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In this paper, we study the behaviours of the commutators [5, T] generated by
multilinear Calderén—Zygmund operators T with b= (b1, -+ -y bm) € Lioc(R™) on
weighted Hardy spaces. We show that for some p; € (0, 1] with

1/p=1/p1+ -+ 1/pm, w € Ass and b; € BMO,, ,, (1 <4 <m), which are a class
of non-trivial subspaces of BMO, the commutators [g, T] are bounded from

HP1(w) X -++ x HPm(w) to LP(w). Meanwhile, we also establish the corresponding
results for a class of maximal truncated multilinear commutators Tg.

Keywords: BMO spaces; commutators; multilinear Calderén—Zygmund operators;
weighted Hardy spaces

2020 Mathematics Subject Classification Primary: 47B47
Secondary: 42B20, 42B30, 42B35

(© The Author(s), 2023. Published by Cambridge University Press on behalf
of The Royal Society of Edinburgh

1259

https://doi.org/10.1017/prm.2023.57 Published online by Cambridge University Press

L))

Check for
updates


mailto:hanyanyan_bj@163.com
mailto:wenyongmingxmu@163.com
mailto:huoxwu@xmu.edu.cn
mailto:qyxue@bnu.edu.cn
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/prm.2023.57&domain=pdf
https://doi.org/10.1017/prm.2023.57

1260 Y. Han, Y. Wen, H Wu and Q. Xue

1. Introduction and main results

This paper is devoted to exploring the behaviours of the commutators of multilinear
operators in weighted Hardy spaces. As well known, multilinear Calderén—Zygmund
theory was introduced and first investigated by Coifman and Meyer [1, 2]. Later
on, the topic was retaken by several authors: including Grafakos and Torres [10],
Lerner et al. [15] and Cruz-Uribe et al. [4], etc. We first recall the definition of
multilinear Calderén—Zygmund operators.

DEFINITION 1.1. Assume that K(yo, y1, ---, Ym) @S a function defined away from
the diagonal yo = y1 = -+ = Y, in (R™)™TL, which satisfies the following estimates

Ao
S o= lyr — wl)mmtled’

Oy =+ Oy K (Yo, Y1, -5 ym )| < ( (L.1)

for all o = (v, -+, @) such that |a| = |ag| + -+ + o | < N, where |oy] is the
order of each multi-index «j, and N is a large integer to be determined later. An
m-linear Calderdn—Zygmund operator is a multilinear operator T that satisfies

T:L9 x...x L9 — [1

for some 1 <qi, ..., qn <00 and 1/q=1/q1+ -+ 1/qm, T has the integral
representation

T dn)@ = [ Kgnseev) T 000
j=1

whenever f; € L and x ¢ N;suppf;.

It was shown in [9] that if T is an m-linear Calderén—Zygmund operator, 1/p; +
-+ +1/pm =1/p and pg = min{p;, j =1, ..., m} > 1, then T is bounded from
LP(w) x -+ x LPm(w) into LP(w), provided that the weight w is in the class A, (see
subsection 2.1 for the definition of A, ). In 2001, Grafakos and Kalton [8] discussed
the boundedness of multilinear Calderén—Zygmund operators on the product of
Hardy spaces. Later on, Cruz-Uribe et al. [4] generalized the results in [8] to the
weighted Hardy spaces. Precisely,

Theorem A. (cf. [4]) Let 0 < p1, ..., pm < 00, w; € Ao, 1 < i < m and
1 1 1
B T
p P1 Pm

Suppose that T is an m-linear Calderon—Zygmund operator associated to a kernel
K that satisfies (1.1) with

N}max{ Lmn(qwl)J ,1§i<m}+(m1)n.
pi +
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Then

m

TP S H 1 fill s )

where vg = H;lef/pi, Go =1nf{g>1:we A}

In this paper, we will focus on the commutators of multilinear operators. For
an m-linear Calderén-Zygmund operator 7" and a collection of locally integral
functions b = (b1, ..., by), the multilinear commutators generated by T and b are
defined as follows:

m

B, TV(f1s s fn) = D [0 TV 155 fm),

Jj=1

where

[bJVT](flvvfm) = bjT(flavf’m) _T(flv'"afjfhbjfjvfj‘l*la'"7fm)‘

The m-linear commutators were considered by Pérez and Torres in [20]. Lerner
et al. [15] introduced the multiple weight A5 (see definition 3.5 in [15]), and they
proved that when b € (BMO)™, [b, T is bounded from LP! (wy) X -+ X LPm (wp,) to
LP(vg) for & = (w1, ..., wm) € Ap, the multiple Muckenhoupt class, where 1/p; +

<+ 1/pm =1/pand vz =[[i~, wp /Pi Moreover, inspired by the remarkable work
of Lerner et al. [16], Kunwar and Ou [14] obtained the Bloom type two-weight
inequalities of [5, T]. Precisely, 1 <p; < oo and 1/p1 + -+ -+ 1/pm =1/p, \i, p; €
Ay vi = (/X)) VP, ve =TT, X7 for b € BMO,, (see definition in [14]), i =
1, ..., m, it holds that

1B T)(f1s s o) o o <Z 16 ||BM0,1> LT illzes oy

On the other hand, for m = 1, in the endpoint case, Harboure et al. [11] showed
that for general b € BMO(R"), the linear commutator [b, T] cannot be bounded
from H!(R") to L'(R"). However, Liang et al. [19] and Huy et al. [13] found
out BMO,,, (see subsection 2.2 for the definition and properties), a non-trivial
subspace of BMO(R™) for some Muckenhoupt weights w and 0 < p < 1, such that
[b, T] is bounded from the weighted Hardy spaces HP(w) to the weighted Lebesgue
spaces LP(w), when b € BMO,,,. For the multilinear setting, He and Liang [12]
recently proved that [b, T is bounded from H'(w) x - -+ x H(w) to LY/™(w), when
be (BMO,1)"

Based on the results above, it is natural to ask the following question.

Question. Is [b, T] bounded from HP' (w) x - -- x HP™(w) to LP(w) for some 0 <
pi <1, 1<i<m, when b; € BMO,, ., the non-trivial subspaces of BMO(R™)?

One of the main purpose in this paper is to address the question above. Our
result can be formulated as follows.
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THEOREM 1.2. Let 0 <p; < 1,1 <i<m, and
1 1 1
= e —
p J4! Pm

Suppose that w € Ay with fan % <00 with pg = minigi<mpi, 1T is an
m-linear Calderdn—Zygmund operator with K that satisfies (1.1) with

N}max{{mn(i‘:—1>J+,1<i<m}+(m—1)n. (1.2)

Then for b= (b1, by, ..., by), bi € BMO,, ,,, 1 <i<m,

[ar 3||Lp(w) S <Z ||bj||BMow,pj> LT fillseme -
j=1 i=1

Moreover, we consider the maximal truncated multilinear commutators. Let K
satisfy (1.1), the maximal truncated multilinear operator is defined by

m

Ks(z,y1, - Ym) H (y)dy;

—

T (f)(w) :=sup IT5(f) ()| = Sup

, o (L.3)

R™

where  Ks(@, y1, - ym) = 6(V]z =12 + -+ |2 =y [P/20) K (2, 91, - ., ym)
and ¢(z) is a smooth function on R™, which vanishes if |z| < 1/4 and is equal

to 1 if |z| > 1/2. Given a collection of locally integral functions b = (by, ..., by),
the maximal truncated multilinear commutators are defined by

@) = T (H@)

where

m

/;@@»—M@»m@whuwmII (|- (1)

—

Ty, (F)(2) = sup

6>0

The boundedness of T on the weighted Lebesgue spaces was first given by
Grafakos and Torres [9]. Subsequently, Grafakos and Kalton [8] and Li et al. [18]
successively discussed the boundedness of 7 on Hardy spaces and weighted Hardy
spaces. Recently, Wen et al. [21] extended and improved the results of [8] and [18]
as follows.
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Theorem B. (cf. [21]) Let 0 < p1, ..., pm < 00, w; € Ao, 1 <4 < m, and
1 1 1
= e
p P1 Pm
Suppose that T™* is defined as in (1.3) and K satisfies (1.1) with N as in theorem
A. Then

1T Dl o) S H 1Fill e )

where Vg:H:nlwp/p’

Inspired by the results above, for the maximal truncated multilinear commutator
T. 5*, we can obtain the following theorem.

THEOREM 1.3. Let 0 <p; < 1,1 <7< m, and
1 1 1
—=—4+ -+ —.
p pl Pm

Suppose  that w € Ay and satisfies  [o, w(x)/(1 4 |z])"™° < oo with py=
mini<i<m i, 17 is defined as in (1.4) and K satisfies (1.1) with N as in theorem

1.2. Then for b= (b1, by, ..., bm), by € BMO,,,,, 1 <i<m,

m m
7Pl (z bﬂmow,pj) TL1 e
j=1 i=1

REMARK 1.4. (i) It is worth noting that for some p; > 1, i =1,2, ..., m, the
results of theorems 1.2 and 1.3 still hold. (ii) Moreover, theorem 1.2 extends the
result in [12] for p; = 1 to the cases for certain 0<p<1(i=1, m). (iil) For
the general different w; € Ao with [;, w(z)/(1+ |z|)"Pidz < oo, 1 < i < m, our

method doesn’t work. It would be interesting to know whether [b, T] or Tg with
b € BMO,, p, (1 < i< m)are bounded from HP! (wy) X - - X HP™(w,,) to LP(vg)
for the different Muckenhoupt weights w;, 1 < i < m, with vz = Hl 1 wp /p:

The rest of this paper is organized as follows. We will recall some definitions and
known results about Muckenhoupt weights, BMO,, ,, spaces and weighted Hardy
spaces in § 2. The proof of theorem 1.2 will be given in § 3. Finally, we will prove
theorem 1.3 in § 4. We remark that some ideas in our arguments are taken from [4,
13, 19, 21], in which the multilinear Calderén—Zygmund operators and the linear
commutators of Calderén—Zygmund operators were dealt with.

Finally, we make some conventions on notation. Throughout the whole paper,
we denote by C' a positive constant which is independent of the main parameters,
but it may vary from line to line. We denote f < g, f~gif f < Cgand f Sg=< f
respectively. For 1 < p < oo, p’ is the conjugate index of p, and 1/p+1/p’ = 1.
E¢ = R™\FE is the complementary set of any measurable subset E of R™. Any cube
Q is denoted as Q := 8y/nQ, where the cube is with the same centre and 8 times
the side length of Q.
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2. Preliminaries

In this section, we recall some auxiliary facts and lemmas, which will be used in
our arguments.

2.1. Muckenhoupt weights

A non-negative measurable function w is said to be in the Muckenhoupt class A,
with 1 < p < oo, if there exists a constant C' > 0 such that

p—1
1 1 ——
Wla,.0 = (M/Qw(:c)dx> <|Q/Qw(x) d ) <C

for all cubes @ C R", where 1/p+ 1/p" = 1. And we denote [w]a, = supg[w]a,.q-
When p = 1, a non-negative measurable function w is said to belong A; if

1 / .
— | w(y)dy < ess inf w(z
A (y)dy < Jnf) (z)

for all cubes @@ C R™. We denote A := Up>14, and by ¢, :=inf{g > 1:w e A}
for w e As. It is well known that if w € A, for 1 < p < oo, then w € A, for all
r > pand w € Ay for some 1 < ¢ < p. Then we give some important results about
A, weight that will be used later on.

LEMMA 2.1 [7]. Letw € A,, p > 1. Then, for any cube @ and X > 1,
w(AQ) S A"Pw(Q).

LEMMA 2.2 [4]. Let w € A, 0 < p < 00 and max{l, p} < g < co. Then for any
collection of cubes {Qr}7>, in R™ and non-negative integrable functions {fi}7
with supp fr, C Qk, we have

> o

k=1

~

LP(w) k=1

[e'e] 1/q
1 q
2 (w(Qk) Qs i) W(x)dx> a

Lr(w)

2.2. BMO,, , spaces and basic facts

This subsection is concerning with the definition of BMQO,,, and its basic
properties.

Definition of BMO,, ;. Let p € (0, 00), w € Ay and satisfy [p, w(z)/(1+ [z])"?
dz < co. A locally integrable function b is said to be in BMOQO,, , if

1/p
o 1 w(x)
bllsato., , == Sup { (w(Q) /QC . xomdx) /Q b(y) — bQIdy} < 0,

where the supremum is taken over all cubes @ := Q(xo, [) C R™ with zy € R™ and
I € (0, c0). Here and hereafter,

w(Q) ::/Qw(z)dz and bg = ICg/@b(,z)dz
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A locally integrable function b is said to be in BMO if
1
b]lBMmo == sup —- [ |b(z) — bg|dx < oo,
Qcr Q] Jg

where the supremum is taken over all cubes @ C R™.

Basic facts ([13, 19]). (i) BMO,,, C BMO, which is a proper inclusion.

(ii) Let 0 < p < 1,w € A such that [, w(z)/(1+ |z])"Pdz < co. Any Lipschitz
function b with compact support belongs to BMO,, ;.

LEMMA 2.3 [19]. Let w € As and q € [1, 00). Then for b € BMO and any cube
Q := Q(zo, 1) C R™ with some x¢g € R™ and | € (0, 00),

1/q
(@ /Q b(z) - waw(x)dw) < [bllmmo-

2.3. Weighted Hardy spaces

Let . be the Schwartz class of smooth functions. For a large integer Ny, denote

GNO:{gbey(]R”):/ (1+|x|)N°< 3 )dx<1}.

e |B|<No
Given w € A, and 0 < p < oo, the weighted Hardy spaces HP (w) is defined by

o8
@éi’(x)

HP(w) ={f € Z'(R") : M, (f) € LP(w)}
with the quasi-norm

[l Ep () = Mo (H)llzew),
where M, (f) is given by

M, (f)(z) = sup sup|¢y * f(z)].

(ﬁGGNO t>0

Given an integer N > 0, we say that a function a is an (H?(w), oo, N)-atom if

—1 a
suppar C Qr, |lag|lpe < (w(Qk)) /p, / x%ap(x)de =0, |a| < N.

n

For w € Ay, and 0 < p < oo, denote S, := |n(qn/p—1)|+. Let N > S, we define

ON:{fECgo:/ 2% f(z)dz =0, 0<|a|<N}.

Then Oy is dense in H? (w) (see [4, 5]).
In addition, we have the following finite atomic decomposition which was given
in [5].
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LEMMA 2.4 [5]. Given0 <p < o0 andw € As, Sy, = [n(qw/p — 1) ]+, it N = S,.
Then if f € On, there exists a finite sequence {ax} L, of (HP(w), oo, N)-atoms
with supports Q, and a non-negative sequence {\;}M | such that f = 22{:1 Ak Qg
and

M
ST SR
k=1

3. The proof of theorem 1.2

This section is devoted to proving theorem 1.2. First, we need to prove a weighted
norm inequality for [5, T]. To do so, we will make use of some recent developments
in the theory of Harmonic analysis on the domination of multilinear operators by
sparse operators. Next, we sketch the basic definitions.

A collection of cubes S is called a sparse family if each cube @ € S contains
measurable subset Eg C @ such that |Eg| > 1/2|Q| and the family {Eqg}ges is
pairwise disjoint. Given a sparse family S, the sparse operator 7s; defined with a
locally integrable function b by Lerner et al. in [16],

Tsu(f)(@) = b(x) = bolfoxe ().

QEeS

Let Ts*,b denote the adjoint operator to 7s :

Z5p(f)(x) = <|Q|/ b(y) = bl f( )dy>><@(w)~

QeS

PROPOSITION 3.1 [16]. Let 1 < p < 0o and w € Ay, then for b € BMO, given any
sparse linear operators Ts p(f) and T4 ,(f) have

max{1,p’/p}

1Zs6()zrw) S Wla, [bllByollf Il e (w)
and
* max{1,p’
178 4Dy S WA PHbllanio |l )
In a similar way, for b, € L},., =1, ..., m, given a sparse family S we define

the multilinear sparse operator:

Tsp(f1,- s f)(@) = D il _le|HszXQ

Qes

Let 73, denote the adjoint operator to 7s p,:

TS*,bl(fla"'vfm)( - <|Q|/|bl le‘fl > H fZQXQ

QeS 1=1,i#l

The following pointwise sparse domination for the multilinear commutators of
Calderén—Zygmund operators was proved by Kunwar and Ou [14]:
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PROPOSITION 3.2 [14]. Let T be an m-linear Calderén—Zygmund operator with K
satisfying (1.1) with N as in theorem 1.2. Given locally integral functions b=
(b1, ..., by) onR™. Then for any bounded functions f: (f1, -+, fm) with compact
support, there exists 3" sparse families S; such that

m 3"
|[57T](f177fm)(x)| 5 Z <Z (7:977bl(|f1|av|fm‘)(x)

i=1 \ j=1

+7:S*J,bb(|f177|fm|)(x))>

Next, we prove the following weighted estimate for [I;, T].

LEMMA 3.3. Let T be an m-linear Calderon—Zygmund operator with K that
satisfies (1.1) with N as in theorem 1.2. Fiz w € A,, 1 < p < co. Given functions

b= (b1, ..., by) which b; € BMO, i =1, ..., m. Then for any bounded functions
f="(f1, .-, fm) with compact support, we have
1B, T fo)ll oy S (Zﬂbi”BMo) Ifillzewy [T Mfilles, 1=1,2,...,m.
i=1 j=1,j#1
Proof. By linearity it is enough to consider the operator with only one symbol.
For 1 < k < 'm, fix by € BMO and consider the operator [by, T|(f1, ..., fm)(z). By
proposition 3.2, it suffices to prove this estimate for any multilinear sparse operators
Ts,b,» T3 1, and non-negative functions fi, ..., fn. By the definition of the sparse
operator, we have
Tson (oo ) (@) < T Ifille= D k(@) = bl froxe (@)
i=1,i1 Qes
=Tsn(f)@) T] Ifilles
i=1,i£1
Then, by proposition 3.1, we obtain
175, (f1s -+ s f)ll oy S NbkllBMoll fill o w) H I fill Lo,
i=1,i£l
Next, we estimate 7, in two different cases:
Case 1: k =1,
A 1
T, (o f) @) < T Mfille= D <|Q/ |bx () _bk,Q|fk(y)|dy>XQ(ff)
i=1,i£l QeS Q
=Tdo,(f)@) TT Ifille
i=1,1#£1
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Then, by proposition 3.1, we have that

m

178 b, (f1s -+ s fn )l oy S NbkllBMo | fill o ) H | fill Loe -
i=1,i%k
Case 2: k #1,
T, (1o fm)@) < T Wfillze <|Q| / |br(y bk,Qldy> froxq(w)
i=1,i#l Qes

A

[k |lBMO H Ifillz= > fraxe(@)

i=1,i#l Qes

Hoellsvo [T il Ts () (@),
i=1,il

Recall the well-known bound for the sparse operator 7g (see [3]):

max{1,p’
1Ts ()l oy S WA PP fill oy, p € (1,00).

Thus, we have

m

7S 0, (1o Pl Loy S Wklsyoll fill Loy [T Willzes,
i=1,i£l

which completes the proof of lemma 3.3. O
We also need the following lemma:

LEMMA 3.4 [17]. Let T be an m-linear Calderén—Zygmund operator with K that
satisfies (1.1) with N as in theorem 1.2. Let 0 < p; < 1, a; be an (HP*(w), oo, N)-
atom supported mn Qr, and c¢; be the centre of Q;, I; be the side length of Ql,
i=1,...,m. Assume Q1 N---NQm # 0. Then for any © € (Q1 NN Qm)C,
have

m ) 1/pi Q‘|1+(N+l)/nm

|T(a1,..., | < H SC _Cz| Iy} )n+(N+1)/m

Now, we are in the position to prove theorem 1.2.

Proof of theorem 1.2. By linearity, it is enough to consider the operator with only
one symbol. For 1 <1< m, fix then b € BMO, ) and consider the operator
[bi, T)(f1, -+, fm)(x). By lemma 2.4, we will work with finite sums of weighted
Hardy atoms and obtain estimates independent of the number of terms in each
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sum. We write f; as a finite sum of atoms,

M
f1: E )\i7kia2-7ki, i:1,2,...,m
k}iil

where A, x;, > 0 and a; 1, are (HP#(w), oo, N)-atoms. They are supported in cubes
Qi ki» |laik, < (w(Qik,)) M7, Jo.. 2Pa; 1, (x)dr = 0 for all |3| < N, and

> S Al
ki

Denote the centre of Q; %, by ci, and the side length of Q;, by lix,. Using
multilinearity we write

[blvT](fl’“'afm Z )\1k1 mk [blaT](al,kl""aam,km)(x)'

ki,eoskm

’ (w)-

Then, we decompose [b, T|(f1, ..., fm)(z) into two parts, for x € R™

where

[bl’ }(a/]wkl’ e 7a'maknl)(x)‘Xélyklﬁ-“ﬁémwkm"

E ALkr  Amoko
77

17'

E ALky " Ak

17

d

o, T s e, ) (@)X 0o,

Now, let us begin to discuss ||11||zr (). For fixed ki, ..., k;,, assume that

Qi NN Qi # 0,

since otherwise there is nothing needed to be proved. Suppose that w(Q x,) has
the smallest value among w(Q;x,), i=1,2,..., m. For q € (qu, 00), by lemma
3.3, we have

1/a
( O /Q b0, T)(ar g, 5 - - - ,am7km)(x)|qw(x)dx>
<

(102 Il [ A TCIW U SN ||

—_

~ -1
< lellenio (@(@ur)) ™ las,

< Illssio (@)~ (@(@ua) T T (@i )™

=2

—1/p;
<||bl\|BMoH W(Qix)) "
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By lemma 2.2 and Hélder’s inequality, we obtain

m

—1/p;
Illzre) S Mollsyof D7 Ak, Ak, [T (@(Qik)) ™" xg,,,
17--<7k'm =1 Lp(w)
—1/p;
< llollBmo H (Z&k Qi) /v XQl,k1>
i=1 ; LP(w)
—1/p; .
< HblnBMoH i (@(Qik) T g,
i ’ LPi
m 1/pi m
S lbdllsmo ] <Z>\fk> < lbdllevio [T 1fill o wy-
i=1 \ k; i=1
Thus,
m
H11||Ll’(w) < [billBnvo H HfiHHPi(w)~
i=1
Next, we estimate ||I2]|1r(.,), We split it again
2] ze(w) Z ALkr = Ak [0 = 0Qu |
1
X |T(a17k1, s Qg e ,amykm)b(@i U UQm .
" LP(w)
Z A1 k1 m, m
17- Tn
X |T(a1’k1, Ceey (bl - blan,kl )al’kl, ceey (Lm,km) ’XQf U UQm .
! L (w)

= |21 e (w) + 22| Lr ()

For || 121/ 1» (), using the Hélder inequality and lemma 3.4, we get

21l Lr ) S

m
Z ALky Ak |br — bval,kl | H
7’ i:I

1;~ g

(w(Qi,ki))‘” ”1Q

(livki + | ! _Ciyki|)n+(N+l)/m'

1+(N+1)/nm
l,ki|

X

Lr(w)
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1 n m
Z Moo (w(Quy)) I b1 = b1, 4, \luj, (s
(ll,kl + | i 7Cl,kl‘)n+(N+1)/m

ky
(W(Qz L ))1/PiZ:L:(N+1)/m>

m
ik, ki ,
% ki
H <; (livki + | ’ _Ci7ki‘>n+(N+1)/m

<

~

i=1,i#l LP(w)
-1/ n+(N+1)/m
<y Ay (W(Qrky)) TPy — by Quk, \lu: o/
"% (g, + |- —cpp, [Jrr@+1/m Lt ()
m —1/ i m+(N+1)/m
% H Z (w(Qz,kb)) g li,ki( )/ T -
) . —es n+(N+1)/m - 1722
Z:LZ#[ k1 (li,k’{, + ‘ Ci,k’z‘,|) ( )/ LPi (w)
For Jz, by (1.2) and lemma 2.1, we have
—1/pi yn+(N+1)/m ||Pi
Z i (W(Qi,ki)) g li,ki( )/
. . n+(N+1)/m
% (lz,ki + | Ci,k; D LPi (o)
—1,p;n+p;(N+1)/m
N
h ki o Qi k; (li’ki + |.’)3 - cz’ki|)p¢n+pi(1\7+l)/m
%) n+p;(N+1)/m
s / (@(Qu)) a5 N M)
j=1 291Qi,k; \29 71 Qi 1, (llkz + |{E - Cl,kz‘|)pin+pi(N+1)/m

- W(QjQi,ki)
SO N (@(@Qir))” (Zozj(pm-&-pi(N-i-l)/m))

ki J=

- w(Qi,k,)
Z U (@(Qin)) (Z 93 (pin+pi(N+1)/m—nqs)

Jj=1
Z z1k NHfz sz(w

k;
For Jq, by (1.2) and lemmas 2.1 and 2.3, we obtain
1/ n+(N+1)/m ||P
> M (@(Qui)) P b = by, Ny VP
o (lgy + |- —cpp, [t @O FD/m L7t ()

bi(x) — b1, 4, |p’lpm+pl(N+1)/m ()

AP = dz
Z fa (e @u) </Ql,kl (i, + |2 = o, |Jprmtr(NFD/m

pin+p (N+1)/m

Y| () = b1 o)
=172 j (g, + & — cp g | )P (N+D/m

2941Q1 1, \27 Q1 K,

< Hbl||]]93LMO||fl||11)}pz(w)-
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Thus,

221 2r () < Hbz||BMoH||fz||Hm(w)

i=1

To estimate || 22|z (), we write

T <f17 > Ak (b = by ik fm>
ky

By the boundedness of T from HP!(w) X --- x HP™(w) to LP(w), we only need to
show

22| L (w) =

Lr(w)

S fillaei @y lbdlsmo. ,, »
HPl (w)

b — bl7Ql,kl Jaik,

that is,

T M (b= brguy, Jat i) S il @llblsmo.,, - (3.1)

L7l (w)

‘We write

b1

Z )\l,klMN((bl - blan,kl )al,kl)

LPl(w)

Z A, / (M ((br = brgy k) ()| w(a)de

Qu,k,

+ Z)\l . / M- bius g, ) ()| w(@)dz = Ly + L.
(2Qu,k; )¢

For L1, by Holder’s inequality for t/p; (¢, < t < 00), lemma 2.3 and the bounded-
ness of My on L(w), we obtain

L= Z)\?lkl / ‘MN«bl - bl7Ql,kl )al’kz)(l‘)‘plw(w)dx

ki 2Q1,k,

lfpl/t
Z )\l kl |MN bl7Ql,kl )al,kl) ||ilt(w) (/ZQ w(x)dx)
Lk
< Z )\l kl bval,kl )al,kl Hilt(w) (W(Ql7kl))1_pl/t

N Z)\z ol Byo S il o) 0l Ermo, -
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For Lo, note that for = € (2Q;1,)¢ and y € Quk,, | —y| = |x — ¢1,|. Then, for
¢ € Gy, t >0, we have

1

tn

t

/Q (0 (y) = brau s, Jarw () (L) dy

1
oz =g |

/ 1b1() — brgu  lan s (1)l dy
Qu.k,

<

1
~ n 1/ /
|$ - ClJCL‘ (W(Ql,kl)) Qi.k,

This, together with the definition of BMO,, ,,, deduces that

Ly S Z /\l ki |blH%lMowﬁpl S Ll ;Z'Pz (w)”blH%lMowﬂpl-

bu1(y) — b, dy-

Summing up the estimates of L; and Lo, we obtain

122][ e (@) S [IbillBMOL, 4, H 1 fill b (@) -

=1

Combining the estimates in both cases, there is

iz T](J?)Hm(w) S (Z |bj||BMOw,p].> LTl )
=1

j=1

which completes the proof of theorem 1.2. O

4. The proof of theorem 1.3

Before proving theorem 1.3, we need to prove a weighted norm inequality for Tg.

We first recall some definitions and results. Given f = (f1, ..+, fm), we define the
multilinear maximal operator M by

=sup [| |Q|/ | fi(yi)|dy:,

Q3w ;-

where the supremum is taken over all cubes @) containing x.
For p > 0, let M, be the maximal function

1/p
1
M, (f)(x) = M(|f[?)"/*(z) = | sup */ lf)lPdy |
Q3 |Q‘ Q
Also, let M* be the sharp maximal function of Fefferman-Stein [6],

MH(f)() = sup in |Q|/Q|f( ~cldy ~ sup |Q‘/ F) — foldy,

Q3x ¢
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and

1/p
f T) = F1P) (x Ve _ sup in P—c .
M) = (2411 ) ) ( win o [ 115w \dy>

—

The maximal function M, (o £y(f)() is defined by

—

M og ) (f) (T ZUPH Ifill 2 (log 2),0>

and ML(logL)(ﬁ is pointwise controlled by a multiple of [T7~, M?(f;)(z).
We will use the following form of classical result of Fefferman and Stein [6]. Let
0<p, p<ooandwe€ Ay. Then

(M (@) wla)de S [ (ME(@) w(a)da,

Rn
for all functions f for which the left-hand side is finite.

LeEMMA 4.1. Let TZ be defined as in (1.4) and K satisfies (1.1) with N as in theorem

12. Fizw e Ay, 1 <p < 0. Gz’venfunctionsg: (b1, ..., by) which b; € BMO, i =
1, ..., m. Then for any bounded functions f = (f1, ..., fm) with compact support,
we have

HTg(fla-“afm)HLp(w)S(lebiHBMO>leL’)(w) IT Ifillee, 1=12,....m.
=1

J=1.j#1

Proof. By sublinearity, it is enough to consider the operator with only one symbol.
For 1 <i < m, fix b; € BMO and consider the operator Ty (f)(z). Let 0 < <e
with 0 < ¢ < 1/m, Xue [22] proved:

M§<Tgi,,<”>><z>,s||bi|BMo<ML<logL><3<> M(T*(f))(x )>, (4.1)

and

MHT*(f)(@) S M(f)(@). (4.2)
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Taking 0 < § < & < 1/m, using (4.1) and (4.2) and the Fefferman—Stein inequal-
ity, we have

S zr o) S IMETE ()| o (o)

1195 130 (1M L tog ) (D)l 2o ) + I Me(T*(F) |2 (o)
< billeato (M Laog £y (D Lo @) + IMET* (F) | o ()
< (

[1B:ll B0 (1M Lgog £y (F)l o () + IM(Dl o))

1Ty (F)ll o) < [[Ms(Ty
N

11 r2(55)

Jj=1

S lbsllBvo M Laog £) (Pl zrw) S Ibillsmo

Lr(w)

Slbillsvo [T 1M () oo 12 (f) | o )
=1l
Slvillmollfilewy [T 1£5lze-

J=Lj#l

To apply the Fefferman—Stein inequality in the above computations, we need to
check that || Ms(Ty )(f)llzr (o) and ||M5(T*(f))||Lp(w) are finite. Note that w € A,
w is also in A, with pm < py < co. So with ¢ < p/py < 1/m and the boundedness
of Hardy—Littlewood maximal function, we have

—

IMT () ooy < 1Mpp0 (T () oy = IM (T (FP/™) 55,

ST (e )Bs = 1T (D)l o w)-

Then it is enough to prove || T7*( fT> || L () is finite for each family f of bounded func-

tions with compact support for which [|M 1o 1)( ) | () is finite. The arguments
are as follows.

Without loss of generality, we assume supp f; C Q(0, 1) for i =1, ..., m. The
weight w is also in Lj, . for r sufficiently close to 1 such that its dual exponent 7/
satisfies 1/m < pr’ < oco. Thus, it follows from Holder’s inequality and the
boundedness of T*

1/pr’ 1/pr
IT* (Fxeqllprw) < (/ZQ |T*(f)($)|prldx> </2Q w(ﬂﬁ)rd$>

ST Pl S H Il

Lsi < 00, (4.3)
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where 1/pr’ =3 1/s;. For z€(2Q)°, y; €Q, we have |z—y|~ |z,
1=1,...,m,

e IT7 1 fi(yi)]
< dyi
T (f)(2)| < /(Q(O,l))"” O =y Y

5 H % /Q(O,lxl) |f1(yz)|dyz ,S M(f)(x) § ML(logL)(f)(z)- (4.4)

|
1=1

—

Fom the assumption ||M o 2)(f)|lzr(w) is finite, we have

1T (f)x20) lr(w) S IMLaog L) (f)X(20)e | Lr(w) < 0.

=

Thus, we obtain || M (T*(f))| Lr(w) is finite.

Next, we show || Ms(Ty)(f)|lr(w) is finite. It suffices to prove || (f)|lzr(w) is
finite. First, we assume b; is bounded,

PN

[ @) = b Kstesne o om) [ i
(&)™ i=1

—

< oi ()| T (f) () + T*(f1,- -5 bifis ooy frn) ()
ST (@) + T (fr, - bifis oy fn) (@)

Thus, following the similar arguments as (4.3), we have

— —

1Ty (F)xeqllrw) S IT*(F)xeqllorw) + 1T (fr -5 bifis s fm)xe@l Lo (w)

< sl

=1

L5 (w) < Q.

On the other hand, for = € (2Q)¢, note that b is bounded, then similar to the
arguments of (4.4), we have

— —

Tb*i () < ML(log L) (f)().

From the assumption, we obtain

1Ty, (f)X20)elLrw) S IMLgog £)(f)X(20) | Lp(w) < 00

—

Thus, we proved || Ty (f)|L»(w) is finite when b; is bounded.
For general b, we use the limiting argument as in [16]. Let {b; ;} be a sequence
of functions such that

bij(x) = § bi(z), |bi(z)] < J,
—J, bi(z) < —j.
Note that the sequence converges pointwise to b; almost everywhere, and
[1bi,5lBvo S [[billBMo-
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Since the family f is bounded with compact support and 7 is bounded, we have
that Tb*i_j (f) convergence to Ty (f) in LP is for every 1 < p < oo. It follows that for

a subsequence {b; ;v } C {b; ;}, T} , (f) convergence to Ty (f) is almost everywhere.
.7 z

Then by Fatou’s lemma, we get the required estimate. Thus, we complete the proof

of lemma 4.1. O

LEMMA 4.2 [18, 21]. Let T* be defined as in (1.3) and K satisfies (1.1) with N
as in theorem 1.2. For 0 < p; < 1, let a; be an (HP'(w), oo, N)-atom supported in
Qk, and c; be the centre of Q;, l; be the side length of Q;, i =1, , m. Assume
Q1N NQum #0, then for any z € (Q1 N---NQum)°, we have

m ) 1/P¢|Q‘|1+(N+1)/nm

* <
|T (a17..., |N |Z‘—Cl‘+l)n+(N+1)/m

Now, we are in the position to prove theorem 1.3.

Proof of theorem 1.3. We use the same arguments as in proving theorem 1.2. By
sublinearity, it is enough to consider the operator with only one symbol. For 1 <1 <
m, fix then b, € BMO,, ,, and consider the operator Ty (f1, ..., fm)(x). By lemma
2.4, we will work with finite sums of weighted Hardy atoms and obtain estimates
independent of the number of terms in each sum. We write f; as a finite sum of
atoms,

Z/\lkazkm 1=1,2,.

ki=1

where A, x; > 0 and a; 1, are (HP'(w), oo, N)-atoms. They are supported in cubes
Qi ki» |laik, < (w(Qik,)) M7, Jo.. 2Pa; 1, (v)dr = 0 for all |3| < N, and

Z)\g)’l 5 Hf'LHHPL(w
ki

Denote the centre of Q; %, by ci, and the side length of Q;, by lix,. Using
multi-sublinearity, we write

Tbi(flv"'afm Z A1 N mk Tbl(al kl?'--aam,km)(x)'

Then, we decompose Ty (f1, ..., fm)(z) into two parts, for z € R"
Ty, (frs oo fm) () < X(2) + T(2),

where
I(flf) = Z )\Lk1 e )\m,kalTl (al,klv e ’am7kM)(x)XQ~1.k'1m"'QO,km’
k1yeeskm
I(x) = > Ak Amkn i (G0 - Sk (@)X Gs UG,
k1,eokm
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By lemmas 2.2 and 4.1 and the same arguments as estimating I; in the proof of
theorem 1.2, we have

m
11| zr ) < loillsato [T I fill e o)-

i=1

Next, we estimate ||11][1» (), we split it again

o) S| D0 Mk Ak | b = b, |
kiyeooskm
*
xT (a17k1’ s Alkys - - ’am’km)xéiklu"“@;,km
LP(w)
DD Ak Ak,
k1o ko
*
X T (armys -5 (00 = DLQu )ALk - 5 G ) X e b UGS,
Lr(w)

=: T e (w) + L2 £r(w)-

Using lemmas 2.3 and 4.2 and the same arguments as estimating I5; in the proof
of theorem 1.2, we can obtain

11| Loy S Noullenio [T I1fillzv ) -

i=1
To estimate ||I12]|1p (), for any k; € {1, 2, ..., M},i=1, ..., m, we only need to
show
T* ()\1,]61 a17k17 ) )\l,]i}l (bl - bl,Ql,kl )a‘l;k?l rr )\m7k'm amykﬂl.)
Lr(w)

m
S bllsamon ,, [T ill i
=1

By the boundedness of T* from HP!(w) X --- X HP™(w) to LP(w), we need to show

Hm(w)/S”fi”Hpi(w)? ka'E{l,...,M}, ie{l,...,m}\l,

(| i s @i,
and
At (0 = b1,Qu i am || o () S Willzree oy el Bty K € {1, M}
Using the same argument as (3.1), we can obtain

HAi’kiMN(a)i’k’i)HLPi(w) ’S H'fiHHpi(W)’ kl € {17"'7M}7 S {1,,m}\l,

https://doi.org/10.1017/prm.2023.57 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.57

and

Multilinear commutators on weighted Hardy spaces 1279

At M (b = br.@u i) || o ) S Wil mee o el B0,y K € {1, M}

Thus,

12| oy S I0illsaton,, TT il w)-

i=1

Combining the estimates in both cases, there is

HT;(f)HLP(w)S > o Ibsllsron.,, | TTIiller: o),
j=1 i=1

which completes the proof of theorem 1.3. (|
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