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Brill-Noether loci in codimension two

Nicola Tarasca

ABSTRACT

Let us consider the locus in the moduli space of curves of genus 2k defined by curves
with a pencil of degree k. Since the Brill-Noether number is equal to —2, such a locus
has codimension two. Using the method of test surfaces, we compute the class of its
closure in the moduli space of stable curves.
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Introduction

The classical Brill-Noether theory is of crucial importance for the geometry of moduli of curves.
While a general curve admits only linear series with non-negative Brill-Noether number, the
locus M;, 4 of curves of genus g admitting a g/, with negative Brill-Noether number p(g, 7, d) :=
g— (r+1)(g—d+r) <0 is a proper subvariety of M. Harris, Mumford and Eisenbud have
extensively studied the case p(g, 7, d) = —1 when M 4 is a divisor in M. They computed the
class of its closure in M, and found that it has slope 6 + 12/(g + 1). Since for g > 24 this is less
than 13/2 the slope of the canonical bundle, it follows that Mg is of general type for g composite
and greater than or equal to 24.

While in recent years classes of divisors in ﬂg have been extensively investigated,
codimension-two subvarieties are basically unexplored. A natural candidate is offered from Brill-
Noether theory. Since p(2k, 1, k) = —2, the locus M%k i C Moy, of curves of genus 2k admitting
a pencil of degree k has codimension two (see [Ste98]). "As an example, consider the hyperelliptic
locus M}m in My.
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Our main result is the explicit computation of classes of closures of such loci. When g > 12,
a basis for the codimension-two rational homology of the moduli space of stable curves ./\/lg has
been found by Edidin [Edi92]. It consists of the tautological classes Ii% and ko together with
boundary classes. Such classes are still homologically independent for g > 6. Using the stability
theorem for the rational cohomology of M, Edidin’s result can be extended to the case g > 7.
While there might be non-tautological generators coming from the interior of Mg for g =6, one
knows that Brill-Noether loci lie in the tautological ring of M. Indeed in a similar situation,
Harris and Mumford computed classes of Brill-Noether divisors in M, before knowing that
Picg(My) is generated solely by the class A, by showing that such classes lie in the tautological
ring of M, (see [HM82, Theorem 3]). Their argument works in arbitrary codimension.

Since in our case r =1, in order to extend the result to the Chow group, we will use a
theorem of Faber and Pandharipande, which says that classes of closures of loci of type M;’d

are tautological in M, [FP05].

Then, having a basis for the classes of Brill-Noether codimension-two loci, in order to
determine the coefficients we use the method of test surfaces. That is, we produce several surfaces
in M, and, after evaluating the intersections on one hand with the classes in the basis and on
the other hand with the Brill-Noether loci, we obtain enough independent relations to compute
the coefficients of the sought-for classes.

The surfaces used are bases of families of curves with several nodes, hence a good theory of
degeneration of linear series is required. For this, the compactification of the Hurwitz scheme
by the space of admissible covers introduced by Harris and Mumford comes into play. The
intersection problems thus boil down first to counting pencils on the general curve, and then to
evaluating the respective multiplicities via a local study of the compactified Hurwitz scheme.

For instance when k = 3, we obtain the class of the closure of the trigonal locus in M.

THEOREM 1. The class of the closure of the trigonal locus in Mg is

—1
[MG,S]Q _ 14451 4k + ?iiw(g) 2154541w(3) 11975 (4) + 77)\(3)

BN6o — NGy — 18306, — L7 — G567 + 18614
8235 12 4 391 51 3 + 3326501 51 4 + 12555 + 125552
+ do,0 + 7725501 + 8602 — %503-1- 223504—1- 5605

+ 2601 — 265.

For all k > 3 we produce a closed formula expressing the class of ﬂ;kk

THEOREM 2. For k > 3 the class of the locus M;kk in Moy, is

2k 62k — 7)1
3(k!
2k—2
+ ) (—180i* 4 1206 (6% + 1) — 36i>(20k” + 24k — 5)

[m;k,k]Q [(3k2 + 3k + 5)KT — 24k(k 4 5)ko

+ 24i(52k% — 16k — 5) + 27k% + 123k + 5)w® +
The complete formula is shown in §7. We also test our result in several ways, for example

by pulling-back to Ms 1. The computations include the case g = 4, which was previously known:
the hyperelliptic locus in My has been computed in [FP05, Proposition 5].
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FIGURE 1. Loci in M.

1. A basis for R%(M,)

Let A*(M,) be the Chow ring with Q-coefficients of the moduli space of stable curves M, and
let R*(M,) C A*(M,) be the tautological ring of M, (see [FP05]). In [Edi92], Edidin gives a
basis for the space of codimension-two tautological classes R?(M,) and he also shows that such
a basis holds for the codimension-two rational homology of M, for g > 12.

Let us quickly recall the notation. There are the tautological classes 3 and k2 coming from
the interior Mg; the following products of classes from Picg(M,): Ao, Ad1, Ao, 62 and 6%; the
following push-forwards A®, A0~ @) and w=" of the classes A and w = 1 respectively from
My and My_;1 to A; © My A3 00 26073 and w®), .. w072 for 1 <i < |(g —1)/2] the
Q-class 0; of the closure of the locus ©; whose general element is a union of a curve of genus 4
and a curve of genus g — ¢ — 1 attached at two points; finally the classes d;; defined as follows.
The class dqg is the Q-class of the closure of the locus Agy whose general element is an irreducible
curve with two nodes. For 1 < j < g — 1 the class dp; is the @Q-class of the closure of the locus
Ap; whose general element is an irreducible nodal curve of geometric genus g — j — 1 together
with a tail of genus j. Finally, for 1<i<j<g—2 and i+ j < g — 1, the class d;; is defined
as 0 := [Kij]Q, where A;; has as general element a chain of three irreducible curves with the
external ones having genus ¢ and j (see Figure 1).

The above classes generate R? (M,) and Edidin shows that they are homologically
independent for g > 6. It follows that for g > 6 the space of codimension-two tautological classes
R%(M,) has dimension

[(g” = 1)/4] +3g — 1.

When ¢ > 12, to conclude that the above classes also form a basis for H2(3g_3)_4(ﬂg, Q),

Edidin gives an upper bound on the rank of H2(3g_3)_4(ﬂg, Q) using that H*(M,, Q) = Q? for

g = 12 as shown by Harer. By the stability theorem for the rational cohomology of M, we know
that

H (Mg, Q) = H* (M1, Q) = HY (M2, Q) = - -
for 3k <2(g — 1) (see for instance [Wah12]). It follows that the above classes form a basis for
Hy(35—3)-4(My, Q) when g > 7.
While for g = 6 there might be non-tautological generators coming from the interior of Mg,

using an argument similar to [HM82, Theorem 3] one knows that classes of Brill-Noether loci
M 4 lie in the tautological ring of M,. It follows that classes in H2(3g,3),4(ﬂg, Q) of closures
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of Brill-Noether loci of codimension two can be expressed as linear combinations of the above
classes for g > 6.

In the case r =1, we know more; classes of closures of Brill-Noether loci ﬂ;,d lie in the
tautological ring of M, (see [FP05, Proposition 1]). Hence for g = 2k > 6 we can write

[ﬂék,k]Q = Ak} + Auyka + A5263 + Ans, A0 + As207 + Axs, A0t + Axg, Ada

g—2 g8 ‘ L(9—1)/2]
+ Z Aw(i)w(l) 4 Z A)\(::))\(l) + Z Agij 5@']‘ + Z Agﬁi (1.1)
=2 =3 @] =1

in R? (ﬂg, Q), for some rational coefficients A.

2. On the method of test surfaces

The method of test surfaces has been developed in [Edi92]. See [Edi92, §§3.1.2, 3.4 and Lemma
4.3] for computing the restriction of the generating classes to cycles parametrizing curves with
nodes. In this section we summarize some results which will be used frequently in §6.

In order to compute the restriction of k7 to test surfaces, we will use Mumford’s formula for
k1t if g > 1 then k1 = 12X — § in Picg(M,) (see [Mum?77]). In the following proposition we note
how to compute the restriction of the class ko and the classes w® and A®) to a certain kind of

surface which will appear in §6 in (S1)—(S14).

PROPOSITION 3. Let m1: X1 — B be a one-dimensional family of stable curves of genus ¢ with
section o1: By — X1 and similarly let mo: X9 — By be a one-dimensional family of stable curves
of genus g —1i with section o9: By — Xso. Next, obtain a two-dimensional family of stable
curves m: X — By x By as the union of Xy x By and B; X X9 modulo glueing o1(B1) X Bo
with By X 09(Bz2). Then the class ko and the classes w® and A9 restrict to By x By as follows

K9 = O,
) =00 =y (3B o (3(B)) if2<i<g/2,
w9/2) = —2m1,(03(B1)) 72, (03(Bs)) if g = 21,
w@) =0 for j & {i, g — i},
A0 = Ag, T, (05 (B2)) if3<i<g/2,
A7) = Ap, 71, (0% (B1)) if3<i<g/2,
A9/2) = \p, 2, (03(B2)) + A, m1. (0} (By)) if g = 2i,
AD = Np 8i—i1lB, + AB,0j—gri By for j & {i, g — i},

where 0p,1|B, € Picg(M;,1) and similarly 0y, 1|p, € Picg(Mg_i1).

Proof. Let v: X — X be the normalization, where X = X1 X BoU By x Xo. Let Kx/p, xB, =
c1(wx/B,xB,)- We have
ko = (K% g xp,) = Tss((V" Kx/B,xB,)°)

where we have used that v is a proper morphism, hence the push-forward is well defined. One
has

KX/BlXBQ = (KX1/Bl X BQ) @ (B]_ X KXz/BQ)
hence

V' Kx/B xB, = (Kx,/B, +01(B1)) x B2) ® (B1 x (Kx, /B, + 02(B2))).
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Finally
(Kx,/B, +01(B1)) x B2)’ = (Kx,/p, +01(B1))’ x B2 =0
since Kx,/p, +01(B1) is a class on the surface X1, and similarly for By x (Kx,,p, + 02(Ba2)),
hence k9 is zero.
The statement about the classes w(® and A follows almost by definition. For instance, since
the divisor 9; is
0; = W*(J%(Bl) X BQ) + W*(Bl X U%(Bg))

we have
W = —m1,(03(B1)) - m2.(03(B2)).

The other equalities follow in a similar way. O

3. Enumerative geometry on the general curve

In order to construct admissible covers, we will often have to count pencils on general curves.
Here we recall some well-known results in Brill-Noether theory.

Let C be a complex smooth projective curve of genus g and [ = (%, V) a linear series of
type g; on C, that is £ € Pic?(C) and V c H(C, %) is a subspace of vector-space dimension
r+ 1. The wvanishing sequence a'(p):0<ag<---<a, <d of | at a point p € C is defined as
the sequence of distinct order of vanishing of sections in V' at p, and the ramification sequence

Adp):0<ap<--<a,<d—r as oj:=a; — i, for i=0,...,r. The weight w'(p) will be the
sum of the quantities «;.
Given an n-pointed curve (C, pi,...,pn) of genus g and | a g, on C, the adjusted Brill-

Noether number is

p(Cop1, - pa) = plg,rd,dl(pr), .ol (pn) =g — (r+ 1)(g —d +71) = Y ol(py)-

,J
3.1 Fixing two general points
Let (C,p,q) be a general 2-pointed curve of genus g > 1 and let a = (a,...,q,) and f=
(Bo, - - -, Br) be Schubert indices of type r,d (that is 0 < o9 < - - - < < d — 7 and similarly for

B) such that p(g,r, d, a, 3) = 0. The number of linear series g}, having ramification sequence o
at the point p and (§ at the point ¢ is counted by the adjusted Castelnuovo number

1
gl det < - - >
i +i+Br—j+r—i+9—d!) o<
where 1/[o;; +i+ Br—j + 17— j+ g —d]! is taken to be zero when the denominator is negative
(see [Far09, Proof of Proposition 2.2] and [Ful98, Example 14.7.11(v)]). Note that the above
expression may be zero, that is the set of desired linear series may be empty.
When r =1 let us denote the above expression by Ny g« 5. If ag = By = 0 then

1 1
Ng7d7a’5 - g! | | - | | ’
Br+l4+g—d)(ai+1+g—d)! (g—d)(ai+pi+2+g—d)
Subtracting the base locus agp + Gpg, one can reduce the count to the case ag = Gy =0, hence

Ngvd7a7ﬂ = Ng,d—ao—ﬁm(oﬂl—ao)u(oﬂl—ﬁo)'
In the following we will also use the abbreviation N, 4, when f3 is zero, that is N 4, counts
the linear series with the only condition of ramification sequence « at a single general point.
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3.2 A moving point

Let C be a general curve of genus g>1 and a = (ap, @1) be a Schubert index of type
1,d (that is 0 < ag <o <d—1). When p(g, 1,d, «) = —1, there is a finite number ny g, of
(z,1c) € C x W}(C) such that o' (z) = a. (Necessarily p(g, 1, d) > 0 since the curve is general.)
Assuming «g =0, one has o =2d — g — 1 and

g!

Ngdo=(2d—g—1)(2d - g)(2d — g + 1)m-

If ag > 0 then ng g0 = 1y d—a,,0,01—a0)- Each lo:= lo(—apz) satisfies ho(l~c) = 2, is generated by
global sections, and H°(C, l~c) gives a covering of P! with ordinary branch points except for a
(a1 — ag)-fold branch point, all lying over distinct points of P'. Moreover, since for general C
the above points x are distinct, one can suppose that fixing one of them, the ¢ is unique. See
[HM82, Theorem B and p. 78]. Clearly « in the lower indexes of the numbers n is redundant in
our notation, but for our purposes it is useful to keep track of it.

3.3 Two moving points

Let C be a general curve of genus g > 1 and « = (v, 1) be a Schubert index of type 1, d (that is
0<ag<a;<d—1). When p(g,1,d, a, (0,1)) = —2 (and p(g, 1,d) > 0), there is a finite number
Mg da of (2,y,lc) € C x C x GL(C) such that o!°(z) = a and o' (y) = (0, 1). Subtracting the
base locus as usual, one can always reduce to the case ag = 0.

LEMMA 4. Assuming ag =0, one has
Mgda ="Ngda - (39 —1).

Proof. Since p(g, 1, d, a) = —1, one can first compute the number of points of type z, and then,
fixing one of these, use the Riemann—Hurwitz formula to find the number of points of type y. O

4. Compactified Hurwitz scheme

Let Hy be the Hurwitz scheme parametrizing coverings 7: C' — P! of degree k with b ordinary
branch points and C' a smooth irreducible curve of genus g. By considering only the source curve
C, Hyp admits a map to M,
o: H kb — Mg.
In the following, we will use the compactification Hy of Hgp by the space of admissible covers
of degree k, introduced by Harris and Mumford in [HM82]. Given a semi-stable curve C of genus
g and a stable b-pointed curve (R, p1, p2, . . ., pp) of genus 0, an admissible cover is a regular map
7: C — B such that the following hold: 7' (Bgsmooth) = Csmooths T Cimoon 1S simply branched
over the points p; and unramified elsewhere, F_I(Bsingular) = Csingular and if C7 and Cy are two
branches of C' meeting at a point p, then 7|, and 7|c, have the same ramification index at p.
Note that one may attach rational tails at C to cook up the degree of .
The map o extends to

o Fk,b — Mg-

In our case g =2k, the image of this map is Mékk It is classically known that the Hurwitz
scheme is connected and its image in M, (that is, M3, , in our case) is irreducible (see for
instance [Ful69]). 7

Similarly for a Schubert index « = (ag, a1) of type 1,k such that p(g, 1, k, o) =—1 (and
p(g,1,k) >0), the Hurwitz scheme Hy () (respectively Hyp(a)) parameterizes k-sheeted
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E i ;\—R R :: 215
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X X
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X@l)o’lx

P Pho (P
(a) The case 2p =¢q + x (b) The case x = p

FIGURE 2. The admissible covers for the two fibers of the family C' when g = 2.

(admissible) coverings 7: C' — P! with b ordinary branch points p, . . . , p, and one point p with
ramification profile described by « (see [Dia85, §5]). By forgetting the covering and keeping
only the pointed source curve (C, p), we obtain a map Hyp(a) — M, with image the pointed

Brill-Noether divisor ﬂ;k(a).

Let us see these notions at work. Let (C, p, ¢) be a 2-pointed general curve of genus g — 1 > 1.
In the following, we consider the curve C in M, obtained by identifying the point ¢ with a
moving point z in C. In order to construct this family of curves, one blows up C' x C at (p, p)
and (g, q) and identifies the proper transforms S; and Sy of the diagonal A¢ and ¢ x C. This is
a family m: X — C with a section corresponding to the proper transform of p x C, hence there

exists a map C' — M, 1. We denote by C the image of C in M, ;.

LEMMA 5. Let g =2 and let W be the closure of the Weierstrass divisor in Mg,l. We have

EQ’Q = deg(é . W) =2.

Proof. There are two points in C' with an admissible cover of degree 2 with simple ramification
at the marked point, and such admissible covers contribute with multiplicity 1. Note that here
C' is an elliptic curve. One admissible cover is for the fiber over x such that 2p = ¢ + x, and the
other one for the fiber over x = p (see Figure 2). In both cases the covering is determined by
|g + z| and there is a rational curve R meeting C' in ¢ and x.

When 2p=gq+ z, the situation is as in [HM82, Theorem 6(a)]. Let C'— P be the

corresponding admissible covering. If
B

is a general deformation of [C” — P] in Hs (0, 1), blowing down the curve R we obtain a family

C

P

of curves C — B with one ordinary double point. That is, B meets Ay with multiplicity 2.
Considering the involution of [C’ — P] obtained by interchanging the two ramification points
of R, we see that the map Hs;(0,1) — My is ramified at [C' — P]. Hence [C"] is a transverse
point of intersection of W with A and it follows that C' and W meet transversally at [C’].
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When z = p, the situation is similar. In a general deformation in Ha (0, 1)
C \ P
B
of the corresponding admissible covering [C” — P], one sees that C’ is the only fiber of C — B
inside A, and at each of the two nodes of C’, the space C has local equation z - y = t. It follows

that C’ is a transverse point of intersection of W with Agg. Hence C’ is a transverse point of
intersection of C' with W. See also [Har84, §3]. O

LEMMA 6. Let g =2k —2 > 2. The intersection of C with the pointed Brill-Noether divisor
ﬂ;k_Zk(O, 1) is reduced and it has degree

(2k — 3)!
(k—2)!(k— 1)

— 1
fg,k = deg(c ! M2k—2,k(0’ 1)) =2

Proof. Let us write the class of ﬂ;k(o, 1) as aX + cp — > b;d; € Picg(M,1). First we study the
intersection of the curve C with the classes generating the Picard group. Let 7: ﬂg,l — ﬂg be
the map forgetting the marked point and o: ﬂg — Mg,l the section given by the marked point.
Note that on C' we have deg 1) = —deg 7. (c?) = 1, since the marked point is generically fixed and
is blown up in one fiber. Moreover, deg d,—1 = 1, since only one fiber contains a disconnecting
node and the family is smooth at this point. The intersection with dy deserves more care. The
family is indeed inside Ag: the generic fiber has one non-disconnecting node and moreover the
fiber over x = p has two non-disconnecting nodes. We have to use [HM98, Lemma 3.94]. Then

deg 6o =deg S? + deg 52 +1=—-2(9g—1)—1+1=2—2g. (4.1)

All other generating classes restrict to zero. Then
— =l
deg(C - [M (0, 1)]) = ¢+ (29 — 2)bo — bg—1.

On the other hand, one has an explicit expression for the class of ﬂ;’k((), 1):

(2k — 4)! =

| 6(k+ 1A+ 6(k — 1) — ké 3+ 1)(2+1i—2k);

(7 (O D605 = 00—k 330+ 1) 42005
(see [Log03, Theorem 4.5]), whence the first part of the statement is proved.

Finally, the intersection is reduced. Indeed, since the curve C'is general, an admissible cover
with the desired property for a fiber of the family over C' is determined by a unique linear series
(see [HMS82, p. 75]). Moreover, reasoning as in the proof of the previous lemma, one sees that C
and ﬂ;’ (0, 1) always meet transversally. O

5. Limit linear series

The theory of limit linear series will be used. Let us quickly recall some notation and results.
On a tree-like curve, a linear series or a limit linear series is called generalized if the line bundles
involved are torsion-free (see [EH87, §1]). For a tree-like curve C' =Y; U - - - UY; of arithmetic
genus g with disconnecting nodes at the points {p;;}ij, let {ly,,...,ly.} be a generalized limit
linear series g}, on C. Let {¢;;}; be smooth points on Y;, i =1,...,s. In [EH86] a moduli space
of such limit series is constructed as a disjoint union of schemes on which the vanishing sequences
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S
Ch s \’ Cy

FIGURE 3. How the general fiber of a family in (S1) moves.

of the aspects ly, at the nodes are specified. A key property is the additivity of the adjusted
Brill-Noether number, that is

p(g, ry d, Lo (qie) Yir) 2D p(Yi, {pig s, {ainde).
(2

The smoothing result [EH86, Corollary 3.7] assures the smoothability of dimensionally proper
limit series. The following facts will ease the computations. The adjusted Brill-Noether number
for any g}, on 1-pointed elliptic curves or on n-pointed rational curves is non-negative. For a
general curve C of arbitrary genus g, the adjusted Brill-Noether number for any g/, with respect
to n general points is non-negative. Moreover, p(C, y) > —1 for any y € C and any gJ; (see [EH89]).

We will use the fact that if a curve of compact type has no limit linear series of type g}, then
it is not in the closure of the locus My ; C My of smooth curves admitting a gg.

6. Test surfaces

We are going to intersect both sides of (1.1) with several test surfaces. This will produce linear
relations in the coefficients A.

The surfaces will be defined for arbitrary g>6 (also odd values). Note that while the
intersections of the surfaces with the generating classes (that is the left-hand sides of the relations
we get) clearly depend solely on g, only the right-hand sides are specific to our problem of
intersecting the test surfaces with M;kk

When the base of a family is the product of two curves C x Ca, we will denote the obvious
projections by m; and ms.

(S1) For 2 <i < |g/2] consider the family of curves whose fibers are obtained by identifying a
moving point on a general curve C7 of genus ¢ with a moving point on a general curve Cs of
genus g — ¢ (see Figure 3).

The base of the family is the surface C7 x Cy. In order to construct this family, consider
C1 x C1 x Cy and C] x Cy x Cy and identify Ag, x Cy with C1 X Ag,. Let us denote this family
by X — C x Cs.

One has

i = c1(N(ag, xCo)/x @ Nicyxae,)/x) = —m(Ke,) — m5(Ke,).

Such surfaces are in the interior of the boundary of M,,. The only nonzero classes in codimension
two are the ones considered in § 2.

. . . !
We claim that the intersection of these test surfaces with My, ;. has degree

T := E Ni ko ™ Tg—i ke, (k—1—cu k—1—ao)
a:(amal)
p(l»lzk7a):71

(in the sum, « is a Schubert index of type 1, k). Indeed, by the remarks in §5, if {l¢,,lc,} is a
limit linear series of type gi. on the fiber over some (z,y) € Cy x Ca, then the only possibility
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FIGURE 4. How the general fiber of a family in (S2) moves.

is p(C1, ) = p(Ca,y) = —1. By §3.2, there are exactly T; points (x,y) with this property, the
linear series ¢, , o, are uniquely determined and give an admissible cover of degree k. Thus to
prove the claim we have to show that such points contribute with multiplicity 1.

Let us first assume that i > 2. Let m: C/ — P be one of these admissible covers of degree k,
that is, C" is stably equivalent to a certain fiber C Uz~y C2 of the family over Cy x Cs. Let us
describe the admissible covering more precisely. Note that P is the union of two rational curves
P = (P!); U (P')5. Moreover, 7|c, : C1 — (P!); is the admissible covering of degree k — g defined
by lo, (—apz), 7|, : C2 — (P1)s is the admissible covering of degree k — (k—1— ;) =a; + 1
defined by lc,(—(k — 1 — a1)y), and 7 has ¢-fold branching at p:=z =y with £:=a; + 1 — ap.
Finally there are aq copies of P! over (P!); and further k¥ — 1 — oy copies over (P!)s.

Such a cover has no automorphisms, hence the corresponding point [r: C' — P] in the
Hurwitz scheme ﬁhb is smooth, and moreover such a point is not fixed by any o € ¥p. Let
us embed 7: C’ — P in a one-dimensional family of admissible coverings

NS

B

C

P

where locally near the point p

Cisr-s=t,
Pisu-v="t,

WiSu:T‘Z, v=s"

and B := Spec C[[t]]. Now C is a smooth surface and after contracting the extra curves P!, we
obtain a family C — B in M, transverse to A; at the point [C’]. Hence (z,y) appears with
multiplicity 1 in the intersection of ﬂ;kk with C1 x Cs.

Finally, if ¢ = 2, then one has to take into account the automorphisms of the covers. To solve
this, one has to work with the universal deformation space of the corresponding curve. The
argument is similar (see [HMS82, p. 80]).

For each ¢ we deduce the following relation:

(20 = 2)(2(g — i) — D2Aw — Auio — Ayir-a] = T
Note that, if i = g/2, then A, and A, -+» sum up.

(S2) Choose i, j such that 2<i<j<g—3 and i +j<g— 1. Take a general 2-pointed curve
(F,p,q) of genus g — i — j and attach at p a moving point on a general curve C; of genus ¢ and
at ¢ a moving point on a general curve Cs of genus j (see Figure 4).

The base of the family is C1 x Cs. To construct the family, consider C7 x C1 x Co and C7 X
Cy x Cy and identify Ag, x Co and C7 x Ag, with the general constant sections p x C x Cy
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FIGURE 5. How the general fiber of a family in (S3) moves.

and ¢ X C1 x Cs of F' x O x Cy — (1 x Cy. Denote this family by X — Cy x C5. Then

0; = Cl(N(AcGCQ)/X @ N(pXCIXCz)/X) - _WT(KCH)’
(5]' = CI(N(CleCQ)/X ® N(quGCg)/X) - _W;(Kcz)

and

dij = c1(N(ag, xCo)/x @ Nipxcyxca)/x) - 1Ny xae,)/x @ Nigxcyxcy)/x)
=m (Ke,)m3(Kao,)-

. . . !
We claim that the intersection of these test surfaces with My, ;. has degree

Dij; = Z Ni ko Mjk,8 Ng—i—jk,(k—1—au,k—1—ao),(k—1—B1,k—1—B)
a=(ao,01)
ﬂ:(/BOwBl)
p(’b,lJﬂ,OL):_l
p(3,Lk,B)=—1
(in the sum, o and (3 are Schubert indices of type 1, k). Indeed by §5, if {i¢,,lr,lc,} is a
limit linear series of type g/,lc on the fiber over some (z, y) € C1 x Co, then the only possibility is

p(Ch, z) = p(Ca,y) = —1 while p(F, p,q) =0. By §§3.1 and 3.2, there are

: : nz7k7a nj7k7/3

a:(a()aal)

B=(o,51)
p(Z,l,k,Q):—l
p(]717k76):_1

points (z,y) in Cy x Co with this property, the l¢,, o, are uniquely determined and there are
N = Nyij e (k=100 k= 1-00), (k=1-F1 k=1 o)

choices for [p. That is, there are N points of Hy /3y over [C1 Ugp F Uy g Ca] € ﬂ;kk and

Mékk has N branches at [C] Uz~p F' Uy~q Co]. The claim is thus equivalent to saying that each
branch meets A;; transversely at [C Ug~p F Uy~q Cal.

The argument is similar to the previous case. Let m: C’ — D be an admissible cover of degree
k with C’ stably equivalent to a certain fiber of the family over C; x Cs. The image of a general
deformation of [C" — D] in Hyy to the universal deformation space of C’ meets A;; only at
[C’] and locally at the two nodes, the deformation space has equation zy =t. Hence [C’] is a
transverse point of intersection of M;kk with A;; and the surface C7 x Cy and M;kk meet
transversally.

For ¢, j we obtain the following relation:

(S3) Let (E, p, q) be a general 2-pointed elliptic curve. Identify the point ¢ with a moving point
x on E and identify the point p with a moving point on a general curve C' of genus g — 2 (see
Figure 5).
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FIGURE 6. How the general fiber of a family in (S4) moves.

The base of the family is £ x C'. To construct the family, let us start from the blow-up £ x FE
of E x E at the points (p, p) and (g, ¢). Denote by oy, 04, oA respectively the proper transforms

ofpx E,q x E, Ag. The family is the union of £ x E'x C'and E x C x C with o4 x C identified
with oo x C and o, x C identified with £ x Ac. We denote the family by 7: X — E x C.

The study of the restriction of the generating classes in codimension one is similar to the case
in the proof of Lemma 6. Namely

bo=—71(2), S1=mi(a), Oy-2=—mi(p) - m3(Kc).

Indeed, the family is entirely contained inside Ag: each fiber has a unique non-disconnecting node
with the exception of the fibers over p x C, which have two non-disconnecting nodes. Looking
at the normalization of the family, fibers become smooth with the exception of the fibers over
p x C, which now have one non-disconnecting node, and the family is smooth at these points. It
follows that 6 = m«(04 x C)2 + me(oa x C)2 + p x C. Only the fibers over ¢ x C contain a node
of type Ay, and the family is smooth at these points. Finally the family is entirely inside Ay_»
and 6,9 = m.(0p x C)2 + m.(E x A¢)?. We note the following

01,9-2 = [ (@Il=m2(Kc)],  dog—2 = [-77(29)][-m3(Ko)].

Let us study the intersection of this test surface with ﬂ;kk Let C' — D be an admissible
cover of degree k with C’ stably equivalent to a certain fiber of the family. Clearly the only
possibility is to map E and C to two different rational components of D with ¢ and z in the
same fiber, and have a 2-fold ramification at p. From Lemma 5 there are two possibilities for
the point x € E, and there are ng_5 1 0,1) points in C' where a degree k covering has a 2-fold
ramification. In each case the covering is unique up to isomorphism. The combination of the two
makes

2149k (0,1)
admissible coverings. We claim that they count with multiplicity 1.
The situation is similar to Lemma 5. The image of a general deformation of [C" — D] in Hy,
to the universal deformation space of C’ meets Agy N Ay only at [C’]. Locally at the three nodes,
the deformation space has equation zy =t. Hence [C’] is a transverse point of intersection of

ﬂ;kk with Ago N Ay and counts with multiplicity 1 in the intersection of the surface F x C
We deduce the following relation:

(2(9 — 2) — 2)[4_4,{? — Aw(Z) — Aw(gf2) — A51,g_2 =+ 2A501g_2] = 2ng,2,k,(0,1).

(S4) For 2< i< g—3,let (F,r,s) be a general 2-pointed curve of genus g —i — 2. Let (E, p, q)
be a general 2-pointed elliptic curve and, as above, identify the point ¢ with a moving point z
on F. Finally identify the point p € F with r € I' and identify the point s € F' with a moving
point on a general curve C' of genus ¢ (see Figure 6).
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FIGURE 7. How the general fiber of a family in (S5) moves.

The base of the family is £ x C. Let E x E, 0y, 04,0 be as above. Then the family is
the union of EX E X C, E x C x C and F x E x C with the following identifications. First,
o4 x C is identified with oa x C. Next, 0, X E is identified with » x Ex C C F x E'x C, and
sXx ExCCF xFExC with E x Ac.

The restriction of the generating classes in codimension one is

bo=-m1(29), d1=mi(qg), Ob2=-mi(p), & =—-m3(Kc)

and one has the following restrictions:

61, = [m1(q)][-m2(Kc)],
do,i = [=71(20)][-m3(Kc)],
02,4 = [=m1(p)][—m2 (Kc)].
Suppose C' — D is an admissible covering of degree k with C’ stably equivalent to a certain
fiber of this family. The only possibility is to map F, F, C to three different rational components

of D, with a 2-fold ramification at r and ramification prescribed by o = (ag, @1) at s, such that
p(i, 1, k, ) = —1. The condition on « is equivalent to

plg —i=2,1,k(0,1),(k—1-ai,k—1-ag))=0.

Moreover, ¢ and x have to be in the same fiber of such a covering. There are

Z 2ni,k,o¢

a=(aog,01)
p(7’717k7a):_1

fibers which admit an admissible covering with such properties (in the sum, « is a Schubert
index of type 1, k). While the restriction of the covering to E and C' is uniquely determined up
to isomorphism, there are

N:=Ny i 2k 0,1),(k—1-a,k—1—ao)
choices for the restriction to F' up to isomorphism. As in (S2), this is equivalent to saying that
m;kk has N branches at [C']. Moreover, each branch meets the boundary transversally at [C’]

(similarly to (S3)), hence [C’] counts with multiplicity 1 in the intersection of E x C' with M;kk
Finally, for each i we deduce the following relation:

(2Z - 2) [4Alir{’ - A51,7’, + 2A50,7’, + A52,i] = Z 2Ngfif2,k,(071),(k717011,k*lfao) * Nk o

a=(ao,01)
p(1717k7a):71

(S5) Identify a base point of a generic pencil of plane cubic curves with a moving point on a
general curve C' of genus g — 1 (see Figure 7).

The base of the family is P! x C. Let us construct this family. We start from an elliptic
pencil Y — P! of degree 12 with zero section o. To construct Y, blow up P? in the nine points
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FIGURE 8. How the general fiber of a family in (S6) moves.

of intersection of two general cubics. Then consider Y x C' and P! x C' x C and identify o x C
with P! x Ac. Let = be the class of a point in P'. Then

A=ri(2), So=12) 6 =—ni(x) - m5(Ko).
Note that
60,9—1 = [12m7 (z)][—m3 (K )]

This surface is disjoint from Mikk Indeed, C' has no linear series with adjusted Brill-
Noether number less than —1 at some point, and an elliptic curve or a rational nodal curve
has no (generalized) linear series with adjusted Brill-Noether number less than 0 at some point.
Adding, we see that no fiber of the family has a linear series with Brill-Noether number less
than —1, hence

(2(9 — 1) — 2)[214,{% — 12A50,971 + 2A5% — A)\gl] =0.
(S6) For 3 <i< g — 3 take a general curve F' of genus i — 1 and attach at a general point p an
elliptic tail varying in a pencil of degree 12 and at another general point a moving point on a
general curve C of genus g — i (see Figure 8).
The base of the family is P! x C. In order to construct the family, start from Y x C

and P! x C' x C and then identify o x C' and P' x A¢ with two general constant sections of
F x P! xC—P!' xC.HereV,o are as above. Then

)\:71'?(1'), 50:12)\, 51:—7{‘1‘(1‘), 5g,i=—7r>2k(Kc).
Note that
01,9-i = [~ (@)][=m2(Kc)],  Gog-i = [12m (2)][-m3 (Kc)]-
Again C has no linear series with adjusted Brill-Noether number less than —1 at some point,
an elliptic curve or a rational nodal curve has no (generalized) linear series with adjusted Brill-
Noether number less than 0 at some point and F' has no linear series with adjusted Brill-Noether

number less than 0 at some general points. Adding, we see that no fiber of the family has a linear
series with Brill-Noether number less than —1, hence

(2(g —1i) — 2)[214,% —Ayo + A5, — 121450,971.] =0.
In case i =g — 2 we have
2[2A,€§ — A)\(;z + Aél,z — 12A50‘2] =0.

(S7) Let (E1, p1, q1) and (E2, p2, g2) be two general pointed elliptic curves. Identify the point g;
with a moving point x; in E;, for ¢ = 1, 2. Then identify p; and ps with two general points r1, ro
on a general curve F' of genus g — 4 (see Figure 9).

The base of the family is Fy x Fs. Fori =1, 2, let E; X E; be the blow-up of E; x E; at (p;, p;)
and (g;, ¢;). Denote by oy, 04,, 0a,, the proper transforms of p; x Ej, ¢; X Ej, Ag,, respectively.
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FIGURE 10. How the general fiber of a family in (S8) moves.

The family is the union of E; X E1 X Fy, E1 X E5 X Ey and F x E] x Ey with the following
identifications. First, o4 X E2 and FE; X 04, are identified with OAp, X B2 and Ej X OAp, s
respectively. Then o, x Eo and E; x 0, are identified with r x E7 x Ey and ry X Ey x E»,
respectively. We deduce that

do = —71(2q1) — 73 (2q2),
61 = mi(q1) + m3(q2),
b2 = —mi(p1) — m3(p2)
and we note that
d2.2 = 1 (p1)73(p2),
12 = =7 (q1)m3(p2) — m3(q2)T1(P1),
61,1 = 71 (q1)m3(q2),
doo = 7 (2q1)m3(242),
o2 = m1 (2q1)m53(p2) + 73(292) 77 (1),
dor = — 71 (q1)m3(2q2) — m5(q2)m7 (2q1)-

If a fiber of this family admits an admissible cover of degree k, then r; and 79 have to be
2-fold ramification points, and ¢; and x; have to be in the same fiber, for ¢ =1, 2. From Lemma 5
there are only 4 fibers with this property, namely the fibers over (p1,p2), (p1,ds), (G1, p2) and
(@1, G2), where @; is such that 2p; = ¢; +¢; for i =1, 2.

In these cases, the restriction of the covers to Fi, Fo is uniquely determined up to
isomorphism, while there are Ny_4 1 (0,1),(0,1) choices for the restriction to F' up to isomorphism.
As for (S3), such covers contribute with multiplicity 1, hence we have the following relation:

8An? + A52,2 - 2"451,2 + A51,1 + 2A5% + 8A53 + 4A500 + 4‘4502 - 414501 = 4N9—4»k7(071)7(071)'

(S8) Consider a general curve F of genus g — 2 and, at two general points, attach elliptic tails
varying in pencils of degree 12 (see Figure 10).

The base of the family is P! x P!, Let us construct the family. Let Y — P! and Y’ — P! be
two elliptic pencils of degree 12, and let o and ¢’ be the respective zero sections. Consider Y x P!
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FIGURE 11. How the general fiber of a family in (S9) moves.

and P! x Y’ and identify o x P! and P! x ¢’ with two general constant sections of F' x P! x P! —
P! x PL. If x is the class of a point in P!, then

A=7i(x) +m(x), do=12X\, 01 =—A
Note that
doo = [1277 (2)][1275 ()],

o110 = [=m (@)][-m3(2)];
do1 = [12m7 (2)][=m3 ()] + [=771 (2)][1273 (2)].

Studying the possibilities for the adjusted Brill-Noether numbers of the aspects of limit linear
series on some fiber of this family, we see that this surface is disjoint from Mék,k: hence

2A,i§ + 2881453 + 2445, + 2A5% — 24,5, + 144 A5, + As, , — 2445, =0.

(S9) For 2<j <g—3let R be a smooth rational curve, attach at the point co € R a general
curve F' of genus g — j — 2, attach at the points 0, 1 € R two elliptic tails F1, Fo and identify a
moving point in R with a moving point on a general curve C' of genus j (see Figure 11).

The base of the family is R x C. Let us start from a family P — R of 4-pointed rational
curves. Construct P by blowing up P! x P! at (0, 0), (1, 1) and (oo, o), and consider the sections
00, 01, 0oo and o corresponding to the proper transforms of 0 x P!, 1 x P!, 0o x P! and Ap:.

To construct the family over R x C, consider P x C' and R x C x C'. Identify oa x C' with
R x Ac¢. Finally identify o9 x C, 01 X C and 04 x C respectively with general constant sections
of the families £1 x R x C, Fy x Rx C and ' x R x C. Then

51 = —7'(‘?(0 + 1),

02 :TFT(OO)a
0j = —m (Kpr + 0+ 1+ o0) — m3(K¢),
Og—j—2 = —m1(00),

Og—j—1 =1 (0+1).

If for some value of j some of the above classes coincide (for instance, if j =g — 3 then
01 =d4—j—2), then one has to sum up the contributions. Note that

o1j = [=m1(0 + D] [-m3(Ko)],
0j,g—j— 2:[ 71 (00)][—m3 (Kc)l,
= [m1 (c0)][=m3 (K¢,
8j,g—j—1 = [ (0 + D][-m3(Kc)].

1550

https://doi.org/10.1112/50010437X13007215 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X13007215

BRILL-INOETHER LOCI IN CODIMENSION TWO

FIGURE 12. How the general fiber of a family in (S10) moves.

As for (S8), this surface is disjoint from ﬂ;k,k, hence

(2 — 2)[24,2 + 245, + A5 — As,, — 245 — Ay — Aye-»] =0.

J,g—3—2 J,g—j—1

Again, let us remark that for some value of j, some terms add up.

(S10) Let (R1,0,1,00) and (Rg, 0,1, 00) be two 3-pointed smooth rational curves, identify a
moving point on Ry with a moving point on R, attach a general pointed curve F' of genus g — 5
to 0o € Ry and attach elliptic tails to all the other marked points (see Figure 12).

The base of the family is R; x Rs. First construct two families of 4-pointed rational curves
P, — R; and P> — Ro respectively with sections og, 01, 00, 0A and 7g, 71, Teo, TA as for the
previous surface. Consider P; x Ry and Ry X Ps. Identify oA X R with Ry X 7a. Finally identify
Ry X 7o with a general constant section of F' X Ry X Ro and identify o9 X Ra, 01 X Ra, 000 X
Ry, R1 X 19, R1 x 71 with the respective zero sections of five constant elliptic fibrations over
R1 X RQ.
This surface is disjoint from M;kk For g > 8
0 =-m(0+1+00)—m(0+1),
92 = (0 + 1 + 00) + m5(00),
d3 = —m(Kgr, + 0+ 1+ 00) —m5(Kg, + 0+ 1+ c0),
59_5 - _7"5(00)’

5-1=73(0+1)

and note the restriction of the following classes

d11=[-m(0+ 1+ 00)][-m5(0+ 1)],
01,9-5 = [=71 (0 + 1 + 00)][-m3(o0)],
3 =[-m(Kgr +0+1+00)][-75(0+ 1)],
03,95 = [—m (KR, + 0+ 1+ 00)][—m3(00)],
10+ 14+ 00)|[-m5 (KR, + 0+ 1+ c0)],

[
[
[
[
d1g-3=[—-7
[
[
[
[

1( 2(
d2,9-5 = [ (0 4+ 1 4 00)][—73(c0)],
012 =[m(0+ 1+ 00)][-75(0+ 1)] + [-77 (0 + 1 + 00)][75 (00)],
01,94 = [-71 (0 + 1 4 00)][m5(0 + 1)],
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[=71 2

G283 = [~ (KR, + 0+ 14 00)][m5(c0)],
[77 (0 + 1+ 00)][m3(0 + 1)],
[

It follows that

2Am§ =+ 12145% =+ 6A51,1 =+ 3A51,g75 + 2A51,3 + A53’g75 + 3A51.’g73
— Aw(s) — Aw(ngS) — 3(1452&73 =+ A52,g75 + 2A51‘2)
- 2(3‘451@74 + A63,g74) - (3A51,2 + A52,3) + 6‘452,974 + 3A52,2 =0.

For g = 6 the coefficient of A is 18. When g € {6, 7, 8}, note that some terms add up.

(S11) Consider a general curve F of genus g — 4, attach at a general point an elliptic tail varying
in a pencil of degree 12 and identify a second general point with a moving point on a rational
3-pointed curve (R, 0, 1, c0). Attach elliptic tails at the marked point on the rational curve (see
Figure 13).

The base of the family is P' x R. Consider the elliptic fibration Y over P! with zero
section o as in (S5), and the family P over R with sections oq, 01, 000, oA as in (S9). Identify
0 X RCY x Rand P! x op C P! x P with two general constant sections of F' x P! x R. Finally
identify P! x og, P! x 01, P! X 05, C P! x P with the respective zero sections of three constant
elliptic fibrations over P! x R. Then

A =mi(x),
do =12\, &1 =—7ni(z) —75(0+ 1+ o00),
52:7'(';(04-14-00), (53:—7T§(KR+0+1—|—OO).

Note the restriction of the following classes

do1 = [127] (2)][-73(0 + 1 + o0)],
do3 = [1277 (z)][-73 (KR + 0 + 1 + 00)],
do2 = [127] (2)][m3(0 + 1 4 00)],
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FIGURE 14. How the general fiber of a family in (S12) moves.

. e ——1
This surface is disjoint from My ;, hence

2A/~:§ — Ay + 6A5% + 3A51y1 —3Ays, + A51,3 — 3645, — 1245,
+ B[A)\gz + 12A§02 — A(sm] =0.
(S12) Let R be a rational curve, attach two fixed elliptic tails at the points 0 and 1, attach at
the point oo an elliptic tail moving in a pencil of degree 12 and identify a moving point in R
with a general point on a general curve F' of genus g — 3 (see Figure 14).
The base of the family is P! x R. Let Y,o and P, 0g,01,00,0A be as above. Identify
0 x RCY x R with P! x 050 CP! x P, and P! x oo C P! x P with a general constant section
of F x P! x R. Finally identify P! x o¢, P! x o with the zero sections of two constant elliptic
fibrations over P! x R. Then
A =7 (z),
50:12/\, 51:—7TT($)—7T;(OO+0+1),
52=ﬂ§(00+0+1), 53=—W§(Kp1+0+1+00).

Let us note the following restrictions

do1 = [1277 (z)][-m3(0 + 1)],
00,9—3 = [127] (z)][—m5 (Kpr + 0+ 1 4 00)],
b0,g-1 = (127} (x)][—73(c0)],

. e ——1
This surface is disjoint from My, ;, hence

QA@ — 3A)\51 — 2414501 — 12A5o,973 — 12A507971 + 6A5‘f) + 2A51‘1 + A511g73
— A>\<3) + 2(14)\52 + 12A507072 — A517372) + (A>\52 + 12A502 — Agm) =0.
(S13) Let (C, p, q) be a general 2-pointed curve of genus g — 3 and identify the point ¢ with a
moving point z on C. Let (E, r, s) be a general 2-pointed elliptic curve and identify the point s
with a moving point y on E. Finally identify the points p and r (see Figure 15).
The base of the family is C' x E. Let C' x C' (respectively E x E) be the blow-up of C' x C' at
(p, p) and (q, q) (respectively of E x E at (r,r) and (s, s)). Let 7p, 74, Ta (respectively o, o5, oa)
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FIGURE 16. How the general fiber of a family in (S14) moves.

be the proper transform of p x C, g x C, A¢ (respectively r x E, s x E, Ag) and identify 7,
with 7o (respectively o with o). Finally identify 7, x E with C' x o,. Then from the proof of
Lemma 6, we have

do = —m (K¢ + 2q) — m3(2s),
61 =71 (q) + m3(s),
0 = —7i(p) — m5(r)

and note that

doo = [—71 (K + 2q)][—m3(2s)],

02 = [—m1 (K¢ + 2q)][—73(r)],
b0,g—2 = [-m3(2s)|[-771(p)],

do1 = [—m1 (K + 29)|[m3(s)] + [=7m3(2s)][71 (9)],
61,9-2 = [ (p)][m2(s)],

012 = [m1(Q)][-m3(r)],

1,1 = [7(q)][m3(s)]

If a fiber of this family admits an admissible covering of degree k, then such a covering has
a 2-fold ramification at the point p ~ r, ¢ is in the same fiber as z, and s is in the same fiber as
y. By Lemmas 5 and 6 there are two points in E and ¢,_5} points in C' with such a property,
and the cover is unique up to isomorphism. Reasoning as in (S3), one shows that each cover
contributes with multiplicity 1. It follows that

2(g — 3)[414,{? + 2A500 + 4A5(2) + Agoz] + 2A50$972 — Aw<2) — Aw(rz)
- [2(9 - 3)A501 + Aél,g—2:| - [2"4501 + A51,2] + [A(Sl,l + 2A5?] =2 69—2719‘

(S14) Let (C, p, q) be a general 2-pointed curve of genus g — 2, attach at p an elliptic tail moving
in a pencil of degree 12 and identify ¢ with a moving point on C' (see Figure 16).

The base of this family is C' x P1. Let C' x C be the blow-up of C' x C at the points (p, p)
and (q, q). Let 7, 74, Ta be the proper transform of p x C, ¢ x C; A and identify 7, with 7a.
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FIGURE 18. How the general fiber of a family in (S16) moves.

Then consider Y, o as in (S5) and identify C' x o with 7, x P1. Then
A=my(z), do=12A—7{(Kc +2q), b =mi(q)—7i(p) — A
Note that
= [12m3 (2)][—-m1 (Ko + 29)],

= [m7(¢)][1275 (z)] + [-71 (K + 29)]|[-73 ()],
50g 1 = [=m (p)][1275 ()],
011 = [ (@)][-73(z)].

This surface is disjoint from M%k, hence
(29 — 4)[214”% — A/\(;0 — 24145(2) — 12A500 =+ Agm] — 121450,971 + (12A501 — A51,1) =0.

(S15) Let C be a general curve of genus g — 1 and consider the surface C' x C with fiber C'/(p ~ q)
over (p, q) (see Figure 17).

To construct the family, start from py3: C' x C x C' — C x C, blow up the diagonal A C
C x C x C and then identify the proper transform of A; 3 :=pj (A) with the proper transform
of Ay 3:=pj3(A). Then

50:—(7TTKO+7T;K0+2A), (51:A.

The class k2 has been computed in [Fab90a, §2.1(1)]. The curve C' has no generalized linear
series with Brill-Noether number less than zero, hence

(897 — 269 + 20) Az + (29 — 4) Ay, + (4 — 29) Agz + 8(g — 1)(g — 2) Agz = 0.

(S16) For |g/2] <i<g—2, take a general curve C of genus i and attach an elliptic curve E
and a general pointed curve F of genus g — i — 1 at two varying points in C' (see Figure 18).

To construct the family, blow up the diagonal A in C' x C x C' as before, and then identify
the proper transform of Ao with the zero section of a constant elliptic fibration over C' x C,
and identify the proper transform of A3 with a general constant section of F' x C' x C. For
1<g—2

51 :*TFTKC*A, 5971',1 :*W;KC*A, (5le

while for ¢ = g — 2 the d; is the sum of the above d; and d4—;—1.

Note that replacing the tail of genus g —i —1 with an elliptic tail does not affect the
computation of the class k2, hence we can use the count from [Fab90b, § 3(v)], that is ko = 27 — 2.
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=4

FIGURE 19. How the general fiber of a family in (S17) moves.

Regarding the w classes, on these test surfaces one has w®) = —522 and w(th = —5Z~2+1 = —(53_i_1.
Finally note that 61 4—;—1 is the product of the classes ¢; coming from the two nodes, that is,
01,9—i—1 = 010g—i—1.

If a fiber of this family has a g}, limit linear series {Ig, lc, [r}, then necessarily the adjusted
Brill-Noether number has to be zero on F' and E, and —2 on C'. Note that in any case g = |2 - 0g].

From § 3.3 there are
Z mi ko

a=(ao,o1)
p(4,1,k,a)=—1

pairs in C' with such a property, o is also uniquely determined and there are

Ngfifl,d,(dflfal,dflfao)

choices for Ip. With a similar argument to (S2), such pairs contribute with multiplicity 1.
All in all for i < g — 2

(2i — 2)[(4i — 1)AH§ + A,i2 + Aw(n — Aw(H»I) + Aéf + (Qi — 1)A5119_1’_1]

= E Mk (aosa) * Ng—im1,k,(k—1—an,k—1—ao)s
0<ap<a<k—1
agtar=g—i—1

while for i =g — 2
(29 —6)[(49 — 9) Az + Ax, + Ape-2 + (49 — 8)Agz + (29 — 5) As, ] =My a1 (0,1)-

(S17) Consider a general element in 0, vary the elliptic curve in a pencil of degree 12 and vary
one point on the elliptic curve (see Figure 19).

The base of this family is the blow-up of P? in the nine points of intersection of two general
cubic curves. Let us denote by H the pull-back of an hyperplane section in P2, by ¥ the sum of
the nine exceptional divisors and by FEj one of the exceptional divisors. We have

AN=3H-%, 0§ =30H —10% —2Ey, & = Ep

(see also [Fab89, §2(9)]). Replacing the component of genus g — 2 with a curve of genus 2, we
obtain a surface in My. The computation of the class ko remains unaltered, that is ko =1 (see
[Fab90b, §3(¢)]). Similarly for dop and 6y, while dy4—1 corresponds to the value of dgi, on the
surface in My.

Let us study the intersection with ﬂ;kk An admissible cover for some fiber of this family
would necessarily have the two nodes in the same fiber, which is impossible, since the two points

are general on the component of genus g — 2. We deduce the following relation:

3A,€§ -+ A,{2 — QA)\(;O + A)\51 — 44A5(z; — A(;% + 12A50‘g_1 — 12A500 + Agl =0.
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FIGURE 20. How the general fiber of a family in (S18) moves.

(S18) For 2 <i < | (g + 1)/2] we consider a general curve of type d;—1 4—; and we vary the central
elliptic curve E in a pencil of degree 12 and one of the points on E (see Figure 20).

The base of this family is the same surface as in (S17). For ¢ > 3 we have

A=3H — %,
0o =12X, &1 = Ej,
0;i-1=-3H + X — Ey, 5g—i =-3H+X - Ey

while for ¢ =2 the d; is the sum of the above d; and §;_;, that is 0, = —3H + X (see also
[Fab90b, §3(\)]).
Note that replacing the two tails of genus ¢ — 1 and g — ¢ with tails of genus 1 and 2, we obtain

a surface in My. The computation of the class ks remains unaltered, that is ko = 1 (see [Fab90b,
§3(\)]). Moreover, on these test surfaces w¥ = —§2 = —0;_; and for i > 3, wlg=HD) = 07 i1 =
—62 | holds, while A®) = \§; = \5,—; for i >3 and A9+ = \§,_; 11 =A\§;—1 for i>4. All
fibers are in ;_1 4, hence §;_1 4—; is the product of the classes c¢; of the two nodes, that
is, 0;_1,g—; = 0;—1 - 0g—;. Note that on these surfaces, dp;—1 = dpd;—1 and g ¢—; = dpdy—;. There
are exactly 12 fibers which contribute to 8;_1, namely when the elliptic curve degenerates into a
rational nodal curve and the moving point hits the non-disconnecting node. Similarly, there are
12 fibers which contribute to dp 4—1, namely when the elliptic curve degenerates into a rational

nodal curve and the moving point hits the disconnecting node.

These surfaces are disjoint from ﬂékk Indeed the two tails of genus ¢ — 1 and g — ¢ have
no linear series with adjusted Brill-Noether number less than zero at general points. Moreover,
an elliptic curve has no g,lC with adjusted Brill-Noether number less than —1 at two arbitrary
points. Finally a rational nodal curve has no generalized linear series with adjusted Brill-Noether
number less than zero at arbitrary points.

It follows that for ¢ > 4 we have

3A,€% + A,@ — Aw(n — Aw(9771+1) — A(;f =+ A57:_1,g_7: — A)\(w — A)\(Q—H»l)
+ A)\gl — 12A50‘i_1 — 121450,_‘7_1. + 12A§07_q_1 + 12A9i_1 =0,

when 7 =3

Az + Aw, — A — Ape» — As2 + As, . — Ay — A,
+ AA51 — 12A5012 — 12A50)g_3 + 12A50‘g_1 —+ 12A92 = 0,

and when 7 =2

SA;@% + A,iz — Aw(2> + Aél,g,z — A)\52 — 12A5071 — 12A50’972 + 12A501971 + 12A91 =0.
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7. Non-singularity
In (S1)-(S18) we have constructed
[(g* = 1)/4] +3g 1

linear relations in the coefficients A. Let us collect here all the relations. For 2 <i < |g/2] from
(S1) we obtain

T;
2i—2)3g—1) -2’

24,2 — Ay — Ao =

from (S2) for2<i<j<g—3andi+j<g—1

D
24,2 + As,, = -/
A = i sy —2)
from (S3)
Ny
4A,€§ — Ay — Ay — Aélyg_2 + 2/150‘9_2 — %’?’1)7
from (S4) for2<i<g—3
Az — A, + 245, + A5, = 2
K1 51,1 + 50,z + 52,% 6(’L _ 1)7

from (S5)
2AH§ — 1245, , + 245 — Axs, =0,
from (S6) for 3<i<g—3
24,2 — Ay + A5, ,_, — 1245, =0

and
QAH% — A)\gz + A51,2 — 12A5072 = 0,
from (S7)
8Az + As,, — 2As,, + A5, + 2452 + 8As5z + 4 A5, + 4As,, — 4As,, = 4ANg_y 1 (0,1),(0,1)
from (S8)

QAH% + 2881453 + 24A5, + 2A5% — 2A)s, + 14445, + A(jm — 2445, =0,
from (S9) for2<j<g—3

2AH§ + 2A51j + A(g — A52,j — 2A5 — Awu) - Aw(yﬂ') = 0,

J,9—3—2 J,g—3—1

from (S10) for g > 6

2AH§ + 12A5% + 61451’1 + 3A511975 + 245, , + A(Sg,g,s + ?)Afslygf3
— Ay — Aye-n — 3(As,,_, + As, s +245,,)
— 2(3Aglyg_4 + A53yg_4) — (3A51,2 + A52,3) + 6A5219_4 + 3A5272 =0
while for g =6
24,2 + 18As52 + 645, , + 34, + 245, , + As,, . + 345,
— Ay — Ayo-n — 3(As,,_, + As, s + 245, ,)
—2(34s,, , +As,,_,) — (345, + As,,) +6As, _, +3A45,,=0,

1558

https://doi.org/10.1112/50010437X13007215 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X13007215

BRILL-INOETHER LOCI IN CODIMENSION TWO

from (S11)

ZAH% - A)\(g73) + 6A5% + 3A51,1 — 3A)\51 + A51,3 - 36A501 — 12A503
+ 3[A)\52 + 12A502 — A(sm] =0,

from (S12)
2AH§ —3Ays, — 2445, — 124, — 1245, ,_, + GA(;f + 245, +As,
— Ay + 2(Ang, + 1245, , . — As,, o) + (Ang, + 1245, — As,,) =0,
from (S13)
2(g — 3)[4A,z + 245, + 445 + As,,] + 245, , — Ape — Ay
—[2(9 = 3)Asy, + A5, .] — [245,, + As, ] + [As,, +2452] =24y oy,
from (S14)
(29 — 4)[214,% — Ays, — 24A5§ — 1245, + As,, | — 1245, ,_, + (1245, — A51,1) =0,
from (S15)
(897 — 269 +20) A,z + (29 — 4) Ax, + (4 — 29) Az +8(g — 1)(9 — 2)Agz = 0,
from (S16) for [g/2| <i<g—3
(40 = 1) Az + Ap, + Apr — Ayarn + Agz + (20 = 1)As, .,

1
= 2 — 9 E Mgk (ag,0q) Ng—i—l,k,(k—l—al,k—l—ao)
Oéaogalékfl
Oéo+0é1:g—i—1

and
mg—Q,k‘,(O,l)

(49 = 9 Az + Ae, + Ao + (49 = 8)Agz + (29 = 5) A5y, = —5 =0

from (S17)
3Anf + A,.;z — 2A,\50 + A>\51 — 44A5g — A(;% + 12A50’g71 — 1214500 + Agl =0,
from (S18) for 4 <i< |(g+1)/2]

3An§ + AHZ — A, — Age—ivn — A(;% + A&;l,gﬂ'
+ A>\61 — 12"450@71 — 121460,94 + 12A50)971 + 12A9i71 =0,

— Aye — Apxg-i+

and
314,{% + A,.i2 — Aw(3> — Aw(g—Q) — A(;% + A527973 — A)\(s) — A)\52
+ A)\51 — 121450,2 — 12A5o,g73 + 121450,971 + 12A92 =0,
3A,{§ + A;{Z — Aw(z) + A51,972 — A>\52 — 12A5071 — 12A50$972 + 12A50‘g71 + 12A91 =0.
Our aim is to show that the above linear relations yield a non-degenerate linear system. Let
{eK/%7 Cras €625 EXGos €625 ENG1y CAGay + + + 5 Cwds v v v s NGy v v o 3 € 1y v v 5 €Oy v v vy GGL(Q,U/QJ}

be the canonical basis of QL@*~1)/41+39—1 indexed by the tautological codimension-two generating
classes from §1. Let @, be the square matrix of order |(¢g? —1)/4| + 3g — 1 associated to the
linear system given by the above relations. As we have already noted, since the test surfaces in
(S1)—(S18) are also defined for odd values of g > 6, the matrix @, is also defined for g odd, g > 7.
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For each g > 6 we construct a square matrix Ty of order |(g> —1)/4| + 3g — 1 such that Q, - T,
is lower-triangular with nonzero diagonal coefficients.

We describe the columns of T, dividing them into 18 groups, similarly to the description of
the relations that yield the rows of Q.

For 2 <i < |g/2] consider the column e, .

= =
S

For 7, j such that 2<i<j<g—3 and i+ j<g— 1 consider es, ;.

=
w

Consider the column eg, .

—
i

(=]
NN BN NN NN

For 2 <i < g — 3 consider e, ,.
Take €80.g_1-

For 3 <9 < g — 3 consider ey . Moreover, consider the column ey, .

H
J

Consider the column ey, ,.

=
Qo

Consider ey,

N /N /N /N /N /S /N /N /N

=
N=]

Consider

2es5, , + €s5,, — 10exs, .
Moreover for 3 < j < g — 3 consider
2851,1’ + 650,]‘ - 106)\(971).

Take the following:

(T10) 60exs, + 12e52 — 3es, , , +8es, , + 2555
(T11) 12ex5, + €x6y = €50.4_15

(T12) €50.5_0 T 265, , 5}

(T13) 12exs, + 6exs, — €50, — €50, — €600’

6<6K§ + ey os2n + 2 Z e s +12 (6)\50 + 26)\51 + 26)\52 +2 Z 6)\(5))
(T14> 2<s<g/2 3<s<g—3

-9 Z 667;_7) — 1les, .3
(ivj)i(ovg_l)
(T15) €x

(T16) For |g/2] <i< g — 3 consider e, u+1) — €,-i—1. Furthermore consider

2

(g — 1)< Z 12 (g — s) (Ewio—n — €ue) + 12e52 — 24e5,, + 2650’g1> + 3esz — 6es,, -
2<s<g/2
(T17) Consider

6gen + Y. 12<g - s> (ewios — €y ) + 12 (1 - *;’)e(;f

2<s<g/2
+ 12(9 - 2)651,1 - 3658 + (2 - g)e(so,g—l + 66500‘
(T18) For 4 <i<|(g9+1)/2] consider ey, ,. Moreover consider ey, and finally the column

—6g ey, + Z 12 <g - s> (ews) — €po—o) + 12(‘3 - 1) es?

2<s<g/2

+12(2 — g)es, , + 3esz + (9 — 2)es,,_, — 6es,, + T2eq, .
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One checks that @), - Ty is an lower-triangular matrix with all the coefficients on the main
diagonal different from zero. It follows that det(Q,) # 0 for all g > 6. In particular, when g = 2k,
we are able to solve the system and find the coefficients A.

THEOREM 7. For k > 3, the class of the locus ﬂ;kk C Moy, is

[ﬂék,k]Q =c [A/{;’K% + A kg + Ag208 + Axsy Ao + As2 07 + Ans, Ad1 + Axs, A2

2k—2 . 2k-3 ‘ [(2k-1)/2]
+ Z Aw(i)w(z) + Z AA(i))\(Z) + Z Aéij(sij + Z A97(9l:|
i=2 i=3 i i=1

in R?(Mayy, Q), where
2k=6 (2% — 7)I!
CTTTBm
A =—Ag =3k" + 3k + 5,
A, = —24k(k +5),
Agz = —(3k(9k +41) + 5),
Ays, = —24(3(k — 1)k — 5),
Ay, = 24(—33k? + 39k + 65),
Aps, = 24(3(37 — 23k)k + 185),
Ao = —180i* 4 12043 (6k + 1) — 36i%(20k? + 24k — 5)
+ 24i(52k? — 16k — 5) + 27k? + 123k + 5,
Ay = 24[6i*(3k + 5) — 6i(6k* 4 23k + 5) 4 159k + 63k + 5],
Agy = —12i[5i3 +i*(10 — 20k) 4 9(20k* — 8k — 5) — 24k* + 32k — 10],
As, = 48(19k* — 49k + 30),
As, 4 = 2(3K(859k — 2453) + 2135),
As,, = 24k(k — 1),
Asy o = 2(3Kk(187k — 389) — 745),
Ago e, = 2(k(31k — 49) — 65)

and fori>1 and 2 <j <2k —3
As,, = 2[3k*(144ij — 1) — 3k(723j(i + j +4) + 1) + 180i(i + 1)5(j + 1) — 5]
while
As,, = 2(—3(125% + 367 + 1)k + (72§ — 3)k* — 5)
for 1 <j<2k—3.

As usual, for a positive integer n, the symbol (2n + 1)!! denotes

(2n+1)!
2n.pl

while (—1)I =1.
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| 1

FIGURE 21. Loci in Ma .

8. Pull-back to M2

As a check, in this section we obtain four more relations for the coefficients A considering
the pull-back of M;kk to Mayi. Let j: Moy — M, be the map obtained by attaching a
fixed general pointed curve of genus g — 2 at elements (D, p) in Ms;. This produces a map
g*: AZ(Mg) — A%(May).

In [Fab88, Ch. 3, §1] it is shown that A%(Ma) has rank 5 and is generated by the classes
of the loci composed by curves of type Ag, (a), (b), (¢) and (d) as in Figure 21.

We have the following pull-backs:

7" (601) = [(@)]q, J"(dog-1) = [(D)]e,
7*(61) = [(0)]a,

75 (611) = [(d)]q, 5" (500) = [Aoo]e
7°(83) = §[Aoo)q — 2[(a)]lq — 2[(0)]e,
7*(67) = =5 ([(@)]e + [(0)]e),

75 (o) = %[AOO]Q,

7 (A1) = ([(a)]cz+ [(D)]@),

7T (A2) =

= *(—[Aoo] = [(a)lq —12[(c)lq — 24[(d)]q),
75 (K1) = (500 + L01 +9)?
130 (17[A00]@ + 127[(a)] + 37[(b)]q + 120[(c)]q + 840[(d)]q),
5*(k2) = AA+61) +¢°
130 (3[A00]@ + 25[(a)]q + 11[(b)]q + 24[(c)lq + 168[(d)]q),
7 (01,9-2) = —51¢
= —5la)q —2((d)]q,
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7*(d0,g—2) = =00t
= —5lAwle — [(@)]q — 2((c)]q:
J (@) = ¢

= —135([Qo0lq + 13[(a)lq — [(b)]@ + 24[(c)]q + 168[(d)]q)-
For this, see relations in [Fab88, Ch. 3, §1] and [Mum83, §§8-10]. We have used the fact that
on ﬂgJ one has

Ki = Rilxg, + ¢

(see [AC96, 1.10]).

All the other classes have zero pull-back. Finally, ]*(M;kk) is supported at most on the
locus (c). Indeed, general elements in the loci Ao, (a), (b) and (d) do not admit any linear series
g;. with adjusted Brill-Noether number less than —1 (see also [Edi93, Lemma 5.1]). Since the

restriction of ﬂ;kk to j(Maz,) is supported in codimension two, then j(Maz1\(c)) = 0. Hence,

looking at the coefficients of [Ag]g, [(a)]g, [(b)]g and [(d)]q in j*(ﬂ;k’k), we obtain the following
relations:

Ao+ g + bss,— dias, + $A + dye, — by, .~ rhyAun =0,
Aoy — 2452 — %Aéf + %A)«% - %Amz + 120A 7
+ %AM — T12A51‘972 — A507g72 — %Aw@) 0,
Ago 1 — 2453 — %Aéf + %A/\él + 120Anl + 120‘4%2 + 120Aw<2> 0,
A51,1 - %AA62 + 7A,{§ + %Aﬁz - 2A51Y§?2 - %Aw@) =0.

The coefficients A shown in Theorem 7 satisfy these relations.

9. Further relations

In this section we will show how to get further relations for the coefficients A that can be used
to produce more tests for our result.

9.1 The coefficients of n% and Ko
One can compute the class of M%kk in the open Moy by the methods described by Faber
in [Fab99]. Let C5, be the k-fold fiber product of the universal curve over Moy and let
i C§k — Coi, be the map forgetting all but the ith point, fori =1, ..., k. We define the following
tautological classes on C5,: K; is the class of 7} (w), where w is the relative dualizing sheaf of the
map Co, — Moy, and A; ; is the class of the locus of curves with k points (C, z1, ..., x}) such
that x; = x;, for 1 <14, 5 <k.

Let E be the pull-back to C§k of the Hodge bundle of rank 2k and let F; be the bundle on

Céﬁk of rank k£ whose fiber over (C, z1, ..., zx) is
HY(C,Kc/Ko(—a1 -+ — x)).
We consider the locus X in Cgk where the evaluation map
i E—Fyg
has rank at most k£ — 1. Equivalently, X parameterizes curves with k points (C, x1, ..., x) such
that H°(C, Ko(—x1 - - - — %)) = k + 1 or, in other terms, H*(C, 21 + - - - + ) > 2. By Porteous
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formula, the class of X is

er €2 ez - €4l ]
1 €1 €y v €L

[X] = 0 1 €1

: .. .. .. €9
L0 --- 0 1 er J
where the classes e; are the Chern classes of F;, — E. The total Chern class of F, — E is
(1—|—K1)(1—|—K2—A1’2) (1+Kk_A1,k"'_Akfl,k)(l_)‘l+)\2_)\3+"'+)\2k)'

Intersecting the class of X with A9 we obtain a class that pushes forward via m:=mmy - - - 7y
to the class of M%kk with multiplicity (k — 2)!(6k — 2). We refer the reader to [Fab99, §4] for
formulae for computing the push-forward ..

For instance, when k& = 3 one constructs a degeneracy locus X on the 3-fold fiber product of
the universal curve over Mg. The class of X is

[X]=e] — 3eles + €5 + 2e1e3 — €4
where the classes e; are determined by the following total Chern class
I+ EK)Q+Ky—A12)(1+ K3 —A13—As3)(1 = A1+ A2 — A3+ -+ Xg).
Upon intersecting the class of X with A2 and using the following identities

A13A23=A12A13,
Al =—KiA1p, Alg=-KiA13, Aj3=-KyAy3,
KoA19=K1A12K3, A13=K1A13, K3Ay3=KAs3,

one obtains
[X]- A1 = K§A12 — 3K3AT 5 + TK3A} ) — 15K3A7 5 + 31A7

+ T2A1 05 5+ 17201 3A3 5 — K§A1 9\ + 3K3A7 )\
— TE3AT )M + 15AT N + 2341943 5 A1 + 41471 343 5\
+ K5A12AT — BK3AT )A] + TAT OAT + 641 245 52T
+ 81303 307 — K3A12A7 + 3AT AT + A1 2Ag 307
+ A130230] + A1 AT — K5A1 92X 4+ 3K3A7 500 — TAY )
— 6A12A3 300 — 8A13A3 3A0 + 2K3A1 2A1 A2 — 6AT 5A 1\
— 2A19A9 30102 — 241 38 301 M2 — 3A1 203 A0 + Aq 223
— K3A10)3 + 3A%72)\3 + A12A2303 + A1 30233
+ 2A12 123 — Aq 2.

Computing the push-forward to Mg of the above class, one has

(Mg slo = 15 (18K — 244) ko + kT + (64 — 10K0) k1 A1
+ (3K8 — 14rk0) A + (14k0 — 3K2)N2).
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Note that kg =29 — 2 =10, 12)\; = k1 and 2Xg = )\%, hence we recover

1 2
Meslo = %“1 — 4ka.

Remark 8. As a corollary one obtains the class of the Maroni locus in Mg. The trigonal locus in
Moy, has a divisor known as the Maroni locus (see [Mard6, MS86]). While the general trigonal
curve of even genus admits an embedding in P! x P! or in P? blown up in one point, the
trigonal curves admitting an embedding to other kinds of ruled surfaces constitute a subvariety
of codimension one inside the trigonal locus.

The class of the Maroni locus in the Picard group of the trigonal locus in Moy has bleen
studied in [Sta00]. For k=3, one has that the class of the Maroni locus is 8\ € Picg(Mg 3).
Knowing the class of the trigonal locus in Mg, one has that the class of the Maroni locus in
Mg is

8A(S kT — 4ka).
9.2 More test surfaces

One could also consider more test surfaces. For instance one can easily adapt 1the test surfaces
of type (¢) and (k) from [Fab90b, §3]. They are all disjoint from the locus My, and produce
relations compatible with the ones we have shown.

9.3 The relations for g =5

As an example, let us consider the case g =5. We know that the tautological ring of Msj is
generated by A, that is, there is a non-trivial relation among x? and ks (see [Fab99]). The square
matrix Q5 from § 7 expressing the restriction of the generating classes in Mj to the test surfaces

(S1)-(S18) (we have to exclude the relation from (S10) which is defined only for ¢g > 6), has

rank 19, showing that the class x3 (or the class k2) and the 18 boundary classes in codimension

two in M3 are independent.

10. The hyperelliptic locus in My

The class of the hyperelliptic locus in My has been computed in [FP05, Proposition 5]. In this
section we will recover the formula by the means of the techniques used so far.

The class will be expressed as a linear combination of the 14 generators for R?(M,)
from [Fab90b]: K2, )\2, )\50, )\51, )\52, (5(2), (50(51, 5%, (51(52, 5%, 500, Y1, 501(1 and 51,1. Remember
that there exists one unique relation among these classes, namely

60k — 810A? + 156780 + 252001 — 302 — 248001 + 2467 — 9800 + Tdo1a — 1271 — 84611 =0,
hence R?(M,) has rank 13. Write [ﬂig]@ as

[Miolo = Anyka + A A2 + Ay A0 + Axs, AS1 + Axs, Ao + Ag202 + Asos, 6001
+ Ag6% + As5,6102 + As205 + Asyyb00 + Ay, i + Ay 001 + As, 01,1

Let us construct 13 independent relations among the coefficients A.
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The surfaces (S1), (S3), (S5), (S6), (S8), (S12)—(S18) from §6 give respectively the following
12 independent relations
8As: = 36,
4A5 — 2455, = 12,
—4Ay5, —48A45,5, + 8145% —484;,,, =0,
Axs, — Ass, =0,
2Ax: + 24Az5, — 2455, + 288Ag — 24455, + 2A5 + 14445, + A5, =0,
—4Ays, 4 3Ays, — 48455, + 8Ag: — 3455, — 1245, + 345, =0,
8As2 — 4As.5, + 2452 — 2455, + 245 + 445, + A5, =4,
—4Ays, — 96Ag + 4455, — 4845, — As,, — 1245, =0,
4845 — 4As +4A,, =0,
16A5% — 2A5§ +2A,, + 614(5171 = 30,
—2Axs, + Axs, — 44As5z +124A5,6, — Asz + Ay, — 1245, + 1245, + Ay, =0,
Asi5, — Ao, + Asz + Ay, + 1245, + 124, =0.

Next we look at the pull-back to My ;. The pull-back of the classes k2, Ao, Ad1, A2, 63, 67,
000, 71 = 01, 0010 = 00,g—1 and d1,1 have been computed in § 8. Moreover,

7 (W) = g5([Aoole + [(@)q + [(B)]).
57 (6001) = [(a)]q + [(0)] @
3" (6162) = =17
= —351(@)lq - 2[(d)]q,
J*(03) =9
= 130([Q00]q + 13[(a)]q — [(B)]@ + 24[(c)lq + 168[(d)]q).
Considering the coefficient of [Agg]q yields the following relation

A(soo + gA(;g + %A)\(;O — %Ak& + fl()Afm + %A/\z + ﬁAl;S =0.
All in all we get 13 independent relations, and the class of ﬂ}m follows

2[Mo]q = 27ks — 33977 + 6470y + 90AG) + 6A%2 — 52 — 8Bydy
+ 15(5% + 66109 + 95% — 4600 — 6v1 + 3001a — 36(51,1.
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