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LECTURE—RECENT RESULTS ON FERMAT’S
LAST THEOREM

BY
P. RIBENBOIM*

This text is an elaboration of a lecture delivered at the First Winter Meeting
of the Canadian Mathematical Congress, December 1975. Subsequently, this
same lecture was presented at various occasions, (Colloquium at Université
Pierre et Marie Curie, in Paris; Seventh Iranian Mathematical Congress in
Tabriz; Université de Paris-Sud & Orsay, Illinois Institute of Technology in
Chicago, Colloquium at the University of Toronto, and at the University of
Waterloo).

It has been known since ancient times that there exist integers x, y, z, all
different from zero, such that x>+ y*= z>.

Fermat proved that if n =4 there does not exist integers x, y, z, all different
from zero, and such that x*+ y*=z*

Fermat claimed that the same holds for every exponent n = 3. This assertion,
as yet unproved for all exponents n, is called “Fermat’s last theorem” (FLT).

It is easy to see that it suffices to prove FLT for prime exponents p > 2, (since
it holds for n =4).

It trying to prove it, one is led to consider the following statement:

“There does not exist integers x,y, z, all not multiples of p, such that
x°? +y? = z".” Or, in other words, if x, y, z are integers and x? + y? = z” then p
divides xyz.

If this statement is true we say that the first case of FLT holds for the
exponent p.

Before discussing the modern developments, it is perhaps worth mentioning
very briefly the earlier results.

Euler and Gauss gave independent proofs of FLT for n =3. Legendre and
Dirichlet settled the theorem for n =15 (around 1825). Dirichlet proved it for
n =14 (in 1832). Lamé and Lebesgue gave proofs for n =7 in 1840. A false
“proof” for an arbitrary exponent was proposed by Lamé. But the error was
detected by Liouville and Dirichlet. The deficiency originated in the fact that
the unique factorization theorem fails in general for cyclotomic integers. This
led Kummer to deep studies of the arithmetic of cyclotomic fields, culminating
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with his monumental theorem (1847-1850): FLT is true for every exponent
which is a regular prime.

I shall return in more detail to Kummer’s result and explain what is a regular
prime.

All these early developments are rather well-known. So instead of continu-
ing to describe them, I shall immediately turn to the recent advances. There
has been considerable work on the subject—it is true of a rather diverse
quality—so it is necessary to make a selection of the results. My purpose is to
show the various angles of attack, the different techniques involved and to
invoke important historical developments.

I’'ll now state 10 recent results and soon later I'll discuss how they were
obtained.

(I) Wagstaft (1976). FLT holds for every prime exponent p <125000.

(IT) Brillhart, Tonascia & Weinberger (1971). The 1* case of FLT holds for
every prime exponent p <3 X 10°.
But the first case holds also for larger primes; in fact

(ITT) The first case of FLT holds for the largest prime known today.

The above results were on the optimistic side. But some mathematicians
thought that there might be a counter-example. How large should be the
smallest counter-example for a given exponent p?

(IV) Inkeri proved in 1953. If the 1** case fails for the exponent p, if x, y, z
are integers, 0<x<y<z ptxyz, x*+y”= 2" then

> oe )

And in the general case,

Moreover, Pérez Cacho proved in 1958 that in the first case, y >3 (p>’P+1)P,
where P is the product of all primes q such that g—1 divides p—1.
There might also be only finitely many solutions. In this respect:

(V) Inkeri & Hyyro proved in 1964. (a) Given p and M >0 there exist at
most finitely many triples (x, y, z), such that 0<x<y<z, xP+y?=2z" and
y—x, z—y<M.

(b) There exist at most finitely many triples (x, y, z) such that 0<x<y<z,
x"+y’=2z" and x is a prime-power.

For each such triple, we have the effective majoration (and this is a very
important new feature):

x <y<expexp[2°(p— 1)10(p—1)](p—1)2
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Another sort of result, this time for even exponents:

(VI) Long showed in 1960 that: if the last digit of n is 4 or 6 then there does
not exist x, y, z, integers prime to n, such that x" +y" = z"

The possibility that FLT (or even its first case) holds for infinitely many
prime exponents is still open.

In this respect we have:

(VII) Rotkiewicz proved in 1965. If Schinzel’s conjecture on Mersenne
numbers is true then there exist infinitely many primes p such that the first case
of FLT holds for p.

The next results are intimately related with the class group of the cyclotomic
fields ©(¢), where ¢ is a primitive p™ root of 1.

(VIID) Vandiver’s theorem of 1934 states: If the second factor h™ of the class
number of Q(¢) is not a multiple of p, then the first case holds for p.

(IX) Skula showed in 1972. If the p-Sylow subgroup of the class group of
®(2) is cyclic then the 1* case of FLT holds for p.

(X) Briickner showed in 1975 that: If the 1* case fails for p, then the
irregularity index of p, ii(p)=#{k=2,4,...,p—3|p divides the Bernoulli
number By} satisfies

ii(p)>+p-2.

Now, I shall explain the significance of these various theorems and computa-

tions.

(I) Obviously Wagstaff obtained his result with the most modern computers.
But what is the theory behind it?

Kummer’s theorem asserted that FLT holds for the prime exponents p which
are regular. A prime p is said to be regular if p does not divide the class
number h of the cyclotomic field @ ({), where { is a primitive p™ root of 1.
Kummer showed that it is equivalent that p does not divide the first factor h*
of the class number. Since the computation of the class number, or even of its
first factor, is rather difficult, and much more so, due to its rapid growth, with p,
it was imperative to find a more amenable criterion. Kummer characterized
the regular primes p by the condition:

pt By for 2k=24,...,p—3.

Here B,; denotes a Bernoulli number. These are defined by the formal power
series expansion

X o X"
L Buiy

ex—]. n=0

They may be obtained recursively; moreover if n is odd, n=3 then B, =0.
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The number of indices 2k such that 2<2k=<p—3 and p | B, is called the
irregularity index of p. The prime p is irregular if its irregularity index ii(p)=1.
By Kummer’s theorem it suffices to consider the irregular primes.

Vandiver gave a practical criterion to determine whether p is irregular, by
means of the congruence

p—2k p—2k _ gp—2k _
4 +3 6 1 B, 4 (mod p)

4k p/6<a<p/4

The advantage of such a congruence is that it involves a sum of relatively few
summands, contrary to the previous congruences. If the above congruence does
not lead to a decision because the right-hand side and the left-hand factor are
both multiples of p, then other similar congruences have to be used. Once it is
known that p is irregular, the following criterion is used (Vandiver, 1954 and
Lehmer, Lehmer & Vandiver, 1954):

Let p be an irregular prime, let P=rp+ 1 be a prime such that P<p”*—p and
let ¢t be an integer such that t"#1 (mod P). If p | By, with 2=2k=p-3 let

(p-1y2

d= ) n*2

n=1
and
(p=1)/2

1 p—1-2k
szc:m H (-1
a=1

If Q5 # 1 (mod p) for all 2k such that p | B,,, then FLT holds for the exponent
p.

This criterion lends itself well to the computer.

In his extensive calculations, Wagstaff has also noted many facts about the
irregular primes. The maximum irregularity found is 5. Moreover, if x=
125000:

i 1 i =1 1
# (irregular primes p 25000)—%0.39248z 1-L 039347
# (primes p < 125000) Ve

This confirms a heuristic prevision by Siegel (1964).

Let me recall now various interesting results about regular and irregular
primes.

It is suspected that there exists infinitely many regular primes, but this has
never been proved. On the other hand, Jensen proved in 1915 that there exist
infinitely many irregular primes. Actually they are abundant in the following
sense. Metsankyld and Yokoi proved independently in 1975, extending work of
Montgomery, that, given N=3, if H is a proper sub-group of the additive
group Z [NZ then there exist infinitely many irregular primes p such that p
modulo N does not belong to H.
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On the other hand, in 1971 Metsdnkylad obtained the puzzling result:. there
exist infinitely many irregular primes p which satisfy either one of the congru-
ences p =1 (mod 3), p=1 (mod 4). But he couldn’t decide whether in each one
congruence class lies infinitely many irregular primes.

So it is rather startling that it is possible—and not too difficult—to show that
there are infinitely many irregular primes, and, up to now, not that there are
infinitely many regular ones, even though heuristically these are much more
numerous.

Among the many conjectures—which should be difficult to prove—let me
mention:

(1) there exist primes with arbitrarily large irregularity index

(2) there exist infinitely many primes with given irregularity index

(3) there exists a prime p and some index 2k such that p*| By, 2=<2k=<
p-3.

(IT) The fact that the first case holds for all prime exponents less that 3 x 10°
depends on the scarcity of primes p satisfying the congruence 2° '=1
(mod p?).

Fermat’s little theorem says that if p is a prime and p+m then m? ‘=1
(mod p). Hence the quotient q,(m)=(m" '—1)/p is an integer. It is called the
Fermat quotient of p with base m.

In 1909 Wieferich proved the following theorem:

If the first case of FLT fails for the exponent p, then p satisfies the stringent
congruence 2°'=1 (mod p®); or equivalently q,(2)=0 (mod p).

This theorem had a new feature, insofar that it gave a condition involving
only the exponent p, and not a would-be solution (x,y, z) of Fermat’s
equation—as in most of the previous results. The original proof of Wieferich’s
theorem was very technical, based on the so-called Kummer congruences for
the first case:

If ptxyz and x°+y?+2°=0, then for 2k=24,...,p—3, we have the
congruences (for a real variable v)

d** log(x +e’y)
dek

] X By =0 (mod p)
v=0

(as well as the similar congruences for (y, x), (x, z), (z, x), (y, z), (z, y)). These
congruences were obtained with intricate considerations on the arithmetic of
the cyclotomic field and transcendental methods (which, as a matter of fact,
may be replaced by p-adic methods).

Thus, it suffices to show that 2° ' # 1 (mod p?) to guarantee that the first case
holds for p. For a few years no such p was found. Only in 1913 Meissner
showed that p = 1093 satisfies 2° ' =1 (mod p?). The next prime satisfying this
congruence was discovered by Beeger in 1922; it is p=3511. Since then,

6
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computations have been performed up to 3 x 10° and no other such prime has
ever been found. Thus for all but these two primes the first case holds.

The handling of these exceptional primes was actually done by a similar
criterion.

Indeed, in 1910 Mirimanoff gave another proof of Wieferich’s theorem and
also showed that if the first case fails for p then 3°"'=1 (mod p?). p=1093
and 3511 do not satisfy the above congruence.

Several more criteria of the same kind were successively obtained by various
authors. In 1914 Frobenius and Vandiver showed that ¢,(5)=0 (mod p) and
q,(11)=0 (mod p), if the first case fails for p. Successively, Pollaczek, Van-
diver, Morishima proved that q,(m)=0 (mod p) must hold for all primes
m =<31. Morishima claimed to have proved the same criterion up to m =43,
however in 1948 Gunderson pointed out substantial gaps in the proof.
Nevertheless, in the meantime, Rosser, Lehmer & Lehmer using the above
criteria (up to m =43), and Bernoulli polynomials to estimate the number of
lattice points in a certain simplex of the real vector space of 14 dimensions,
gave the following well-known bounds:

If the first case fails for p then p>252x 10°. However, these computations
were based on uncertain criteria. On the other hand, they have been superse-
ded by the bound of 3% 10°, obtained by straight computer work.

(ITT) The largest prime known today is the Mersenne number M, =2-1
where q=19937. It has 6002 digits. Its primality was discovered by Tucker-
mann in 1971, using the famous Lucas test for g=1 (mod 4): M, is prime if
and only if M, divides W,. The numbers W, are defined by recurrence:
W,=—-4, W,,, = W.-2, so the sequence is —4, 14, 194, . ..

But how was it possible to show that the first case holds for such a big
exponent?

As a matter of fact, this is a consequence of Wieferich’s criterion. It follows
from a result which was proved successively by Mirimanoff, Landau, Vandiver,
Spunar, Gottschalk. Namely:

Suppose that there exists m not a multiple of p, such that mp = a + b, where
all the prime factors of a and of b are at most 31 (this depends on the Fermat
quotient criteria). Then the first case holds for p. Therefore, it holds for all
Mersenne primes M, =2%~1, as well as for many more numbers.

Does there exist an infinity of prime numbers p satisfying the property of the
preceding proposition? This is an open problem.

In 1968 Puccioni proved:

If this set of primes is finite then for all primes /=31, [# +1 (mod 8) the set
M,={q|1°"=1 (q*)} is infinite.

Primes in M, are very hard to find, but this doesn’t preclude these sets being
infinite.
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(IV) The first lower bound for a counter-example to FLT was given by Griinert
in 1856. He showed that if 0<x<y<z and x"+y"=z" then x>n. So it is
useless to try to find a counter-example with small numbers. For example, if
n =101 the numbers involved in any counter-example would be at least 102",

It was easy to improve this lower bound. Based on congruences of Car-
michael (1913), if x?+ y? = z?, 0<x <y <z then necessarily x> 6p>.

But, with some clever manipulations Inkeri came to the lower bound already
stated. Taking into account that the first case holds for all prime exponents
p<3x10° then

(2x33><1027+3><109
X

9
log@x 10°) )3 x10

This is a very large number; it has more than 80 billion digits!
Similarly, for the general case we may take p=125000, hence

X >% (125x10%*x 10°

and this number has anyway more than 3 billion digits.

It is therefore safe to say that no counter-example to the theorem will ever
be available. As a matter of comparison, I have inquired about some physical
constants, as they have been estimated by the physicists.

For example, the radius of the known universe is estimated to be 10°® cms.
The radius of the atomic nucleus, of the order of 107'> cms. And the number
of nuclei that may be packed in the universe, just about (10247'%)*=10'*—a
very modest number indeed!

But I should add that the above data are rather controversial, and I have
quoted them only to underline the enormous disparity between the sizes of the
candidates to be counter-example to FLT, and the reputedly largest physical
constants.

This being said, mathematicians would better try to prove FLT, or at least
some weak form of it.

(V) For example, it might be possible to show that the Fermat equation has at
most finitely many solutions. It could even be that the number of solutions
might be bounded by an effectively computable bound. I should warn however
that this has not yet been proved.

It is only under a further restriction that a finiteness result was proved by
Inkeri. He considered would-be solutions (x, y, z) such that the integers are not
too far apart, more precisely y—x <M, and z — y <M, where M >0 is given in
advance. Then the problem becomes actually one of counting integer solutions of
an equation involving only 2 variables. For this purpose there are theorems of
Siegel, or Landau, Thue, Roth, or similar ones. Actually Inkeri & Hyyr6 used
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the following version. Let m,n be integers, max{m,n}=3. Let f(X)=
X" +a X" '+ - -+a, eZ[X], with distinct roots. If a is an integer, a# 0,
then the equation f(X)=aY™ has at most finitely many solutions in integers.

With this theorem they proved the statement (a). Concerning (b), I wish to
mention that it answers in part a conjecture of Abel (1823).

Abel conjectured that if x? + y? + z° = 0 (with non-zero integers x, y, z) then,
at any rate, x, y, z cannot be prime-powers. I suppose that Abel might have in
mind a procedure, which would allow to produce from a non-trivial solution
(x, y, z) another one (xi, y;, z1), where the minimum number of prime factors
of the integers x4, y,, z; is strictly smaller than it was for x, y, z. In this situation
he would “descend” on this number, until finding a solution with some
prime-power integer—and if this turned out to be impossible, he would have
proved FLT.

Up to now Abel’s conjecture is noi completely settled. Sauer in 1905,
Mileikowski in 1932 obtained some results. In 1954 Moller proved:

If x"+y"=2z", 0<x<y<z if n has r distinct odd prime factors then z, y
have at least r+ 1 distinct prime factors, while x has at least r such factors. If
n=p is a prime, this tells that y, z cannot be prime-powers. Moreover, if p
does not divide xyz, then x also cannot be a prime power (as proved by Inkeri
in 1946). It remains only to settle the case p | xyz, and to show that x is not a
prime-power.

For the moment, Inkeri succeeded in proving that there are at most finitely
many triples (x, y, z), as above, where x is a prime-power. Using the methods
of Baker, which give effective upper bounds for the integral solutions of certain
diophantine equations, Inkeri showed, as we stated, that

x <y<expexp[2°(p—1)'°® D)P-1?

I pause now to indicate other very interesting use of Baker’s estimations.

The famous Catalan problem is the following: to show that the only solution
(x, y, m, n) of the equation x™ —y"=11is x=3, m=2, y=2, n=3.

This problem is still open. However, with Baker’s methods, Tijdeman has
proved that there are at most finitely many solutions, which are effectively
bounded.

Closely related is the following conjecture, which is a generalization of
a theorem of Landau (published in his last book of 1959):

Let a;<a,<:- - be the increasing sequence of all integers which are proper
powers (i.e., squares, cubes, etc...) Then lim,_.. (a,.1— a,) = .

In Landau’s result, he considered two fixed exponents m, n and the sequence
of mth powers and nth powers.

(VI) Now I turn to a much more elementary result.
In his very first paper on Fermat’s problem, published in 1837, Kummer
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considered Fermat’s equation with exponent 2n, where n is odd. And he
showed that if it has a non-trivial solution, x*" + y*" = z>", with gcd(n, xyz)=1
then n=1 (mod 8).

So, there exists infinitely many primes p such that the first case is true for the
exponent 2p.

Kummer’s result was rediscovered several times. It was also improved. For
example, in 1960 Long showed that if ged(n, xyz)=1, x**+y*"=2z>" then
n=1 or 49 (mod 120). Some more elementary manipulation implies if m =4 or
6 (mod10) then X™+Y™=2Z™ cannot have solution (x,y,z), with
gcd(m, xyz)=1.

(VII) Schinzel’s conjecture has been supported by numerical evidence. Up to
now, it has never been found a square factor for any Mersenne number.
Moreover if p* divides a Mersenne number then p>9x 108,

Rotkiewicz’s theorem states that the truth of Schinzel’s conjecture implies
that there exist infinitely many primes p such that 2°~'# 1 (mod p?). Hence by
Wieferich’s theorem, there would exist infinitely many primes p for which the
first case holds. I believe, however, that the proof of this last statement, and the
proof of Schinzel’s conjecture seem equally difficult.

(VIII) To explain well the meaning of Vandiver’s result, it is appropriate to
return to Kummer’s monumental theorem:

If p is a regular prime then FLT holds for the exponent p.

By definition, p is a regular prime if p does not divide the class number
h = h(p) of the cyclotomic field Q(¢), where ¢{ is a primitive pth root of 1. As I
have already mentioned, Kummer was led to study the arithmetic of cyclotomic
fields, to take care of the phenomenon of non-unique factorization into primes.
To recover such uniqueness Kummer created the concept of “ideal numbers”.
Later Dedekind interpreted these ideal numbers essentially as what we know
today as ideals. However, it should be said that Kummer ideal numbers were in
fact today’s divisors. Besides the ideal numbers, he considered of course the
actual numbers, namely the elements of the cyclotomic field. For the ideal
numbers the unique factorization theorem was proved true. Ideal numbers
were put in an equivalence class when one is the product of the other by an
actual number. Kummer showed that the number of such equivalence classes is
finite—it is called the class number of the cyclotomic field and usually denoted
by h.

Moreover, Kummer indicated precise formulas for the computation of h. He
wrote h=h*h* where

h* !

~2p)F " IG(m)G(n?). .. G(n"™?)|

2(p—3)/2 (=3)/2 | (p—3)/2

h* 7" log |1~ ¢¥|

R k=1 i=0
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In the above formulae, 7 is a primitive (p—1)th root of 1, g is a primitive
root modulo p, for each j, he defines g by 1=gi=p—1 and gg=g’ (mod p),
moreover G(X)=Y"-7 gX’, and R is the regulator of the cyclotomic field,
which is a certain invariant linked to the so-called units of the field.

h* is called the first factor, while h* is the second factor of the class-number.

Kummer proved that h*, h* are integers—rather an unpredictable fact, due
to the defining expressions. Actually, he recognized h* as being the class
number of the real cyclotomic field Q ({+{ "). He gave also the following
interpretation of h*. Let U be the group of units of ©(¢), i.e., all « €Z[{] such
that there exists 8 € Z[{] such that af = 1. Let U* denote the set of those units
which are real positive numbers. For every k, 2=<k=(p-1)/2, let
8, =V -A-0x(A=))(1=-¢ 1), s0 8, is a real positive unit of Q(¢). Let
V be the subgroup of U™ generated by all these (p—3)/2 “circular” units.
Kummer showed that h™ = (U*: V), the index of V in U¥*.

Moreover, he proved that if p does not divide h* then p does not divide h*.
Therefore p is a regular prime if and only if p does not divide h*. Hence, he
proceeded to compute h* for all primes p=<163 and he found the following
irregular primes p =37, 59, 67, 101, 131, 149, 157. Based on his computa-
tions, he conjectured that, asymptotically, the first factor h* = h*(p) of the class
number grows as

(p+3)/4

p

W p)~ 56-3m o1
This conjecture, which agrees with recent numerical evidence, has yet to be
proved. The best result in this direction is due to Siegel (1964) who proved:

log h*(p) ~§10g p

More recently, in a still unpublished paper, Masley & Montgomery showed
that if p=200 then

(2,”.)*p/2p(p—25)/4 < h*(p) < (277.)fp/2p(p+3 1)/4

Concerning the growth of the first factor Ankeny & Chowla proved in 1951
that there exists p, such that h*(p) is monotonically increasing for p = p,. It is
nowadays conjectured by Inkeri and Lepistd that one may take p,=19.

The second factor is much more difficult to handle, since it is tied with the
inner structure of the group of units. It was Kummer who already found the
first example. p =163, for which h*(p) is even. However not many more
examples were known before 1965, when Ankeny, Chowla & Hasse, using a
lemma of Davenport and class field theory, proved: if q is a prime, n>1, if
p=(2qn)*+1 is a prime then h*(p)>2.

If p | h*(p) but p+ h*(p) the cyclotomic field is called properly irregular. It is
called improperly irregular if p | h*(p) hence also p | h*(p). It is not known
whether there exist improperly irregular cyclotomic fields.
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Vandiver, Pollaczek, Dénes and Morishima studied irregular fields. In 1934
Vandiver proved that the first case holds for all properly irregular exponents p.

(IX) Skula’s result was obtained by a deeper probing of the group of ideal
classes. A simpler proof was given by Briickner.

(X) To explain the scope of the latest of Briickner’s theorems, let I' be the ideal
class group of ({), h the class number. If p is irregular then I'# pI' so
v, =dim(I'/pT)=1 (when I'/pI" is considered as a vector space over the field
with p elements). In 1965, Eichler proved that if the first case fails then
Vo> Vp—2. However, the computation of v, is difficult. Briickner succeeded in
relating the above dimension vy, with the irregularity index ii(p), and proved
that if the first case fails for p then more than s/;)—2 Bernoulli numbers B,y
(with 2=<2k =< p—3) are multiples of p.

Historically, this fits into a series of classical results. Cauchy (1841) and
Genocchi (1862) proved that if the first case fails for p then B,_; is a multiple
of p. In 1857, Kummer showed that both B,_; and B,.s must be multiples of p.
Later, Mirimanoff showed that B,_; and B,_, must also be multiples of p.

In 1934 Krasner proved quite an interesting result: there exists a prime p,
(which could be effectively computed) such that if p = p, and if the first case of
FLT fails for p, then the k Bernoulli numbers B,_3, B,_s, * * * B,—2k+1y are all
multiples of p; in this statement k = [¥log p]. Thus, in the event of failure of
the first case of FLT a reasonably large number of successive Bernoulli
numbers would be multiples of p. Even though this number is essentially
smaller than the one indicated by Briickner’s theorem, in this case these
Bernoulli numbers are successive. This is a most unlikely conclusion, pointing
out to the fact that the first case of Fermat’s theorem may well be true.
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