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Abstract We prove rationality criteria over nonclosed fields of characteristic 0 for five out of six types of
geometrically rational Fano threefolds of Picard number 1 and geometric Picard number bigger than 1.
For the last type of such threefolds, we provide a unirationality criterion and construct examples of
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1. Introduction

1.1. The results

The goal of this paper is to discuss rationality of smooth Fano threefolds over algebraically
nonclosed fields of characteristic 0. In [10], we considered the case of geometrically rational
Fano threefolds with geometric Picard number p(X3) = 1, and here, we switch the focus
to the case of geometrically rational Fano threefolds X with Picard numbers

p(X)=1 and p(Xp) > 1. (1.1.1)

In fact, Fano threefolds satisfying (1.1.1) have been classified in [21], and [1] explains which
of these are geometrically rational. A combination of these results gives the following:

Theorem 1.1 (|21, Theorem 1.2], [1]). There are exactly siz families of geometrically
rational Fano threefolds satisfying (1.1.1) as listed in Table 1.
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TABLE 1. Geometrically rational Fano threefolds X satisfying (1.1.1)

(X)) p(Xg) —Kx g(X) hM*(Xg) X
X(3,3) 1 2 20 11 3 an intersection of three divisors of
bidegree (1,1) in P x PZ;
X111,y 1 4 24 13 1 a divisor of multidegree (1,1,1,1)
in (P})*
X(4,4) 1 2 28 15 0 the blowup of a smooth quadric Qx C ]P’f—(L

along a linearly normal smooth
rational quartic curve;

X(2,2,2) 1 3 30 16 0 an intersection of three divisors of
multidegrees (0,1,1), (1,0,1), (1,1,0)
in P2 x F2 x P2,

X(2,2) 2 2 48 25 0 a divisor of bidegree (1,1) in IF’E X JP’E;

(1,1,1) 2 3 48 25 0 ]P% X ]PJ% X IP%

The first column of Table 1 contains the name for the family we use in this paper, the
next columns contain the index ((X5), defined as

L(XR) = max{i | %KXE S PiC(XR) },

the geometric Picard number p(Xj), the anticanonical degree (—Kx)3, the genus g(X),
defined by

(—Kx)* =2g(X) -2

and the Hodge number hb2(Xj) of the threefold, while the last column provides a
geometric description of these varieties over an algebraic closure k of the base field.

We discuss some geometric properties of threefolds from Table 1 in §2. In particular, we
describe their extremal contractions over k and identify their Hilbert schemes of lines and
conics, as well as the subschemes of the Hilbert schemes of twisted cubic curves passing
through a general point.

However, our main interest is in rationality criteria, and the next theorem is our main
result.

Theorem 1.2. Let X be a Fano threefold from Table 1; in particular, we assume p(X)=1.
(i) X is unirational if and only if X (k) # @.
(ii) If X has type X(a,4), X(2,2,2), X(2,2) 0" X(1,1,1), then X is k-rational if and only
if X(k)#@.
(iii) If X has type X(3,3), then X is never k-rational.

Note that over an algebraically closed field, threefolds of types X(44), X(2,2,2), X(2,2)
and X(1,1,1) have h''2 = 0, hence, trivial intermediate Jacobians, while the intermediate
Jacobians of threefolds of types X(3 3y and X(q,1,1,1) over k are Jacobians of curves of
genus 3 and 1, respectively (and k-forms of these over k); this explains the difference in
the behavior.
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It is a classical fact that the existence of a k-point is necessary for rationality or
unirationality, so the major part of the proof of the theorem consists of proving rationality
or unirationality under this assumption. We use for this a case-by-case analysis (see §1.2
for a description of our approach). The theorem is, thus, a combination of the following
results (we assume everywhere X (k) # @):

rationality for threefolds of type X(1,1,1) is proved in Corollary 3.4;
rationality for threefolds of type X2 2y is proved in Proposition 4.1;
rationality for threefolds of type X3 2 2y is proved in Proposition 4.3;
rationality for threefolds of type X4 4) is proved in Proposition 5.5;
unirationality for threefolds of type X(1,1,1,1) is proved in Proposition 4.5;
unirationality for threefolds of type X3 3) is proved in Proposition 6.9;

e nonrationality for threefolds of type X(s 3) is proved in Corollary 6.11.

Theorem 1.2 provides nice criteria for rationality of five out of the six types of Fano
threefolds listed in Table 1. For the remaining type X(;,1,1,1), we have a conjecture and a
partial result.

Conjecture 1.3. If X has type X(1,1,1,1) and p(X) =1, then X is never k-rational.

To explain the partial result, we need to introduce some notation. Let X be a Fano
threefold of type X1 1,1,1)- As we show in Lemma 2.5, the action of the Galois group
G(k/k) on Pic(Xy) factors through the group &4 that acts by permutations of the
pullbacks of the point classes of the factors of the ambient (]P’%)‘l, and the assumption
p(X) =1 means that the subgroup

Gx := Im(G(R/k) — 64) C 6y

is transitive, hence, belongs to the following list of (conjugacy classes) of transitive
subgroups of Gy:

Gx € {64,A4, Dy, V4, Cy},

where 24 is the alternating subgroup, D4 is the dihedral group of order 8 (a Sylow
2-subgroup in &4), V4 is the Klein group of order 4 and Cy is the cyclic group of order 4.
Note that all of these groups contain V4 except for Cy.

Theorem 1.4. Let G C G4 be a subgroup containing the Klein group V4 C G4. Let k
be a field, such that there is an epimorphism G(k/k) — G. Then for the field of rational
functions K = k(t) there exists a variety X over K of type X(1,1,1,1), such that Gx = G,
p(X)=1 and X(K) # @, but X is not stably rational over K.

1.2. The proofs

For (uni)rationality constructions, it is natural to use k-Sarkisov links:

X
/ \\¢ y & (1.2.1)
% +
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where o is the blowup of a k-irreducible subvariety, ¢ and ¢ are small crepant birational
contractions, v is a flop and o4 is a Mori extremal contraction. Note that such a link
is completely determined by the center of the blowup ¢ — the contractions and the flop
are obtained by the k-Minimal Model Program applied to X (note that p(X) =2, so the
output of the MMP is unambiguous); in particular, the link is defined over k. For our
purpose, it is enough to consider two types of Sarkisov links:

e Sarkisov links where o is the blowup of a k-point;

e Sarkisov links where o is the blowup of a reduced k-irreducible singular conic.
We construct the corresponding links accurately for threefolds of type X 4 4) in §5 (see
Theorem 5.1) by using standard MMP arguments. Of course, a similar construction could
be given for other types of Fano threefolds from Table 1, but to make the argument less
tedious, we use the fact that all others among these threefolds are k-forms of complete
intersections in products of projective spaces and deduce the required (uni)rationality
constructions from an appropriate birational transformation for a product of projective
spaces.

With this goal in mind, we construct in §3 a toric birational transformation between the
product (P™)" of projective spaces and a P"-bundle over the product (P"~1)" of smaller
projective spaces, see Theorem 3.1 (in fact, we construct a birational transformation in
a slightly more general situation, but the setup described above is the only one that
we need for applications in the paper). This theorem has a consequence of independent
interest, Corollary 3.3, saying that a k-form of a product of projective spaces is k-rational
if and only if it has a k-point. This corollary immediately gives the required rationality
construction for Fano threefolds of type X1 1,1) (Corollary 3.4) and with a bit of more
work provides rationality constructions for threefolds of types X(2 2y (Proposition 4.1)
and X(2,2,2) (Proposition 4.3), as well as a unirationality construction for threefolds of
type X(1,1,1,1) (Proposition 4.5).

In the case of a variety X of type X(33) with a k-point z, we again use the toric
transformation of Theorem 3.1 to construct a birational equivalence of X with a divisor
X7 of bidegree (2,2) in a k-form of P2 x P2. If z lies on a k-line in X, we check that X+
contains a k-form of the quadric surface P! x P! and use this to deduce unirationality
of X (Proposition 6.9). If z does not lie on a line, we check in Proposition 6.6 that X+
described above is, in fact, the midpoint of a Sarkisov link that ends with a conic bundle
over P2, which has a smooth quartic curve I' C P? as discriminant. We also check that
the discriminant double covering T' — I' associated to this conic bundle is trivial over a
quadratic extension k’ of the base field k but nontrivial over k, and that the conic bundle
has a rational section over k’. We check in Theorem 6.10 that these geometric properties
characterise the nonrational conic bundles constructed by Benoist and Wittenberg in [3]
and deduce in Corollary 6.11 nonrationality of X from [3, Proposition 3.4].

In the last part of the paper, §7, we discuss Fano threefolds of type X 1,1,1). To prove
Theorem 1.4, we use a degeneration technique. Namely, we construct a family of Fano
threefolds of type X1 1,1,1) over P} with the special fibre a singular toric threefold (with
ordinary double points), which is well known not to be stably rational. Since stable
rationality is specialisation-closed by a result of Nicaise and Shinder [19], we conclude
that the general fibre of the constructed family is also not stably rational.

https://doi.org/10.1017/51474748022000378 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000378

Rationality over nonclosed fields of Fano threefolds with higher geometric Picard rank 211

2. Extremal contractions and Hilbert schemes of curves

In this section, we describe the geometry of Fano threefolds of index 1 from Table 1. In
particular, we describe their extremal contractions over k, as well as their Hilbert schemes
of lines and conics and of twisted cubic curves passing through a fixed point.

To start with, recall that for most Fano threefolds, the anticanonical linear system
is very ample and the anticanonical image is an intersection of quadrics; in fact, Fano
threefolds which do not enjoy these nice properties (hyperelliptic and trigonal ones) have
been classified and listed in [6]. It is easy to check that Fano threefolds from Table 1 are
not in this list; therefore, we obtain:

Theorem 2.1 ([6, Chapter 2, Theorems 2.2 and 3.4]). Let X be a Fano threefold from
Table 1. The anticanonical class —Kx is very ample and the anticanonical image

X = Xy CPIH!

is an intersection of quadrics (as a scheme), where g = g(X).

2.1. Contractions over k
Assume X is a Fano threefold of index 1 from Table 1, that is, a threefold of either of

types X(2,2,2), X(4,4)> X(3,3) OF X(1,1,1,1)- Then there is an embedding
Xpcy =P, (2.1.1)
(we will see in Lemma 2.5 that r = p(Xy), hence, the notation), where
(n,7) =(2,3), (4,2), (3,2) or (1,4).
Indeed, for types X2 2,2), X(3,3), X(1,1,1,1), this holds by definition, and for type X4 4),

this follows from the following:

Lemma 2.2. Let I'y C Q; CP* be a linearly normal smooth rational quartic curve in
a smooth quadric threefold. If Hy is the hyperplane class of Q1, then the linear system
|2H; —T'1| of quadrics through Ty defines a birational morphism wa: Blp, Q1 — Q2 C P4
onto another smooth quadric threefold Q2, and this morphism is itself the blowup of a
linearly normal smooth rational quartic curve I'y C Q2, so that

Blr, (Q1) 2 Blr, (Q2).
Moreover, if X is a Fano threefold of type X4 4y, there is a natural embedding
Xp— Q1 x Q2 C P x P,
such that —Kx; is the sum of the pullbacks of the hyperplane classes of the factors.

Proof. The curve I'; is an intersection of six quadrics in P*; therefore, it is an intersection
of five quadrics in @;. Hence, if F; is the exceptional divisor of the blowup 7 : Xi — Q1
and H; is the pullback of the hyperplane class of @1, the linear system |2H; — E1| on Xj
is four-dimensional and base-point free. Therefore, this linear system defines a morphism
ma: Blp, (Q1) — P*; moreover, standard intersection theory gives (2H; — E;)? = 2. Hence,
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the image of 7y (which is not contained in a hyperplane by definition) is a quadric Qo C P*
and 7y is birational. Since —Kx; is ample on the fibres of 75 and p(X}) = 2, we see that
7o is an extremal Mori contraction. By [16], the quadric Q2 is smooth and 7o is the
blowup of a curve, which must be a linearly normal smooth rational quartic curve. For
the last statement, just note that H; + (2H; — Eq) = 3H, — E; is the anticanonical class
of XR' ]

We denote by H;, 1 <i<r, the pullbacks to Y = (P™)" of the hyperplane classes of the
factors and, abusing the notation, also their restrictions to Xj via the embedding (2.1.1).

Lemma 2.3. If X is a threefold of either of types X(2,2,2), X(4,4), X(3,3) o7 X(1,1,1,1), then
the Picard group Pic(Xy) is freely generated by the classes H;

Pic(X;) = @D ZH;.
i=1
Moreowver,

Proof. For type X4 4), this follows from Lemma 2.2, and for the other types, the first
statement follows from the Lefschetz hyperplane theorem and the second from adjunction

and the description of Table 1. O
For each subset I C {1,...,7} we consider the projection
T Xg— Y — [[Pr = em). (2.1.3)
iel

Especially useful are the morphisms 7; for I of cardinality » — 1, so we introduce the
notation

vi={1,...,r}\ {i},
and write
i X — (P™)" 1 (2.1.4)

for the corresponding morphisms. Note that in the case r =2, we have 7= {3 —1i}, so these
morphisms are the same as morphisms 73_;. The next lemma describes Xi in terms of
the T

Lemma 2.4. The morphism m; is birational onto its image, and the exceptional divisor
E5 of m; is irreducible. More precisely, the morphism m; identifies Xy as follows:

(i) if X has type X(2,2,2), the map 7z is the blowup of a smooth divisor W3 C P2 x P?
of bidegree (1,1) along a smooth rational curve I'y C Wy of bidegree (2,2), whose
projections to the factors P2 are closed embeddings; the divisor class H; is equal

to Zj;ﬁi Hj — Es;
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(ii) if X has type X(4,4), the map m; is the blowup of a three-dimensional quadric Q;
along a smooth linearly normal rational curve I'; C Q; of degree 4; the divisor class
H; is equal to 2H; — F;;

(iii) 4if X has type X(s3), the map m; is the blowup of P3 along a smooth curve I'; C P3
of genus 3 and degree 6; the divisor class H; is equal to 3H; — E;;

(iv) if X has type X(1,1,1,1), the map m is the blowup of P! x P! x P! along a smooth
elliptic curve Ty C (PY)3 of multidegree (2,2,2); the divisor class H; is equal to
Ej;éi Hj— 5.

Proof. Part (ii) is proved in Lemma 2.2. So, assume X is a variety of either of types
X(2,2,2)> X(3,3) or X(1,1,1,1)- Birationality of the projection 77 is clear from the descriptions
of Table 1; and it also follows that all fibres of m; are linear subspaces in P” and —Kx,
restricts to each of them as the hyperplane class by (2.1.2). Also, it is easy to see that the
image of 7; is smooth in all cases (for type X(a,2,9), if Wy C P? x P? is singular, then its
preimage in P2 x P2 x P2 is singular along a plane, hence, X, which is the intersection of
this preimage with two other divisors, must be singular; and for types X(3 3y and X1,1,1,1),
the image is just P3 or P! x P! x PL, respectively).

By Lemma 2.3, the relative Picard number of 77 is 1 and —Kx, is ample, hence, 77 is an
extremal Mori contraction. Since both the source and target of m; are smooth, it follows
from [16] that the morphism 7 is either the blowup of a smooth curve or the blowup of
a smooth point. In the latter case, the restriction of —Kx, to the nontrivial fibre P2 of
would be isomorphic to Op2(2), contradicting to the above observation, hence, 7; is the
blowup of a smooth curve.

The remaining assertions are easy and left to the reader (see also [15]). O

Lemma 2.5. The classes H; are semiample and generate the nef cone of Xi. The Galois
group G(k/k) permutes these classes in a transitive way. In other words, the natural group
homomorphism wx : G(k/k) — Aut(Pic(Xy)) factors through the permutation subgroup
S, C Aut(Pic(Xy)), and its image

Gx :=Im(G(k/k) == &,) (2.1.5)
is a transitive subgroup of S,..

Proof. The classes H; are pullbacks of ample classes on P, hence, semiample, and they
generate Pic(X) by Lemma 2.3. If A; is the class of a nontrivial fibre of 7, we have

Hj- A =iy,

therefore, H; generate the rays of the nef cone. It follows that the Galois group permutes
the H;, hence, its action on Pic(Xy) factors through the permutation group. Transitivity
of the subgroup Gx C &, follows from the equality p(X) = 1. O

We say that a surface I C Xy is an H-plane if IT = P2 and H| is the line class.

Corollary 2.6. Fano threefolds of index 1 from Table 1 contain no H-planes over k.
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Proof. If II C Xj is an H-plane, the restriction (Hy+---+ H,)|1 is the line class. Since
all the H; are nef, it follows that Hj|r ~ 0 for all j # ¢ and some 1, hence, II is contracted
to a point by the projection 7. It remains to note that the fibres of m; are at most
one-dimensional by Lemma 2.4. O

2.2. Lines

By a line on X, we understand a curve (defined over k) of anticanonical degree 1. We
denote by F;(X), the Hilbert scheme of lines on X. Note that F1(X); = F1(X}).

Lemma 2.7. Let X be a Fano threefold of types X(2,2,2), X(4,4), X(3,3), or X(1,1,1,1)- A line
on X is a fibre of the exceptional divisor of one of the projections (2.1.4). In particular,

ka:v|_|

where the smooth curves I'; have been described in Lemma 2.J. The normal bundle of
each line is

e/VL/XEgﬁLEBﬁL(—l). (221)

Finally, the action of the Galois group G(k/k) on the set of connected components of the
Hilbert scheme of lines factors through the group Gx and is transitive.

Proof. Since the classes H; are semiample, it follows from (2.1.2) that for each k-line L
on X, there is a unique ¢, such that L-H; =1 and L-H; =0 for j #4 (i.e. [L] = A, in the
notation of Lemma 2.5). Thus, L is contracted by the projection 7, hence, it is equal to
a fibre of the exceptional divisor of this projection. Taking into account the description
of the projections 7; from Lemma 2.4, we obtain the description of Fy(Xj).

Further, the description of the normal bundle of L follows from the exact sequence

O—>=/KL/E7—></VL/X; —>=/VE7/X;|L —)0,

because the first term is trivial and the last is &, (—1). Finally, factorisation of the Galois
action on the set of connected components of F1(Xj) and its transitivity follow from
Lemma 2.5. O

For a k-point x € X, we denote by Fy(Xg,x) C Fi(Xg) the subscheme parameterising
lines passing through x. We will need the following observation.

Lemma 2.8. Let X be a Fano threefold of types X(22,2), X,4), X3,3) or X(1,1,1,1)- If
x € X (k), then the scheme F1(Xg,x) is a finite reduced scheme of length at most r = p(Xk)

If, moreover, x € X (k), then either F1(Xy,z) = @ or F1(Xg,x) is a reduced scheme of
length r and the Galois group G(k/k) action on Fi(Xy,x) factors through the group Gx
and s transitive.

Proof. By Lemma 2.7 for each k-point z of X, there is at most one line from each of the
connected components of the Hilbert scheme F(X}) passing through . This proves that
F1(Xg, ) is finite and reduced and gives the bound for its length.
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Now, assume z is a point of X defined over k, and let L be a k-line through z. Then
for any g € G(k/k), the line g(L) also passes through z. Transitivity of the Galois action
on the set of components of F1(Xj) then implies that there is a unique line of each type
through z, hence, the length of Fi(Xj,z) is r and the G(k/k)-action on F{(X,x) factors
through Gx and is transitive. O

2.3. Conics

By a conic on X, we understand a connected curve (defined over k) of anticanonical
degree 2. We denote by Fo(X), the Hilbert scheme of conics on X. As before note that
Fa(X)i = Fa(X).

Lemma 2.9. Let X be a Fano threefold of types X(2,2,2), X(4,4), X(3,3) or X(1,1,1,1)- We
have the following descriptions of the Hilbert schemes of conics Fo(Xy):

P2LUP2UPE,

) Fl X FQ,

) = Sym®T'; 2 Sym®Ts,

)

= | | (PP,

6

2!
N}
—
—

>
N
N
S
>
il
[
12

1

lé

where T'; are the curves described in Lemma 2./.
Moreover, the morphism from each component of the universal conic to Xy is dominant.

Proof. First, note that no conic on X is contracted by the projections m;, since by
Lemma 2.4 any reduced connected curve contracted by 77 is a line, and lines do not
support nonreduced conics by (2.2.1) and [12, Remark 2.1.7]. Therefore, we deduce
from (2.1.2), that for each k-conic C' C X, there is a pair of indices 1 <43 < i <7,
such that

H;,-C=H;,-C=1 and H;-C=0 forj¢{iyis}. (2.3.1)

If r > 3, that is, if X is of type X(2,2,2) or X(1,1,1,1), such C is contracted by one of the
projections

m Xg— P2 or  my i Xp— Ppx Py, (2.3.2)

respectively. It is easy to see that the maps (2.3.2) are flat conic bundles, hence, C is
a fibre of one of them, and, therefore, Fo(Xj) is the disjoint union of ]P’E or of ]P’% X ]P’%,
respectively.

Assume X is of type X4 4). Applying Corollary A.2 twice, we obtain a morphism

o= (p1,2): Fo(Xg) — Ty x Ty

that takes a smooth conic C' C X to the unique pair of lines (Lo, L;) of different types,
such that CNL; # @. We will show that ¢ is an isomorphism.

First, note that by (2.3.1), if C C X is a conic, then m(C) C @1 and m2(C) C Q2 are
lines, and by Lemma 2.4(ii), they intersect the curves I'; and I's, respectively. Thus,
by Corollary A.2, for z; € T'y if [C] € ¢ (1), the line 71 (C) C Q, passes through z;.
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Since any line on (); through z; lies in the embedded tangent space to @)1 at x1, and
the intersection of this tangent space with @1 is a two-dimensional quadratic cone with
vertex at x1, it follows that

o1 (z) =P

for any x; € I'y. Since I'y 2 P! also, the morphism ¢ is a morphism of P!-bundles over I'y
and, to show that it is an isomorphism, it is enough to check that it is birational.

So, consider a general pair (Lo, L1) of lines on X of different types. It follows from (2.3.1)
and Lemma 2.4(ii) that L; :=m(L;) is a line on @Q; bisecant to I'y, x1 := m1(L2) is a
point on I'; and by Corollary A.2, the preimage ¢~ (L, L) is the Hilbert scheme of lines
L C , passing through x; and intersecting L;. By genericity, we may assume x; & L,
(i.e. that the lines Ly and Ly do not intersect). Then any line L as above is contained in
the intersection of the plane spanned by L; and x; with @1, which is equal to the union
of the line L; with a residual line. Therefore, L must be equal to the residual line, hence,
the scheme ¢~1(Lo,L1) consists of a single point, so ¢ is birational, and, hence, it is an
isomorphism.

Since the embedded tangent space to ()1 at a general point x € ()1 intersects the quartic
curve I'; at four points, there are four lines on Q1 through z intersecting I'y, hence, the
universal conic is dominant of degree 4 over Xj.

Finally, assume X is of type X3 3). By (2.3.1) and Lemma 2.4(iii), the image of C with
respect to the blowup m;: Xi — P3 is a line intersecting the curve I'; C P? at two points.
This defines a morphism

Fy(X;) — Sym®T;,

and it is easy to see that it is an isomorphism. It is also easy to see that for a general
point = € P3, there are seven lines passing through z and bisecant to I';; therefore, the
universal conic on Xj is dominant of degree 7 over Xj. O

Remark 2.10. Let X be a threefold of type X4 4). Clearly, a general line on the
quadric @)1 passing through a point « € ' is not bisecant to I'y, and its strict transform
in X intersects the line Lo = m 1(37) transversally. This means that a general conic
intersecting Lo is smooth and intersects Lo transversally.

For a given curve © C X, we denote by F2(X,0) the subscheme of the Hilbert scheme
F2(X) that parameterises conics intersecting the curve © and by 65(X,0) C F2(X,0)x X
the restriction of the universal family of conics.

Lemma 2.11. If X is of type X(4,4) and © is a singular conic, then Fo(X(,0) =T Ul
is the union of the two rulings of the surface Fo(Xy) 2Ty x T'y. Moreover, the natural
projection €2(X,0) — X s birational onto an anticanonical divisor Re C X passing
through each component of the curve © with multiplicity 3.

Proof. Let L; and Ly be the irreducible components (over k) of the conic ©. The
argument of Lemma 2.9 shows that L; are lines of two different types and

Fo(X,0) = Fo (X, L1) UFy (X, Lo).
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Recall that by Lemma 2.7, the curves I'; and I'y can be identified with the two connected
components of F1(Xj) and the isomorphism Fo(Xj) 2T’y x I'y of Lemma 2.9 is defined by
taking a conic C to the unique pair of lines of different types intersecting C. This means
that

FQ(XR,@) = (1—‘1 X [Ll])U([LQ} X FQ) cI'yx FQ;

thus, Fa (X, ©) is the union of two rulings of the surface Fo(X) and we have the equality
%Q(XR,G)) = %Q(X%Ll) U%Q(XR,LQ).

Furthermore, it follows from the description of Lemma 2.9 that the natural morphism
%2(Xy,La) — X is birational onto the hyperplane section tangent to @ at the
point 71(Ls); it contains the line 71 (L) with multiplicity 1 and has multiplicity 2 at
the point 71(Lz2). Similarly, the morphism %5(Xy,L1) — X is birational onto
the hyperplane section containing the line mwo(Ls) with multiplicity 1 and having
multiplicity 2 at the point mo(Lq). Thus, the morphism %5(X,0) — X is birational
onto a divisor of class (Hy — L1 —2Lo)+ (Ho— Lo —2L,) = H —30. O

2.4. Twisted cubic curves

Finally, we describe the Hilbert scheme F3(X,z) of subschemes of X with Hilbert
polynomial 3t + 1 with respect to H that pass through a point z; since X is an
intersection of quadrics (Theorem 2.1) and contains no planes (Corollary 2.6), every
such subscheme is a union of rational curves (see [10, Lemma 2.9]), so we will use the
name rational normal cubic curves for subschemes parameterised by F3(X,z). We denote
by €5(X,x) C F3(X,z) x X, the restriction of the universal family of curves. Recall the
curves I'; described in Lemma 2.4.

Lemma 2.12. Let X be a Fano }hreefold of types X(2,2,2), X(4,4), X3,3) or X(1,1,1,1)- If ©
1s a k-point on X not lying on a k-line, one has the following descriptions of the schemes

F3(Xi,2)
F3((X(2,2,2))01) = To=T1 3203,
F3((X(4,0))pox) = PLUR,
F3((X(3,3))kr) = ThUly,
F3((X1,1,1,1))0T) = |_|]P’%
5

Moreover, for threefolds of type X4 4y, the natural projection €3(X,x) — X is birational
onto an anticanonical divisor R, C X passing through the point x with multiplicity 4.

Proof. First, consider a threefold X of type X3 22y If C' is a rational normal cubic curve
and H;-C =0 for some i, then C' is contracted by one of the conic bundles (2.3.2), hence,
the curve C' is supported on a fibre of (2.3.2). But the conormal bundle of any such fibre
is trivial, hence, it cannot support a nonreduced curve of arithmetic genus 0 and degree
more than 2. This means that we have H;-C =1 for each ¢, and we conclude from this,
and Lemma 2.4, that the image of C' under the map m o: Xg — Wj 2 is a rational curve of
bidegree (1,1) intersecting the curve I'; 5 and passing through z. The argument analogous
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to that of Corollary A.2 shows that there is a morphism
1,20 F3(X,2) — Ty o

that takes a twisted cubic curve C C X to the unique point z;2 € I'y 2, such that
Cnmy ;(scm) # @. This morphism is an isomorphism, because on Wi o, there is a unique
curve of bidegree (1,1) through a given pair of points (unless they lie on a fibre of either
of the projections Wy o — IP’E, in which case, z lies on a line in X). The same argument
proves isomorphisms of F3(X,z) with the curves I'; 5 and I'y 3.

Next, consider a threefold of type X4 4). If H;-C =0 for some i, then C'is contracted
by m;, hence, is supported on a line. But the conormal bundle of a line is globally
generated by (2.2.1), hence, a line cannot support a nonreduced curve of arithmetic
genus 0 and degree more than 1. This means that C has bidegree (1,2) or (2,1). In the
first case, the image of C under 7 is a line on the quadric @1 passing through z; hence,
the corresponding component of F3(X,xz); is isomorphic to ]P’%. It also follows that the
corresponding component of €3(X,x) is a Hirzebruch surface that maps birationally onto
the hyperplane section of Q) tangent at z, that is, a divisor of class H; passing through z
with multiplicity 2. The second component is described analogously. The total divisor
class of the image R, of €5(X,z) — X is Hy + Ho — 4z, that is, it is the anticanonical
class passing through x with multiplicity 4.

Next, consider a threefold of type X(3 3). The same argument as above shows that C
has bidegree (1,2) or (2,1). In the first case, the image of C' under 7 is a line on IP"E
passing through z and intersecting the curve I'y. Since for any point of I'y there is a
unique line through it and z, the corresponding component of F3(Xg,x) is isomorphic
to I';. Analogously, the second component is isomorphic to I's.

Finally, consider a threefold of type X1 1,1,1). Then, of course, H;-C = 0 for some 4. The
argument used for threefolds of type X2 2 2) shows this cannot hold for two distinct i.
So, assume this holds for ¢ = 1. By Lemma 2.4(iv), the image of C under the map m 2 3
is a curve of multidegree (0,1,1) on ]P’% X ]P’% X ]P’% intersecting the curve I'y 2 3 and passing
through z. In other words, it is a curve of bidegree (1,1) on the surface IP’% X IP’% passing
through z and either of the two points of intersection of I'j 5 3 with this surface (note
that these points cannot collide because otherwise z would lie on a line in X'). Therefore,
there are two pencils of such curves. Using the same argument for other i, we see that
altogether there are eight pencils of twisted cubic curves on X passing through z. 0

Remark 2.13. Let X be a threefold of type X4 4). Since a general line on ()1 passing
through a point x ¢ I'y does not intersect I'y, it follows that a general twisted cubic curve
on X passing through z is smooth.

3. A birational transformation for a product of projective spaces

In this section, we construct a birational transformation for a product of projective spaces
and deduce a consequence for the rationality of its k-forms; in particular, we prove the
rationality criterion for threefolds Xy 1,1).
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3.1. Product of projective spaces

Consider the product
Y =P" xP"x-.-xP" =P(V;) x P(V2) x --- xP(V}.)
of projective spaces. Assume that r =p+¢ and
ny>ng > >ny > 2, Npt1 =" = Npyq = L. (3.1.1)

Let y € Y be a point, and let (vy,vg,...,v,), 0# v; € V;, be the corresponding collection
of vectors. Consider the blowup

Y =B, (Y),
and let £ CY be its exceptional divisor. Let PGL(V;),, C PGL(V;) be the stabiliser of
the point [v;] € P(V;) in the projective linear group PGL(V;). The group
G =[][PGL(V).,
i=1

acts naturally on Y and has finitely many orbits, which can be described as follows. First,
for each 1 <i<r, let

Y :=Bl, (]P’(Vl) X X P(Viet) X [0i] X P(Vig) X -+ X P(v;)) cv. (3.1.2)
Furthermore, for any subset I C {1,...,7} denote
?j = mffz and E;:= Eﬁff]. (313)
iel

Finally, set
vP=Y\|Eu{JYs and  Ep:=E\||JEs|. (3.1.4)
ICJ ICJ

Then }75 is the open orbit, Fg and Yio, p+1<1i<gq, are the orbits of codimension 1 and
all other orbits have higher codimension.
To describe the other side of the transformation, denote

Vz’ =V / kv;
and choose splittings V; = kv; ® V;. They induce a direct sum decomposition:

Vi -V, = @ %2 where VI::®‘7¢.
Ic{1,...,r} el

Note that the point y corresponds to the summand V = k and the tangent space to Y
at y corresponds to the sum of the summands V; with |I| = 1.

https://doi.org/10.1017/51474748022000378 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000378

220 A. Kuznetsov and Y. Prokhorov

Note also that for i > p+ 1, one has P(V;) = Spec(k). Let
vt —H]P P(V1) x P(Va) X - x P(V,,) = P11 x Pr2=t ... 5 Pro—!

Denote by h; the pullback to Y'* of the hyperplane class of the i-th factor (note that h; =0
for i > p+1 because, as we noticed above, P(V;) is just a point), and for I C {1,...,r},

set
hr:=Y hi.

iel
Consider the vector bundle & of rank 41 on Y+ defined by
P on). (3.1.5)

1]>r—1
Denote by
5i: YT — Pyy (6)
the section of (3.1.5) corresponding to the summand with I ={1,...,i—1,i+1,...,7r}. Set
YV =Py (&), YT =Bl (vt us,, v ¥ (3.1.6)

andlet B; C Y+, p+1<i<p+q be the exceptional divisors. The group G acts transitively

on Y, the vector bundle & is G-equivariant and its summands (—hy) with |I| =r—1

are G-invariant. Therefore, the action of G lifts naturally to Y+ and Y. Moreover, the

action of G on Yt still has a finite number of orbits, which can be described as follows.
For a subset J C {1,...,r} denote

&= @B o-h); (3.1.7)

Jci, |I|=r—1

this is a subbundle in & of corank 1+|[J]. Let ffjr C Yt denote the strict transform
of Py+(&y). Then the G-orbits are

q q
yhe=yn\(vju |J E|, vihe=yi\l U E.
i=p+1 i=p+1
By = E;\YY, Pr=ENYHON | EnYE ),
JCK

where in the last formula, we assume i ¢ J. Note that (Y+)° is the open orbit, (Y )°

and EY are the orbits of codimension 1 and all other orbits have higher codimension.
The linear projection out of the point [v;] defines a PGL(V;),,-equivariant rational map

P(V;) --» P(V;), which is regular if i > p+ 1. The product of these maps is a G-equivariant
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rational map, which we denote by g: Y --» Y. It gives rise to the following birational
transformation.

Theorem 3.1. There is a small birational G-equivariant isomorphism 1 : Y --» YT that
fits into the commutative diagram

L 2

- Syt o4 (3.1.8)
N 7
do . l
o

Y - - e Y+

where &+: Y+ = Py+(£) — Y+ and 6’+Z }7+ — Blsp+1(Y+)U---Usp+q(Y+)(Y+) — )A/+ ’iS
the projection and the blowup, respectively, oy = 64 0064 and, such that ¥ induces
isomorphisms of G-orbits

Yo~ (YH)°, Eg = (Y})° and Y= E?
of codimension 0 and 1. Moreover, if
H;, 1<i<r, are the hyperplane classes of P(V;) and H =H,+---+ H,,
E is the exceptional divisor of o,
h is the relative hyperplane class of the projective bundle &,

hi, 1 <i<p, are the hyperplane classes of P(V;) and
e, p+1<i<p+gq, are the exceptional divisor classes of the blowup G,

then in the Picard group Pic(Y) = Pic(Y), there are the following equalities

hi = H,—E, 1<i<p,
e, = H,—FE, p+1<i<p-+gq, (3.1.9)
h = H-(r—1)E.

Conversely, one has

P p+q .
h; +E, 1<i<p,
E=h-Y hi— > ¢, H= +E, Jorlsisp (3.1.10)
= i e, +FE, forp+1<i<p+aq.

The maps 1o and 1) in (3.1.8) will be defined in the course of proof.

Proof. For each u; € V;, denote by 4; € V; the image of u; under the linear projection
from the fixed vector v; € V;. Then the rational map ¢g: Y --» Y ¥ is given by the formula

(U1, ooyt ) — (T, .o, Tp).

This map is regular on the open orbit Y° C Y (given by the conditions @; # 0 for all
indices 1 <14 <r), and it extends regularly to the orbits Y;° C Y of codimension 1 (given
by the condition @; =0 for some p+1 <4 <p+q and @; # 0 for all j #1).
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Now, consider the rational G-equivariant map

1/30:}/'——->}A/'+7 (ug,...,up) —> | (t1,. Z ®uZ . (3.1.11)

|I|Zr 1iel

Here, we consider the summand ®;¢;%; as a point in the fibre of the line bundle &'(—hy)
and their sum for |I| > r—1 as a point in the fibre (of the projectivisation) of the vector
bundle &. Obviously, the map '(/AJO induces an isomorphism of the open orbit Y° C Y onto
the open orbit Py (&) \ Py + () in Y and contracts each orbit Y;° of codimension 1 to
the section s;(YT) C Y+, p4+1<i< p+gq.

Now, consider the composition 1) = g0c: Y --» Y. The restriction of 1) to the
exceptional divisor F is given by

=PVi@®---dV,)--» v,

(-4 ) — | (an,0a,), Y Qi |- (3.1.12)

|I|—r 14€l

It maps Eg C Y isomorphically onto the G-orbit (YV;)° =Py+(&)\ (Ui_, Py+(&)) of
codimension 1. By the above arguments, it also gives an isomorphism of open G-orbits and
contracts the orbits 571-0 ~Ye2 p+1<i<p-+gq, to the sections s;(Y+) C Y. Therefore,
77/} induces a birational isomorphism

’L/J: }N/ —-—=> Blsp+1(y+)|_|...|_|sp+q(y+)(]Py+ ((o@)) = ?—i_.

Finally, it is easy to see that the induced map f’io — E? is an isomorphism for all indices
p+1<i<p+q. This gives the commutative diagram (3.1.8) and proves that v is small.
The first two lines in (3.1.9) follow easily from the formulas (3.1.11), (3.1.12) and (3.1.2).
The last line follows from the equality of the canonical classes of Y and Y+ expressed in
terms of H; and E on the one hand, and h;, h and e; on the other hand.
Finally, (3.1.10) follows from (3.1.9). O

Remark 3.2. Alternatively, one can use the fact that the varieties Y and Y, as well as
the birational isomorphism ), are toric. Thus, to check that v is small, it is enough to
identify the generators of rays of the corresponding fans. Moreover, comparing the other
cones in the fans, one can check that the map 1 factors as the composition

v Yy e Y2 e Uyt

of standard (anti)flips ¢; in the strict transforms of Y7 for |[I| =1, 1 <[ <r—2 and
for |[I|=r—1 with {p+1,...,p+q} C I, respectively.

3.2. Rationality of forms of products of projective spaces

Here, we apply the birational transformation of the previous subsection to deduce the
following corollary (see [23] for a different proof).
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Corollary 3.3. Let Y be a k-form of Pt xP"2 x --- xP" . For any y € Y (k), the diagram
(3.1.8) is defined over k, and if Y (k) # @, then Y is k-rational.

Proof. First, we prove that for any y € Y (k), the diagram (3.1.8) is defined over k. The
divisor classes H =Y., H; and H' :=Y"_| H; on Y; are Galois-invariant, and since we
have Y (k) # @ by assumption, we conclude that they are defined over k. Also Y and E
are defined over k as y is a k-point. Therefore, the divisor classes

p p+q
> hi=H'-pE, h=H-(r-1)E and - Y e=H-H —qE
= i=p+1

(which, by Theorem 3.1, are equal to the strict transforms of the classes that are ample
on YT, relatively ample for YTt >SYtandfor Yt YT, respectively) are defined over k,
hence, the varieties Y, Y+ and Y+, equal to the images of Y under the maps given by
their appropriate linear combinations, are defined over k, as well as the remaining arrows
in the diagram.

Now to prove k-rationality of Y, we argue by induction in dim(Y) = > n,. If the
dimension is zero, there is nothing to prove. So, assume the dimension is positive
and consider the diagram (3.1.8). By Theorem 3.1, the variety YT is a k-form of the
product Y{ = IE”E“_1 X IP’;Q_l X e X ]P’E"l. By the Nishimura lemma (see [18]), we
have YT (k) # &, hence, Y+ is k-rational by the induction assumption. Furthermore,
the morphism YT Yt is a kform of a projective bundle and, by (3.1.10), the strict
transform of the exceptional divisor E of Y provides for it a relative hyperplane section.
But E is defined over k, therefore, Y is rational over YT, hence, it is k-rational. It
remains to note that the morphisms o, ¢ and 64 in (3.1.8) are birational, hence, Y is
k-rational as well. O

Applying this to the case of a k-form of (P!)3, we obtain

Corollary 3.4. If X is a Fano threefold of type X(1,1,1) with X (k) # @, then X is k-
rational.

For other applications of the theorem, we will often use the following observation.
Recall the definitions (3.1.2) and (3.1.7) of the subvarieties ¥; C Y of codimension n; and
subbundles & C & of corank 2.

Proposition 3.5. Let Y be a k-form of (P™)" where n > 2, and assume Y has a k-point
y€eY (k). Let X CY be a closed k-subvariety containing the point y, such that

- ﬂ D, C (P})"
a=1

is a complete intersection of divisors D, C (P?)", where 1 < a <c. Let D, C fﬂ; and
D(J; - }7{ = Y{ be the strict transforms of D, and set

_ » v+ v+
=(Dicy =Y, =P o1y, (8).

a=1
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If X is smooth at y and for each 1 < i <r one has

dim(XpN(Y)y) <dim(Xy)  and  dim(XF ﬂ]P’Y+(<§”‘))<dim(X;), (3.2.1)

then the strict transform X+ = Y« (Bl, (X)) of X in YT is a k-form of the complete
intersection X{ and X is birational to X over k.

Proof. By Corollary 3.3 the diagram (3.1.8) is defined over k, so it is enough to check that
the complete intersection Xjr is equal to the strict transform of Bl, (X%). First, note that
the assumption that y is a smooth point of X implies that the strict transform Bl (Xf)
of Xg in Y is the complete intersection of the divisors D,. Furthermore, the first part of
the assumptions (3.2.1) implies that the intersection of Bl,(X%) with the open G-orbit
in Y; is dense in Bl,(Xg). Therefore, the strict transform of Bl,(Xg) in Y is contained
in X F. So, it remains to check that X * is irreducible of dimension dlm(Xk) This is
deﬁmtely true for the intersection of X + with the complement of the union of projective
subbundles IE”YR+ (&), because the map w defines an isomorphism of this complement with

an open subset of Y;. On the other hand, the second part of the assumptions (3.2.1) gives
a bound for the dimension of the intersections with these projective subbundles, which
implies the irreducibility. O

4. Rationality and unirationality of types X3 2), X(2,22) and X(y1,1,1)

In this section, we prove rationality of Fano threefolds of types X(3 2) and X3 2,2) as well
as unirationality of threefolds of type X1 1,1,1) under the assumption X (k) # @.

4.1. Rationality of X3 )
To start with, we deal with threefolds of type X2 o).

Proposition 4.1. Let X be a Fano threefold of type X,9). If X (k) # @, then X is k-
rational.

Proof. Let z be a k-point of X. By definition, X is a smooth divisor of bidegree (LL1)ina
k-form ¥ of P2 x P2, Since the birational isomorphism t: Bl,(Y) =Y --» YT =Py (&)
is small by Theorem 3.1, it follows that X is birational to a k-form of a divisor

XF CPpiypi(6) =Ppiypr (O(—1, —1)® O(—1,0) & 6(0, — 1)),
which by (3.1.10) has type Hy + Hs — E = h. Any such divisor corresponds to a morphism
& 0(-1,-1)eo(-1,0020(0,—1) — 0.

Furthermore, the divisor X+ C Y+ comes with a morphism oy : X+ — Y+ defined over k.
By the Nishimura lemma, we have X1 (k) # @, hence, Yt (k) # @, and since Y1 is
a k-form of P! x P!, it is k-rational by Corollary 3.3. Finally, the general fibre of the
morphism o : X+ — Y+ is a 1-dimensional linear section of a form of a projective
plane, hence, it is isomorphic to P!, hence, X is rational over Y+, hence, is k-rational,
hence, so is X. O
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Remark 4.2. One can check that the birational isomorphism ¢: X --» XTis a flop
in the union of the strict transforms of two k-lines passing through the point z € X,
that o : X+ — Y+ is the projectivisation of the vector bundle Ker(§) of rank 2
over YT and that these maps provide a Sarkisov link (1.2.1). This is an example of a
pseudoisomorphism between almost del Pezzo varieties of degree 5 (see [11, Lemma 5.4
and Proof of Theorem 1.2]).

4.2. Rationality of X3 o)

A similar argument works for threefolds of type X2 2,2)-

Proposition 4.3. Let X be a Fano threefold of type X(2,2,9). If X(k) # @, then X is
k-rational.

Proof. Let z be a k-point of X. By definition, Xi is a complete intersection of three
divisors in Y = P(V}) x P(V2) x P(V3) =2 P2 x P2 x P? of multidegree (1,1,0), (1,0,1) and
(0,1,1), respectively. Denote by

FioeVY@Vy, FieVyeVy, FszeVy oV,
their equations. We apply Proposition 3.5; for this, we consider the intersection
XF CPpispryp (&)
=Ppiypryp(O(-1, -1, -1)®0(-1,-1,0000(-1,0,—1)® (0, —1,—1))

of the three strict transforms of the above divisors, which, by (3.1.10), have types

Hy+Hy—E=h—hs, Hy+Hs—E =h—hy, Hy+Hs—E=h—hy,
hence, correspond to a morphism of vector bundles
& o-1,-1,-1Yeo(-1,-1,00®0(-1,0,-1)®0(0,-1,—1) —

— 0(0,0,—1)p (0, —1,0) & 0(—1,0,0).

It is easy to see that ¢ is given by the matrix

@2 0 Fia(—,v2) Fia(vy,—)
§= |tz Fiz(—v3) 0 Fiz(vi,—) |, (4.2.1)
Foz  Foz(—v3)  Fas(vz,—) 0

where we write & = (v1,v2,v3), choose splittings V; = kv; ® Vi, write Fij for the restriction
of F;; to V; ®Vj and consider Fj;(v;,—) and F;;(—,v;) as linear functions on VJ and V;
by restriction.

Let us check the dimension conditions (3.2.1). Since (Y;)j is a fibre of the projection

7 Vi = P2 x P? x P? — P2,

it follows from Lemma 2.9 that XN (Y;)i is a conic, hence, the first part of the dimension
conditions is satisfied. To check the second part, we need to show that the restriction

52,3: ﬁ(_LO) - 1) @ ﬁ(oa - 17 - 1) — ﬁ(oaov - 1) 2] ﬁ(07 - 17()) S ﬁ(_LOaO)
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of £ to the last two summands of & (given by the last two columns of (4.2.1)) cannot be
everywhere degenerate and similarly for the restrictions & 3 and &; 2. Assuming that & 3
is everywhere degenerate, we conclude from (4.2.1) that

Fia(v1,—) = Fi3(vi,—) =0 or
Fio(—,v9) = Fo3(v2,—) =0 or
Fi3(v1,—) = Fa3(v2,—) = 0.

In any case, it would follow that at least two of the bilinear forms F; ; are degenerate,
hence, at least two of the divisors W; ; C P(V;) x P(V;) (defined by the equation F; ;) are
singular, which contradicts Lemma 2.4(i).

Thus, the conditions (3.2.1) are satisfied and we conclude from Proposition 3.5 that X
is k-birational to a k-form of the complete intersection X{ .

Finally, the subvariety X+ C Y+ comes with a morphism o : X+ — Y+ defined over k.
By the Nishimura lemma, we have Xt (k) # @, hence, YT (k) # @, and since YT is a k-
form of P! x P! x P!, it is k-rational by Corollary 3.3. Moreover, the general fibre of the
morphism oy : X+ 5 Y™ is a zero-dimensional linear section of a form of a projective
space, hence, this morphism is birational, hence, Xt is k-rational, hence, so is X. O

Remark 4.4. If the point 2 does not lie on a k-line, that is, F1(X,z) = @, one can
check that the birational isomorphism : X --» X+ is a flop in the union of the strict
transforms of three smooth k-conics passing through the point 2 € X, that o : Xt 5yt
is the blowup of a smooth geometrically rational curve of multidegree (2,2,2) and that
these maps provide a Sarkisov link (1.2.1).

4.3. Unirationality of X(; 11 1)
Finally, we deal with threefolds of type X(1,1,1,1)-

Proposition 4.5. Let X be a Fano threefold of type X1,1,1,1)- If X(k) # 9, then X is
k-unirational.

Proof. Let x be a k-point of X. By definition, the variety X is a smooth divisor of
multidegree (1,1,1,1) in a k-form Y of P! x P! x P! x PL. The birational isomorphism
Y: Bl(Y)=Y --» Y+ =Bl 4, ¢, (P*) is small by Theorem 3.1, so it follows that X is
birational to a k-form of a divisor

XRJF C B181,82’53,S4 (P4)’

which, by (3.1.10), has type Hy + Hy+ Hs + Hy— F = 3h — 22?:1 e;, in particular, X+
is a cubic hypersurface. Moreover, the exceptional divisor ENBI,(X) C Y = Bl (Y) of
the blowup Bl,(X) — X is an irreducible k-rational surface birational to a k-form of the
complete intersection of XE‘ with the linear span P? C P* of the points s;.

Let us prove that XE‘ is not a cone. Indeed, XE‘ is smooth away from the linear span P3
of the s;, because the map 1 from Theorem 3.1 is an isomorphism over its complement
and Xy is smooth, so if X’Er is a cone, its vertex belongs to the P3. But then its intersection
with the P? (which has been shown to be an irreducible k-rational surface) is itself a cone
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and has a singular point at each of the s;. But it is easy to see that any such cone is
reducible; this contradiction proves the claim. Now, we conclude that X T is k-unirational
by [9, Theorem 1.2]. O

5. Rationality of type X4 4
In this section, we prove rationality of Fano threefolds of type X4 4).

5.1. Sarkisov links

We start with a construction of two Sarkisov links. Recall that F;(X,x) denotes the
Hilbert scheme of lines on X passing through z, see §2.2; and that by Lemma 2.8,
if x € X(k) and F1(X,z) is not empty, then F;(X,z) is the union of two reduced
k-points swapped by the Galois action. If L, and L, are the corresponding k-lines
on X (passing through z), then

@(:ZJ) = L1 ULQ

is a singular k-conic on X irreducible over k and with Sing(©(x)) = {z}.

Recall that a quintic del Pezzo threefold is a Fano threefold of index 2 and
half-anticanonical degree 5. Over an algebraically closed field, it can be realised
as a complete intersection of the Grassmannian Gr(2,5) with a linear subspace of
codimension 3 (see [6, Chapter 2, Theorem 1.1]).

Theorem 5.1. Let X be a Fano threefold of type X 4,4y, and let x € X (k) be a k-point.

(i) If F1(X,z) =@, there exists a Sarkisov link (1.2.1) defined over k, where:
e 0 is the blowup of the point x,
e X7 is a smooth quintic del Pezzo threefold and
e o is the blowup of a smooth k-irreducible curve Bt C Xt of degree 4 with two
geometrically rational k-components.

(il) If F1(X,z) # @, there exists a Sarkisov link (1.2.1) defined over k, where:
e 0 is the blowup of the singular k-irreducible conic O(z),
e X7 is a smooth Fano threefold of type X(2,2) and
o o is the blowup of a singular k-irreducible curve BT C X of degree 6 with two
geometrically rational k-components.

The proof of the theorem takes §5.1 and §5.2: in the rest of §5.1, we prove the existence
of the links, and in §5.2, we describe them in detail. The proofs of cases (i) and (ii) are
completely analogous, so to carry them on simultaneously, we introduce the following
convenient notation:

= () = 2, if Fi(X,z) =2, (5.11)
C |1, ifFi(X,2) # 2. o

The proof of the existence of the links is analogous to the first parts of [10, Theorems 5.9
and 5.17], so we use some results from [10, §5.1] below.
Let

c: X —X
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be the blowup of X at z or at ©(z), respectively. We denote by H (the pullback to X
of) the anticanonical class of X and by F the exceptional divisor of o.
First, note that for m = m(x), the anticanonical linear system

| = Kx|=|H-mE|

is base-point free by Theorem 2.1 and [10, Lemmas 5.5 and 5.7]. Moreover, combining
[10, (5.1.7) and (5.1.9)], we can uniformly write

H3=29-2 ~ H?*.E=0, H-E*=2(m-2), E*=m-1, (5.1.2)
where we recall from Table 1 that g = g(X) = 15. We will also need the following

observation.

Lemma 5.2. The linear system .4 = |H — (m+1)E| on the blowup X of X has positive
dimension:

dim.# >g—m—7>6 (5.1.3)
and has no fized components.
Proof. The dimension is estimated in [10, Lemma 5.4(i) and (iii)]. To prove that .# has
no fixed components, note that the linear system |kF| is zero-dimensional for any k>0

(since E is the exceptional divisor of a blowup), hence, the only possibility for a fixed
component of .Z is provided by the divisor £ with some multiplicity. So, assume

|H—(m+1)E|=(a—m—1)E+|H —akFE|,
where @ > m+2 and E is not a fixed component of the linear system |H —aFE|. Since
the linear system |H —mkE)| is base-point free and |H — aF| has no fixed components,
using (5.1.2) we obtain
0< (H—aFE)?-(H—-mFE)=2g—2—a*(m?® —3m+4) +4am(m —2).
When m = 2, this gives a® < 14, hence, a < 3, and when m = 1, this gives (a+1)? < 15,

hence, a < 2. In both cases, this contradicts the assumption a > m + 2. O

Now, we can deduce the existence of the Sarkisov links.

Proposition 5.3. Let X be a Fano threefold of type X4 4y with a k-point z.

(i) If F1(X,z) = @, there exists a Sarkisov link (1.2.1), where o is the blowup of .
(i) IfF1(X,x) # @, there exists a Sarkisov link (1.2.1), where o is the blowup of ©(x).

In both cases, the link is defined over k.

Proof. We use notation (5.1.1). Recall that the anticanonical class H = —Kx is very
ample and the image of the anticanonical embedding X C P9*! is an intersection of
quadrics (see Theorem 2.1). The anticanonical morphism ¢: X —P9~™~1 cannot contract
a divisor D, because by [10, Lemmas 5.5 and 5.7], this divisor is then a fixed component
of ., but by Lemma 5.2, this linear system has no fixed components. Therefore, the
required link exists and is defined over k by [10, Lemmas 5.5 and 5.7]. O
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5.2. The second contraction

By Proposition 5.3 we have the diagram (1.2.1), so to finish the proof of Theorem 5.1, it
remains to describe the extremal contraction o . During this step, we systematically use
the classification of extremal contractions from [5] and [16].

We denote by Ht,Et € Pic(X 1), the strict transforms of the classes H,E € Pic(X).
Note that

because —K ¢ = H —mkE by definition of X and the map ¢ is an isomorphism in
codimension one. Consider also the strict transform

M= |H —(m+ 1B

of the linear system ..

We denote by T; C X the flopping curves and by T;-" C Xt the corresponding flopped
curves. Finally, when F1(X,z) = &, we denote by C a general twisted cubic curve on X
passing through z, and otherwise, we denote by C a general conic meeting ©(x) (recall
Lemmas 2.11 and 2.12 for the description of the corresponding Hilbert schemes). Note
that

H-C=m+1. (5.2.1)

We denote by C the strict transform of €' in X and by C* the strict transform of C
in X*. Note that by Remarks 2.10 and 2.13, the curve C is smooth and

E.-C=1,; (5.2.2)
in particular, (H —mFE)-C =1 and C does not contain the curves ;.

Lemma 5.4. The nef cone of Xt is generated by the anticanonical class —Kg, and
M+ €.#%, and the Mori cone of X+ is generated by the class of the curves Y and the
class of C*. In particular, the extremal contraction o+ is given by a multiple of the linear
system A and contracts the extremal ray generated by C.

Proof. Since ¢ is crepant and ¢ is a flop, the morphism ¢ is crepant as well. Moreover,
the anticanonical linear system | — K ¢| is base-point free by [10, Lemma 5.7], hence,
| — K 4| is base-point free as well.

On the other hand, we have (H —mFE)-T; = —K4-T; =0, and since H-T; > 0, we
conclude that F-7Y; > 0. Therefore, for M € .# we have

If M+ € .#% is the strict transform of M, this implies that M T Y} > 0 by one of
the definitions of a flop (see, for example, [7, Definition 6.10]). Now if M ™ is not nef,
it is negative on the extremal ray R corresponding to the contraction o : X+ 5 X+,
Since the canonical class is also negative on R, the contraction o, cannot be small
(see [2, Theorem 0] or [17, Corollary 6.3.4]), hence, curves in R sweep a subvariety
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of X7 of dimension > 2, hence, the base locus of .Z 7 is at least two-dimensional, which
contradicts Lemma 5.2. This proves that M is nef.

Now, we have —K ¢ -C' = (H—mFE)-C =1by (5.2.1) and (5.2.2), hence, —K ¢, -Ct =1.
On the other hand, since a general divisor H meets C away from the indeterminacy locus
of the map X --» X, we have H-Ct* > H-C=m+1 and so ET-C* > 1. Thus,

M*t.Ct=(-Kg, —E").Ct=1-E".C* <.
Since M is nef, M+ .C+ =0.
Combining the above computations, we conclude that the nef cone of X is generated

by —K ¢+ and Mt and the Mori cone is generated by 'I";r and CT. The rest of the lemma
follows from the Mori contraction theorem [16, Theorems 3.1 and 3.2]. O

Now, we can finally prove Theorem 5.1.

Proof of Theorem 5.1. Let X be a Fano threefold of type X4 4). By Proposition 5.3,
there exists a Sarkisov link (1.2.1), and it remains to describe the contraction oy.
Since o, is an extremal contraction, we have p(Xt) = p(X+)—1=p(X) -1 = p(X),
hence, p(X*+) =1. Similarly, we have p(XE') < p(j({) —1=p(Xz)—1=p(Xg) =2, hence

p(X1) <2 (5.2.3)

On the other hand, in the case F1(X,x) # &, the varieties X and X are not smooth
and, arguing as in the proof of [10, Theorem 5.9], we obtain

rkCI(XF) =2,  tkCIX)=5-m. (5.2.4)

Since ¢ and ¢ are crepant morphisms, the projection formula implies that any triple
intersection product of divisor classes on X ™ which includes K g is equal to the analogous
triple product on X, so using (5.1.2), we compute (recall that g = g(X) = 15)

(-K%:)*=2(g—m—3)=24—2m,
(—Kz4)* Et =4, (5.2.5)
(—Kx+)- (E+)2 =2

On the other hand, by Lemma 5.4 and primitivity of HT — (m+1)E™T, we have
H* —(m+1)Et =0} AT, (5.2.6)
where A% is the ample generator of the Picard group of X . We have
(7 AT (<K ge) = (H = (m+ DE (- Kx) 5

=2(g—m—-8)=14—-2m >0,

therefore, o is not a del Pezzo fibration. Similarly, if o is a conic bundle, it follows that

(A+)2 = 7_m7

hence, X1 is a smooth quintic or sextic del Pezzo surface, which of course contradicts
the inequality (5.2.3). Therefore, the morphism o is birational.
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By Lemma 5.4, the morphism o, contracts the strict transform R™ of the divisor swept
by curves C, that is, the strict transform of the divisor R, C X if F1(X,z) = &, or of
the divisor Rg(,) otherwise. In both cases, Lemmas 2.11 and 2.12 show that R™ has
over k two irreducible components swapped by the Galois group. Therefore, it follows
from (5.2.4) that

tkCl(XT) =1, rkCl(XRJr) =3-m,

and o, is the blowup of two k-curves or two k-points. Furthermore, by Lemmas 2.11
and 2.12, we have

Rt ~HY—(m+2)ET.

Denoting by iy the index of X and by a, the discrepancy of the exceptional divisor R™
of o4, and computing the anticanonical class of X+ in two ways, we obtain the equality

HY—mE* =i (H* —(m+1)Et)—a, (H" — (m+2)E").

Solving this equation, we obtain i, =2 and ay = 1. Thus, X* is a Fano threefold of
index 2 and o is either the blowup of a k-irreducible curve Bt with two k-components
or of two rational double k-points on Xt swapped by the Galois action. Moreover, using
the equality from (5.2.7), we obtain

14-2m= (0} A%) - (~Kg,) = (0L A7) (205 A% — RY) = 2(s AY)?,
hence, X is a quintic or sextic del Pezzo threefold, respectively. Finally, if X T is singular,
its class group C1(X 1) has rank greater than 1 (see [20, Theorem 1.7]), which contradicts

to the equality rk C1(X*) = 1 obtained above. Thus, X is smooth and o is the blowup
of a curve BT, such that B; has two irreducible k-components swapped by the Galois

group.
To finally compute the degree of B, recall that RT is the exceptional divisor of o.
Note that on the one hand, equalities (5.2.5) and (5.2.6) imply that

(05 AY) (=K g4)? =29 —2m—10 =20 —2m,
and on the other hand, this expression is equal to
(0L A1) (205 AT —RT)? =4(03 AT + (0L AT) - (RY)? =4(7—m) — deg(B™)
(where the degree is computed with respect to A1). Thus,
deg(B™") =8—2m,
hence, B¥ is a quartic or sextic curve with two connected k-components (swapped by the

Galois action), that is, a union of two conics or two cubic curves. O

5.3. Rationality

Now, we use the constructed links to prove rationality of threefolds of type X4 4)-

Proposition 5.5. Let X be a Fano threefold of type X4 4y. If X(k) # @, then X is
k-rational.
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Proof. Let = € X(k) be a k-point. First, assume that F;(X,z) = @. Then, by
Theorem 5.1(i), the variety X is birational to a smooth quintic del Pezzo threefold X+.
But X is k-rational by [10, Theorem 3.3], hence, so is X.

Now, assume that F1(X,z) # &. Then, by Theorem 5.1(ii), the variety X is birational
to a smooth Fano threefold X of type X(2,2)- Moreover, by the Nishimura lemma, we
have Xt (k) # @. Therefore, X is k-rational by Proposition 4.1, hence, so is X. O

6. Fano threefolds of type X3 3

In this section, we prove that a Fano threefold X of type X3 3y is k-unirational if X (k) # &
but not k-rational if p(X) = 1.

6.1. The discriminant curve

Let X be a Fano threefold of type X3 3) with X (k) # @. Recall from Lemma 2.5 that the
image Gy of the Galois group G(k/k) in Aut(Pic(Xy)) is a group of order 2 swapping the
generators H; and Hy of Pic(Xg). The homomorphism G(k/k) — Gx, therefore, defines
a quadratic extension k’/k, such that Hy and Hs are defined on X\, hence,

X = (P(V2) x P(V) ) NP(AY),

where V; are k’-vector spaces of dimension 4 and A C V}Y ® V3’ is the three-dimensional
subspace of linear equations of X/. Note that the k’-spaces V; ® Vo and A are defined
over k, as well as the inclusion A C V}Y @ VY. We think of vectors a € A as bilinear forms
on V3 ® V5 and denote by

I'—P(A)
the discriminant curve parameterising degenerate bilinear forms; it is also defined over k.

Lemma 6.1. The curve T' is a smooth plane quartic curve; in particular, it is a
nonhyperelliptic curve of genus 3.

Proof. The discriminant divisor in P(V}Y @ V4’), that is, the divisor parameterising
degenerate bilinear forms, is a quartic hypersurface, hence, I' is a quartic curve or the
entire plane. To prove that I' is a smooth curve, we can work over k’, and it is enough to
show that the tangent space to I' at any point is one-dimensional. Assume to the contrary,
that the tangent space at a point [a] € P(A) is two-dimensional; then

(i) either the bilinear form a(—,—) € V}Y ® V¥ has corank at least 2,
(ii) or a has corank 1, and if the vectors v; € V] and vy € V5 generate its left and right

kernels, respectively, the point ([v1],[v2]) € P(V1) x P(V3) belongs to Xy .

In case (i), if K1 C V5 and K C V5 are the left and right kernels of a (they have dimension
> 2 by assumption), then the form a vanishes on P(K7) x P(K3), hence, the intersection
(P(K1) x P(K2)) N X is a codimension-2 linear section of P(K;) x P(K>), hence, it is
nonempty. Therefore, in case (i), similarly to the case (ii), there is a point ([v1],[v2]) € X\,
such that v, and vy belong to the left and right kernels of some a. Then, the hyperplane
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section of P(V1) x P(V2) by the hyperplane corresponding to a is singular at ([v1],[ve]),
hence, X\ is also singular at this point. O

As explained in Lemma 2.4(iii), the projections m1: X — P(V4) and mo: X — P(Va)
defined over k’, but not over k, are the blowups of smooth curves I'; C P(V;) of genus 3 and
degree 6 also defined over k’. The next lemma relates the k’-curves I'; to the discriminant
curve I' defined over k.

Lemma 6.2. There is a natural isomorphism I'; 2T\ of curves over k'.

Proof. The fibre of the projection m; over a point [v1] € P(V1) is the intersection of
the projectivisations of the orthogonals of v; with respect to all bilinear forms a € A.
Therefore, it has positive dimension if and only if v; belongs to the left kernel of one of
the forms. Furthermore, if v; belongs to the left kernel of two distinct forms in A, the
fibre of m; over [v1] contains a plane, which contradicts Corollary 2.6. This means that
the morphism

~i: T — P(V}), a+— Ker;(a),

where Ker; and Kers denote the left and right kernels of the bilinear form a, respectively,
is an isomorphism 'y — T';. O

Remark 6.3. It is also easy to check that if H;|r are the pullbacks of the hyperplane
classes of T'; C P(V;) to I'w under the isomorphism of Lemma 6.2, then Hy|r+ Hs|r = 3KT,
and that the divisor classes H;|r — KT are noneffective and swapped by the G(k’/k)-action.
Conversely, given two such classes on a curve 'y one can reconstruct the variety X.

6.2. The double projection from a point

Recall the quadratic extension k’/k defined in §6.1. Recall also the canonical embedding
X CY, where Y is a k-form of P3 x P3. We consider the birational transformation of
Theorem 3.1 for the variety Yi» =P(V}) x P(V3) associated with a k-point

xo = ([v1],[ve]) € X C Y.

Asin §3.1, we denote V; := V; /k'v; and choose a splitting V; = k'v; @ V;. The transformation
of Theorem 3.1 in this case looks as follows:

Y,,,,f,,,>ff+
JJ/ J/‘” : (6.2.1)
Y Y-+
where o is the blowup of xo, Y,/ 2 P(V;) x P(V2), o4 is the projectivisation of the vector
bundle
E=0(—h1—h2)BO(—h1)® O(—hs) (6.2.2)
", +

(here, h; stand for the hyperplane classes of P(V;)) over Y,J and the map ¢ is a small
birational isomorphism. Note that all varieties and maps in (6.2.1) are defined over k.
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Recall also the relations (3.1.9) in Pic(Yis) = Pic(Y,]) between the hyperplane classes H;
of the factors P(V;) of Y, the class E of the egceptional divisor of o, the hyperplane
classes h; and the relative hyperplane class h of V[ =P+ (&)

k/

hi=H,—FE, Hy=h—hy,
hy = Hy—E, Hy—h—hy, (6.2.3)
h =H+Hy,— F E=h—hy—hs.

Since X is a smooth linear section of Y, containing the point g, it is a complete
intersection of three divisors D,, 1 < a < 3, in the linear system |H; + Hs|, whose
strict transforms on Y belong to the linear system |H; 4+ Hs — F|. Now, it follows
from (6.2.3) that their strict transforms DI on Y+ belong to the linear system |h|.
As in Proposition 3.5, we consider the complete intersection

X5 :=DfnDinD7 c Py +(&).
It follows that X,jf is determined by a morphism of vector bundles
£:8—AR®O0,
and if we choose a basis a1,a9,a3 in A, it is easy to see that £ is given by the matrix

ai(——) ai(—v2) ai(vi,—)
f: C_LQ(—,—) CLQ(—,’UQ) G,Q('Ul,—) 5 (624)
az(—,—) as(—v2) az(vy,—)
where a; € V)Y ® V' denotes the restriction of the bilinear form a; to Vi ® Va, while

a;(—v2) € V)Y and a;(vy,—) € Vo' are considered as linear functions on V; and Vs,
respectively.

Proposition 6.4. The threefold X is k-birational to the k-form X+ of the threefold le/
defined by (6.2.4) and to a k-form X™* of its image in Y

X5 =04 (X)) = {det(§) = 0} C P(V1) x P(Va),
which is a geometrically irreducible and normal divisor of bidegree (2,2). Moreover,

o if F1(X,z0) = @, then the variety X* = X = Bl,(X) is smooth, the morphism
o4 X+t — Xt is induced by the double projection from xo and it is a small
resolution of singularities;

o if F1(X,zq) # @, then the variety X contains a k-form of a quadric surface

P! x P! Cc P(V}) x P(Va) rational over k.

Proof. To prove birationality of X and Xt =4, (X), we apply Proposition 3.5, so we
need to verify the dimension conditions (3.2.1). We have (Y1) = [v1] x P(V2), hence

XN (Vo) = (for] x B(Va)) NP(AY)

is a fibre of the projection 71: X — P(V7). By Lemma 2.4, it is a point or a line. A
similar argument for Xy N (Yz)r shows that the first part of (3.2.1) holds. Moreover, this

https://doi.org/10.1017/51474748022000378 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000378

Rationality over nonclosed fields of Fano threefolds with higher geometric Picard rank 235

argument also shows that in the case Fy(X,z¢) = @, the blowup Xy of X} has an empty
intersection with the indeterminacy locus (Y;)i U (Y2)k of the map .

On the other hand, the subbundle & C & is just the summand &(—hsy) in (6.2.2), hence,
the corresponding intersection X, ;,' O]P’ijr (&1) is the zero locus of the morphism

522 ﬁ(—hg)’—>Av®ﬁ

given by the last column of (6.2.4). It is easy to see that this is empty, if F1(X,20) = 9,
or isomorphic to a line otherwise. A similar argument works for Xk, DIP’Y+ (&3); therefore,

the second part of (3.2.1) also holds. This proves that X+ =1, (X) is a k-form of X,
it is k-birational to X, and if F1(X,2¢) = @, it is isomorphic to X, and, in particular, in
this case, it is smooth.

Now, we describe the image of X* in Y*. By definition, X;,' parameterises points in
the projectivisations of kernel spaces of &; therefore, its image in Y[ = P(V) x P(V3)
is the degeneracy locus lef of &, which is, of course, given by the equation det(§) = 0.
Since det(&) = O(—2hy — 2h2) by (6 2.2), this is a divisor of bidegree (2,2), which is
geometrically irreducible because Xk, is. Moreover, fibres of the morphism o : Xk, — le
are linear spaces, so, since both the source and the target are three-dimensional, the
morphism is birational. To prove that XE' is normal, we consider the Koszul resolution

0—> ﬁpyf(_g)(—:gh) — ﬁpyj(_g)(—2h)®3
K K

— ﬁﬂmyj(,g)(—h)@?’ — ﬁ]}»yj(,g) — ﬁx; — 0.
k k

Pushing it forward to YR+7 we obtain the following exact sequence
00— ﬁY{(*th — th) — ﬁy{ — 0'+*ﬁ)~(; — 0.

It follows that O'_;,_*ﬁ)"(;r ~ ﬁx;) and since )N(E' is normal, so is X{.

Now, assume F;(X,z9) = @. In this case, the pullback along the morphism o of
the ample divisor class h —|—h2 on P(V}) x P(V5) by (6.2.3) equals Hy + Hy —2F, the
anticanonical class of Xt 2 X, hence, the morphism o4 is the double projection from
the point zy. Consequently, it is small by the argument of [10, Theorem 5.17]. Indeed, by
[10, Lemma 5.4(iii)], we have dim|H; + Hy —3E| > g —9 =2 (recall that g = g(X) = 11,
see Table 1), hence, by [10, Lemma 5.7(ii)], any divisor D contracted by o4 must be a
fixed component of |H; + Hy —3E], and at the same time by [10, (5.1.8)], its class should
be a multiple of H; + H, —5E, and these two conclusions are incompatible.

Finally, assume that Fq(X,z0) # @. As it was explained in Lemma 6.2, this means that
(for appropriate k’-basis in A) we have

a1(vy,—)=0 and as(—,v9) =0

as linear functions on V, and Vi, respectively; moreover, [ai],[az] € P(A) as above are
unique and swapped by the Galois action. Consider the surface

{al(—,Ug) = 0, CLQ(’Ul,—) = 0} C ]P’(f/l) X P(Vg) =Y
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(isomorphic to PL, x P},). The equations defining it are Galois-conjugate, hence, it comes
from a k-surface in Y. This surface is the image of the exceptional divisor E of o, hence,
it is k-rational. It is clear from (6.2.4) that this surface is contained in the degeneracy
locus X+ of ¢. O

6.3. A conic bundle structure

In this section, we work under the assumption F;(X,z) = @ and show that, in this case,
X admits a nice conic bundle structure.

We will need a general result about what we call Springer resolutions. Let M be a
variety, let £: & — & be a morphism of vector bundles on M of the same rank and
let £V: & — & be its dual morphism. Assume the degeneracy locus Z C M of £ is a
geometrically integral divisor. Let Z; C Py (81) and Zy C Ppr(83) be the zero loci of the
morphisms

* * V)
O(—hs) = piés —25 s pigy and  O(—hg) o piés —2 5 p3&Y,
where p;: Pps(&;) — M are the projections, hg, are their relative hyperplane classes and
the first arrows are the tautological embeddings.

Lemma 6.5. If one of the morphisms
pilz,: 21— 2 or p2lzy: Zo — Z

1s birational, then so is the other. Moreover, if one of them is small, then so is the other,
and there is an equality

(he, +c1(piér)) + (he, +c1(p562)) =0 (6.3.1)

in the group Cl(Z,) = Cl(Z) = Cl(Zs), where the isomorphisms of the class groups are
induced by the small birational morphisms p;.

Proof. Let Z2¢ C Z be the locus of points where the corank of ¢ is at least ¢ (so
that Z = Z2'). Then, both morphisms p;|z, are P¢~!-fibrations over Z2¢\ ZZ¢*+1. In
particular, if one of the morphisms is birational, then dim Z2¢ < dim Z — ¢ for ¢ > 2, and
then the other morphism is also birational. Similarly, if one of the morphisms is small,
then dim Z2¢ < dim Z — ¢ — 1 for ¢ > 2, and then the other morphism is also small. Finally,
assuming that the morphisms are small, we have

Cl(Z1) =CUZ1 \p; ' (27%)) =CUZ\ Z72) = CU(Za \ p; ' (Z277)) = CU(Za),

and when restricted to Z\ Z22, the morphism ¢ has constant corank 1, the summands
in (6.3.1) are equal to ¢y (Im(£)) and c; (Im(£Y)) (respectively) and (6.3.1) follows from
the natural duality isomorphism Im(£Y) = Im(§)V. O

Now, coming back to the threefold X of type X3 3) and assuming F;(X,29) = @, we
recall that the subvariety X * C Y'* is the degeneracy locus of £ : & — AY ® & and note that
XT CPy+(&) is one of its Springer resolutions. Consider the other Springer resolution

XTHCPy+ (A O) 2 YT xP(A),
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which, by definition, is the zero locus of the morphism
O(—ha) > A0 6 ——s &Y,

where h 4 is the hyperplane class of P(A) and we suppress the pullbacks in the notation.
In view of (6.2.2), the scheme Xlﬁ' is just a complete intersection of divisors of types
hi+ho+ha, hi+ha and ho+h g in P(V]) x P(V2) x P(A) that correspond to the columns
of (6.2.4).

Proposition 6.6. If F1(X,z¢) = &, there is a commutative diagram defined over k

X v Xt - N
ol X T+ J/f (6.3.2)
X X+ P(A),

where X and X are the Springer resolutions of the degeneracy locus X+ C Yt of €,
the morphisms o4 and o4 are small birational contractions and 4 = Uji ooy is a flop.

Moreover, Xt is smooth, fis a flat conic bundle whose discriminant curve is the
curve I' defined in §6.1, the map foy o: X --» P(A) is given by the linear system
|H\ + Hy — 3E| and the exceptional divisor E C X of o dominates P(A).

Proof. The morphism o is small by Proposition 6.4, hence, o4 is small by Lemma 6.5;
moreover, it follows that both morphisms are crepant. Now, the relation (6.3.1) implies
that the o -antiample class —h is o4 -ample, hence, 4 = a;}r ooy is a flop. Since
X+ 2 X is smooth and ¢, is a flop, X+ is smooth as well (see [8, Theorem 2.4]).

Next, we show that f is a conic bundle and identify its discriminant. For this, note
that by definition, the fibre of f over a point [a] € P(A) is given in P(V;) x P(V3) by the
equations

a(—,v2) = a(vy,—) =a(—,—) =0.

The first is a linear function on Vi, the second is a linear function on V5 and both are
nonzero because F1(X,z0) = @, so their common zero locus is P}, x PL, C P(V;) x P(V3).
The last equation a(—,—) =0 cuts a divisor of bidegree (1,1) on this P}, x P, that is, a
conic; and if a(—,—) vanishes identically, then the corresponding bilinear form a vanishes
on PZ x P, C P(V4) x P(Va), hence, has corank 2, which is impossible by the argument
of Lemma 6.1 as X is smooth. This shows that f is a flat conic bundle. Finally, note that
if o, ¥, ¥/ are bases of vector spaces V;, such that,

av1,05) = a(v1,03) = a(v,v2) = a(v},v2) =0

then the matrix of a has the form

0 0 0 a(vy,75")

0 a(vy,v3)  a(vy,vy) *

0 a(vy,v3)  a(vy,v3) *
a(Ty’ v9) * * %
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with nonzero entries a(vy,74’) and a(9}”,v2) and with the 2-by-2 matrix in the middle
giving the equation of the conic f~'(a) in P{ x PL. Therefore, the conic is singular if and
only if det(a) = 0, that is, if and only if [a] € I". Thus, the discriminant curve of f equals T".

Finally, using (6.3.1), (6.2.2) and (6.2.3), we deduce that the map fo o is given by
the linear system

hAZQ(hl—l—hQ)—h:Hl—l—Hg—?)E.

Since the canonical class of X is equal to Hy + Hy —2E and 14 is a flop, it follows that
¥« (F) is a relative anticanonical divisor for f, hence, it dominates P(A). O

If f: £ — S is a flat conic bundle over a surface S (not necessarily proper) with a
smooth discriminant curve A C S, consider the preimage 2 := f~1(A), its normalisation
XX — Za and the Stein factorisation

XX — A — A,

Then, the first arrow is a P!-bundle and the second arrow is an étale double covering
(because A was assumed to be smooth). We will say that the étale covering A — A is the
discriminant double covering of the conic bundle f.

Lemma 6.7. The discriminant double covering of the conic bundle f: Xt — P(A) has
the form

2D x. k' —T.

Proof. If the conic f~!([a]) is singular, it is a union of two irreducible components that
correspond to the two factors P(V;) in ¥} and each of them is contracted by appropriate
projection Y,/ — P(V;). Therefore, the discriminant double covering T' — I' becomes trivial
after the extension of scalars to k’, while it is nontrivial over k, hence, the claim. O

6.4. Unirationality
In this section, we prove unirationality of X assuming that X (k) # @. We start with the
following observation, which might be useful in other situations.

Lemma 6.8. Let Y be a k-form of P2 xP?, and let W C Y be a k-rational k-form of a
quadric surface P! x P! C P2 x P2. Any geometrically irreducible normal divisor Z CY of
bidegree (2,2), such that W C Z is k-unirational.

Proof. Consider the toric birational isomorphism

Blpl <Pl (PQ X PQ) —— Bl[p)l LPt (P4)

analogous to the birational transformation of Theorem 3.1 (see also [23, Proposition 3]).
Here, the map x is the projection from the linear span of W under the Segre embedding
P2 x P2 C P® and the right arrow is the blowup of two skew lines in P*. Denoting by é the

https://doi.org/10.1017/51474748022000378 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000378

Rationality over nonclosed fields of Fano threefolds with higher geometric Picard rank 239

class of the exceptional divisor of the left blowup, by h the hyperplane class of P4 and by
e; and e; the classes of the exceptional divisors of the right blowup, it is easy to check
that we have the relations

h=hy+hy—é, hi=h—e,
e1=h1—¢, and ho :iL—el,
egzhgfé, é:ﬁfelfeg.

In particular, the map x is given by the linear system |h; + ho — €|, hence, it is defined
over k. Furthermore, we have 2h1 +2ho — €= 3h— e1 —e2, and since Z is normal, the strict
transform of Z under the map x is a cubic threefold Z Pt passing through the pair
of skew lines P! LUP!. Moreover, we have é = ﬁ—el — e, hence, the image of F is the
hyperplane section of this cubic threefold (by the linear span of these lines). On the other
hand, E is birational to the k-rational surface W, hence, it is k-rational. In particular,
Z(k) 4 @.

Now, if Z is not a cone, it is k-unirational by Kollar’s theorem [9, Theorem 1.2].
Otherwise, if Zis a cone, and its vertex lies away from the hyperplane spanned by the
two skew lines, then the base of the cone is the k-rational surface E, hence, the cone 7 is
also k-rational. Finally, if the vertex of the cone lies on F, then E itself must be a cubic
cone in P3, and since it also contains two skew lines, it is not geometrically irreducible,

which is absurd. O

Now, we can deduce unirationality of X.

Proposition 6.9. If X is a Fano threefold of type X3 3y with X (k) # @, then X is k-
unirational.

Proof. Let xg be a k-point on X.

First, assume F1 (X,x0) = &. By Proposition 6.6, we have a k-birational map X --+ X+t
where f: XtT — P(A) is a conic bundle, and the k-rational surface E =2 P(T,, X) C X
dominates the base of this conic bundle. Therefore, X is k-unirational (see, e.g. [10,
Lemma 4.14(i)]); and, hence, so is X.

Now, assume F1(X,z0) # @. By Proposition 6.4, we have a birational map X --» X,
where X is a geometrically irreducible normal divisor of bidegree (2,2) in a k-form of
P2 x P? that contains a k-form of a k-rational quadric surface P! x P'. Therefore, X+ is
k-unirational by Lemma 6.8, hence, so is X. O

6.5. Nonrationality

In this section, we prove nonrationality of Fano threefolds of type X3 3). We will use the
following reformulation of a result of Benoist—Wittenberg from [3].

Theorem 6.10. Let 2" — S be a flat conic bundle over a smooth k-rational surface S with
smooth connected discriminant curve A C S. Assume the discriminant double covering
takes the form

A=A x k' — A,
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where k' /k is a quadratic extension of the base field. If the conic bundle Zy — Sk admits
a rational section, and the curve A is not hyperelliptic, then 2 is not k-rational.

Note that we require neither the surface S nor the curve A to be proper; moreover,
during the proof, we will further shrink S but keep (the generic point of) the
curve A in S.

Proof. Since S is normal and f is proper, any rational section of f extends to
codimension 1 point, hence, defines a regular section over the complement of a finite
subscheme of S. Moreover, over the complement of this finite subscheme, the section does
not pass through singular points of fibres of f, hence, it defines a section of the morphism
ZX — A, where recall that 27X is the normalisation of 2 = f~1(A). Therefore, it also
gives a section of the discriminant double covering A — A. If the original section is defined
over k, we obtain a contradiction with the isomorphism A~ A Xy k’; this means that the
morphism f has no rational sections defined over k.

Now, consider a rational section of f: Zi — Sk. Removing, if necessary, a finite
subscheme from S, we may assume that this section is regular. Its intersection with
the conjugate section (with respect to the G(k’/k)-action) projects to a curve in S which
is disjoint from A (because a regular section does not pass through singular points of
fibres). So, shrinking S further, we may assume that the section and its conjugate do not
intersect. Then the union

ZCXx

of the section and its conjugate is a 2-section of f defined over k; moreover, Z = S x, k',
and, in particular, Z is étale over S.

Consider the bundles 7 := (f.w,")" of rank 3 and ¥z := (f.w3,'|z)" of rank 2 on S.
The restriction morphism wggl — wf%l| z induces an embedding of vector bundles ¥ — ¥
and a Cartesian square

7z ——Pg(¥7)

|

X ——Ps(¥),

where all arrows are the natural embeddings.

Shrinking the surface S again but keeping an open part of the curve A in it, we may
assume that the bundles ¥ and ¥z are trivial, that the subvarieties 2" C Pg(¥) and
Z CPs(¥z) are given by a quadratic form ¢ € Sym® ¥V and its restriction gz € Sym?* 7
to ¥z, respectively. Since Z is étale over S, the form gz is everywhere nondegenerate and
can be written as follows:

2 2
qz =T —ay,

where (z,y) are homogeneous coordinates in the fibre of Pg(7#z) =S x P! and o € k* is,
such that k' = k(y/a). Now, considering the orthogonal complement to ¥z in ¥, we see
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that ¢ takes the form
g=a>—oy®> —F2?%

where F' is an equation of A on S. Thus, the conic bundle 2" — S is birational to conic
bundles considered in [3, §3.3.1], hence, 2" is not k-rational by [3, Proposition 3.4]. O

Now, we apply this to prove nonrationality of threefolds of type X3 3.
Corollary 6.11. If X is a Fano threefold of type X(3 3), then X is not k-rational.

Proof. If X is not k-unirational, there is nothing to prove. So, assume X is k-unirational.
Then, there exists a k-point z¢ € X, such that F;(X,z¢) = @. Consider the conic bundle
X+ — P2 constructed in Proposition 6.6. By Lemma 6.1, the discriminant curve of f is
the smooth nonhyperelliptic curve I' defined in §6.1, and by Lemma 6.7, the discriminant
double covering has the form [T x k. Finally, the description of Proposition 6.6 shows
that f admits a rational section after base change to k’. Therefore, Theorem 6.10 applies
and proves that X is not k-rational, hence, X is not k-rational as well. O

7. Fano threefolds of type X(;1,1,1)

In this section, we apply the degeneration technique of [19] to prove Theorem 1.4.

7.1. Toric degeneration

To start with, we consider Yo = (P1)%, denote by (u; : v;) the homogeneous coordinates
on the i-th factor and consider the point

vo :=(1,1,1,1) € Y.

Clearly, Yo is a toric variety with respect to the action of the split torus G, that rescales
the v;. We also consider the action of &4 on Yy that permutes the factors. It normalises
the torus action, and together they generate an action of the group G x &,. Finally,
consider the subtorus

To := {(t1,t2,t3,ts) € Gp, | tatatsta =1} (7.1.1)
and the collection of three 1-parametric subgroups
To M = { (g, ta o, ta) | iy = ti, = £, =1} € Ty, (7.1.2)
where (i1,i2)(i3,i4) € V4 \ {1} C &4 is a nontrivial element of the Klein subgroup.
Lemma 7.1. The subvariety
Xgoric := {ujugugug — v1v2v3v4 = 0} C Yy

is the unique To-invariant divisor of multidegree (1,1,1,1) in Yo, which contains the
point yo. It is a toric variety with six ordinary double points

Xpq = { (w1 :01), (g : v2), (uz : v3), (ua :va)) [w; =0 if i € {p,q} and v; =0 if i & {p,q}}.
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For each permutation (i1,i2)(iz,i4) € V4 \ {1} C &4 the curve

Ciyizsis,ia = To 2™ - yo € XEH (7.1.3)
is a smooth rational curve and Ci, iy.iy.:, N SINg(XET) = {x;) 45, Xig.i, -

Proof. The monomial basis in the space of homogeneous polynomials of multidegree
(1,1,1,1) is a weight basis for the action of Ty, and all weights are different except for
the weight 0, which has multiplicity 2 and the corresponding weight space is spanned
by the monomials ujususzuy and vivov3vy. Therefore, every To-invariant divisor is either
given by a monomial equation (but then it does not contain the point yq) or by a linear
combination of ujususus and v1vovzvy, and if it contains the point yq, it is equal to X(t)oric.
The latter is obviously a toric variety with respect to the natural action of Tj.

In the affine chart v; #£ 0, vo # 0, ug # 0, ug # 0, we can set v; = vo =ug =uy =1 and
use u1, ug, v3, vy as coordinates. Then, the equation of X{°"¢ takes the form

U1U —V3V4 = 0,

which means that the origin of the chart, that is, the point x5 4 = (0,0,00,00) € Yy is an
ordinary double point of X{*i¢. Considering similarly the other charts, we see that the
singular locus of X{°"'° is the G4-orbit of the point x3 4; in particular, each singular point
of X{°ri¢ is an ordinary double point. Moreover, we see that the hypersurface X' is
normal.

The orbits of the point yg under the 1-parametric subgroups (7.1.2) are

{tt,t7 7t [ teGl, {t,t7 1,7 [ teGn), {(t,t7 7 t) [t €G).

It is easy to see that the closure of the first orbit is smooth and contains the point x; 2
and x3 4 and similarly for the other two orbits. O

For a field extension k’/k, we denote by Resj/k: Schw — Schy the Weil restriction of
scalars functor from the category of k’-schemes to the category of k-schemes, the right
adjoint to the extension of scalars —®yk’: Schy — Schys. Consider the projective line P},
the torus Gy, acting faithfully on P}, and denote by 0,00 € PL, its fixed points.

Proposition 7.2. For a field extension k' /k of degree 4 consider the k-forms
Y :=Respw i(Pw), T :=Ker (Resy kG — Gyy) (7.1.4)
of Yo = (PY)* and of the torus T and the natural faithful T-action on Y. Let
yey
be the k-point that corresponds to the point 1 € Pl,. Then

(i) the half-anticanonical linear system of Y is defined over k, and it contains a unique
T-invariant divisor X*°"'° C'Y passing through y.

(ii) the divisor X*°i° is integral and has ordinary double points in the sense of [19,
Definition 4.2.1] with the singular locus of length 6.
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Proof. The fact that Y and T are k-forms of Yo and T is obvious from the definition
of Weil restriction of scalars, and the k-point y is obtained from the extension-restriction
adjunction. Note that upon extension of scalars to k, the triple (Y,T,y) becomes
isomorphic to the triple (Yo, To,y0)-

(i) Let H denote the Segre class of Y (the half of the anticanonical class); it is obviously
Galois-invariant, and since Y has a k-point, H is defined over k. Therefore, the linear
system

P =|H—y|l=pPH (7.1.5)

of divisors in |H| containing y is defined over k. We define X*"¢ C Y as the closure of
the T-orbit of the point y; the uniqueness of X*"i¢ follows from Lemma 7.1.

(ii) The extension of scalars of X" C Y to k coincides with X C Yy, hence, its
singular locus Z := Sing(X'°"i¢) has length 6, and if F is the exceptional divisor of the
blowup

X :=Bly(X'oric),

then F — Z is a smooth quadric bundle. According to [19, Definition 4.2.1], it remains
to check that this bundle has a section. For this, note that the union of the 1-parametric
subgroups Tél’iz;is"” C Ty defined in (7.1.2) is Galois-invariant, hence, it comes from a
k-subset in the torus T, and, hence, the closure of the image of the point y under the
action of this subset is a curve C' C X defined over k. Furthermore, the extension of
scalars of C to k is the union of the curves (7.1.3). In particular, the curve C contains
the singular locus Z and the intersection of its strict transforms to the blowup X, and

the exceptional divisor E provides a section for £ — Z. O

Now, let X be a smooth Fano threefold of type X1 1,1,1)- Recall the definition (2.1.5)
of the Galois group Gx C &4 of X. In the next lemma, we use notation introduced in
Proposition 7.2.

Lemma 7.3. If k'/k is the field extension of degree 4 associated with an epimorphism
G(k/k) — G onto a transitive subgroup G C &4, then a general divisor X C'Y from the
linear system (7.1.5) is a smooth Fano threefold of type X(1,1,1,1) with Gx =G, p(X) =1
and X (k) £ 2.

1,1

sy

Proof. The smoothness of a general divisor X in the linear system B follows from the
Bertini theorem, the property X (k) # & is obvious because X contains the k-point y, the
equality Gx = G follows from the construction and p(X) =1 follows from transitivity
of G C &4. O

Remark 7.4. One can also prove the converse statement: any Fano threefold X of type
X(1,1,1,1) with X (k) # @ and Gx = G is isomorphic to a divisor in the linear system 3
(see [14, Proposition 7.16]).

Now, we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. We consider the field extension k’/k as in Lemma 7.3 and use
the construction and notation of Proposition 7.2; in particular, the linear system 3 = P\
of half-anticanonical divisors in Y. Let pg € B be the point that corresponds to the toric
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divisor X*r¢ C Y. Note that the space of lines in B through the point py is the projective
space IP’&?’, in particular, k-points are Zariski dense in it. Therefore, there is a line L C B
through po defined over k. We denote by

2 — L

the corresponding family of half-anticanonical divisors in Y. Then, the general point of L
corresponds to a smooth variety 27 of type X 1,1,1) over the field k(L) = k(t).

Since for a general k-point p € L the fibre of 2} has Gx, = G by Lemma 7.3, and since
the natural restriction morphism of Galois groups G(k(L)/k(L)) — G(k/k) is surjective,
we have Gg, = G. Since G C &, is transitive, this implies p(27) = 1. Finally, 27 by
construction contains the k(L)-point y xy k(L), hence, 27 (k(L)) # &.

Assume 27, is stably rational. Consider the point py € L as a special point of the
family 2" /L. By Proposition 7.2, the corresponding variety 25, = X" is integral with
ordinary double points, hence, by [19, Proposition 4.2.9], the family 2 /L is L-faithful
in the sense of [19, Definition 4.2.7]. Therefore, by [19, Proposition 4.2.10], the special
fibre Xtori¢ is stably rational.

On the other hand, by definition, the Galois group of the extension k’/k coincides
with the group Gx and contains the Klein group V4. By [22, §2.4.8], for any smooth
compactification V O T one has

H'(G(k/K), Pic(V;)) = H' (G, Pic(V;)) 0.

Since this group is a stable birational invariant (see, e.g. [4, §2.A] or [22, §4.4]), the torus
T and the corresponding toric variety X*°'® are not stably rational. This contradiction
shows that 27 is not stably rational and completes the proof of the theorem. O

Appendix A. Constructing morphisms of Hilbert schemes

In this section, we show how one can use the technique of derived categories to construct
morphisms of Hilbert schemes. For smooth projective varieties X and Y, we denote by
mx and my the projections from X x Y to the factors, and for an object # € D(X xY'),
we denote by

Dy DX)—DY), Fr— Ray,(Layx(F)Vx)

the corresponding Fourier-Mukai functor from the bounded derived category D(X) of
coherent sheaves on X to that of Y. For an integral valued polynomial p € Q[t], we
denote by Hilb,(X) the Hilbert scheme of subschemes in X with Hilbert polynomials p
with respect to a given polarisation.

Proposition A.1. Let X and Y be smooth projective varieties. If # € D(X xY) is
an object of the derived category, such that for any subscheme Z C X with Hilbert
polynomial p the object 4 (07) € D(Y) is isomorphic to the structure sheaf of a point
y(Z) €Y, then there is a morphism of schemes

¢: Hilb,(X) —Y,
such that o([Z]) =y(Z).
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Proof. Let Z C X x S be an family of subschemes in X flat over S with Hilbert
polynomial p. Let

T =y (07) =Rrgy.(Lakg(0z)@" 5y ) €D(SxY)

be the image of the structure sheaf of Z under the induced Fourier—-Mukai functor from
D(X xS) to D(SxY), where mxg, msy and mxy are the projections of X x S xY to the
pairwise products of factors. By base change and the projection formula, for each point
s €S, we have

isF =P (0g,),

where ig: {s} XY < S x Y is the natural embedding and Z, C X is the fibre of Z over
s € §. Thus, we have i}.% = 0,5,y by assumption, therefore, by [13, Lemma 4.4(iii)],
there is a unique morphism ¢g: S — Y, such that .% is isomorphic up to twist to the
structure sheaf of the graph of pg; in particular, ps(s) = y(Zs) for each s € S. Now
applying this argument to S = Hilb,(X) and Z the universal subscheme, we obtain the
required morphism . O

In §2.3, we apply Proposition A.1 to the Hilbert scheme of conics on the threefold
X = BIr, (Q,), where Q; C P* is a smooth quadric and I'; C @ is a linearly normal
smooth rational quartic curve. Recall that F1(X) and Fo(X) denote the Hilbert schemes
of lines and conics on X, and that there is a natural embedding I'y C F1(X) of a
connected component (see Lemma 2.7). Recall also that the second connected component
I'; C F1(X) corresponds to lines on @) bisecant to I'y.

Corollary A.2. There is a morphism 1: Fo(X) — T'y, such that for a smooth conic
C C X, one has ©1([C]) = [L], where L C X is the unique line corresponding to a point of
I'y, such that CNL # @. Moreover, if C = L1 U Ls is a reducible conic, so that L1 N Ly # &,
and if LYy is the other line corresponding to a point of I'1, such that L1 NLY # &, then

p1([C]) = [Lo].

Proof. Let m: X — @1 be the blowup morphism, and let 1 C X be its exceptional
divisor; note that F; is the universal family of lines on X over the connected component
I'1 € F1(X) of the Hilbert scheme of lines. Let ¢: E;y — X xI'; be the corresponding
embedding and consider

H o= &kﬁEl (El) S D(X X Fl).

Let us check that the assumption of Proposition A.1 is satisfied for Y =1';.

If C C X is a smooth conic, then C-E; =1, and C ¢ E, therefore, CNE; ={z} is a
single point and the intersection is transverse. Therefore, Oc @' O, (E1) = 0, hence,
(Plf(ﬁC) = ﬁﬂj(z)'

If C' = L1 ULy is a reducible conic, so that we have Ly C Fy and Ly N E; = {z,2'} with
LiNLy={a} (if L, is tangent to E;, we take 2’ = x), then using the exact sequences

0— O, (1) — Oc — O, —0 and 0— Or,(-1) — Oc — O, — 0,

https://doi.org/10.1017/51474748022000378 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000378

246 A. Kuznetsov and Y. Prokhorov

it is easy to check that 0c @ O, (E;) fits into a distinguished triangle
Oc®" Op,(Ey) — Op,(—1)® Op — O1,(—1)[2)]

(if Ly is tangent to E7, the middle term should be replaced by an extension of &,(—1)
by O,/). Since the pushforward functor R, kills the sheaf &7,(—1), it follows that
D (Oc) = Or,(ar)-

Now, applying Proposition A.1, we conclude that there is a morphism ¢;: Fo(X) — Ty,
such that ¢1([C]) = m1(x) if C is smooth and ¢4 ([L; U Ls]) = 71(a’), with the notation
for points z and z’ introduced above. O
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