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1. In t roduct ion . The or ig ina l mot ivat ion for th i s w o r k was 
the p r o b l e m of de t e rmin ing whether the s ignum function of a r e a l 
va lued cont inuous function defined on the r e a l line is Riemann i n t e g r a b l e . 
This p r o b l e m is cons ide red in § 2 where an example of an infinitely 
di f ferent iable function is p r e s e n t e d which p o s s e s s e s a non -R iemann 
in t eg rab le s ignum function. M o r e o v e r , it is shown that , for any 
e > 0, it is poss ib le to cons t ruc t such an example for which the se t 
of points of analy t ic i ty has Lebesgue m e a s u r e which i s l e s s than £. 
This a p p e a r s to be a m o r e i n t e r e s t i n g p r o p e r t y than the one or ig ina l ly 
sought . 

In § 3 the w o r k of the p rev ious p a r a g r a p h is used to c o n s t r u c t 
a function which is infinitely di f ferent iable on the e n t i r e r e a l line but 
which i s nowhere ana ly t ic , 

2 . Let £ > 0. We cons t ruc t a function f which lias the 
following p r o p e r t i e s : 

(i) f i s infinitely different iable on the en t i r e r e a l l ine ; 

(ii) the s ignum function of f is non -R iemann in tegrab le 

on any i n t e r v a l the length of which exceeds e ; 

(iii) the set of points of analy t ic i ty of f ha s m e a s u r e 
which is l e s s than £9 

F i r s t cons ide r the function g which i s defined by 

ga(x) 

ga(x) 
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= exp 2 2| 
|x - a 

, if x e ( - a , a ) , 

= 0 , if x^( -a ,a ) . 
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It is clear that g is everywhere infinitely differentials le and that 
a 

g is analytic except at the points a and -a . 
a 

Let { r } be an enumeration of the rational numbers . Let 
n 

oo 

G = G(e) = U (r - e2 , r + eZ ). Then G is open and has 
n n 

n=l 
Lebesgue measure which is less than e. Fur thermore , since G is 
a superset of the set of rational numbers, we have G = R, the real 
line. We may express G as the countable union of pairwise disjoint 
open intervals {I } where we write I = (b - a , b + a ), where 

n n n n n n 
a > 0. 

n 

We define the function f by 

f (x) = 2 — £ - _ — , 
€ n=l n K 

n 

where the constants K are defined by 
n 

Kn = sup { | g j r ) ( x ) j : 0 < r < n , x € R } 

n 

It is c lear , from the definition of the functions g , that the constants 

{K } are finite and non-zero. Fur thermore , we see that 

••ga ( x - b ) a n 
n 

K 
n 

< 1, for every n = 1 , 2 , 3 , . . . , and for every x e R. 

Thus the ser ies which represents f converges for every x and 

f is well defined. We note the following: 

(a) f (x) > 0, for all x € R, and f (x) = 0, if and only if x ^ G ; 
€ — e 

thus the signum function of f is the character is t ic function of G. 

Now we show that f ç C°° (R)- Let r be any integer and consider 
€ 

the formal r derivative of f : 
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f(r)(X) . r - 2 -
e n=l n K 

A g ( r ) ( x - b ) 
r - 1 6 a x n » 

= S 
n=l n 2 K 

+ 2 
n=r 

g i r , ( x - b , 
a n 

n 
n 2 K 

Now the finite s u m above is a l inea r combinat ion of functions each of 
which i s bounded on R. (This follows f rom the definition of the 
functions g • ) F r o m the definition of the cons t an t s { K } we have 

a n 
for n > r and for a l l x e R, 

g (X - b ) 
a n 

n K 
< 1. 

Thus a l l but a finite n u m b e r of t e r m s of the above s e r i e s a r e domina ted , 

for e v e r y x, by the t e r m s of the convergen t s e r i e s £""2"" ^ 
n 

(r) 
W e i e r s t r a s s M - t e s t , the s e r i e s r e p r e s e n t i n g f (x) i s uniformly 

(r) 
convergen t on R. It follows t h a t f (x) e x i s t s for e v e r y x, and 

oo 
s ince r i s a r b i t r a r y , f e C (R). 

The following is c l e a r f rom the above d i s cus s ion : 

(b) for e v e r y fixed r , f (x) is uniformly bounded in x ; 

(r) 
(c) if x é G, then f ' (x) = 0, for r = 1 , 2 , 3 , . . . . 

€ 
(To p rove (c) we note tha t if x £ G then x £ I , for any n , thus 

n 
g ( r ) ( x - b ) = 0 , for r = 0 , 1 , 2 , 3 , . . . , and so f ( r ) ( x ) = 0.) 

a n £ 

F r o m (c), we see that the f o r m a l Tay lor expans ion of f about 
€ 

any point a i C i s ident ica l ly z e r o . However , by (a), we s e e , s ince 
G i s e v e r y w h e r e dense in R, that f is not ident ica l ly z e r o on any 

open se t . Thus f i s not ana ly t ic on CG. However if a e G then a G I , 
e 
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1 
for some n , whence f (x) = — exp 

o G 2 
n K 

o n 
o 

2 >N 
a 

n 
o 

2 2 
(x - b ) - a 

n n 

> in some 

neighborhood of a. Thus f (x) is analytic at a G G. Thus we have 

(d) f is analytic at the point a if and only if a G G, 
€ 

Since the Lebesgue measure of G is less than e, property (iii) has 

been demonstrated. 

Since by (a), sgn f is the characteristic function of G, and 

since G = R, it follows that sgn f (x) = 1 at any point at which sgn f 
G € 

is continuous. Since sgn f is clearly continuous on G, and since 

sgn f (x) =0 , if x £ G, we see that G is precisely the set of points 
G 

of continuity of sgn f . Since G has Lebesgue measure which is less 

than G, it follows from a well known characterization of Riemann 
integrable functions that f is not Riemann integrable on any interval 

the length of which exceeds £. 

Since the zeros of an analytic function are isolated, the signum 

function of an analytic function is Riemann integrable. Thus in some 

sense, the example constructed here is the best possible with respect 

to properties (i) and (ii). 

oo 
3. A nowhere analytic C function. I^et us write f = f . , 

n 1/n 

where f is the function constructed in § 2 with G = 1/n. From (b), 
1/n 

T IT \ 
we see that A = sup { Jf (x) | : x G R} is finite and non-zero 

for eve ry n = 1,2,3,..» and r = 0 , 1 , 2 , 3 . . . . 

Let B = max {A : 0 < r < n and 1 < s < n} . We define a function 
n s — — — — 

f by 

00 

f(x) = X 

f (x) 
n 

, 2 
n=l n B 

n 

oo 
We will show that f e C (R) but that f is nowhere analytic. 

We consider the formal r derivative of f, 
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f(r)(x) = Z - f — . 
n=d n B 

n 

As in the p r e v i o u s p a r a g r a p h , we a rgue that a l l but a finite number of 
t e r m s of the above s e r i e s a r e dominated by the c o r r e s p o n d i n g t e r m s 

1 oo 
of those of 2—r~- Thus , a s in §2 , we see that f c C (R). 

a s s o c i a t e d with the functions f . C l ea r l y { G } is a d e c r e a s i n g sequence . 
n n 

1 / \ 
We have m G < — , and thus ml ^ G = 0, where m denotes Lebeseue 

n n , n 
n=i / r \ 

m e a s u r e . Thus C/ ^ G 
U=l n 

is e v e r y w h e r e dense in R. 

Now we wil l show that f is not ana ly t ic at any point a e C ( D G ). 
n=l n 

T h u s , s ince the set of points at which a function i s analy t ic is open, it 
wil l follow that f i s nowhere ana ly t i c . 

oo t oo 

.Let a € C ( H G ). Then a £ H G . If a £ G , for e v e r y n, 
n n n 

n=l n=l 
( r) 

then , by (c) , we have f (a) = 0, for r = 0 , 1 , 2 , 3 , . . . and n = 1,2, 3. . . , 
n 

Thus the Tay lo r expans ion of f about a is ident ica l ly z e r o . But then f is 
not ana ly t ic at a s ince f is not ident ica l ly z e r o in any neighborhood of a. 
Now, if t h e r e ex i s t s n such tha t a £ G , then s ince {G } i s a d e c r e a s i n g 

n n 
s e q u e n c e , t h e r e i s an in teger n such that a e G , if n < n , but 

o n — o 
(r) 

a j G , if n > n . T h u s , by (c), f (a) = 0 , if n > n and for 
n o n o 

r = 0 , 1 , 2 , 3 , . . . » We t h e r e f o r e have 

f< r ) (a ) = 2 - 5 
2 

n=l n B 
n 

Now the d e r i v a t i v e s above a r e a l s o those of the function 
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no f (x) 

g(x) = 2 - | . 

n=l n B 
n 

evaluated at x = a. Each f is analytic on G ; thus g is certainly 
n n 

n 
o 

analytic on O G = G . I n particular then g is analytic at a. 
_> n n 

n=l o 
Now suppose f is analytic at x = a. Then we have 

g(x) = f(x), 

for x in some neighborhood H of a since all respective derivatives 

are equal at a. Thus 

oo f (x) 

n=n +1 n B 
o n 

for x c H. Since each term of the above series is non-negative, we 

have f (x) = 0, for all x £ H. It follows that 
n +1 

o 

{x: f (x)> 0} = G x 4 

n +1 n +1 
o o 

is not everywhere dense. This is a contradiction, since G contains 
n +1 

o 
the set of rational numbers. 

Thus f is not analytic on C ( O G ), whence f is nowhere 

n=l n 

analytic. 

It is also not difficult to see that f also satisfies property (ii) 

of §2, where we set £ = 1. 
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