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Abstract— A program of simultaneous linear equations has been developed to calculate component pro-
portions and/or component property values for mineral mixtures in soil clays and sediments. The analysis
is based on quantitatively measured chemical and physical properties of samples and involves (1) qual-
itative identification of the mineral components in the mixture by any appropriate means; (2) quantitative
measure of the sample property values selected for use in the program; (3) estimation of the proportion
of each component in the mixture by a technique such as X-ray powder diffraction; (4) assignment of
limits to component property ranges; (3) selection of one of four available calculation options and ap-
plication of the simultaneous linear-equations program; (6) examination of the residuals of the analysis
and, if appropriate, adjustment of the initial estimates for component proportions or property ranges and
then repeating step 3; and (7) verification of the final component proportions by comparison with infor-
mation from step 1. Completeness and/or accuracy of the final results for component proportions may
be checked by the closeness of approach to 1.0 for the sum of the component proportions. The method
requires that, at minimum, the number of properties measured must equal the number of components
in the samples being analyzed and that the minimum number of samples must equal the number of
properties measured.

Using the clay fractions of 15 Pennsylvania soils containing kaolinite, illite, smectite, vermiculite,
chlorite, interstratified vermiculite/chlorite, quartz, and noncrystalline material, and measuring methylene
blue cation-exchange capacity, the amount of Ca displaced by Mg from a Ca-saturated clay, the amount
of K displaced by NH, from a K-saturated clay heated to 110°C, % K,O, % SiO,, % MgO, and weight
loss at 110°-300°C and 300°-950°C, the adjustment of property values was found to have the lowest
residual value and the most consistent results. The source of analytical errors was also located by ex-
amination of residual tables. Samples that were similar in composition gave more reliable component
proportions.

Key Words—Cation-exchange capacity, Chemical analysis, Linear equations, Mineral analysis, Quanti-
tative mineralogy, Weight loss.

INTRODUCTION data for the sample under investigation. Qualitative

The mineralogical composition of the clay fraction information is commonly obtain?d by. instrumental
of a soil is one of the critical factors determining soil ~Me€thods such as X-ray powder diffraction (Brindley,
chemical and physical properties. The relation between ~ 1980; MacEwan, 1946) or filﬂ‘erentlal thermal analysis
qualitative clay-mineral composition and such soil (Barshad, 1965; MacKenzie, 1961); however the reli-
properties as swelling potential, exchange capacity, and  aPility of these methods can be severely limited when
selective adsorption of ions is commonly discussed or  Working with heterogeneous materials such as soil clay.
implied. Precise assessments of these associations, Attempts to obtain quantitative data have led to the
however, are much less frequent, probably because of development of methods that depend on the chemical
the difficulty in obtaining quantitative mineralogical 20d Physical properties of clay (Alexiades and J ackson,
: 1966). In this approach, a chemical or physical prop-

! Authorized for publication as Paper No. 5651 in the Jour- erty “mfl“e toora domlna-nt f:unctlon of a single com-
nal Series of the Pennsylvania Agricultural Experiment Sta-  Ponent is used as a quantitative measure. In general,
tion, University Park, Pennsylvania 16802. each property is interpreted in terms of a single min-
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eral. The reliability of the data is generally estimated
by measuring how closely the component sum ap-
proaches 100%. McNeal and Sansoterra (1964), using
methods similar to that of Alexiades and Jackson (1966),
developed a set of simultaneous equations for the de-
termination of montmorillonite, vermiculite, and chlo-~
rite. Pearson (1978) used total silicate-analysis data in
simultaneous equations for the quantitative clay min-
eral analysis of fine-grained sedimentary rocks.

A logical extension of this procedure is to account
for each chemical or physical property in terms of al/
components present in a clay sample rather than a
single componeni. A simultancous linear-equations
program was developed by Hussey (1972) using rig-
orous evaluation of the chemical and physical prop-
erties for the quantitative determination of clay com-
ponents. The program is similar to the analytical
method of McNeal and Sansoterra (1964) except that
the Hussey technique allocates sample properties to all
components and provides for a range of component
properties rather than assigning a single, fixed value.
Four options are available with the program for cal-
culating: (1) the component proportions with proper-
ties fixed, (2) the component property values with pro-
portions fixed, (3) both the proportions and the property
values adjusting proportions first, or (4) the same as
(3) except that property values are adjusted first. Hus-
sey (1972) applied the program to soil clay samples
within a given profile, i.e., samples with similar com-
ponent properties, and found that the results were con-
siderably improved over the initial estimates produced
by the common quantitative techniques.

The objectives of the present paper are (1) to evaluate
Hussey’s (1972) four computation options, (2) to il-
lustrate the use of residuals in locating possible sources
of error, and (3) to show the application of the program
to soil clay samples which are derived from diverse
parent materials.

THEORY

In the quantitative clay analysis of Alexiades and
Jackson (1966) each component in a sample is quan-
titatively evaluated on the basis of a single, measurable
chemical or physical property. Chlorite and smectite
contents, for example, are estimated from the following
properties:

chlorite—from the weight loss between 300° and 950°C
corrected for the weight losses of other components
and weight gain for iron oxidation; and

smectite—~from the cation-exchange capacity deter-
mined by displacement of potassium by ammonium
on a sample heated to 110°C (CEC K//NH,); cor-
rections are made for other constituents.

For the technique described below no new analytical
methods have been developed. The data collected by
the methods of Alexiades and Jackson or any other
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data that may be deemed appropriate can be used. The
innovation exists in the manner of interpretation and
calculation. It is assumed in the proposed technique
that each component in a heterogeneous clay sample
contributes to a measurable property of the sample in
linear proportion to its content. The measured property
of the sample is therefore the sum of the contributions
of each of the sample’s components as represented in
the equation:

Bpq = 2 tpXeas )
where B represents the measured value of a property
(number p) for a sample (number q), « is the value of
the property p for component r contained in sample
q, and x is the proportion of component r in sample q.

The minimum number of properties p to be mea-
sured must equal the number of components r in sam-
ple g. An equation is thus derived for each property
resulting in a set of simultaneous linear equations,
which, for a three-component sample would be:

By = anxu T azxar T anixs
By = apxn + anXe T aaXs

B;, = anx t @nXa T @aXst ()

Each three-component sample would have a similar
set of equations. If the property values are known for
each component in a sample, then by measuring the
sample properties B and substituting the values in Eq.
(2) the unknowns, i.¢., weight proportion of each com-
ponent, can be calculated. Solutions are conveniently
obtained by matrix algebra methods. Eq. (2) may be
represented by the vector equation:

B=Ayx, &)
where:
B 11
B = | B,, |is the sample property vector,
B,
A, Ay A .
A= A“ AZI 31 is the component property
- 12 22 32 y .
matrix, and
A13 A23 A33
_ X111 is the component
X )722‘ proportion vector.
31

When A and B are known, x may be calculated by:
x=A""B, )

inwhich A~is the inverse of A. As an example, assume
a clay mixture that contains three components—ka-
olinite, smectite, and vermiculite—and that the three
properties to be used as quantitative measures are weight
loss at 300°-950°C, CEC K//NH,, and CEC Ca/Mg.
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Table 1. Property values of clay components and a clay mix-
ture.

ot Cﬁty

Property Kaol Smec Verm  mixfure
Wi, loss 300°-900°C (%) 14 S ) 11.4
CEC Ca/Mg (meq/100 g) 10 100 160  49.0
CEC K//NH, (meq/100 g) 10 100 10 19.0

1 Kaol = kaolinite; Smec = smectite; Verm = vermiculite.

The property values of the components, «, and the clay
mixture, B, are listed in Table 1. Substituting these
values in Eq. (3) and solving according to Eq. (4) gives:

x =A"B
0.074 -0.0022 -0.0014
= | —-0.0074 —-0.00044 0.0108
0.0 0.0067 —0.0066
11.4
4901 and
19.0
X = % kaol/100 =0.70
Xz: = % smec/100 =0.10
X3 = % verm/100 =0.20
¥ =1.00

Three assumptions underlie the above analysis: (1) All
clay components in a sampie are identified,

(2) The measured sample property values are an ac-
curate estimate of the true vatues; and (3) Property
values, «, of the clay components are known and, when
more than one sample is included in the analysis, are
similar for all samples.

Efforts to fulfill the requirement of assumption {1}
necessitate a thorough qualitative analysis of the sam-
ple or samples. This information is needed before a
final decision is made about the chemical and physical
properties to be measured. Errors in measurement of
the property values will result in deviation of the com-
ponent proportions from the true values. This error is
relatively greater the smaller the proportion of a com-
ponent in a sample. With respect 10 assumption (3)
there is often as much, if not more, uncertainty about
the properties of the clay components in a sample than
there is in the proportion contained. Characterization
of the praoperties, a, of a specific component in a mix-
ture such as a soil clay can be a formidable task. Either
the interference of associated material must be cor-
rected for or the specific component of interest must
be isolated, without alteration of its properties, before
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characterization. In either case, difficulties abound
leaving considerable uncertainty as to the appropriate
property value to use. Complications arise because of
variation in such factors as ionic substitution, crystal-
linity, and particle size. It would be desirable to cal-
culate simultaneously both component property values
and component proportions; this obviously is impos-
sible for the method described above because there
would be 2n unknowns and only n equations.

An approximate solution to this dilemma was de-
scribed by Booth (1966), and the calculations involved
were programmed for the computer in FORTRAN by
Hussey (1972). An abbreviated description of this pro-
cedure follows. Referring to Eqg. (3), if the value for x,
the component proportions, were known, the com-
ponent properties could be calculated:

A=x"B. (5)

This calculation requires that the number of samples
analyzed must equal (or exceed) the number of prop-
erties in order to derive the required matrix for x. But
if both A and y are unknown, how can the calculation
of either commence? By the method of Booth (1966),
estimated (or approximate) values of the unknowns can
be used to initiate a calculation. When estimates are
used, deviations from the true values are highly prob-
able, and the equality in Eq. (3) no longer applies. The
larger the deviation of the estimates from the true val-
ues the greater will be the magnitude of the inequality
or error involved in using Eq. (3). To apply the Booth
method to clay analysis, the best available values are
assigned to A, the component properties, and esti-
mated values E are used for x, the component pro-
portions. Best available values are obtained from a
search of the literature or from laboratory measure-
ments. Estimates E for x may be derived by any ap-
propriate technique such as X-ray powder diffraction,
differential thermal analysis, and/or the procedures of
Alexiades and Jackson (1966). The dot product A-E
does not equal B, but is an estimate of it. The differ-
ences between the two is called the residual, r, where:

r=(A-E) - B, ©)

and is a measure of the error involved in using the
assigned and estimated values for A and x. A residuai,
r, results from each sample analyzed or property mea-
sured and can be positive or negative. To arrive at a
single overall measure of the error a grand residual,
R2 is calculated by summing r%

i=q

R*= 12
i=1

The objective is to reduce the error, measured by R?
to a minimum. Booth’s technique derives new esti-
mates, E, so as to decrease R? toward zero. These new
estimates are arrived at by applying a correction to the
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previous estimate that is a function of the current value
of r and the assigned values for A:

r-AA'T ,
Bon = B [(m)** ]

where E, is the present estimate of the component
proportion, E__, is the new estimate, r is the current
value of the residual, A is the component property
matrix, and A’ is the transpose of A. New estimates
serve to calculate new, reduced residuals which in turn
are used to derive new estimates. This cycle or iterative
process is continued until R? reaches a minimum. The
criterion for minimization is four hundred iterations
unless a minimum is attained at an. earlier stage as
indicated by an increase following a continuous series
of reductions in R2.

A similar iterative process can now be applied to
adjust values of component property values, with the
newly adjusted component proportions remaining fixed,
in an attempt to reduce R? further. The process of
component-property adjustment has a constraint not
present in the process for component proportions.
Rather than permit the properties to adjust to whatever
values a minimization of R? would require, fixed ranges
are established for each component property within
which the adjustments are confined. This recognizes
the fact that the specific property of'a given component
type may differ for samples of different origin. The
difference will not assume any arbitrary value but will
be within some finite range. The CEC Ca/Mg of
kaolinite, for example, will not equal, e.g., 30 meq/
100 g, but will very likely fall within the range 5-10
meq/100 g. Upper and lower limits are thus assigned
to each component property. These limits are derived
from a search of the literature. Information of this kind,
however, is of limited availability, and for some ma-
terials personal laboratory experience must be used to
arrive at reasonable values. Because in the calculating
process, single values of the component properties are
used, to commence calculation the midpoint of the
range is assigned as the initial value. In an ideal situ-
ation, where the true component property values are
known, only adjustments to proportions are necessary.
Accuracy of the calculated proportions is then a func-
tion only of the sample properties.

The technique for adjusting component property
values does, none the less, offer a promising oppor-
tunity. It provides a method for calculating the prop-
erty or properties of a component within a mixture
when the proportions and properties of the other com-
ponents are known. The calculation becomes increas-
ingly possible when more reliable data on component
properties within mixtures are accumulated. The pro-
gram then can alternately adjust component properties
(proportions remaining fixed) and component propor-
tions (properties remaining fixed) to attain a minimi~
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zation of the total grand residual which is the sum of
the grand residuals over samples or over properties.
When the last value of the total grand residual does
not differ by more than 3.0% from the penultimate
one, minimization is assumed.

The output of the program is the finally adjusted sets
of component property values and proportions. In ad-
dition, the residual for each property within each sam-
ple can be printed out and examined to determine the
property within each sample contributing most to the
grand residuals. This technique provides a means of
isolating the input data that may be least reliable.

EXPERIMENTAL
Materials

Fifteen soils from Pennsylvania (Table 2) were se-
lected, using available mineralogical data, to provide
a wide spectrum of clay mineral types and content. The
soils were treated with sodium hypochlorite to remove
organic matter (Anderson, 1963). After ultrasonic dis-
persion (Edwards and Bremner, 1967), the clay fraction
(<2 um) was separated by sieving and centrifugation.
Free iron oxides were removed by the citrate-bicar-
bonate-dithionite method (Mehra and Jackson, 1960),
and the samples were washed free of excess salts (AgNO,
test) by deionized water, ethanol and acetone and dried
at 110°C.

Initial estimate of the component proportions

Two methods were used to give an initial estimate
of the component proportions: (1) the X-ray powder
diffraction (XRD) technique of Mossman et al. (1967),
which uses an internal standard, and (2) the quanti-
tative methods of Alexiades and Jackson (1966). The
internal standard used was a pyrophyllite obtained from
Ward’s Natural Science Establishment, Rochester, New
York, which was ground and ultrasonically treated in
suspension to decrease the particle size to <2 um. Fif-
teen milligrams of the suspended clay-size pyrophyllite
was mixed with 150 mg of soil clay. The mixture was
mounted on a ceramic slide by suction (Rich, 1969),
and powder XRD patterns were obtained for samples
after: (1) Mg-saturation and drying at room tempera-
ture, (2) Mg-saturation and giycerol treatment, (3)
K-saturation and drying at room temperature, (4)
K-saturation and heating to 300° and 500°C, and (5)
boiling in 6 N HCl and K-saturation.

The component proportions arrived at by these
methods are shown in Table 3. All values, except for
quartz and noncrystalline material, were rounded to
the nearest 5%.

Program constraints and sample property selection

" A requirement of the simultaneous linear-equations
program is that the number of samples, the number of
properties, and the number of clay components used
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Table 2. Identification number, soil series, horizon, and the parent material of the Pennsylvania soil clays.

111

Sample Soil identification number Soil series Horizon Parent material

1 S64Pa 14-15-2 Berks B22 shale
2 S61Pa 32-53-3 Library B22gt shale and limestone
3 S64Pa 22-02-5 Tioga B23 alluvium
4 S59Pa 19-16-3 Chenango B3 glacial outwash
5 S64Pa 14-01-1 Edom Ap limestone and shale
6 S64Pa 52-08-9 Tioga C7 alluvium
7 S59Pa 19-19-7 Wellsboro B3 glacial till
8 S64Pa 26-11-5 Purdy B23gt lacustrine deposit
9 S65Pa 20-06-4 Titusville Bxlg glacial till

10 S65Pa 28-12-2 Duffield Bl limestone

11 S62Pa 06-05-7 Edgemont C1 quartzite

12 S65Pa 28-11-1 Duffield Ap limestone

13 S64Pa 14-17-1 Wiltshire Ap limestone

14 S61Pa 01-17-3 Mt. Lucas B22t diabase

15 S64Pa 14-11-4 Gatesburg B21 calcareous sandstone

in the computation procedure be equal. Although the
program was written to accommodate a maximum of
nine samples, the main limiting factor was the number
of properties suitable for distinguishing among clay
species within a mixture. An ideal property should
have a distinct value or range for each clay mineral
type. Properties of this kind may not be available for
all soil clay components. From the chemical and phys-
ical properties determined in this study, eight were
selected for use in the computer program, including
cation-exchange capacities determined by the meth-
ylene blue adsorption (CEC MB) method of Pham Thi
Hang and Brindley (1970), by the amount of Ca dis-
placed by Mg from a Ca-saturated clay (CEC Ca/Mg),
and by the amount of K displaced by NH, from a
K-saturated clay heated to 110°C; % weight loss be-
tween 100° and 300°C and between 300° and 950°C;
and % K,0, % SiO,, and % MgO by the method of
Medlin et @l (1969). The measured values of these

properties for the samples are listed in Table 4. Feld-
spar was not included in the computer analysis in order
to limit the number of components to eight. The values
for % K,O and % SiO, in Table 4 were corrected ac-
cordingly.

Component property ranges

An upper and lower limit for each component prop-
erty was assigned based on data available in the lit-
erature or from unpublished laboratory measurements.
The ranges used are given in Table 5. The midpoint
of the range was used as the initial value for the com-
ponent property in the computer program.

Sample grouping

Inasmuch as eight properties were selected to be used
in the computer program, the 15 samples had to be
divided into groups of 8 samples each. Four groups (I~
1V) were formed emphasizing either within group sim-

Table 3. Initial estimate (%) of the component proportions.}

Sample Kaol Verm Smec i Ch Verm-ch Qtz None Total
1 5 5 0 25 10 35 13 5 98
2 5 5 20 60 5 0 3 2 100
3 15 10 5 40 10 10 3 6 99
4 5 15 0 30 15 20 10 5 100
5 5 10 5 15 10 20 27 6 98
6 5 15 5 35 10 20 3 4 97
7 5 5 0 60 15 5 5 4 99
8 50 5 5 30 ¢ g 3 5 98
9 15 10 30 15 5 10 7 i0 102

10 10 5 30 10 25 5 6 9 100
1 65 0 10 15 0 0 1 9 100
12 10 5 10 10 40 10 9 9 103
13 25 5 10 15 10 10 16 10 101
14 45 30 10 0 0 0 1 15 101
15 75 0 5 10 0 0 6 4 100

! Kaol = kaolinite; Verm = vermiculite; Smec = smectite; I1li = illite; Ch = chlorite; Verm-ch = interstratified vermiculite/

chlorite; Qtz = quartz; Nonc = noncrystalline.
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Table 4. Measured sample properties.’
Cation-exchange capacity Chemical composition
(meq/100 g) Weight loss (%) (wt. %)

Sample Ca/Mg K//NH, MB? 100°-300°C 300°-950°C K,0 Sio, MgO
1 14.7 10.9 9.0 1.4 6.7 3.5 55.1 2.0

2 32.2 22.2 23.0 0.6 5.7 6.0 53.5 1.6

3 252 19.3 16.0 1.4 7.5 4.6 47.9 1.9

4 16.9 13.1 10.0 1.4 7.3 3.4 50.0 2.2

5 25.5 18.5 16.0 0.8 6.3 2.6 65.5 2.2

6 25.6 16.9 13.0 1.3 6.5 4.7 470 2.3

7 16.6 12.2 10.0 0.5 7.0 6.1 49,3 2.4

8 19.3 15.9 16.0 1.4 8.5 3.5 49.3 1.2

9 52.2 36.9 39.0 1.5 7.7 2.6 55.1 1.6
10 40.2 33.0 34.0 2.5 8.3 1.6 50.7 6.6
11 13.9 11.2 11.0 1.3 11.5 1.9 51.9 0.9
12 26.8 194 18.0 2.0 8.3 1.8 49.1 8.6
13 24.2 20.2 17.0 1.2 8.1 2.5 53.6 2.4
14 36.0 27.3 26.0 3.1 10.2 0.5 50.9 2.4
15 15.0 10.0 7.0 0.5 10.8 1.2 51.4 0.9

! All properties are based on 110°C dried sample weight except % SiO,, which is based on 950°C dried sample weight.

2 Methylene blue.

ilarity (I, II) or diversity (III, IV} of clay mineral types.
Illite is the dominant clay in Group I, samples 1 to 8,
and kaolinite or montmorillonite is the dominant clay
in Group II, samples 8 to 15. Group IIT consists of
samples 5 to 12; Group IV of samples 1 to 4, 8, and
13 to 15. Sample 8 was made common to all four
groups to provide a reference point for evaluating the
influence of within-group clay composition on the cal-
culated component proportions.

RESULTS AND DISCUSSION
Comparison of computational options

Four options were available for the computational
analysis of the data. In options 1 and 2, component
proportions and component properties are calculated,
respectively, with the other parameter remaining fixed
at a single preassigned value. Options 3 and 4 adjust
both the component proportions and properties in an
alternate stepwise manner. In the first step, one param-

eter remains fixed while the other is adjusted to min-
imize the residuals. The parameter roles are reversed
in the second step, with the new values of the parameter
adjusted in step one being the fixed value in step two.
The alternate adjustment of the two parameters is con-
tinued until the total grand residual (£ R?) reaches a
minimum, which is defined as the point where the last
value of the total grand residual does not differ by more
than 3% from the penultimate value. The two options
differ in that option 3 adjusts component proportions,
whereas option 4 adjusts component properties in the
first step.

The minimization of the total grand residual for the
four options is shown in Figure 1 for sample Group 1.
Comparable results were found for sample Group II.
With options 1 and 2 the total grand residual attained
a minimum after only 2 to 4 adjustments. This was to
be expecled because the initial values for component
proportions and properties were not true values and
the fixed parameter limited the minimization. The ex-

Table 5. Range of property values for clay components.

Cation-exchange capacity
{meq/100 g)

Weight loss (%) Chemical composition (wt. %)

Component Ca/Mg, K//NBH, MB! 100°-300°C  300°-950°C X,0 Si0, MgO
Kaolinite 5-10 5-10 5~10 0-0 12-14 00 52-54 0-0
Vermiculite 120-180 15-25 10-20 0-2 4-6 0-0 40-50 0-6
Smectite 80-120 70-100 80-120 0-2 4-7 0-0 55-65 1-6
1llite 15-30 15-30 15-30 0-2 3.5 9-11 53-58 0-4
Chlorite 15-30 15-30 15-30 0-1 9-14 0-0 30-40 10-40
Vermiculite/chlorite 20-40 15-20 15-25 0-1 4-6 0-0 40-50 0-15
Quartz 0-0 0-0 0-0 0-0 0-0 0-0 100-100 0-0
Noncrystalline 50~100 50-100 10-30 0-1 5-12 0-0 45-55 0-0

! Methylene blue.
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Figure 1. Minimization of the total grand residuals (Z R?)

in four options: (1) component proportions adjusted only; (2)
component properties adjusted only; (3) component propor-
tions adjusted first; and (4) component properties adjusted
first.

ceptionally high residual for option 2 was a conse-
quence of an additional limitation. The property value
adjustments were confined to a preassigned range
whereas no restriction was imposed on the adjustment
of component proportions in option 1. If the true value
for one of the parameters were known, an exact solu-
tion of the simultaneous linear equations would be
possible using options 1 or 2. With the available data,
these options were not applicable.

When both parameters were adjusted, option 3 or 4,
the total grand residual was decreased to a much lower
value than was obtained with option 1 or 2 (Figure 1).
The basis used for choosing between option 3 or 4 was
the consistency of the program output with the exper-
imental data available. It can be seen (Figure 2) that
the largest change of a parameter occurred in the first
adjustment. With option 3, which adjusts component
proportions first, no restriction on the magnitude of
the adjustment other than the reduction of the grand
residual (R2) were apparent. Thus, in some samples, a
final value for a clay type proportion resulted that was
inconsistent with the experimental data. Option 4,
which adjusts component properties in the first step,
led to no apparent contradictions, probably a conse-
quence of the additional restriction within option 4
where property value adjustments were confirmed to
a preassigned range. For this reason option 4 was pre-
ferred.

Sources of residual

The objective of the computer program was to re-
duce the total grand residual to a minimum. Reduction
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Figure 2. Adjustment of percentage of kaolinite and CEC
Ca/Mg for sample 9 using options 3 and 4.

of the total grand residual value for soil clay samples
to zero was not possible, mainly because of: (1) the
experimental error in determining sample properties,
and (2) the diversity of the properties for a given com-
ponent from sample to sample. The value of the min-
imized total grand residual was affected by the mag-
nitude of these two factors. From experience, the
reasonable value for a minimum total grand residual
is below five for a comparable group of samples.

Use of residual values to locate
sources of experimental error

One of the outputs of the computer program was a
table in which the squared residual (r?) for each prop-
erty within each sample is printed out. By use of this
table possible major sources of experimental error that
led to a relatively large total grand residual (greater
than five) could be isolated. During the initial run of
the program, the total grand residual for sample Group
11 was relatively high, 9.97 (Table 6). Percent weight
loss from 110° to 300°C for sample 15 was the major
contributor. On review of the experimental data it was
found that this sample had the highest percentage of
weight loss (110° to 300°C) among the 15 samples
(4.03%) and the lowest SiO,:AlLO, molar ratio (0.4)
for material dissolved by 0.5 N NaOH. These data
suggested the possibility of gibbsite in this sample. The
X-ray powder diffraction pattern was re-examined and
a diffraction peak at 4.83 A, which disappeared on
heating the sample to 300°C, was noted. Because of the
dehydroxylation of the gibbsite, the observed weight-
loss value from 110° to 300°C could not be accounted
for by the eight components used. After correcting for
the estimated gibbsite content, the contribution to the
residual of this property for sample 15 and the total
grand residual were reduced (Table 6). The weight loss
from 110° to 300°C over all samples, however, was still
the major contributor (77%) to the total grand residual
(Table 6), suggesting that the ranges assigned to this
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Table 6. Residual squares (r?) for 110°-300°C weight loss! before and after correction for gibbsite in sample 15 and the grand

residuals (R?)? of Group II.

Sample numher

8 9 10 11 12 13 14 15 R?
Before r2 0.00 0.55 0.08 0.14 0.15 0.33 0.81 7.35 9.41
R? 0.01 0.61 0.10 0.18 0.16 0.36 0.86 7.69 9.973
After r? 0.04 0.22 0.00 0.22 0.10 0.12 0.41 0.09 1.20
R2 0.05 0.23 0.00 0.30 0.10 0.13 0.45 0.28 1.56°
! The small r* values for properties other than 110°-300°C weight loss are not inciuded.
2R? = 2 1% the summation is over properties or over samples.
3 The total grand residuals (£ R2).
Table 7. Component proportions for sample 8 and total grand residuals (2 R?) for different sample groups.
Component proportion (%)
Sample
group* Kaol Verm Smec mi Ch Verm-Ch Qtz Nonc Total Final R?
1 39 3 9 32 4 0 3 3 93 3
11 46 3 8 31 0 0 0 5 93 2
i) 42 3 9 31 3 0 2 4 94 3
v 46 3 9 31 2 0 1 3 95 5
! Group I: Samples 1~8; Group II: Samples 8-15; Group III: Samples 5-12; Group IV: Samples 1-4, 8, 13-15.
2 Abbreviations are the same as in Table 3.
Table 8. Final adjusted component properties for Group L
Cation-exchange capacity . Chemical composition
{meq/100 g) Weight loss (g) (wi. %)

Component Ca/Mg K//NH, MB! 100°-300°C 300°-950°C K.O $i0, MgO
Kaolinite 5.0 5.7 6.2 0.0 14.0 0.0 52.0 0.0
Vermiculite 120.0 15.2 10.0 1.7 6.0 0.0 40.2 0.1
Smectite 80.0 70.7 85.0 0.9 4.0 0.0 57.9 2.9
[lite 15.0 15.6 15.0 1.0 5.0 11.0 53.0 1.0
Chlorite 15.0 15.0 15.0 0.5 14.0 0.0 30.7 14.8
Vermiculite/chlorite 20.0 15.0 10.0 1.0 5.5 0.0 50.0 0.0
Quartz 0.0 0.0 0.0 0.0 0.0 0.0 100.0 0.0
Noncrystalline 50.0 50.1 10.0 8.6 12.0 0.0 45.1 0.0

{ Methylene blue.

property for the clay components are more question-
able than those for the other properties.

Effects of sample diversity

Inasmuch as sample 8 was made common to all four
sample groups, it was used as a reference for the effect
of sample diversity. The component proportions for
sample 8 and the total grand residual differed when the
associated samples were changed (Table 7). If the an-
alytical errors are considered to be similar for all the
samples, the magnitude of the total grand residual like-
ly represented the degree of sample diversity in a given
group. This diversity is consistent with the smaller total
grand residuals for Groups I and II, where an attempt
was made to increase compositional uniformity, than
for Groups III and IV (Table 7). The results for other
groups also showed that the total grand residual was
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<1.0 for samples from the same profile and >50 for
a group with highly diverse composition. Thus, if a
low residual is associated with more reliable values,
samples which are similar in composition will yield
more dependable component proportions from this type
of computation.

Adjusted component properties and proportions

The final adjusted properties for Group I are given
in Table 8 (the values for Group II are very similar).
Most adjusted property values reached a limit of the
assigned property range because, in option 4, compo-
nent properties were adjusted first. Inasmuch as the
magnitude of this adjustment was the largest of the
series, it more readily forced the component property
values to a limit.

Table 9 shows the adjusted values for component
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Table 9. Final results (%) for component proportions.'?

Sampie Kaol Yerm Smec i Ch Verm-ch Quz None Total
1 17 3 0 30 1 10 19 3 93
2 7 8 15 55 4 3 6 1 99
3 15 5 6 42 9 9 1 8 95
4 15 3 0 30 14 15 10 6 93
5 8 3 9 24 12 21 26 5 110
6 2 8 2 42 13 19 3 6 95
7 15 5 0 49 11 0 9 3 92
8 46 3 8 31 0 0 0 5 93
9 20 12 34 23 0 14 0 5 109

10 9 5 25 14 28 3 6 14 104
11 72 2 4 16 2 0 0 4 100
12 11 7 6 16 38 0 11 10 99
13 28 3 7 23 8 21 6 10 106
14 45 7 19 4 8 0 2 18 103
15 68 5 0 10 1 4 4 6 98

1 Results obtained for samples 1-7 are from Group I; samples 8-15 are from Group 11.

2 Abbreviations are the same as in Table 3.

Table 10. The linear correlation coefficient (r) between initial and adjusted component proportions.’

Kaot Verm Smec mi

Ch Verm-ch Qiz None

r 97+ 31 91%* 97

95** 65%* Wikl BO**

** Gienificant at the .01 level.
1 Abbreviations are the same as in Table 3.

proportions for Groups I and II. The sum of compo-
nent proportions averages 99.3 = 6.0%. All values cor-
related significantly with initial estimates except those
for vermiculite (Table 10). The adjusted component
proportions are for vermiculite (Table 10). The ad-
justed component proportions are probably more re-
liable than the initial ones because of their consistency
with the observed chemical and physical properties, a
requirement of the method of computation. The ac-
curacy of the adjusted values, however, is dependent
on that of the assigned property range. Improvement
of the component proportions derived from this pro-
gram awaits the procurement of more reliable values
for soil clay properties.
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Pestome—PazpaGorana nporpaMma il CHCTEMBI JIMHECAHLIX yPaBHEHWH IS PacyeTa UPONOPOUE KOM-
TIOHEHTOB B/HMAH BEJIAYMH CBOHCTB KOMIIOHEHTOB CMECSH MHHEPAJIOB B IOYBEHHBIX IVIMHAX M OTIIOKCHHSX.
AHanu3 OCHOBAH HA MU3MEPEHHbIX KOJIMYECTBEHHO XMMHYECKUX B PU3HUECKAX CBORCTBaX 06pasioB 1 BKIIIO-
gaeT (1) kRavecTBeHAYI0 HACHTHOUKAMIO MEHEPAIBHBIX KOMIOHEHTOB B CMECH JIIOOBIM COOTBETCTBYIOINM
METOROM; (2) KOJIMYECTBEHHOEe H3MEpPEHWe CBOHCTB OOpa3suOB, MpeNHAZHAYEHHLIX A HCUONb30BAHAS B
nporpamme; (3) onpeesieRre TPOIOPIMHA KaX0T0 KOMIOHEHTA B CMECH IPH JIOMOIM TAKOTO METO/a, Kak
PEHTTEHOBCKas TopouIKoBast audpaxiust; (4) npanricayne Npefesios AUana3oHaM CBOACTB KOMIIOHeHTa; (5)
BBIGOP ONHOA M3 9eTHIPEX MMEOIIMXCH PACYETHHIX BO3MOXKHOCTEH ¥ IPHMEHEHNE IPOTPaMMBl CHCTEMBI
JTHHEHMMBIX YpaBHeHHH; (6) npoBepxa Pa3HOCTH dHANK3A U, €CliM HeOOXOOUMO, KOPPEKTHPOBKA MCXOMHBIX
NPONOPIMA KOMIIOHEHTOB MJIM MANA30HOB CBOMCTB M 3aTeM ToBTOpenne cramuu (5); u (7) nposepKa OKOH-
YaTeIbHLIX BEJIMYMH NPONOPLUAHA KOMIIOHEHTOB IIyTEM CpaBHEHHs ¢ HHGOpMamuei, oIy eHHON B CTANUR
(1). HonBOTa 1 TOYHOCTH OKOHYATENBHBIX PE3YALTATOB 110 NPONOPIHAM KOMIIOHEHTOB MOXKET GBITh IpO-
BEPEHA N0 TOMY HACKOJIBLKO CyMMa Iponopnuil KoMnoneHToB 6im3ka k 1,0. Meron tpeGyeT, uTo6bI udcIo
H3MEPSAEMbIX CBONCTB PaBHANOCH, KAK MHHHMYM, YMCIIy KOMIOHEHTOB B 0GPAa3Lax ¥ YTOGH MAHMMAIbHOE
TiCIio 06pas3noB PABHANOCE UHCITY U3MEPSEMEIX CBONCTB.

Hcrnions3ys wacTnp! ranHbl 15 nous u3 TIeHCHILBaHNM, COAEPXKALIMK KAONVHWUT, WIIMT, CMEKTHT, Bep-
MHAKYTHT, XJIOPHT, CIOUCTHIN BEPMHKYTUT/XJIOPHT, KBApI M HEKPUCTAILIMYECKUA MATEPHAlL, H M3Mepss
KaTHOHOOOMEHHYIO CIIOCOGHOCTL METHIIEHOBOM CHHH, KomudecTBo Ca, BLITECHEHHOE Mg M3 TiImHbl, HAChl-
menHo# Ca, xomayectro K, shiTecBernoe NH, w3 rvnsl, sacsunennoi K, nogorperoit no 110°C, % K,0,
% Si0O,, % MgO » noTepio seca np 110°-300°C 1 300°~950°C, 6110 YCTAHOBIEHO, 9TO KOPPEKTHPOBKA
BEIIW4KH CBOHCTB HMeNd HAWMECHLILYIO BEIHYMHY PasHOCTH ¥ Haubojee COINACYIOIMUECH DE3YJBLTATHL
UCTOUHEK ananiTHYECKHX IOTPEIIHOCTEH GbII YCTAHOBIEH Iy TeM NPOBEpKM Tabmun pasHocTeit. O6pasist,
CXOAHBIE 10 COCTABY, JaBaiu Golee HaleKHBIE MPOIOPIUU KoMoueHToB. [E.G.)

Resiimee—~Es wurde ein Programm zur Aufldsung simultaner linearer Gleichungen entwickelt, um die
Komponentenanteile und/oder Komponenteneigenschaftswerte fiir Mineralgemenge in Bodentonen und
Sedimenten zu berechnen. Die Analyse beruht auf quantitativ gemessenen chemischen und physikalischen
Eigenschaften der Proben und beinhaltet (1) die qualitative Identifikation der Mineralkomponenten im
Gemenge mittels jeder geeigneten Methode; (2) die quantitative Messung der Probeneigenschaftswerte,
die fur dieses Programm ausgewshlt wurden; (3) die Abschitzung des Anteils jeder Komponente im
Gemenge z.B. mittels Réntgenpulverdifiraktion; (4) die Festlegung der Grenzen fiir die
Komponenteneigenschaftsbereiche; (5) die Auswahl von einer der vier zur Verfligung stehenden Berech-
nungsoptionen und die Anwendung des Programms simultaner linearer Gleichungen; (6) die Priifung der
Residuen der Analyse und, wenn moglich, die Angleichung der urspriinglichen Schiitzungen fiir die
Komponenteneigenschaften oder Komponenteneigenschafisbereiche und dann die Wiederholung des
Schrittes 5; (7) Uberpriifung der endgiiltigen Komponenteneigenschaften durch Vergleich mit den Ergeb-
nissen aus Schritt 1. Die Vollstindigkeit und/oder die Richtigkeit der Endergebnisse fiir die Komponen-
teneigenschaften kénnen dadurch ifberpriift werden, indem die Summe der Komponenteneigenschaften
mdglichst nahe an den Wert 1,0 herankommen soll. Die Methode fordert, da3 die Zah] der gemessenen
Eigenschaften mindestens gleich der Zahl der Komponenten in den zu analysierenden Proben sein muS,
und daB die Mindestzahl der Proben gleich der Zahi der gemessenen Eigenschaften sein mug.

Unter Verwendung der Tonfraktionen von 15 Bodenproben von Pennsylvanien, die Kaolinit, Dlit,
Smektit, Vermiculit, Chlorit, Vermiculit/Chlorit-Wechsellagerung, Quarz, und schlecht kristallisiertes
Material enthielten, und bei denen die Methylenblau-Kationenaustauschkapazitit gemessen wurde, sowie
die durch Mg ersetzte Ca-Menge bei Ca-gesittigtem Ton, die durch NH, ersetzte K-Menge bei einem
K-gesittigten Ton, der auf 110°C erhitzt wurde, sowie bei Bestimmung von % X,0, % SiO,, % MgO, und
von dem Gewichtsverlust bei 110°-300°C und 300°-950°C, zeigt sich, daB die Anpassung der Eigen-
schaftswerte die niedrigsten Restwerte ergeben und die am besten iibereinstimmenden Ergebnisse. Die
Ursachen der analytischen Fehler wurden durch die iiberpriifung der Residuentabellen ebenfalls lokalisiert.
Proben mit dhnlicher Zusammensetzung ergaben verliBlichere Komponentenverteilungen. [U.W ]

Résumé—Un programme d’équations linéaires simultanées a été développé pour calculer les proportions
de composés et/ou les valeurs des propriétés de composés pour des mélanges minéraux dans des argiles
et des sédiments de sol. L’analyse est basée sur les propriétés chimiques mesurées quantitativement et
les propriétés physiques des échantillons et implique (1) identification qualitative des composés minéraux
dans le mélange par n’importe quel moyen approprié; (2) la mesure quantitative des valeurs des propriétés
des échantillons selectionnées pour étre utilisées dans le programme; (3) I'estimation de la proportion de
chaque composé dans le mélange par une technigue telle que la diffraction des rayons-X; (4) assignation
de limites aux gammes de propriétés des composés; (5) la sélection de 'une de quatre options de calculs
disponibles et 'application du programme d’équations linéaires simultanées; (6) I'examen des résiduels
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de I'analyse, et si c’est approprié, ’ajustement des estimations initiales pour les proportions des composés
ou pour les gammes des propriétés et puis la répétition de I’étape 5; et (7) la vérification des proportions
de composés finales en comparant avec Uinformation de 'étape 1. L’entiéreté et/ou Pexactitude des
résultats finaux pour les proportions des composés peut étre verifiées par la proximité de 1'approche de
1,0 pour la somme des proportions des composés. La méthode exige qu’au minimum, le nombre des
propriétés mesurées soit égal au nombre des composés dans les échantillons analysés, et que le nombre
minimum d’echantillons soit égal au nombre de propriétés mesurées.

En utilisant les fractions d’argile de 15 sols de Pennsylvanie contenant de la vermiculite, de la chlorite,
de la vermiculite/chlorite interstratifiée, du quartz, et du matériel non cristallin, et en mesurant la capacité
d’échange de cations du bleu de méthyléne, la quantité de Ca deplacée par Mg d’un argile saturé de Ca,
la quantité de K deplacée par NH, d’un argile saturé de K échauffé 4 110°C, les % K,0, % SiO,, % MgO,
et la perte de poids & 110°-300°C et 300°-950°C, on a trouvé que I'ajustement des valeurs de propriétés
avait la valeur résiduelle la plus basse et les résultats les plus consistants. La source d’erreurs analytiques
a aussi été localisée par examen de tables de résiduels. Les échantillons qui étaient semblables en compo-
sition donnaient les proportions de composés les plus siirs. [D.J.]
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