigenfunction hs. Moreover, the dual operator acting on mea-
sures .Z; has a unique eigenprobability v 4 which is associated to the same eigenvalue
Aa.

Given a Holder potential A, we say that the probability pus — defined on the Borel
sigma-algebra of M — is the equilibrium probability for A, if u4 maximizes the values

h(p) + / A dp,

among Borel T-invariant probabilities p and where h(u) is the Kolmogorov—Sinai entropy
of u.

The theory of thermodynamic formalism shows that the probability p4 is unique and
is given by the expression g4 = hava.

In some particular cases, the equilibrium probability (also called Gibbs probability)
144 is the one observed on the thermodynamical equilibrium in the Statistical Mechanics
of the one-dimensional lattice N (under an interaction described by the potential A). As
an example (where the spin in each site of the lattice N could be 4+ or —) one can take
M= {+,—}, A: M — R and T is the shift.

Taking into account the above definitions, we say that a Holder potential A is
normalized if Z41 = 1. In this case, Ay =1 and pyg = va.

Two potentials A, B in Hol will be called cohomologous to each other (up to a constant),
if there exists a continuous function g : M — R and a constant ¢, such that,

A=B+g—goT —c. (2)

Note that the equilibrium probability for A, respectively B, is the same if A and
B are coboundaries to each other. In each coboundary class (an equivalence relation),
there exists a unique normalized potential A (see [18]). Therefore, the set of equilibrium
probabilities for Holder potentials A can be indexed by Holder potentials A which are
normalized. We will use this point of view here: A <> 4.

The infinite-dimensional manifold A/ of Holder equilibrium probabilities 4 is an ana-
lytic manifold (see [22], [8], [18], [6]) and it was shown in [10] that it carries a natural
Riemannian structure. In order to provide a context for our main result, let us review first
some of the main properties of this infinite-dimensional manifold and some definitions
described on [10].

The set of tangent vectors X (a function X : M — R) to A at the point p4 coincides
with the kernel of £4. The Riemannian norm |[X| = |X|,, of the vector X, which is
tangent to A at the point 14, is described (see Theorem D in [10]) via the asymptotic
variance, that is, satisfies
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n—1

1X|=+(X,X)= ]| lim l/(ZxoTj)zch. (3)

n—oo N

The associated bilinear form on the tangent space at the point 14 can be described (see
Theorem D in [10]) by

(X,Y) = /XY dpa. (4)

This bilinear form is positive semi-definite and in order to make it definite one can con-
sider equivalence classes (cohomologous up to a constant) as described by Definition 5.4 in
[10]. In this way, we finally get a Riemannian structure on N (as anticipated in some para-
graphs above). Elements X on the tangent space at p4 have the property [ X dua = 0.
The tangent space to N at 4 is denoted by TaN.
Given a normalized potential A let {X;} be an orthonormal basis of T4N, i € N.
Our main result is:

Theorem 1.1. Let A be a normalized potential, and let {X;} be an orthonormal basis
of TaAN. Let X = X1,Y = X,, then the sectional curvature K(X,Y) is given by

KOGY) = 100 XY Xedua? = 3 [ XXodpa [ V2Xidual )

The expression of K(X,Y") applies of course to any pair of vectors in the basis {X;},
and we can always change the enumeration of the vectors in the basis without changing
the basis. The work consists of two distinct parts: the first part, from §2 to 5, has a
more geometric nature and deals with the calculation of the Levi-Civita connection and
the curvature tensor. This estimate becomes quite complex because we are dealing with
an infinitely dimensional Riemannian manifold. Our goal was to express the sectional
curvature for sections on the tangent space at p4 in terms of integrals of functions with
respect to 4. An important tool which will be used here is item (iv) on Theorem 5.1 in
[10]: for all normalized A € N, X € TaN and ¢ a continuous function it holds:

d

— d
dt YaApA+tx

- [ ex (6)

In §4.3, we describe the expression of sectional curvature K(X,Y) in terms of the
calculus of thermodynamic formalism.

The nature of the second part of the paper, from §6 to 9, is more dynamic, analytical
and considers M = {0,1}. We denote by K the set of stationary Markov probabilities
taking values in {0, 1}. The set of shift invariant probabilities u € K is contained in N.
The probabilities p are defined on the space {0,1}. The two-dimensional manifold K is
the set of equilibrium probabilities for potentials A depending on the two first coordinates
(see [18]), that is, when A(z1,%2,23,...,Tn,...) = A(x1, T2).
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4 A. O Lopes and R. O Ruggiero

For each point ;14 in K, we are able to exhibit a special orthonormal basis {4, } for the
tangent space T4\, indexed by finite words y on the alphabet {0, 1} (see expression (28)).
This orthonormal family will be denoted by F. We focus, for each point in K, on the
sectional curvatures for pairs of vectors on F. We get explicit results in this case. This
second part of the article is perhaps the more technical and subtle part; after some
computations, we will get the explicit expression for sectional curvature K (a,,a,) (see
expression (45) in Theorem 7.7 and Propositions 7.9 and 7.12).

A remarkable fact appearing in the proof of Theorem 1.1 is that the expression (5)
of the sectional curvature K (d,,a.) is actually a sum of a finite number of parcels (see
expression (45) in Theorem 7.7 and Remark 7.11).

We highlight some properties that will be demonstrated in the future and that describe
the eventual values of the sectional curvature K (d.,a,) depending on the pair of vectors
a4, 0, and the point in  under consideration.

1. Each vector a, is a function which is constant in cylinders of finite size (see expres-
sions (28) and (25)). More precisely, given a finite word y = (y1,%2,..-,Yn), 7 > 1, we
denote by [y] = [y1,¥2, .-, Yn] the associated cylinder set in {0,1}". The function a, is
constant in each of the cylinder sets [a, y1, Y2, - - -, Yn, b], where a,b = 0, 1. The support of
@y is the union of these cylinder sets. In this way if the word y has large length, then the
support of a, is contained on very small sets. We will have to consider the empty word
which will give rise to two tangent vectors d8 and dé, which are functions with support
on cylinders of size two.

2. The values K(a,,a.) can be positive or negative depending on the point in K and
the words z and z (see Example 7.19).

3. We say that z is a subprefix of z, if z and z satisfy

[2] = [z1, 22y« s Ty Tot1, - - - ] C [2] = [21, 22, ..., 2R],

where n > k. If  and z do not begin with the same letter (do not share a common
subprefix), then K (G,,ad,) = 0 (see Proposition 7.10). As an example take 2 = (0,1, 1,0)
and z = (1,1,0).

4. Words z and z with large length can eventually produce extremely negative curvature
K (a,,a.). This may happen when z and z have several common subprefixes. This is due
to expression (45). As an example take x = (0,1,1,0,0,1) and z = (0,1,1,0,0,0,1). But
even in this case, it is possible to get positive curvature depending on the point in K (see
Example 7.19 for a discussion in a particular case).

5. We also show that if u4 (a point in K) corresponds to the measure of maximal
entropy on {0, 1}, most of the sectional curvatures K (a,,a.) are equal to —1/2 (see
Proposition 7.16). Proposition 7.18 shows, in this case, an example where the sectional
curvature K (&([)m ,@9) = 1/2. The different possibilities also include the case K (af}, aj) = 0.

6. Considering the two-dimensional manifold K (of the Markov invariant probabilities),
it is natural to consider that vectors on T'M should be functions depending on two
coordinates. In our setting, the corresponding elements on the basis F are d% and dé. We
show that for any points in K the sectional curvature K (ag, a;) = 0 (see Theorem 7.14).
In this way, considering K as a surface in itself, we get that K is a flat surface (see
Remark 7.15).
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In [17] , [5] and [21], the authors consider a similar kind of Riemannian structure. The
bilinear form considered in [17] is the one we consider here divided by the entropy of p 4.
As mentioned in Section 8 in [10] in that case, the curvature can be positive and also
negative in some parts.

The main motivation for the results obtained on [17] (and also [5]) is related to the
study of a particular norm on the Teichmiiller space.

The results presented in [10] and here are related to the topic of Information Geometry
(see [1] for general results on the subject) and this is described in Section 5 in [14].
We point out that in the setting of thermodynamic formalism the asymptotic vari-
ance is the Fisher information (see Definition 4.3 and Proposition 4.4 in [11]). Results
about Kullback—Leibler divergence on thermodynamic formalism appeared recently in
[13].

General references for analyticity (and inverse function theorems and implicit function
theorems) in Banach spaces are [6] and [23].

A reference for general results in infinite-dimensional Riemannian manifolds is [3].

In Section 6 in [10], it is explained that the Riemannian metric considered here
is not compatible with the 2-Wasserstein Riemannian structure on the space of
probabilities.

We would like thanks to Paulo Varandas, Miguel Paternain and Gonzalo Contreras for
helpful conversations on questions related to the topics considered in this paper.

We thank the referee for extremely careful reading and criticism of previous versions
of our paper. Related results appear in [15].

2. Preliminaries of Riemannian geometry

Let us introduce some basic notions of Riemannian geometry. Given an infinite-
dimensional C* manifold (M, ¢g) equipped with a smooth Riemannian metric g, let TM
be the tangent bundle and 77 M be the set of unit norm tangent vectors of (M, g), the
unit tangent bundle. Let x (M) be the set of C*° vector fields of M.

In [3], several results for Riemannian metrics on infinite-dimensional manifolds are
presented. We will not use any of the results of that paper.

The only infinite-dimensional manifold we will be interested in here is N' which is
the set of Holder equilibrium probabilities (which was initially defined in [10]). Tangent
vectors, differentiability, analyticity, etc., should be always considered in the sense of the
setting described in Sections 2.3 and 5.1 in [10] (see also [4] and [8]). We will elaborate
on this later.

So in our case, M = N, and g is the L? metric, ga(X,Y) = [ XY dpa.

For practical purposes, we shall call Energy the function E(v) = g(v,v), v € TN,
although in mechanics the energy is rather defined by % g(v,v).

Given a smooth function f : N'— R, the derivative of f with respect to a vector field
X € x(N) will be denoted by X (f). The Lie bracket of two vector fields X, Y € x(N) is
the vector field whose action on the set of functions f : N'— R is given by [X,Y](f) =
X(Y(f)) - Y(X(f)):

The Levi-Civita connection of (N,g), V : x(N) x x(N) — x(N), with notation
V(X,Y) = VxY, is the affine operator characterized by the following properties:
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(1) Compatibility with the metric g:
Xg(Y,Z) = g(VxY,Z) +g(Y,VxZ)

for every triple of vector fields X,Y, Z.
(2) Absence of torsion:

VxY -VyX =[X,Y].
(3) For every smooth scalar function f and vector fields X, Y € x(N), we have

o VixY = fVxY,
e Leibniz rule: Vx (fY) = X(f)Y + fVxY.

The expression of VxY can be obtained explicitly from the expression of the
Riemannian metric, in dual form. Namely, given two vector fields X,Y € x(N) and
Z € x(N), we have

o(VxY,Z) = S(Xg(¥, 2) + Yg(Z,X) ~ Zg(X.Y)
- 9([X,Z],Y) — g([Y, Z], X) — 9([X, Y], Z)),

2.1. Curvature tensor and sectional curvatures

We follow [9] for the definitions in the subsection. To simplify the notation, from now
on, we shall adopt the convention g(X,Y) = (X,Y). The curvature tensor

R x(N) x x(N) x x(N) — x(N)
is defined in terms of the Levi-Civita connection as follows
R(X,Y)Z =VyVxZ -VxVyZ+Vixy)Z (7)

The sectional curvature of the plane generated by two vector fields X,Y at the point
A € N, which are orthonormal at A, is given by

K(X)Y)=(VyVxX - VxVyX + VixyX,Y) = (R(X,Y)X,Y). (8)

Let A be a normalized Holder potential. Let us consider a local smooth surface S(t, s),

for | ¢ |,| s |< e small, tangent to the plane {A +tX + sY'} generated by X,Y at the

point A = S(O,_O). Let X, Y be the coordinate vector fields of the surface and suppose
that X4 = X, Ya =Y. In § 4.2, we shall exhibit such local surfaces.

Lemma 2.1. The expression of the sectional curvature of the plane generated by the
two orthonormal vectors X,Y is
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(XXY PN +YX X D)+ I Ve X 2 +Y (X (X,Y))
—(VgX,VyY). 9)

Proof. The fact that X and Y commute implies that V¢V = V¢ X and

The first term of (R(X,Y)X,Y) gives
(VyVxX,Y) =Y(VgX,Y) - (VgX,VyY)
= Y(X< _,Y> — _,VXY>) - <VX'X7VYY>
=Y (X(X,Y) — (X, VyX)) - (Vx X, VyY)
= V(X{X,¥) = V(I X 7)) - (Ve X, Vy¥)
= - %7 (Y (| X [*) + Y (X(X,Y)) = (Vg X,VyY)

(VxVyX,Y) = X(VgXY) - (Vy X, VgY)
_ X (VV, V) — (Vg X, Vs X)
1 - - _
= ;XXUY )= vy X |
Subtracting the second term from the first one we obtain the lemma. O

3. The analytic structure of the set of normalized potentials

Definition 3.1. Let (X, |.|) and (Y, |.|) Banach spaces and V an open subset of X. Given
k€N, a function F :' V —Y is called k-differentiable in z, if for each j =1,... k, there
exists a j-linear bounded transformation

DIF(z): X x X x..x X =Y,
_.,_/

J

such that,
Dj_lF(.’L‘ + ’Uj)(’l)l, . ,Ujfl) - Dj_ll;‘(SL‘)(Ul7 S 7’Uj,1) = DjF(SC)(Ul, L. ,’Uj) + Oj(’l)j),

where

=0.

0;j : X =Y, satisfies, lim 05 ()l
v—0 |’U|X

By definition F has derivatives of all orders in V, if for any x € V and any k € N, the
function F is k-differentiable in x.
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Definition 3.2. Let X,Y be Banach spaces and V an open subset of X. A function
F :V — X is called analytic on V, when F has derivatives of all orders in V, and for
each © € V there exists an open neighbourhood V, of x in V, such that, for allv € V,
we have that

where DIF (z)v? = DIF(x)(v,...,v) and D;F(z) is the j-th derivative of F in .

Above we use the notation of Section 3.2 in [8].
N can be expressed locally in coordinates via analytic charts (see [10]).

3.1. Some more estimates from thermodynamic formalism

Given a potential B € Hol, we consider the associated Ruelle operator . and the
corresponding main eigenvalue Ap and eigenfunction hg.
The function

(B) = B +log(hp) —log(hp(T)) — log(Ap) (10)

describes the projection of the space of potentials B on Hol onto the analytic manifold
of normalized potentials N.

We identify below T4 N with the affine subspace {A+ X : X € TaN}.

The function IT is analytic (see [10]) and therefore has first and second derivatives.
Given the potential B, then the map DIl : TN — Tyypy/N given by

DpII(X) = %(H(B +tX)i=o

should be considered as a linear map from Hol to itself (with the Hélder norm on Hol).
Moreover, the second derivative D%II should be interpreted as a bilinear form from Hol x
Hol to Hol and is given by

82
Otds

DiT(X,Y) = (IL(B + tX + sY)i—s—0.

We denote by ||A|, the a-Holder norm of an a-Hélder function A.

When B is normalized the eigenvalue is 1 and the eigenfunction is equal to 1. We would
like to study the geometry of the projection II restricted to the tangent space T4 N into
the manifold A/ (namely, to get bounds for its first and second derivatives with respect
to the potential viewed as a variable) for a given normalized potential A.

The space T4 is a linear subspace of functions and the derivative map DII is analytic
when restricted to it.
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We denote by Fy = Eg‘ the set of Holder functions g, such that, f gdus = 0, where iz
is the equilibrium probability for the normalized potential A. Note that E64 is contained
in TA (N)

Most of the claims of the next Lemma are based mainly on results of [10] (see also [8],

[4)-

Lemma 3.3. Let A : Hol— R, H : Hol — Hol be given, respectively, by A(B) = Ap,
H(B) = hp. Then we have

(1) The maps A, H and A — 14 are analytic.
(2) Fora normalized B, we get that D log(A = [¢dps.
(3) D%log(A)(n, fm/) dup, where 1, n are at TN, and B is normalized.
(4) If A s a normalzzed potential, then for every function X € TaN, we have
] fXd,uA =0.
o DAII(X) = X.

In order to simplify the notation, from now on, unless is necessary for the understand-
ing, we will denote (I — %7 Al a)™" by (I — ZLpa)”".
0

Items (2) and (3) are taken from Theorem D in [10]. Item [ X dua = 0 in (3) follows
from Theorem A and Corollary B in [10], and the other item in (4) is trivial.

The analyticity of A and H of the item (1) are well-known facts (see Chapter 4 in [18]
or Corollary B in [10]) which was also proved in [4].

The law that takes a Holder potential B to its normalization A is differentiable
according to Section 2.2 in [10].

Note that the derivative linear operator X — D4 H (X) is zero when A is normalized.

Remark 1: Item (1) above means that for a fixed Hélder function f the map A —
[ fdpa is differentiable on A (see Theorem B in [4]).

Questions related to second derivatives on thermodynamic formalism are considered
n [16], [19] and [21].

4. Evaluating the sectional curvatures of the Riemannian metric

The goal of the section is to calculate the sectional curvature K(X,Y’) of the plane
generated by two orthogonal vector fields tangent to A € N applying the calculus of
thermodynamic formalism. We start with a technical result that is a consequence of
formula 6. This lemma will be extensively used in the article.

4.1. Leibniz rule of differentiation

Lemma 4.1. Let A € N and let v : (—€,e) — N be a smooth curve such that
~v(0) = A. Let X(t) = +'(t), and let Y be a smooth vector field tangent to N defined in an
open neighbourhood of A. Denote by Y (t) =Y (y(t)). Then the derivative of [V (t) dpiy)
with respect to the parameter t is

v (¢
/Y )bt (1) —/ ()duw t>+/Y (t)dpy o)
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for every t € (—e,€).

Proof. The idea of the proof is very simple and based on the fact that the function
Q : x(NVN) x mp — R given by

Q) = [ Xdu

is a bilinear form, where y(N) is the set of C! vector fields tangent to N and mr is
the set of invariant measures of the map 7. So the derivative of a function of the type
Q(X (), u(t)) satisfies a sort of Leibniz rule. Let us check.

Let us calculate the derivative at ¢t =0, for every other ¢t € (—¢,¢), the calculation is
analogous. We have

d 1
G [YOU0 o = lim 3 ([ YO b - [YOdu)
1
-/ }g% L)~ Y (0) diyg

+

hm Y (0) dpsy) — / Y(0)dpa)

t—0 t

=/ SUPP. /Y ) ditarex (o) — /Y ) dua)

where in the last step we use the fact that the derivative with respect to ¢ only depends
on the vector X (0) and not on the curve through A tangent to X(0). By Equation (6),
the second term in the above equality is just f Y(0)dpatex (o) |t=0, which equals
J X(0)Y(0)dpa. This finishes the proof of the 1emma O

From now on, we shall adopt the notation a + = Y’ =Y}; the second one applies when
there is only one parameter involved in the calculations, and the third one will be used
otherwise.

4.2. Auxiliary local surfaces in N/

Next, given a normalized potential A and X,Y orthonormal vector in the tangent
space of A, we proceed to construct a local surface S(t,s), | t |,| s |< € small, such that
S5(0,0) = A, and the tangent space of S(t,s) at A is the plane generated by X,Y . Let us
consider the plane

P(t,s) = A+tX 4+ sY

where t,s,€ R, that is a subset of T4N, and let I1 be the projection into N defined
in Equation (10). The vector fields Xp 5 = %P(t, 5) =X, Ypus = %P(t, s) =Y are
tangent to the plane P of course.

Let S(t,s) = II(P(t,s)). By Lemma 3.3 item (5), the restriction of the map IT to the
plane P(t,s) is a local diffeomorphism onto its image, so there exists € >0 small such
that S(t, s) is an analytic embedding of the rectangle {| ¢ |< e} x {| s |< €}.
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The coordinate vector fields of S(t,s) are Xgqq) = & (I(P(t,5))) = Dpg o I(X),
Ys(t)s) = (%(I_I(P(t7 5)) = Dpg,II(Y), so X,Y are extensions of X,Y.

Moreover, we have the following result from thermodynamic formalism (for derivatives
of high order see (3.4) in [16]):

Lemma 4.2. Suppose ¥ : {1,2,...,d}N — R is Holder, normalized and p denotes
the associated equilibrium probability. Assume also that the Holder function ¢ satisfies
Zy(¢) = 0. Denote by Ay and wy, t € R, respectively, the eigenvalue and the eigenfunction
for the Ruelle operator Ly¢p. Then, we have

(1) The derivative of wy satisfies

d
&wt(x)h:o = ¢, for allz, (11)

for some constant c.
(2) Moreover, as v is normalized

%log(wt(aﬂ)hzo) = ¢, for allx. (12)

(3) Suppose X is an analytic vector field, extending the tangent vector X, defined in a
neighbourhood of ¢. Let v : (—e,€) — N be an integral curve of X, with v(0) = ¢,
and let wy be the curve of eigenfunctions for the Ruelle operator of y(t). Then,

%wt(x) = ¢4, for allz, (13)

is a curve of constant functions which is analytic on t.
(4) For any tangent vector X (in the kernel of the Ruelle operator), the directional
derivative

D¢H(X):CX:DwIOgH(X), (14)

where cx depends on X and 1.
(5) From Equation (11), we get

d

Ewt(T(fEmt:O = ¢, for allx, (15)

and for the same constant ¢ of Equation (11).
Proof. We are going to take derivative on the Holder direction ¢. Assume that ¢
satisfies % (¢) = 0, which implies that [ ¢dp = 0. This is so because iterates of a

function under the Ruelle-Perron-Frobenius operator converge to the integral of that
function against the eigenmeasure.
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Denote by w(t,z) = w(x), the normalized eigenfunction for .24 associated with
the eigenvalue A;. That is

Ly rto(wi) = Agwy. (16)

Taking derivative on ¢:

L slult, ))(x)=$¢+t¢(¢(-)w(t7~))(ﬂﬁ)+$w+t¢(diw(t7~))(x)-

dt t

Therefore, for all z, when ¢t =0, we get

C Lrswlt, )@ imo = L (D) (@) + Lol St o) (@) =

d
0+fw(&w(ﬂ-)|t:o)($)~
On the other hand, for all z and ¢

d d d
E[)\tw(t,x)} =w(t,x )d At —i—)\td w(t, ).

Then, taking t =0,

d

d
a[)\tw(t,x)]h:o = U)(O,J?) )\t|t —0 + At |t ow(t J})

/¢du—|— lt=ow(t, x) = %|t:ow(t,x).

Denote g(z) = Lw(t,.)|i=o(2).
Then, Vz, we get from the above and Equation (16)

Zy(9)(x) = g(z),

for the normalized potential . But, the only continuous eigenfunctions for %, which
are associated to the eigenvalue 1 are the constant functions.

Therefore, there exists ¢ such that Sw(z)|;—0 = c, for all z.

As, for all ¢ and z

d
Sw(z)|t=0 d
dg PEJE=0 = —wy(2)]i—0,

ilog(wt( Je=0) = wo(z) di

dt

we get Equation (12).
Equation (14) follows at once from the above.
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Expression (13) is obtained in the same way as it was derived Equation (11) (apply-
ing the argument for each value t), and, finally, Equation (15) follows trivially from
Equation (11). O

We will use the above result on the next lemma.

Lemma 4.3. The derivatives with respect to t,s of the coordinate vector fields X, Y
at the point A (a normalized potential) are

(1)
(2)

Proof. We assume that the tangent vector is Holder and in the kernel of the Ruelle
operator .Z4. The proof of the lemma will be a direct consequence of Lemma 4.2 taking
= A and ¢ = X. We will prove first the item (1) above.

The local surface S(t,s) is contained in the manifold of normalized potentials, and
we denote, respectively, the corresponding eigenvalue by Ag(; ) and the associated
eigenfunction by hg; s (of the Ruelle operator associated with S(t,s)).

Let I be the identity map. The expression of the projection II (Equation (10)) is

-1
0.

SIS

Floglo
:><1| N'
=~

I

I(B) = I(B) + log(hp) — log(hp(T)) — log(Ap).
By definition, we have

0 - 0
@(Xsu,m)tzo = —(Dp,o)ll(Xp0)))i=0- (17)

ot
Lemma 3.3 grants that all the functions involved in the expression of Il are
differentiable, so we get at the point ¢t =0,

0

0
+ &((Dp(t,o) log(H))(Xp(t,0))) =0

0
E(DP(t,O)H(XP(t,O)))tZO

Dp,0)1(Xp(t,0)))t=0
9 (18)
- a((DP(t,O) log(H o T))(Xp(t,0)))t=0

— 2 (Dpe 1oB(A) (Xpe.0))ecor

The first term gives at ¢t =0,

0
- (Dp,0)[(Xpt,0)))t=0 =

6t (X)tzo = Oa

ot

since X does not depend on .
Claim 1:
The second and third term cancel due to Equations (11) and (15).
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Indeed, the curves

a(t) = Dp,0) log(H)(Xpt,0)), B(t) = Dpoylog(H o T) (X p(,0))

coincide by Equations (11) and (15) with the expression

alt) = B(t) = At Xp(to)

“Xp(,0)

for each t, where cx is given in Lemma 4.2. These curves are analytic and therefore
differentiable, so their derivatives with respect to t coincide. Since derivatives o/ (t), 8'(¢)
appear with opposite signs in Equation (18), they add up to zero in this formula. This
proves the Claim.

Finally, the fourth line of Equation (18) gives by Lemma 3.3 item (3),

0

57 (Druo) oB(A) (Xpe0)ico = = [ X*du= -1

since X has L? norm equal to 1. The same argument applies replacing X by Y in the
above proof, so this finishes the proof of item (1).

Ttem (2) follows the same type of reasoning and using Equation (13). By definition, we
have

0, - 0
%(XS(O,5)>SZO = %(DP(t,s)H(XP(t,s))t:O)s:O~

This expression, according to Equation (18), is

0 0
= (Dp,ol(Xp,6))i=s=0 = 7= (Dp(t,s) 1 (X p(t,5)) ) t=s=0

Os 0s
0
+ %((DP(t,s) log(H))(Xp(t,s))) t=s=0

0
— 2= ((Dp,s) log(H o T)) (X p(t,s))) t=s=0

Os
1o}
- %((DP(t,s) log(A))(Xp(t,s))) t=s=0-
The first term gives at ¢t =0,
9 Doy (Xp(.0))imo = o (X)izo =0
55 P(.0) P(t,0)))t=0 = - t=0 =

since X does not depend on ¢, s. The fourth term is, by Lemma 3.3 item (3),

0
=55 (PP 108(A)(Xp())t=s=0 = ~D% log(A) (Y, X) = —/XY dpa = 0.
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As for the second and third terms, we have
Claim 2:

0

0
%((DP(LS) log(H))(Xp(t,s)))t=s=0 = %((DP(W) log(H o T))(X pt,s)) ) t=s=0-

The proof goes as in Claim 1, letting

as(t) = DP(t,s) IOg(H))(XP(t,s)), Bs(t) = DP(t,s) IOg(H o T)(XP(t,s))

we have by Lemma 4.2 items (3) and (5) that a4(t) = Bs(t) is an analytic curve of
constant functions for each given s. Therefore, the function

w(t,s) = as(t) = Bs(t)

is an analytic function of the parameters ¢, s and therefore, the derivatives of as(t) and
Bs(t) with respect to s coincide and give a family of constant functions in the local surface
S(t, s). This finishes the proof of Claim 2.

Claim 2 yields that the sum of the second and third terms of the expression of
%(DP(tVS)H<XP(tVS)))t:SZO vanishes, just finishing the proof of item (2). O

4.3. The expression of K(X,Y) in terms of the calculus of thermodynamic
formalism

Let us first state some notation. Let X; be the derivative of the vector field X with
respect to the parameter ¢t and X, be the derivative of the vector field X with respect to
the parameter s. The same convention applies to Y;, Y. The notation X (Y) = %Y_ = fit
will always represent derivatives with respect to the vector field X, while XY or X x Y
will represent the product of the functions X and Y. Through the section, this double
character of the vectors tangent to the manifold N which are also functions will show up

in all statements and proofs.

Theorem 4.4. Let A be a normalized potential, let X,Y € TaN be a pair of orthonor-
mal vector fields, and let S : (—€,€) x (=§,0) — N be the local surface defined in the
previous subsection with S(0,0) = A, X, whose coordinate vector fields are X, Y, with
X(A) = X, Y(A) =Y. Then the sectional curvature K(X,Y) at A of the plane generated
by X,Y is given by the expression

K(X,Y) =[| Ve X ||? ~(VxX,VyY).
We shall subdivide the proof into several steps.

Lemma 4.5. We have that X, =Y, in the local surface S.

This is a straightforward consequence of the fact that the vector fields X,Y commute.
Next, let us evaluate the terms of the sectional curvature in Lemma 2.1,
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XY )+ Y@ X P+ VeX |
(X,Y)) = (Vi X, VyY).

K(X,Y) =

=~
N\I\JM—‘
=~

+Y(

Lemma 4.6. At every point p € S(t,s), we have

(1) X(X(| Y [?) =2 [ VFiudp, — [ V2 dpy+ [ X2V dpy.
@) YY(IX?) =2 [ XXssdppy — [ X2 dpp + [ XY dpy.
In particular, if p= A, we have

(1) XCE(| Y [2) =2 [ V¥ dpa =1+ [ X272 dus

@) YV X?) =2 XXssdpa -1+ [ X?Y?dpa.

Proof. The expression follows from the application of the Leibniz rule to differentiate
| Y ||>= [Y?2dp, (we shall omit for convenience the p in the notation of the measure

dpp ):
X(X/Wdu) :X(Q/Yﬁdu+/)_(?2du)
:2/(ﬁ)zdu+2/Yﬁtdu+2/YX}7tdu
+ /Xthdu+2/XY}7tdu+/X2Y2du
=2 [ du2 [ VViedu+s [ X7V
+ / X,V dp / X272 dp.

Since by Lemma 4.3 we have that X, =Y; =0, X; = Y, = —1, we get item (1) just by
replacing this values in the integral expressions above.

Interchanging X and Y, ¢ and s, in the above formula, we get item (2). At the point
p=A, we have that [ X?dpus = [T?dpa = 1, so replacing these values in the formula
we finish the proof of the lemma. d

Lemma 4.7. The expression of Y(X(X,Y)) =Y (X [ XY dy,) is
Y(X/XYdup) - /Yth dup+1—/172 duﬁ/m d,up—/XQ d,up—i—/XQYQ du,

at every point p € S(t,s). In particular, at p= A, we have

V(X / XV dua) = / V Xy dpa + / XViodpa — 1+ / X2V dpa.
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Proof. We apply the Leibniz rule,
Y(X/XYdu) _ Y(/de;mt /X}_ftdqu /Xszu)
- /XtSY dyi+ /m dpi+ /Xtif? dy
+ /Xgift du + /X’Yts du + /X’YtYdu
+ /Y;X2 du+2/)75(5(3 dp + /5@?2 .

Since by Lemma 4.5 we have that X, = Y; we get the following formula just adding the
terms in the above formula:

YO [ XV = [VXeaus [XVaus [ X7 ans [0
+ /XY;S dut3 [ XXV du+ /KXQ du + /X?W .
By Lemma 4.3, X, =Y; =0, X; = Y, = —1, and replacing these values in the integral
expression above we obtain the formula in the statement. Moreover, if p = A, we know

that [ X%2dus = f2 dpua =1, as well as [Y2dua = [Y2dpa = 1, thus concluding the
proof of the Lemma. O

Corollary 4.8. The term —3(X(X(|| Y ||?)) + Y(Y(|| X ||*))) + Y(X(X,Y)) in the

expression of K(X,Y) at the point A vanishes.

Proof. To shorten notation, we shall omit the dependence of A in the expressions.
According to Lemma 4.5, we have that

(1) fg)gss d,Uf = fg?tg d[L.

Replacing the above equalities in the expressions of Lemmas 4.6 and 4.7, and adding
the resulting formulae we get Corollary 4.8. d

Theorem 4.4 follows at once from Corollary 4.8.

5. Cristoffel coeflicients at the expression of K(X,Y)

We denote by {X;}, i € N, a complete orthonormal base of the vector space TaN C L?(p)
(for the Gibbs probability p associated with the normalized potential A).

The main goal of the section is to obtain the expression for the sectional curvature in
Theorem 1.1.
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Namely, let A € N be a point in the manifold of normalized potentials, let X,Y € TyN
be two orthonormal tangent vectors. Then the expression of the curvature of the plane
generated by X,Y is

K(X,Y)= /XYX dp)? /XQX d,u/Y X, du. (19)

In Proposition 5.2, we will show that the above sum is well-defined.

The proof is a direct calculation of the terms || VX [|2,(V¢X,VyY) that appear
in the expression of the curvature in Theorem 4.4. We shall subdivide the calculation in
several lemmas.

We follow the notation of the previous section. Let S(¢,s) be the local surface given in
§4 tangent to the plane generated by the vectors XY, satisfying S(0,0) = 4, let X,Y
be the local extensions of the vectors X,Y obtained by projecting by the map II the
plane generated by X,Y at T4 N into the tangent space of N.

Let us define local extensions X; of the vector fields X; in an analogous way we
defined the extensions of X,Y: let S; be the plane generated by Xi, Xs,..., X; and
let us project by I the tangent space of Si into T’ by the differential of the projection
into \V.

The terms || Vi X |2, (Vg X, VyY) involve the Cristoffel symbols of the vector fields
X,Y, at the point A we have:

Vi, Xi= E Ty Xi

where T, = (V Xle’Xi> is the Cristoffel coefficient. We follow [9] for the definitions
and basic properties of Cristoffel coefficients.

The coefficient Ffj can be calculated in terms of the coefficients of the first fundamental
form of the metric at A, the inner products g;; = (X;, X;) by the following formula:

ol = %glm(gmk,l + Gmik — Grim)

where ¢“™ is the coefficient of the inverse of the first fundamental form of index im,
9gmk,i is the derivative with respect to X, of the coefficient g, and the above notation is
Einstein’s convention for the sum on the index m.

The expression ‘inverse of the first fundamental form’ requires some explanation since
we are dealing with an infinite-dimensional Riemannian manifold. One natural rigor-
ous approach is to evaluate the series >~ I'i X; as the limit of its partial sums
>or I, X, that includes the Cristoffel coefficients in the subspace of T4\ generated
by {X1,Xs,...,Xn}. The first fundamental form restricted to this subspace is a nxn
matrix that, under our assumptions, is the identity. Its inverse is of course the iden-
tity. This allows us to define all the terms in the partial sum, then we take the limit as
n — oo to get the series. We shall prove that the series converges absolutely, so the above
procedure provides the expression of V )-(k)_(l as an infinite series.
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In particular, since the basis {X1,Xs,...,X,,...} is orthonormal, the indices in the
sum of the expression of V Xle according to Einstein’s convention just reduce to it,kk,

Il, depending on the case, and g = ¢** = 0. So at the point A we get the formula

. 1
L = i(gik,l + itk — Grii)-

Lemma 5.1. The term g at A, for any permutation of the indices, is

Gik,l = /XiXle dp.

Then,
Vg, Xi= /X Xp Xy dpa)X;
=1

Proof. We have that g;x; = X;(X;, Xi) = leXiXk du. By the Leibniz rule, we
have

o 9 .
Xl/XiXkduz/a—E<X>Xkdﬂ+/X X+ [ XXX

where 5% % 9_(X;) is the derivative of the vector field X; in the direction of X;.

Notice that Lemma 4.3 extends to the submanifolds Sy for every k € N. So we have

(1) 8§( (X;) = 0if 1 #£14,
(2) %(X):—lifl:i.

In both cases, since infdM = 0 for every ¢, we get gix; = fXZ-Xle du as claimed.
The expression for V X, X is straightforward from this formula. U

Corollary 5.2. Let us assume that X = X1 and Y = X5 are the first two vectors of
the orthonormal base {X;}. For the normalized potential A = S(0,0), we get the following
expressions

_ 1
Vi X =5 Z(/XfXZ- dua)X

i=1

_ 1
Vi, Xo = 5 Z(/ X2X;dua) X

_ 1
Vi, Xo =5 Z(/ X1 X0 X, dpa) X
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Moreover, for any pair X, Y € TaN the sums

i an i i
XY X;dp)?and X2X;dp | Y2X;dp
i=1 =1

are both finite.

Proof. We consider an extension of the family X,, » € N, to all L?() and we get a
complete orthonormal base of the vector space L?(u), given by X,.,Ys, r,s € N. The first
three expressions in the statement are straightforward from Lemma 5.1.

Given two elements X,Y € TaN consider f = XY =Y af X, + >, blY, € L*(n),
then,

(/XYXi dp)? = |af 2.

It follows that >0, ([ XY X;du)? = 322, |af |2 <|| f ||? is finite.
Denote g = X2 =3 afX, +>  b9Y,and h=Y? =3 alX, + > b'Y,. Therefore,

/ghdu => afal+> bIbl.
i=1 j=1

Form this follows that Y i, afa? converges. Note that [ X2X;dy = a and [ Y2?X,;du =
h
a;'. Then,

i/XQXZ- du/YQXi dp = iafa?
i=1 i=1

converges. O

Theorem 1.1 follows from direct calculation applying Corollary 5.2 to the expression
of K(X,Y).

6. A worked example in the Markov case: an orthonormal basis for the
kernel of the Ruelle operator

From now on M = {0, 1} and we denote by K the set of stationary Markov probabilities
taking values in {0,1}.

In this section, given a probability pa € K, we will exhibit an orthonormal basis for
the tangent space to N (the kernel of the Ruelle operator) at pi4.

Given a finite word = (x1,72,...,72%) € {0,1}¥, k € N, we denote by [z] the
associated cylinder set in M = {0, 1}}.

Consider an invariant Markov probability p obtained from a row stochastic matrix
(Pi;)ij—0,1 and an initial left invariant vector of probability m = (mo,m1) € R%.
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Given r € (0,1) and s € (0,1), we denote

pP— P070 P071 _ T 1—r ) (20)
Pl,O P171 1—s S

In this way (r,s) € (0,1) x (0, 1) parameterize all row stochastic matrices.
The explicit expression is

P,

SRR

plry, xo, ... xn] = Ty P e 1T (21)

T1,T9

Definition 6.1. Denote by J : {0,1}N — R the Jacobian associated to P. This function
J is such that is constant equal

g = T 5 5

J ;
on the cylinder [i,j], i,7 =0, 1.

According to our previous notation pa = piog s (which in this section will be called
just p).

Definition 6.2. The Ruelle operator for logJ acts on continuous functions ¢ and is
given by: for each ¢ : M — R, we get that

T0 0,2
ﬁog.](@)@hx%x&---): 1@(0,$1,$2,...)+
Ty Tay

TP g
7190(17‘%17*%27"')' (22>

It is known that £, ; (1) = p (see [18]).

We also consider the action of Zog s on L?(u) and we are interested in the kernel of
this operator when acting on Holder functions.

Given a finite word x = (21, 22, ..., 2, ), depending of the context [x] will either denote
the word or the corresponding cylinder set in {0, 1}". The empty word is also considered
a finite word.

We start by recalling that, given a Markov probability u on {0,1}Y, the family of
Holder functions

€lz] = 93n7 - 1[z0 91n7 lml 3 (23)
[z] \/7 Pupo [z0] — \/7 [x1]
where © = (21,22,...,2,) is a finite word on the symbols {0, 1}, is an orthonormal set

for £2(p) (see [12] for a general expression and [7] for the specific expression we are using
here). In order to get a (Haar) basis, we should add ey = ml[o] and efy = ﬁl[l]

to this family.
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Definition 6.3. Given a finite word x = (x1,x2,...,%,), we denote

A /7Tx1 A /773;1
€[0,x1,29,....en] — €l1,21,x9,....zn]: (24)
\/WO\/PO,xl V7T1\/P1’$1

It will follow from Equations (33) and (34) that the terms |a,| are uniformly bounded
away from zero (the minimum value is 2). Moreover, they depend just on the first letter
of the word [x].

Ay =

Definition 6.4. We denote by

1
Ay = —Qy, 25
] (25)

the normalization of ay.

In order to get a complete orthonormal set for the kernel of the Ruelle operator, we
will have to add to the functions of the form (25) two more functions: d‘[)@ and &([)V)] to be
set in Definition 6.8. To show this result is our main goal in this section. This family will
be later denoted by F according to Definition 6.9.

In this direction, we first consider the problem of exhibiting an orthogonal family which
is a basis for the kernel of the Ruelle operator, and later via normalization, we will get a
complete orthonormal family which is a basis for the kernel of the Ruelle operator.

Following this line of reasoning, one of our main tasks in this section is to show the

following:

Theorem 6.5. The family a,, indexed by all words x = (x1,xa,...,2,), plus the two
functions e?m and e[lm, determine an orthogonal set on the kernel of the Ruelle operator
ﬁog J-

We will address first the issue related to the functions a,, and later to questions
regarding the functions 600 and e[lm.

First note that as the family e[,), where z is a finite word, is orthonormal, then, a,,
where z is a finite word with size bigger or equal to 1, is an orthogonal family.

Indeed, it follows from the fact that the family ef,; defined by Equation (23) is

orthogonal, and the bilinearity of the inner product, that

(ag,az) =

Nars VT Ty VT B
(——==—="C02] — ——=—C1,a]s ——=—C[0,2] — —~——=—€[1,:]) = 0,
V705,24 1Py 2y 70F0,2, TP 2

for all x = (x1,29,...,2pn) # 2 = (21,22, ..., 2k)-
We shall subdivide the proof of Theorem 6.5 into several steps. First of all, we have
that:
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Proposition 6.6. Given x = [x1,xa, ..., x,]| with a size larger or equal to 1,

Va1 P
x
N

From this follows that all elements in the orthogonal family

Log 1 (€lay 0g,....on]) = 1.226[zg,23,....zn]" (26)

AT — VAT 27)
a =
T ooy Ozl T e
indexed by words © = (z1,22,...,%y), are in the kernel of the Ruelle operator Liog j.

Proof. We consider finite words z with size larger or equal to 1.

Indeed, given the word « = (z1,22,...,2,), let L = Zoq s(e zn]), then we get

(1,29,

L o 7T:vl P Pxn,l
- Tl T2 /
I ain’

Pacn,O

[$27~--7$n70]

[302, 751/’n,1

\ﬁ

Irh
_ 7r9«1 \/ r1 rz $n7
= Py, I2 Lizg,...,.zn,0
Txq a:n,

vV xlva P:vn,Ol[ ]]
- T9,...,xn,1]l"
Ville]) | Pepa 2
This is equal to

Ty /Mg V/ Py zg Tn,
[$2,...,an,0]

zl T2
Tao /T P,
r2 T2 7TJ;1 T, $2Px2,$3 o Pxn_l,ln 0,0

V Il r2 Pﬂ?nao l[ 1
le To T, Tmy,
7T:,;2 /7r:,3 V \/ P, 2

Tay Py g Pag oy - Pryy_yn | Tonod

which is equivalent to

7-‘-931 V Mg 1 Pxn,l

Pry zy
Moo /T .P P,
2 vVoa Ty Prgwg Py g an | 7 on0

1[332,...,337L,0]

\/ﬂ-z 1 Pxn,O

J“1 2
7r Vais P,
T2 1 77932 z9, Ig : Pﬂ?nfl sIn Tn,1

1[12,..,@7%1]
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that yields

Pmn,l Pibn,o

ll[Iwaiﬂnvl]]

P.Tl s L

1[7«'27~~-:$n70]

,u[xg,xg,...,xn] xn,0

_ VT

11,93261’2,:53 ..... Tn -

Then,

/T
ﬁogJ(ﬁ;ie[xl ——)
cc z1,T9

$n, zn,O
[12, ,xn,,0 reer s 1] 6[12 'E3,...,mn]
anxBa xn $n7 $n,1

and therefore,

ﬁog](ﬁe[o,m%m,mn]) = ﬁog J(ﬁe[l,z%...,zn])
VTo/FPo.a VTP g
For each finite word (z1, z2,...,x,) denote
Gy = Vet

/T
76[01’ T zn]_iwle[lz z9,...,Zn)
\/—m,1,2’, m,pz,,

Im

“ :Mh 1oz z
f\/POxl VA Y :cnO [00 mnl 01]

TrTl llfn,
P VD P e~ ) >

From the above reasoning, it follows that the family a, is in the kernel of the Ruelle
operator. O

For words, z of size greater or equal to 1 the function a, is constant in cylinder sets of
size equal to the length of z plus 2.

As an example, we get that

ap = POl L{000] — @1001]
o /—POO %00 ] Py (001]

VTi/Pro /1([10]) "\ Fo,o [100] Py 1o1]
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is constant on cylinders of size 3.
Note that if  and z are different words, then, 1z, 0z, 0z and 1z are four different

words.

Note that

1 P 1 P

2 Tn,l zn,0
€ = 110l + ——= 1,11 (30)
7 u((]) Pago ™0 (a]) Pogy Y

Therefore,

2 _ _ TMzy o a9

A, = Qz0y 7TOPO7921 €[0,m1,z2,..~,zn] 771P173:1 e[l,xl,zg,...,zn]

Txq 1 Pwn,l T2y 1 PiUmO

= 1 T +
o Povmy 0102]) P 070 T 2B o ({0a]) Pt

l[Ozl]]

z 1 e z 1 P,
+] Toy n.l 1[120) + Moy n’ol[lxl]]- (31)
1Py p([12]) Payy 0 TP gy p([12]) Py 1

From the above, it follows that

Ty Ty
a,| = + . 32
2] \/Wopom TPy 2y 42

Using the notation in the variables r, s for the matrix P, when z1 = 0 we get

Iaxl—\/ T T (T (33)

m0F0.ey  T1Pia

and when z; = 1 we get

laxl\/ e (VA () (34)

m0F0z, TP

Definition 6.7. We denote by F the orthonormal set of normalized functions dy,
where © = (x1, T2, ...,Tk) s a finite word with size equal or larger than 1.

As we mentioned before, we will have to add two more functions in order to get a basis
(a completely orthogonal set in the Hilbert space) for the kernel of the Ruelle operator
ﬁog J-
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We claim that the orthogonal pair (constant in cylinders of size 2)

Vi = m1P1 o100 — T0Fo,0110]

Vo = moPo11(11) — 1 P11 (35)

is in the kernel of the Ruelle operator (see Proposition 6.11). The functions V; and V4
are orthogonal to all a4, € F and they depend on the first two coordinates z1, zo of .
The vectors Vl = % and VQ = % are normalized and orthogonal to all a,. This
claim will be proved in Proposition 6.11.
One can show that

(I—r)r(s—1)3

_ 2 p2 2 p2 _
V1| = 7r1Pl,07T0PO,0 + 7T0P0,0771P1,0 = (—2+7r+s)

and

(1—s)s(r—1)3

[Va| = /73 P§1m Py + 73 PEymoPog = (2 tr+sp

Definition 6.8. As a matter of notation, we denote &?@] =V, and d[lm =Vs.

These two functions are constant in cylinders of size 2.
Definition 6.9. We add d?@] and d[lw] to the family F in order to get the family F.

Remark 6.10. The elements in F range in all possible words of size larger or equal
to zero. A generic element in F is denoted by ., and by this we mean that a, can
eventually represent d?@] or &[19)].

Proposition 6.11. The orthogonal pair

Vi = m1P101(00) — T0F0,01[10]

Vo = moPo1111) — ™1 P 111 (38)

1s such that, each one of them is orthogonal to the other elements a,, where x ranges in
all finite words with size bigger or equal to 1. Vi and V3 are on the kernel of the Ruelle
operator Log J-

Proof. Note first that 1joq) is orthogonal to all a,, where x = (x1, 22, ...,2,) is a word
with size equal or greater than 1. This claim follows from (28). Indeed, if z; = 0, we get
that
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<l Pa:n,ll Pzn,Ol > o
[00]» Pa:n 0 [0z0] Pzn,l [0z1]) =
V Pxn,lﬂ'OPO,arlpxl,xZ "'Pxn_l,a:n Py 0—

\V Pzn,Oﬂ-OPO,zl Pwl,a:Q T Pa:n_l,a:n Pzn,l

|
e

If 1 = 1 the claim follows at once.

27

Using the same reasoning one can show that 191}, 110}, 1[11] are orthogonal to all a,
where length of x is bigger than zero. It follows that linear combinations of this functions
are also orthogonal to all a,. It follows that V'; and V5 are orthogonal to all a,, where

the length of z is bigger than zero.

We will show that V' is in the kernel of the Ruelle operator (for Vs the proof is

similar). Given y = (y1,¥2,- -+, ¥Yn,-.-) € M, suppose first that y; = 0, then, we get

Log 1(V1) = Log 7 (m1P101100) — T0Po,01p10]) () =

71P10(Jo,y1 11001 (0, Y1, Y2, - - ) + J1,41 Ljoo) (L, Y1, Y2, - - ) —

70P0,0(J0,y; 1110) (0, Y1, Y2, - - ) + J1yy 1110 (L Y15 Y2, - - -)) =

m0F0,0 TP

m1P1,0J0,0 — m0FPo,0J1,0 = m1P1p —moFPo0

To To

In the case y; = 1, we get

Log 1(V1) = m1P1,0(Jo,y1 1100 (0, Y1, Y25 - - ) + J1,97 1100] (L, Y1, Y2, - - ) —

70P0,0(J0,y; 11101 (0, Y1, Y2, - - ) + J1y; 1110) (L, 1, 42, - - -)) = 0.

=0.

O

Remark 6.12. A function of the form w = ri1jg) + ra1py) is in the kernel of Lo s

only in the case where Py; = (1 —r) = s = Py;. In this case

w = (1 — T)l[o] — (1 — 8)1[1]

is such that Zog 7(w) = 0.
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We do not have to take into account in our future reasoning this function because

1
r—1

1

Proposition 6.13. The family of elements in F (see Definition 6.9 and Remark 6.10)
is an orthonormal basis for the kernel of the Ruelle operator Log .
Proof. From Proposition 6.6, we know that given x = [z1,xa, ..., Ty]
VT
ﬁog](e[xbzzw,wn]) = \/ Pw1,9126[1?2@3w,1n]' (40)
/Ty

Suppose ¢ is in the kernel of the Ruelle operator. We will show that ¢ can be expressed
as an infinite linear combination of the normalized functions a, € F.
We can express @ as

p= Z CyCly]-

words y

When applying Z,s s on ¢, we separate the infinite sum in subsums of the form

€0,a9,...,an €[0,ag,...,an] + Cl,09,...,an €[1,ag,...,an]:

Assuming that ¢ is in the kernel of Aos 7, we get from Equation (40) that

0= ﬁogJ(Z Z [CO,a2,...,ane[O,QQ,...,an] + Cl,ag,4..,ane[1,a27...,an]])

n o og,...,an

/70 A/ 71
= Z Z [—— P07042607027~~-:C¥n€[a2,m7a’n] + \/ Pl,a2Clvaz,--<7an€[a2,~~-,an]]
n ag,..,on Vv Tag Vag

o 1
=2 P L Pucattanon + e Pragtias et ont
ag g

no Qag,..,an

Then, for fixed n and (ag,as,...,ap)

\/770
Vo

vy

P07a Co,a9,...,an =
2 2

Pl,agcl,a27...,o¢n7

which means

C = — il P &#C
0,a9,...,an \/@ 1,9 \/ﬂ_—o m 1,ag,...,an -

Then, the sum

€0,09,...,an €[0,a9,...,an] + Cl,a9,...,an €[1,as,...,an]
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is equal to

—c1 [ /P Ten 2 €[o —en J-
N T2 \/@ a9 \/71'70 m [0,a2,...,an] [1,a9,...,an]

/Faz 1

Multiplying the above expression by NGOG
1

, we get
;O

T

7Ta2

1
[CO,QQ,..,,ane[o,az,...,an] + Cl,ag,...,ane[l,ch,...,an]]
VT 4/ Pl,ag

which is equal to

\/7TCE2 ]. \/7Ta2 ].
- Cl,(x2,...,o¢n[776[0@2,...,@”] - 76[1,(12,...,@”]]
VT /Fo,a9 VT /P10,

— ClLag,...,an%asg,...,an]"

Then, (Co,aQ,...,an6[0,a2,...,an] + Cl,ag,.,.,ane[l,ag,...,an]) is a multiple of the function
Afag,....an)- Since the above reasoning was done for a generic choice of (ag,as,...,q,),
we conclude that for each n the sum ) yof lengthn Cy€[y] Can be expressed as a linear
combination of elements a,, using words of length n —1, n > 1.

From this follows that each element in the kernel of A,z can be expressed as an
infinite linear combination of the functions a,. O

Theorem 6.5 follows from the combination of Propositions 6.6 and 6.13.
The above shows that the set F is a complete orthonormal set for the kernel of the
Ruelle operator acting on £?(p).

7. A worked example in the Markov case: preliminary calculations of the
terms in K(X,Y)

In this section, we shall devote ourselves to the calculation of the sectional curvatures in
the case of Markov stationary probabilities on M = {0, 1},

We denote by K C N, the set of Markov invariant probabilities. We will consider this
section the sectional curvature for points in K for general orthogonal pairs of tangent
vectors to V.

We can also consider K as a two-dimensional manifold carrying the Riemannian struc-
ture induced by A. From this point of view, there exists just one orthonormal pair
to be considered. One of our main results (see Theorem 7.14) claims that for the two-
dimensional manifold K, for any point in /C, the sectional curvature for the pair of tangent
vectors to K is always zero.

We will consider in our reasoning the empty word as a regular word. 68 and &é are two
elements in F associated with the empty word.
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Definition 7.1. We say that z is a subprefiz of x, if x and z satisfy
[2] = [x1,22, ., Tk, Thg1, - - -, Tp) C [2] = [21, 22, ..., Tk],
where n > k.

Note that, even when z is not a subprefix of z and z is not a subprefix of z, they
can share some common subprefix. Note also that if z and z do not share a common
subprefix, then z is not a subprefix of x and z is not a subprefix of z.

If [x] = [2], then, x is a subprefix of z.

Definition 7.2. We say that z is a strict subprefiz of z, if x and z satisfy
[Jj} = [.1‘1,.732, ey Thy Tl 1y - - - ,.Z‘n] C [Z} = [331,.732, . ,l‘k],

where n> k.

Two different words with the same length cannot be subprefix of each other. If the
length of z is strictly larger than the length of z, then, z cannot be a subprefix of z.

Definition 7.3. Given the finite words x,z we denote by Dlx, z] the set of all finite
words y such that are subprefix of T and z.

If for example = (0,0,0) and z = (0,0,0, 1), then
Dlz, z] = {ag, (0), (0,0), (0,0,0)}.

In the case z = (0,1,0,0,1) and z = (0,1,1) we get that D[z, z] = {a{(0), (0,1), }.
Another example: Dlag o, a}] = {ag} and Dlag,o,ag] = 0.
Note that in the case z = (z1, 2a,...,2;) is a subprefix of © = (x1,x2,...,2,), n >k,
then, z; = x1. Then, it follows from (32) that |a,| = |a.|.

Proposition 7.4. Assume that z is not a subprefix of z and z is not a subprefix of x.
Then,

aza, = 0.

Proof. Note that a, is a linear combination of 1jg.0, 1[0.1], 1[1z0] and 1[1.1). As ag is a
linear combination of 1[040}, L[0z1), L[1z0] @a0d 1[141], the result follows. O

Note that the hypothesis of the last proposition is equivalent to saying that the
cylinders [z] and [z] are disjoint.

Corollary 7.5. Given a word z assume that x is not a subprefix of y and y is not a
subprefix of . Then,

Proof. This follows from at once from Proposition 7.4. g
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Note that if z and y have the same length, but they are different, then f didy du = 0.
From Proposition 7.4, it follows:

Corollary 7.6. Assume that z is not a subprefix of z and z is not a subprefix of x.
Then, we get that the products (part of the first sum contribution in Equation (44))
satisfy

/axazay dp =0, (41)

for all word y.

Remember that F (defined in last section) is the set of all functions of the form

. 1
Ay = o T Ay, (42)
\/”OPO,acl T 1P,z
where = (21,2, ...,2) is a general finite word, plus the functions &0@ and a}
Remember that Proposition 6.13 of last section claims that the fami&y of functions F

determines an orthonormal basis for the Kernel of the Ruelle operator.
We want to estimate for X = a,, Y = a, € F and the orthogonal basis X; = a, € F
the explicit expression of the curvature which was described in Theorem 1.1

K(X,Y) = / XYX,;dp)? Z / X2X; du / Y2X, dy). (43)

We will not present the explicit expression of the sectional curvature K (X,Y") for any
pair of vectors X, Y in the kernel, but just for the case where the functions X, Y are part
of the family a, € F.

An important issue is: 0 = (a2, a,) = [ a2a, du, when the length of y is strictly larger
than the length of z (as will be proved in § 8 and 9). We mention this point to stress the
point that the last sum in expression (44) is a sum of a finite number of terms.

Our main result in this section concerns the Markov case:

Theorem 7.7. For a fized pair a,,a, € F (with z different from x) the value
. 1
K(ay,a,) = 1[ Z (/axazayd,u Z /a ayd,u/a 'y dp]. (44)
wordy wordy

In the case the length of x is strictly larger than the length of z we get that Equation (44)
can be expressed in a more simplified form as:

i[(/a - ¥ /a iy d /&idydu]- (45)

yEDJz,z]

In this case, the above expression is a sum of a finite number of terms.
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In the general case, the value f&idz dp is zero if z is mot a subprefix of x. If z is a
strict subprefix of x and y is a strict subprefiz of z, then the term

— / aZa, du / aZa, du (46)

is non-positive. Moreover, by Equation (75), we get fdﬁdm dp = 0. Then, it follows that
Equation (44) is a sum of a finite number of terms, for any given x and z, with z# .

The proof of this result will take several sections and subsections. Proposition 7.12 will
summarize several explicit computations that are necessary in our reasoning.

We will also provide an explicit expression for the curvature (45) in terms of the words
x, z and the probability p (which is indexed by (r, s) of expression (20)). This will follow
from explicit expressions for ( [ aza.a, du)?, [aa,dp and [ a2a, du, for all finite words
x, z,y, that will be presented the Propositions 7.9 and 7.12 (which will be proved in § 8
and 9).

It will also follow that when z and z do not share a common subprefix y, then the
curvature K (a, G, ) is equal to 0 (see Proposition 7.10).

There are examples (for instance, the case x = (0,1,0) and z = (0,1,0,0)) where the
curvature K (a,, a,) is positive for some values of the parameters (7, s) and negative for
others (see Example 7.19). We can show from the explicit expressions we obtain that
for fixed values of the parameters (r, s) the curvature K(a.,a,) can be very negative if
both words x, z have large lengths and share common subprefix with large length (see
Remark 7.17). In Example 7.20, we show that K(a(),a,0)) = —0.205714---, when
r = 0.1,s = 0.3. In Proposition 7.18, we show the curvature K(d([)@], Gp) can be positive
for some pairs r,s € (0,1). It follows from the expressions of Proposition 7.12 that all
sectional curvatures K (., a,) are equal to —1/2, when r = 1/2 = s, the size of z is bigger
than 1 and z is a strict subprefix of z. See also Proposition 7.18, when r = 1/2 = s, for
the computation of K (agy,ao) = 1/2.

Remark 7.8. Expression (73) in § 8.3 shows that in the case the length of z is larger
than the length of 2, then ([ a2a,du)? = 0.

Proposition 7.9. Assume that the length of x is larger than the length of z. The first
sum on expression (44) is given by

> / (g 0ziy dp)? = ( / aza dp)® + ( / aZa, dp)? = ( / aya.dp)?.  (47)

wordy

For a proof of this claim see expression (78) in § 9. This term in the sum (44) is the
part that contributes to the curvature to be more positive. The second term in the sum
(44) will contribute to the curvature becoming more negative (see Proposition 7.12).

Note that Equation (47) does not depend on y. Note also that from expression (21)
one can get explicitly the values (47) as a function of (r, s).

In Proposition 7.4, we show that if x is not a subprefix of z and z is not a subprefix
of z, we get that f&idz dp = 0. In this case, the contribution of Equation (47) for the
curvature will be null.
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Proposition 7.10. When z and x do not share common subprefix the curvature
K(a,,a,) =0.

Proof. When z and z do not share a common subprefix, it follows that z is not a
subprefix of z and z is not a subprefix of z.

We will show that in this case K(a,,a,) = 0. Indeed, from Proposition 7.4, we get
that ([ aZa, dp)?+ ([ a2a, dp)? = 0. Fix the words z, z and consider a variable word y.
In order to estimate the second sum in expression (45), we have to consider all different
possible words y such that are subprefix of z and z. But there is no such kind of y.

Therefore, K (G, a,) = 0.

See also Proposition 7.18, when r = 1/2 = s, for the computation of other sectional
curvatures. g

Remark 7.11. Tt follows from Remark 7.8 that > .., [@2a, dp [ a3a, du is a sum
of a finite number of terms; because when estimating f dﬁdy du f &idy du, we do not have
to take into account words y with length strictly larger than the minimum of the lengths
of z and z. It also follows from Proposition 7.10 that if x is not a subprefix of y and y is
not a subprefix of z, we get that [ aZa,du = 0.

Note that the above makes clear that in expression (44), the second sum has non-zero
terms only when y € D[z, z]. This justifies the simplified expression (45).

With all this in mind, in order to have explicit expressions, the next proposition deals
just with the words y with lengths smaller than or equal to the length of a given word z.

Proposition 7.12. Assume that the length of x is larger or equal to the length of y.
Then we have:

(a) [aZa,dp =0, if y is not a subprefiz of z. This also includes the case where z#y
and length of x is equal to the length of y.

(b.0) Assume that [z] = [x1,22,. .., Tk, Tht1s---,Zn] C [y] = [21,22,..., 2], where
n>k, and xp11 = 0. Note that from Equation (32) we get that |ay| = |ay|. Then,

/ aZa, dy =

1 Py w1 \3/2 1 — oy \3/2 1 )=
[P VP " mPos  a0g)  mPie (i)
1 Ty 1 T 1
—z /P {(=—5—)""" —(=——)*? 2 (48)
PV R R0p0)  mPun (0]
(b.1) Assume that [x] = [x1,%2,. .., Tk, Tkil,---,Tn] C [y] = [T1,22,..., 2Tk, where

n>k, and xp+1 = 1. Then,
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/ﬁ%@z

1 Va0 Tzy )3/2 1 Tay 32 1 } =

- + ( )
lay® /Pryr ™ " moPozy w((0y]) TPy 1([1y])
1 Tz \3/2 1 Tz \3/2 1
ol + . 49
ap Ve O o R v @
(b.2) Assume, [x] = [z1,22,...,2s] = [y].
Then,
/a Gy dp = /dg dp =
3/2 3/2 3/2 3/2
1 {( Twy  \3/2 Pon1 -~ Pano Tz \3/2 P B Pio
lax> " moPowy /u(0y0])  /u(0y1])T T mPra” /u([1y0]) \/udlyﬂg |
50
(b.3) If 11 =0, then
1 m P w2 P,
260 dy — 1P10 o0y _ 51
[ it = o (Rt + L) (1)
—1)(1-2 2r2
(s —=1)( r 4 2r°) >0,
A=nrG=3 (g4 oy g)

(—2+r+s)3
and

When r = 1/2 = s, we get that for any word z (with size bigger or equal to 1), such
that, x1 =0

/a a[@ dp = V2. (52)

For the proof of this proposition, see § 8.1 and 8.2.

Remark 7.13.

e We point out that Equations (48) and (49) do not depend on Zgya,...,Tn_1,Zx.
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e If y € D[z, 2] — {2z}, then the product [ a2a,du [ a2a, du is non-negative for any
choice of (r,s) (the product will not depend on z and z). This follows from the
expressions in (b.0) and (b.1). This shows Equation (46).

e The term [ a2a,du [ a2a. dp may be sometimes negative.

We previously denoted by K the two-dimensional manifold of Markov invariant prob-
abilities (the set of equilibrium probabilities for potentials depending on two coordinates
and parametrized by 7, s).

Given the Markov invariant probability u associated with the parameters r, s, the set
of vectors which are tangent to /C at this point is the set of functions that depend on two
coordinates (x1,x2). The ones that are on the kernel of .4 ; are d?@] and d[lm.

Theorem 7.14. Given the two-dimensional manifold of Markov invariant probabilities
M, for any point in IC the sectional curvature for the pair of tangent vectors to K is always
zero.

Proof. Remember that V1 = 7T1P1101[00] —7T0P0701[10] and ‘/2 = 7T0P0711[11] —7T1P1’11[01]
determine an orthogonal basis for the tangent space to K at u.

We claim that the curvature K (af), a;) = 0.

Indeed, take X; = a,, for some finite word z = (x1,2,...,x%). If we assume that
x1 = 1, then

’/T:El 1 sz,,l)l/Ql

7Py, 2y p([02]) Pr, 0

Via. = [m1 Py [020]1[00]

22 Ty 1 Py 1/2
— i P,
1 1’0(7T0P0’m1 ,U,([OZ]) P:I?k,l ) l[Ozl]l[OO]]
2 2 Ty L Puyag
- [//T()]D(),O(ﬂ_lplyz1 u([lz]) sz,O) / 1120]1[10]
Ty 1 Px ,0
— 10 P o(—2 B2 112 000)] = 0.

7T1P171.1 ,u([lz]) Patk,l

Above we use the fact that 1[0125...2;,0]1[00] = 0, etc.
Therefore, it follows that:

/ﬂ@@/@%@:o

If we assume that z; = 0, then in a similar way [a,VZdp = 0, and therefore,
[a.V2du [a,Vidu=0.

Note that ViV, = 0. o o

Then, for any word y, we get [ ViVad, du = 0. In the same way, [ViZVodp = 0 and
f ‘722‘71 d/l =0.
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Finally, we get

1l @raban? - Yo [ @ra,an [ @a, ) —o. (53)

Y

Remark 7.15. Recall that the expression of the Gauss sectional curvature K/ (X,Y)
of an isometric immersion (M, gps), submanifold of the Riemannian manifold (N, g), at
the plane generated by two orthogonal vector fields X,Y tangent to K, is given by

Ku(X,Y)=K(X,Y)+ (VxX,VyY)— | VxY |?

according to Gauss formula (see for instance [9]). Here, the operator V%Y is the compo-
nent of the covariant derivative VxY of the Riemannian manifold (N, ¢g) that is normal
to (M, gM).

Notice that the sectional curvature

KE(X,Y) =] Ve X |IP ~(VxX,VyY)

includes all the terms of the normal component of the covariant derivative of X,Y. By
Theorem 7.14, all the components of the covariant derivative of a certain pair of orthog-
onal vector fields tangent to the surface of Markov probabilities vanish. In particular, all
the terms of the normal covariant derivative of X,Y vanish. Therefore, Theorem 7.14
yields that the Gaussian curvature of the surface of Markov probabilities vanishes, its
intrinsic curvature as an isometric immersion of the manifold of normalized potentials
is zero. This is a remarkable fact, which implies for instance that the surface would be
totally geodesic in the manifold of normalized potentials provided that geodesics exist.
We won’t consider the problem of the existence of geodesics in this article, we shall study
this problem in further papers.

Proposition 7.16. When r=0.5 and s=0.5, we get that
K(ay,a,) = —1/2, (54)
for words x,y with size bigger or equal to 1

Proof. It follows from the above proposition that due to symmetry, when r=0.5 and
s=0.5, we get [ aZa, du il a%a, dp = 0, for words with size bigger or equal to 1. Moreover,
[ a2wdp =0, for any a,. In this case, if 21 = 0 and z is a subprefix of y, we get that for
words with size bigger or equal to 1 (see Equation (52)),

K(ay,a,) = —1/4/&5&?@] du/ gy dp = —1/2. (55)

O
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Remark 7.17. From the explicit expressions, we obtain (for fixed values of the param-
eters (r,s)) the curvature K (a.,a,) can be very negative if both words z, z have large
lengths and have common subprefix y with large length. Indeed, for fixed a,,a,, as
[ a2a, du [ a%a, dp is non-negative for any common word y, in the calculus of the cur-
vature K (d.,d,), we get a sum of several expressions [ a2a, du [ aZa, du. Note that
[aZa, dp [ a%a, du does depend on y (but not on z and z). Note also that for fixed z
the expression (48) can be very large if the length of y is very large (and, so u([ayb]),
a,b=0,1, is very small).

Proposition 7.18. The curvature K(d?w], ag) =1/2, whenr =1/2 =s.

Proof. Note that Equation (45) can be expressed as

A0 1 o o . .
K(afy, ao) = 1[(/ agagy du)? — /aga([)@] du/(a([)m])za([)@] dg)].

For any r, s, it is known from Equation (51) that

1 m P w2 P,
~240 1471,0 00,0
du = 0. 56
/aoam] K |a0|2|V1\( Poo * 7T1P1,0) ~ (56)

Note that

ViV =
(W%Pﬁol[oo] + 7TngoQ,ol[w]) X (7T1P1,ol[00] - 7T0Po,ol[1o]) =
7T%]313,01[00] - ngg,ol[lo]-
Then,
[ Viva =t Phoul(00) - w8 B an((10]),

which is equal to %6%2 — %6%2 =0, in the case r = 1/2 = s.

Therefore,

0 A 1, [ .9, 1 —2

0

In other examples, we used the software Mathematica for getting explicit computations.

Example 7.19. Consider the case where z = (0,1,0) and = = (0,1,0,0).
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Ja2a, dp [ a2a, dp = 0, unless a, is such that

y € DJ(0,1,0),(0,1,0,0)] = {(0),(0,1),(0,1,0)},0ré, = &?@].

Note that [aZay du= [ azag du = 0.
Using Mathematica and the flormulas of Proposition 7.12, we made computations when

r=0.1 and s=0.3. In this case, mp = 0.4375 and 7; = 0.5625 and from Equatlon (25)

we get \a 0,1 0)| = |a(0)170 0)| =3.33--- and |V1‘ = 0.086 -
1 1

- Finally, o = g =
‘al“2|ay| = ‘az‘2|ay| = 0.027~ e,
We will show that K (a(o,1,0), G(0,1,0,0)) = 35.9142- - -
We get the following values:

. "2 1
using (50) /a?az dp = P /a(o 1,0)8(0,1,0) dp = 107,51 -

using (48) /aia dp = m/a%&l,o,o)a(o,lﬁ) dp =120.949- -,
(/ aZa, du)? = (/ f5.1.0,0)8(0,1,0)dp)? = (16.93--)* = 14628.7- -,
using (48) /a(o 1,0,0)8(0,1) dp = 38.2473 -
using (48) / afo.1,0)0(0,1) dpp = 38.2473 -,

using (49) / (%y.1.0,0)0(0) dpp = —1.34387 - -,

using (49) / afy 1.0)(0) dpp = —1.34387 - -,

and finally, using Equation (51)

/d%O,l,O)d?(b] dp = /&(20,1,0,0)&([)0] dp = m /a(o 10)V1dp = 4.13241 -

https://doi.org/10.1017/50013091524000725 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000725

Sectional curvature of Holder equilibrium probabilities 39
Using Equations (51) and (36) (note that z; = 0), we get that the expression (45) can
be written in this case as
R R L[ . 2
K(2(0,1,00,80,1,0,0)) = 7 ([ a{0,1,00)@(0,1,0) dH)
1. f. . . R
- Z[/a%o,m,o)a(o,l,o) d/‘/a%o,1,0)a(07170) dy]

1./ R R R
- Z[/G%O,LO,O)G(OJ) dﬂ/aﬁo,l,o)a(&l) dp

1. (. . . .
- Z[/a%o,m,o)a(o) d“/a%o,l,o)a(o) dy]

L[, . . .
- Z/G%O,LO,O)“([)@] du/a%O,LO)a[[)@] dp = 35.9142- -

Taking 7 = 0.8, s = 0.5, we get K (d(0,1,0),a(0,1,0,0)) = —3.17713--- . When r = 1/2 =
s, we get K (a(o,1,0),(0,1,0,0)) = —1/2.

Example 7.20. Consider the case where z = (0) and 2 = (0,0). Then, D[(0), (0,0)] =
{ao, &([)(0]}' Therefore,

U 1 R R
K (a0), (0,0)) = Z(/ a%o,o)a(o) Glﬂ)2
1. N "2 A
- Z[/ a%o,o)a(o) d“/a(Qo)a(O) dy]

1 [ o .
— Z/a%mo)a([)@] du/a%o)a([)@] d/.L

In this case, using Mathematica, one can show that K (G, G(0,0)) < 0, for all values
r,s € (0,1). For r=0.1, s =0.3, we will show that K (a(),a(,0)) = —0.205714--- .
When, r =0.1,s = 0.3, we get

lao| = 3.333 - ,
V3] = 0.086 - - ,
/5‘%0,0)5‘(0) dp = |a(i)|3
/d%m%) dp = a:))|3

1 1
N ~0 2
a amdy = ———— [ a? Vi dpy = ————3.96.
/ (0,0)4[g) AH |a(0)2|V1|/ (0) V1 ap lago 2 Vi
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Finally, when r=0.1, s =0.3, we get K (a(o),a(0,0)) = —0.205714- - -
¢

8. Computations for the integral [ X?Y

Our purpose in this section is to evaluate the integral

Z /&idy dﬂ/didy dp, (57)

word y

for any given pair of words x, z. This corresponds to the second term in the sum given
by expression (44).

We assume that z is different from z.

From Proposition 7.5, if z is not a subprefix of y and y is not a subprefix of z, and
x # y, then:

In the same way, if z is not a subprefix of y and y is not a subprefix of z, and z # y,
then:

If y has the same length as z but y# x, then a2a, = 0.
In this way, for a fixed pair of words x, z, several words y do not contribute to the sum
(74).

8.1. The value of (di, a,) when length of z is larger or equal than the
length of y

We want to compute (a2, a,) = [aZa,du in the case where the length of z is larger
or equal to the length of y.

Our computation is in fact for (a2, a,) and after that, of course, to get (a2, a,) it will
be necessary to divide by |az|?|ay|.

We assume that [z] = [r1,22,..., %k, Thit,---,Tn] C [y] = [v1,72,...,7k], Where
n > k (otherwise we get zero).

Note that these assumptions include the integral [ a2 du, that is, the case z =1y (see
(iii) below).

(i) Case n >k — We will assume first that 2541 = 0 in the word [x].

Given the words z = (v1,...,v;) and v = (v1,V2, ..., Vs, Vg1, - - -, U ), aSSUmMe vy1 = 0,
then, from Equations (23) and (58)
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1 P 1 P
2 _ vm,1 vm,,0
W = [l) Py 1 0tsenstm ) ¥ Uy B, S et Ottt
1 Pvt,l Pvt 0
\/7 vt 0 Llvg,.vg,0] = \/7 vt L v17~~,vt>1]]
_ ( 1 Pvmal Pvt,l )l[ |
- VY yeees O,vt+2 ..... vm,,0
Um, \/ ’Ut,
1 P, o 1 Py, 1
D) Pt VT | P e &

Note that in the above reasoning when going from the second to the third line the

term multiplying 1p,, .

t+1=k.

v,1] disappear because we assume that v = 0.
We are going to apply the above when z = [0y], z = [1y],v = [0z],v = [1x],

m = n and

Then, from Equations (27), (31) and (58) and using the fact that

9
€[0,21,29,....71,0,0 49, xn] €121, 22, 2]

9
€1,21,29,..., 20,0 49, xn] €10,21 2, 2]

+ R S—
1P g

Tz

= |——=—¢€
0,x1,29,...,1,0,x ooy T
70 Po,z, 0,21,2,.,0f, 0,2 4 o)., Tn]

A /77331
X[ 6[0,x1,$2,...,xk]
VTor/Fo,z,

1 P

B .t S
\/ﬂm [Lzy,29,....,xf]

:O7

:07

2
e[l,fcl,12,...,zk,O,mk+2,...,mn]]

}

1 le

Tey  \3/2 17171
= 1 X
0P, [ P o ) oD\ Popo )1[020]
]. Px 0 1 Pa: ,1
+( “=)( )1{021]]
a:n, v K a:k 0
(= )3/2[( 1 Pwml) 1 ka 1) 11120]
7T1131,351 [L fm \/7 fkv
1 Pz 0 1 Pac 1
+( == )( )1 [121)])-
:U/ 93717 vV M ﬂlk;,
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Finally, as the matrix P is row stochastic

Wopo,zl) Vv 1([0y]) ack0> V 1([0y]) xkO)]

Tz \3/2 Pﬂﬁrul sz,1 P$n70 Pfk 1

TPy V() \ Pey, 0> Vi(y) \ Pey, o)]

1
= (P:vn,l +Pwn,0) %7 {( i 3/2[ }

ToPom  /u090])

Tay 3/2 1 ]} —

™1 P12y p([1y0])
Po i {(=5—)""? — () }- (59)
B Py V(OO TiPie /(0]

(ii) Case n >k — If we assume x4 = 1 in the word [z], then we get in a similar way
as before
/ aiay dp =

1 \3/2 1 +( Ty )3/2 1
70Poe) a0 | mPiay /[yl

Tg

p:ck,O{f(

}- (60)

Indeed, given the words z = (v1,...,v¢) and v = (v1,Va, ...,V Vst1, ..., Um), aSSUME
ve41 = 1, then, from Equations (23) and (58)
1 P4 1 P

2 _ vm,,0
el = [ Loy ovpL,0g L 9seevm 0] T 7=y l[vl7~~»7Ut71ﬂ)t+27---7Um71]}
U([U]) P, U([U]) Py

m,0

]. P’utl P’Uto

X
\/7 vt 0 Ul,.“,’ut,o] \/7 vt 1 Ul,...,vt,l]]

1 Pvm 1 1 Py0
= 7[(/1/ Um, (\/7 vt 1) ['Ula""l,vt_‘_Z,...,'um,O]]
1 P'um 0 1 P’Ut 0
+(u q)m’ (\/7 ’Ut 1)1 Ul’--‘71=vt+27~--711m,1]- (61)

We are going to apply the above when z = [0y], z = [ly],v = [0z],v = [1lz],m = n and
t=k+1.
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Then, from Equations (27), (31) and (61) and using the fact that

62 =0
(1,271,295 s, 1T 05 sTn] €[0,21,29,...,x3] = Y
2 —

6[0,11,xz,...,xk,l,xk+2,...,xn}e[l,:c17922»-~733k] =0,

we get
T Ty
aiay — |- Pl 6[20@11127-'7:”]671’116-&-2 ..... zn) + 4P1 ’6[21@1,:”2 ,,,,, zk71,zk+2,...,zn]]
T040,21 141,24

X[ 1/71'9L‘1 e ,/7'(';51 . }
————C[0,21,29,...0.] T = —=——C€[1,21,29,...,
\/ﬂm [0,21,29;....,x] \/ﬂm [1,x1,29,..,w]

L 3/2[ 1 Pxnl) kao Lo,
7T0P0,w1 wn, Yo wkﬂ ’
1 Pa: 0 1 Pr 0
+( == )( ) 11001)]
a:n, \ M a:k 1
(s Py [0

7T1P1,171 /L rn, vV K fk 1) [10]

1 PCEnO 1 Pa: ,0

)( )l[lwl]]'
:U’ In’ vV I]w

/a2a dﬂ/: _( Tzq )3/2[ Pwn,l P:ck,O) Pacn,O Prk())]
Y 7TOPO73?1 \/Ty xkv \/Ty mk:?
(T 3/2] Prya Py 0 Pino Py, 0

) P VP

Tx Pmn,l + Pwn,O Ty Pwn,l + Pwn,O
V Prpol=(=21)*?] |+ (=) I} =

7oPom, v P, (1)
P, of— Tz \3/2 1 Tz \3/2 1 . 62
R e T P ) (62)
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(iii) Case n=k — We assume [z] = [21,Z2,...,2,] = [y], otherwise [aZa,du = 0.
Then, one can show that

/aiay dp = /ai dp = (63)
3/2 3/2 3/2 3/2
Tzy  \3/2 Pm,l _ Pro Mg 3/2 Py B Pzn,O

P a0y Vaoe) Py e e

Indeed, note first that from Equation (58), v = [v1,va, ..., U]

2 [ 1 Pvm7ll + 1 Pvm,O ]
€€ = |V~ 1[v UM, BT T VT yeeey vm,
D) Poo T Q]) Pt 1
1 Pv 1 1 Pv ,0
\/7 Um l Ul ~~7’Um,0] \/7 ’Um l[vl; ~7Um71]]
1 Pvm,l 1 PUTml
— ( ) ..... vm,,0]

Um, \/ Um7

1 Pym’o 1 P,
( (

— l[v 1]-
1sesVmM, ]
/J' Um7 \/ Um)

Then, from Equations (27), (31) and (61)

(64)

Moy 2 n Tey 2 ]
0,21,9,...,T 1l,z1,x9,...,x
70Po,0, [0,1,22,.,2n] TP g, [L,z1,22,.%n]

aiax = [

VT Narn
X[ e[O,wl,ig,...,mn] - e[l,zl,wQ,...,wn]]
ALRY: Po,xl VT14/ Pl,:El

Ty 1 Pzn,l 1 P
= (7r0P01 3/2 ( (\/7 l[o:co]
, L] mn, $n7

1 Pmn 0y P

—( \/7 1[09;1]]
Tay 3/2 1 Pxn,l 1 Pw’ml
7T1P1,561 ( :Cn, )( \/7 :C'n,7 ) 1IO]
1 P 1 Pzn,
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Therefore,
2 _ Mg 3/2 PTn 1 Pr'ml PJWL, PﬂCnO
aya, dp =
/ = (Wopo,xl)  1([02]) znO) (\/ [02]) znl)}
7( 7Tw1 )3/ Pznl Pxn,l) ( P:cnO Pan)]i
7T1P1,zl v W lx :rn,O \ i 13) a:n,
3/2 3/2 3/2 3/2
Ty 3/2 Pﬁ?ml _ Pﬂﬁmo Ty 3/2 Pﬂ"nal Pﬁ?n, ]

R Va0 Vae) P ) e

3/2 3/2 3/2 3/2
1 \3/2 Pﬂﬂml _ Pﬂin’o _ Tz1  \3/2 Pin,l Pwn,O ( )

R R0a0) V0 P (a0 (el

Ty

The above reasoning shows (iii).

Given the word [z] = [z1,22,..., Tk, Tkt1,--.,Ts], We get n words y, such that the
cylinder [z] C [y] = [x1,x2, ..., 2], where n > k.

Given z and 2, with length larger than y, then [aZa,du [ a2a, du will be non-zero
only for the subprefixes y which are common to both z and z (see Proposition 7.5). If
there are no common subprefixes for z and z then the contribution [ a2a, du [ a2a, du,
for words y of length strictly smaller than the length of z and z, in the sum (45) is null.

8.2. The values of (a3, ay,) and (a3, ajy) when z is a finite word

Denote [z] = [z1, 22, ..., Z,]. We assume that n > 2.

In fact, we will compute (a2,V;) and (a2,V5). In order to compute (a2,
(a2, ajy), it will be necessary to normalize.

(i) Case (a2, V1)

We will consider first the case 1 = 0.

Denote y = (y1,Y2, - .., Yx). If we assume y; = 0,y2 = 0, then, from Equation (58)

1 Pyk7l 1 Pka

2 _
6[y]V1 = [m%l[ng,m,ykﬂ] + ma Ly1,y9, 9 1]]

x[m1P1,01)0,0) — T0Po,011,0]] =

1 Pyk 1 1 Pyk 0
——m1 P01y, 4o, 0+ = = Prodyy g " (66)
(D) Py e []) By 1wz

If we assume y; = 1,2 = 0, then, from Equation (58)
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1 Py 1 Py

2 Yk Yk

erVi=[———="1 T =5 iy vp

[y V1 [M([ZJ]) Py [¥1,y25-+¥g0] 1([y]) Pyt [y1y25-9g il
x[m1P1 010,00 — T0Lo,01[1,0]] =

1 Py 1 1 Py 0
— [ 570 P01y .y 0] T
w([y]) Py wiwzoue 0L []) P,

17T0P0,ol[y1,y2,... upo]]- (67)
k>

As we assume that z; = 0, then, from Equations (27), (31) and (61), we get

Ty T
2 3 2 ] 2
azVh = e + e ]
T 0,z9,x9,...,x1.,0, ooy 1,z1,29,...,.21,0,z O
0P,z 0,21, 2, 0,24 95 52n] TPl g, L2122, 2, 0,2y 950052

x[m1P1 010,00 — T0Po,011,0]] =

Ty 1 Py 1 Pyo
— P xT1,T x A P 1024 .2 on
m0Fo,w 1([0]) Py ot 100102000 0) + (02]) Py, 1 10 001 21 )+
Ty 1 Py 1 Puo
F e r —=p "0F001 12 2 zn, 111
1 P1 oy [u([lx]) meoﬂo 0,01[1,01,29,...on,0] (1) Pxn,lﬂ-o 0,01[L,21,29,....wn,1]]
Therefore,
/aiVl d‘u,:
7T11 ]- P:ljn,l ]_ ben,o
w1 P 0,2,0] + ————=">m P, 0,2, 1]+
moPomy a(02]) Py T80+ Sy T Pronl0s 2 11
7TC61 1 P:vn,l 1 Pm’n,O
w0 1,z,0] + Z2n0 0 Py oL, 2, 1)) =
TPy a([1a]) Payo o 00M L2 00 Sy, o ool 1]
Tay T,
Puyam1Pro + Pryomi Pro] + ——52—[Puy 1m0 Poo + Py 0moPoo] =
WOPO’ZEI[ wn, 1T101,0 + Pay 071 1,0]+7T1P1’x1[ 170 P00 + Puyy 070 Po.o]

Tz T
L—mPo+ L—70Pp0.
70F0,2q TPy oy

As we assumed that 1 = 0 we get

1 w1 P e P,
~2 A0 1410 040,0
dpu = + . 68
/ama[@] H ‘a1|2”1|( Po)o 7T1P]_’0) ( )

(ii) (a3, V2)
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Now we will compute [ a2V, dp.
Denote y = (y1,¥2,- -, yk). If we assume y; = 0,y2 = 0, then, from Equation (58)

1 Py 1 P, o
2 _ Yi» Yk
Ve =L By 1 ) By ]

X[m0 Po,111,1) — m1P111po,1y] = 0.

If we assume y; = 1,2 = 0, then, from Equation (58)

1 Pyoa 1 Pyo
2 Ve Yk Yk
W’ [miml[yl’”””’y’“’o] - () By v vt

X[m0 Po,111,1) — m1P111p0,17] = 0.

As we assumed that 27 = 0, then, from Equations (27), (31) and (61), we get

Ty Ty
- 6[201 T + ! 621 ]
Y T15T 50, Tn) TPy o [L,z1,29,....2n]

¥

2
a [/2 = [
T

’/TOPO,acl

X[m0 Po,1171,1) — m1P111p0,1y] = 0.

Therefore, if z1 = 0, we get

/ azagy dp = 0. (69)

The case ©1 = 1 is left for the reader.

8.3. The value of (&2, ay) when length of y is strictly larger than the length
of z

Now we want to estimate (a2, a,) = [ a2a, du in the case that the length of y is strictly
larger than the length of z. We will show that [ a2a, du = 0.

We assume that [y] = [x1,22,. .., Tk, Tht1, - - -, ZTn] C [2] = [21, 22, ..., 2], where n >k
(otherwise we get that [ G2a,du is zero from Proposition 7.5).

In fact, we will show that [ a2a, du = 0.

(i) If we assume zj1 = 0 in the word [y], then, from Equation (58)

2, ] 1 ka,ll +L@l ]
= #([Z})Pa:k,o (21, 0] w([2]) Py, 1 [E155mg,1]

1 Pzn,ll 1 Pxn,O
T (21,02, 02405200 T T
p(ly]) \| Poo 7R 1((y]) V Pona

l[acl,...,xk,O,xk+2,...,xn,1]}
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_ ( 1 sz,l ( 1 Pxn,

1
/7 )la: 0 0
15T f,U,2 FRRERY o %) ]
:Ek 0 ZEn 0 k k+2

1 P 1 Pwn,

Ikv 0
_( )( )l[zl,...,zk,O,mk e i
a:k 0 /U acn, + /

Note that above, from the second to the third line, we use the fact that

l[zl,...,Ik,l]l[ml,...,mk,O,mk+2,...,mn,0] =0
and

l[l’lwwl’k,al]l[zl ----- $k7011k+2 ----- zn,1] = 0.

Then, from Equations (27), (70) and (31)

7Tx1 7Tx1

2 2
[ e + ——ce ]
0,21,29,...,T 1,z1,x9,...,x
NOPO,a:l (0.1 ] ﬂlpl,a:l [y ]

2, _—
a,a, =

/Taq T2y

X|=—F—=——=€[0,21,29,...,x x oIy - —F7/——€1,21,29,...,71.,0,x 7%
[\/7T0P70,x1 0,z1,29,....2L,0,2 1 9,....Tn] m 1,z1,29,.. .2, 0,251 9, ]]
= Rl ) i oo
7'1-01:)0,931 ka w'm 0y
1 Pa:k,l 1 P»Eno
— 2 1
o 2 e | B o
_< Ty 3/2( 1 kal)( 1 Pﬂ@nal) [140]
7T1P1,ac1 xk 0 U Jcm y
1 P,,. 1
—( Th ( l[lylﬂ
,U ka \/ 93717
Finally,
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/ aiay dp
T

— (T ) P -

7T0P0,w1

\/ ([0y1])\/ Prp0

TP T P, gj’;’gh\/muyl])\/Pxn,o]

7T1P1.,11

-p 1\/7{ Tl 3/2[\/Pzn,1P0,11P:1:n,0 . \/Pzn,OPO,xlpzn,l]
ko 7TOP0 o1 1([020]) 1([020]

71'3:1 3/2 _\/Pzn,1P1,a:1Pzn,0 \/Pmn,oPLIlPxn,l]} —0
1 P12y 1([120]) 1([120]) '

+PI1€,1(

(ii) If we assume xxy1 = 1 in the word [y], then, from Equation (58)

e [ L Fopn 1 + L Fayo 1 ]
z = z1,...,2%,0 TN L1 yeeey Tl
U] Payo U RO ([2]) Py e

1 Pzn,l P:r

n,0

In’

1
)l[gc yees®r, 1T yees@n,0]
1}@ 1 / $n7 1 k k+2

lpo 1 P,
=( x’“(

1 P»Lko ( 1 P:vnO

zk, \/ In,

Then, from Equations (27), (72) and (31)

*(

)l xl,...,xk,l,karz,...,xn,l]

[ Moy 2 LS W ]
0,21,29,...,T l,z1,29,...,x
m0Po,z, (0.z1,9,. 7] TPl s, (Lzy,@,e 7]

2, _
a,ay =

VT Tz
1 1

—F——€[0,z1,29,..., ,xp.,0,x zn] 76[1,11,x2,...,x ,0,z yeens@m]
/7.‘.01307931 1,12 kT k420 /7.[.1f)17w1 k k+2

x|

Ty 1 Px 0 1 Pz 1
:( 1 3/2[( k> n, )10 0
700,24 w([02]) Pry 1 w([0y]) | Pon,0 [040]
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( 1 sz 0 ( 1 Pxn70)1 ]
:ck 1 vV Y rn 1 [Oyl]
o 7T:61 3/2[( ]. kaO ( ]. P:L’n,

1
l
(7T1P1,w1) /J' ‘Tk 1 vV K wn, ) [40)

:v 0
_( Tl; | \/7 U l[lyl]

Finally,
/aiay dp

Ty 0

- (7T0P01 3/2 ”k V 1([0y0) v/ Py 1 — \/ ([0y1])\/ Puyy 0
\T]
Tx P, , /— P, ,

7'('11311 )3/2 k 1y0 fEn 1 + k \/1—y1\/ zn,0

T

Ty Pa:n,lpo,w P:rn”O Pzn,OPO,:L’ Pzn,l
_kao\/i{ Pl 3/2[\/ 11 _ \/ 11 ]
70 0,2, u([021]) 1([021]

+sz,1( 1 3/2 \/ n,14 1,214 2n,0 \/ n,04 1,21 ”’1]}:0. (73)

mPia,) U p(iel) p([L=1])

9. Computations for the integral [ XY Z

Our purpose on this section is: given z and z, we want to compute for all y
> ([ awiei, anp, (74)
word y

which corresponds to the first term in the sum given by expression (44).
Remember that from Corollary 7.12 if z is not a subprefix of z and z is not a subprefix
of z, we get that for any y

/aLaay dp = 0.

Without loss of generality, we assume that z is a subprefix of z (see Proposition 7.4).
The only possible non-zero value for Equation (74) is [ a2a, dp. This justify the first
term in the sum (45).
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We assume first that:

[y] = [1.171.27 ey Ty L1y oo s Ly Tnd1y - - -
[2] = [x1,®2,...,2k], where j >n > k.

We will show in all cases that f agzaya, dp = 0. This includes the case

/azax dp = 0.

(i) First we assume that z511 =0 = x,41.
Then,

Az QyQ, =

\/77371 \/ﬂ'acl
[ €10,21,29,....xp] €l1,21,29,....x ]]
/771'0 /PO’;vl IR EEPERREEE /77'(1 /Pl,(ljl IR EESPRRRRER 3

\/’n—xl \/7-[-1‘1
X[ie[o,ml,:@ ..... :cj] - 76[1,11,1’2
VTo/Fo.2q VTN Py

Vs Nars
X[ €[0,21,29,....,zn] ~ €[1,21,29,...,zn]
VTor/Fo,z, VT Py

]

( Tzy  \3/2 1
T0Lo.ey " /u([02]) u([02D)p([0y]) "\ Pon0Pry,

Note that for all j

ij,l sz,()
S ((090]) = [Py 1P om(09)) = 4| 52 (0y1)
mj,O zj,l
and
Pw- 1 Pa: 0
)’ _ _ J’
P%Ou([ly()]) =/ Pu; 1Py onl(1y]) = PIj)lu([lyl])
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Finally, from Equations (76) and (77)

/amayaz du =

7Tx1 3/ 1 P:vn,lpwk7lpzj71

0y0
(7T0P0,wl w([0z]) Yu([0y]) | PepoPu 70Px-7ou([ y0)
k J

Pmn,1ka,1sz,0
Pmn,Oka,Osz,l

1([0y1])]

Tzy  \3/2 1

YRR iy EiTT)

P"cn 1P:ck,1PT ,0 ([1 1])] _
PrpoPagoPeya T

Tx 1 P, 1Px 1
(—5 ) [\ 5= d 11([0y0])
00,24 v r([0x]) Y ([0y]) Pxn,Oka,O Prjo
Pxn 1ka1 Pﬂlj,o
— ’ ’ Oyl
\/Pa:n,OPwk,O ij,lu([ y1])]

—( Tzy  \3/2 1 \/Pimlp%xl\/sz’lu([lyO])
TPy 2y Vi) p(L2)p(Ly]) | Pen.oFPey.0 Prio

P:rn IPZL’kl ij,O
— ! ’ 1yl)]=0—-0=0.
¢&Maw¢almmn1

3

(ii) Now we assume that z541 =1 = x,41. In a similar way as before

/axayaz du

B Ty 3/ 1 [

o) /() (0= :([09])

Pxn,OP:ck,Oij,l

030
Pxn,1ka,1ij,o”([ y0))

P:vn,Oka,OPx-

0
o TR T Oyl
P PPy (0]
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( 1 3/2 1 Pxn,Oka,Osz,l
Py (e u(Du(y])  Pent Py Paj 0

Ty

1([1y0])

P:vn,Osz,Osz,O

e T ([Ayt
Pwn,1sz,1sz,1“([ y1])]

0y0)) P,
Ty 3/2 :U’([ Y D o1 [ Pzn,OPmk,O B Pwn,Osz,O]
050,24 w([02])p([02]) "\ Prn,1Poy 1 Py 1 Prp 1

1y0)) Py
Moy e VWODPe 0 [P P, \/Pacn,OPack,O] oo

_(um) «/u([lx])u([lz])[ PopiPop1 \| PopiPoi

(iii) Now if we assume that ;41 = 0 and z,41 = 1 or that x4 = 1 and 2,41 = 0,
we get that in a similar way that

/azayaz dp = 0.

After all these computations, for fixed a, and a,, we want to compute K (a,,d,). In
this direction, we have to consider Equation (74) which is the first sum in expression
(44).

We wonder for which y we have that ([ aza.a, dp)? # 0. We assumed without loss of
generality that z is a subprefix of z. In this case, the length of z is strictly larger than
the length of z.

Considering first the case where the length of y is larger than z and z, it follows from
the above that

> (/ G20, dp)? = 0.

word y with length larger than =z and z

Now we consider the case where the length of y is strictly smaller than the length of z
and z.

For the case where the length of y is strictly smaller than z and z, we need to assume
that y is a subprefix of z (otherwise Gya, = 0 and we get ([ aza.a,dp)® = 0). If y
is a strict subprefix of z and z is a strict subprefix of s we get from the above that
([ aga.a, dp)* = 0.

Finally, we assume that the length of y is strictly smaller than z and strictly larger
than 2. In this case, we have to assume that z is a subprefix of y and y is a subprefix of z
(otherwise by Proposition 7.4 we have [ a,a.a, du® = 0). It follows from the above that
also in this case ([ aza.a,dp)* = 0.

Therefore, in the estimation of expression (74), it follows from our reasoning that all
elements in this sum are zero up to expressions ([ aZa, dp)? and ([ a2a, du)?, that is,
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the cases where y =2 or y =2z From Proposition 7.5, we have to assume that z is a
subprefix of z or vice versa. The explicit expressions for these two cases were analysed in
§ 8.1 and 8.3.

If the length of z is larger than the length of z, then, from Equation (73) we get
([ a2azdp)* = 0.

The final conclusion is that

S (st an? = ([ @2 dw? + ([ 2acaw? = ([ @2ad?. @)

word y
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