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Abstract. We prove a random Ruelle—Perron-Frobenius theorem and the existence of
relative equilibrium states for a class of random open and closed interval maps, without
imposing transitivity requirements, such as mixing and covering conditions, which are
prevalent in the literature. This theorem provides the existence and uniqueness of random
conformal and invariant measures with exponential decay of correlations, and allows us to
expand the class of examples of (random) dynamical systems amenable to multiplicative
ergodic theory and the thermodynamic formalism. Applications include open and closed
non-transitive random maps, and a connection between Lyapunov exponents and escape
rates through random holes. We are also able to treat random intermittent maps with
geometric potentials.
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1. Introduction

Non-autonomous or random dynamical systems provide flexible mathematical models to
analyse a wide range of forced and noisy phenomena. They have been identified as an
important direction going forward in the study of chaotic systems [26]. One of the obstacles
in the investigation of the long-term properties of such systems stems from the difficulty in
identifying concrete examples for which the available theoretical results apply. This work
uncovers scenarios where ergodic-theoretical tools can be used to establish results related
to the thermodynamic formalism and decay of correlations for random dynamical systems,
without imposing requirements such as transitivity or covering, which are often difficult to
verify in this context.

For autonomous (time-homogeneous) finite-state Markov chains and systems whose
dynamics can be encoded by them, such as shifts of finite type and systems with a
Markov partition, one can use normal forms for reducible matrices [12, Vol. 2] to analyse
the dynamics using irreducible components as building blocks. In sharp contrast, there
is no available decomposition of non-autonomous (random) systems into transitive or
irreducible components. For instance, Buzzi [6, §0.2] noted difficulties in decomposing
one-dimensional piecewise expanding random systems into pathwise irreducible com-
ponents, and hence in the search for decompositions that could play the role of normal
forms in this setting. Accordingly, the study of decay of correlations and Ruelle—Perron—
Frobenius-type results in the random setting has so far relied on stronger hypotheses, such
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as mixing and/or covering conditions [1-6, 10, 14, 15, 19, 20, 24]. Similar assumptions
appear in the investigation of memory loss in time-dependent systems [7, 13, 21, 22, 25].

In this work, we exhibit new examples of random dynamical systems for which invariant
measures (relative equilibrium states) with exponential decay of correlations can be
constructed. We do not impose transitivity assumptions—so neither topological mixing nor
covering conditions are assumed—but instead require that the random maps and random
potentials satisfy a contracting-type condition, on average; see Definition 4.2 for details.
Naturally, when such results hold, one expects to obtain a one-dimensional top equivariant
direction for the (random) transfer operator. Indeed, under mild extra assumptions, we
also show that the multiplicative ergodic theorem of Froyland, Lloyd and Quas [11]
applies in this setting and yields a unique random Ruelle—Perron—Frobenius decomposition
and further information. Our approach builds on the concept of a contracting potential,
introduced in the autonomous setting by Liverani, Saussol and Vaienti [17], but we work
with random cones of functions, conveniently defined in terms of (essential) infimum and
variation. This work may also be regarded as a generalization, complementary to [1], of
the work of Liverani and Maume-Deschamps [16] to the random setting. Furthermore, our
approach allows us to prove results for both open and closed settings simultaneously, in a
concise manner.

Our main results may be summarized as follows. See §2 for the allowed class
of random open (and closed) maps, Definition 4.2 for the notion of strongly con-
tracting potential and §6.1 for precise statements and proofs. For the related random
Ruelle—Perron—Frobenius-type decomposition, see Theorem 6.6. Throughout this work,
Einf( f) is the essential infimum of f with respect to the Lebesgue measure.

MAIN THEOREM. Let L, be the transfer operator associated to a random strongly
contracting potential for a random open (or closed) map of the interval {(T,, Hy)}weg
(or {Tylweq), driven by an ergodic, invertible, probability-preserving transformation
o : (2, m) — (2, m). Then, there exist equivariant families, {qy}wecq and {Vylwea, of
bounded variation functions and probability measures respectively given by

£ Einf(L™ (.
Go= lim ——"0  and u,() = lim e )
=% Einf(L£]", 1) "= Einf(Ly" 1)

such that Lyqew = N, qoew and ve(-) = N vew(Lu (), with [log h,+ dm = [ log
No— dm. The multipliers {)\f}weg also satisfy equations (5.2) and (5.7). (It will be
shown that \,- = Vy(quw) M+ /Voo (Gow), See equation (6.4).) Define iy, by f fdue =
f fqw AV /Ve(qw). Then,

[ # duew= [ rot. i,

and {Ly}weq Yields the unique relative equilibrium state for the system. Furthermore,
there exist 0 < r < 1 and a measurable, tempered C,, > 0 such that for every f € L' (v,),
f € LY (vgne) and h € BV,

o (f 0 T 1) = o (P10 (D] < Coll fll1 ) IRllByr™,  and
o (f 0 TSV - 1) = tona(Hito® < Coll fll i, IRl BV
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H,

FIGURE 1. A non-transitive open map.

(A function a : Q@ — R is tempered if for m-almost every (a.e.) w € €, limy, |00 (1/1)
log |a(o"w)| = 0. Equivalently, for every ¢ > 0O, there exists Ay, > 0 such that for every
neN, alc"w) < Agyetl.)

In §7.2, we show that our results indeed apply to non-transitive, non-mixing and
non-covering maps; see Figure 1 and Example 7.5. This is not a trivial example because,
depending on the potential, the random invariant measures may or may not be supported
inside the invariant interval around 1/2. As a special case, we also show (Lemma 7.9) that
when the geometric potential — log |7| is strongly contracting, the random map is in fact
covering. In particular, — log |T})| is not strongly contracting in Example 7.5. Our results
also apply to open and closed random intermittent maps (§7.3), and allow us to investigate
escape rates for random open systems (§7.4).

In contrast to previous works requiring the identification of a (random) conformal
measure first, our approach decouples the construction of equivariant densities, g, and
conformal measures, v,,, and builds these dual objects in a symmetric fashion. In short,
densities depend on the past, while measures depend on the future. An extra element
arising in the random setting is that, unlike in the autonomous case, the forward and
backward multipliers A+ arising from these constructions are not necessarily equal, and
so the densities may not be normalized with respect to the conformal measures. Thus, to
find a (random) invariant measure (,, one should normalize: that is, (e, = GuVw/Ve (Gw)-

This work complements previous works of the authors [1, 2], where they have developed
a general thermodynamic formalism for random open and closed dynamical systems,
without the strongly contracting assumption of this work, but imposing covering-type
conditions. The present approach also incorporates the use of a random family of cones,
a strategy previously used in [15], the references therein and recently in [24]. Finally, it is
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worth pointing out that while we have aimed for simple and checkable assumptions for our
main results, generalizations could be sought in various directions. For instance, one could
relax the one-step full-branch condition to a k-step (or perhaps even random) full-branch
condition.

2. Notation and setting

The following notation will be used throughout the paper. Let I C R be a compact interval.
For Z C I, we denote by Einfz(f) the essential infimum of f on Z, with respect to the
Lebesgue measure. We also write Einf( /) instead of Einf; ( f), and define Einfy(f) = 0.
Similar conventions apply to the essential supremum Esup( f). Let the variation of f on
Z be varz(f) =SUpy, ..y vsez 2y—ol f(Xjr1) — f(x))| and var(f) := var;(f). Let
BV C L*(Leb) be the set of (equivalence classes of) functions of bounded variation
on I, with norm || f||gy := 1nf — f Leb almost everyWhmvan(f) 4+ | flloo, Where || flloo :=
Esup(f). It follows from Rychhk [23] that BV is a Banach space, and that if f is a
function of bounded variation, then it is always possible to choose a representative of
minimal variation. From now on, we will work with such representatives, and will no
longer distinguish between functions of bounded variation and their equivalence classes
in BV. Furthermore, we recall that two functions of bounded variation f, f I - R
coincide Lebesgue almost everywhere if and only if the values of f and f differ in an
at most countable set. Thus, if two BV functions coincide Lebesgue almost everywhere,
then they are also equivalent with respect to any other non-atomic measure.

Let

T,T,,...:1—>1

be a countable collection of maps such that for each j € N, there exists a finite partition of
I (mod Leb) such that 7 is monotonic and continuous on each atom. Let

H,H,...Ccl

be such that for each j € N, H; C [ is a (possibly empty) finite union of intervals, called
holes. Assume that for every j € N, there is at least one full branch of T; completely
contained in X; := I \ H;. (This assumption rules out the possibility of periodicity, and
is used to control infima in our arguments.) Consider weights of bounded variation

gl,gg,...:I—>]R+, j=12,...,

with associated potentials ¢; :=log g;.

Let (€2, m) be a complete probability space, and o : (2, m) — (€2, m) be an ergodic,
invertible, probability-preserving transformation, called the driving system. Let Q =
U;‘;l 2; be an (at most) countable partition of €2 into measurable sets. For each w €
Qj,letT,=T;,H,=Hj, X, = X, g» = g;. These assumptions ensure the quantities
involved in the definition of strongly contracting potential (Definition 4.2) are measurable.
We refer to {(T,, Hy,)} as a random open map, and to {T,} (or {(T,, ?)}) as a random
closed map.

For each w € Q and n e N, let T := i1y O 0 Tyg 0 Ty, 7% .= I1d, and
e =g w - - owlo Let Zy ™ be the monotonicity partition of 7,)”, and Z" be
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the coarsest partition of the survivor set X, , := ﬂ?;(l)(Ta(,j ))’1 (X,/4) into intervals, such
that for each Z € Z, there exists Z’ € Z” such that Z C Z’. We split Z” into z! (")
and Zw .p» corresponding to the full and non-full (or partial) branches of Ta(,") [ X - That
is, Z e Zc(o} if and only if T (Z) = I. A collection of intervals Z, . .., Z € Z(")

is said to be a collection of contiguous non-full intervals for Ta(,") (or, more precisely, of
(Tag"), Hy,p), where H, , :== I \ X,,) if there is no element of Z(E;n} in between them; that

is, if the convex hull of U]f_ | Z; does not contain any element of Z (") . (This condition
has been considered in [16, §6].) We denote by b(”) the cardinality of .Z (”) and by S(")

the largest number of contiguous non-full (or partlal) intervals for Ta()”).
The transfer operator for the random (open or closed) map {(7},, H,)},eq With potential
{log gw}weq, acting on f € BV is defined by

Lof = Z 17,2)((f8w) © z)

zeZy)

where 77} : T,(Z) — Z is the inverse of T,|z. (In the following, we will exclude the
w,Z g

sub-index w € 2 from the notation, and write e.g. {log g.}.) Its n step iteration, Lf,)") f =
Lyn-1,0 0Ly, 0L, is given by

LYf= Y Ly (fed) o T, ),

Ze Z(”)
—n , p(n) : : (n)
where T,7: T (Z) — Z is the inverse of T, | 7.

3. Basic estimates
The estimates in this section generalize arguments developed in [16].

3.1. Infimum estimates. A direct estimate yields, for every w € Q, f e BVandn € N,

Y Einfz |f] < bJ" (var(f) + Einf(| £1)).

Zez(")

By comparing the infimum over Z € Z (") with the infimum over its closest full-branch
neighbour, one gets

Z Einfy | f| < 2¢ (Var(f) + Z Einf, |f|>. (3.1
zeZm) zeZl)
Furthermore, if f > 0,

Einf(Ly"f) = Y Einfz(s%" f) > Einfy,,, (¢%") ) Einfy f
zeZl) zeZ)

> b() Einfy,, (¢™) Einf(f). (3.2)
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3.2. Variation estimates and Lasota—Yorke inequality. For every w € Q, f € BV and
n € N, we have

var(LY) f)y < Y var@pm , (f857) 0 T, ).
zeZ

For each Z € Z™, we have
var(Lym o, (f887) 0 T, 1) < varz(fg4”) +2 Esup| f5.)"|
< 3varz(fg) + 2 Einfz| fg|

< 31g" loovarz (f) + 3 Esupy | fIvarz(g™) + 21g™ |l Einfz [fI.  (3.3)

An inductive argument starting from the bound var( f1) < var(f)||h|lco + var(h)|l f ll o
and considering that Ta()") is monotonic on Z, yields

n—1

var(g, j,,)
varz(gM) < gl Q) Y e

b
j:0 ”ggja)”OO

where 1015 = [T/20 8o 70 lloo Let Suu(g) = Y124 (var(g,1,)/ 1181 0lloo). There-
fore, equation (3.3) yields

var(Ly o, ((fg8") 0 T, 7)) < 3+ 35,.0(8))Igoll & varz ()

+ 243810 @))llgwll%) Einfz | £].
Thus,

var(L™ £) < (3 4 38,.(8)) | goll{) var(£)

+ @2+ 35,1,w(g>>||gw||§2( Y. Einfz|f|+ ) Einfz |f|).
ZeZc(Ef}. zeZW
Grouping as in equation (3.1), one gets
var(LEY ) < B+ 38,.0(8) (1 + 2657 l|gw |9 var(f)
+ 243801 +260)gull& D Einfz [f].
ZEZ((u'f)f
Furthermore, if f > 0, equation (3.2) implies

Einf(£L™ f) ) 3.4)

var(Ly" f) < 3+ 381.0() (1 + 2657 801 (var(f) + o
Eianwy,, (8o’

4. (Strictly) invariant cones and strongly contracting potentials
Given a > 0, we consider the cones

Co={f eBV: f>0,var(f) <aEinf(f)} C BV.
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This is a positive, convex cone with non-empty interior. Also, C, U {0} is closed. Let <,
be the partial order induced by C,. That is, f <, g if and only if f — g € C, U {0}. Then,
(BV, =,) is integrally closed. ((V, <) is integrally closed if for every o, > o € R, f,
g € Vsuchthat0 < f, gand o, f < g, f <X g.) In addition, every f € BV may be written
as f = f1 — f2 such that f, f» € C,, for instance, by choosing f1 = f + ¢, fo = c for
sufficiently large ¢ > 0.

The inequalities in equations (3.2) and (3.4) yield the following.

LEMMA 4.1. If f € Coandn € N, then LI f € Cy, with

(n)

;_ 3 (n) 8wl o a .
a =GB+385.@)d+28,7) ) + 1) =cona+don.  (41)

Einfy, , (g b(ﬁjf}

The next definition will be key for our arguments, as it allows for the construction of an
invariant family of random cones, using ideas going back to Kifer [15]; see also [24].

Definition 4.2. We say {log g} is a (random) strongly contracting potential for the
random (open or closed) map {(7y,, H,)} if log #20), log ||gw o, log Einf(g,,), (var(gy)/
lgwlloo) € Ll(m) and there exists n, > 0 such that f log cy.n, dm < 0, where ¢y, is
defined in equation (4.1).

Remark 4.3. This condition is related to, but more restrictive than, the definitions of con-
tracting potential in [17] (autonomous setting) and [2, Definition 2.15], [1, (Q1)] (random
setting). However, [1, 2, 17] also require a covering condition, which is not required in this
work. In [24], the authors investigate random (closed) non-uniformly expanding C! maps
with C! potentials satisfying a contracting-like condition. In Remark 7.4, we show that in
the one-dimensional setting, this condition is more restrictive than that of Definition 4.2.

LEMMA 4.4. Assume {log g.} is a random strongly contracting potential for the random
(open or closed) map {(T,, H,)}. Then, there exists n, € N, 0 <y < 1 and a family
of cones (Cq,)we Which is invariant under .Eg' 2 and satisfies Lc(,)n *)Caw C Cya,
Furthermore, a, may be chosen as in equation (4.2), and therefore it may be assumed
to be tempered.

N gy ®

Proof. The hypotheses ensure there exists n, € N such that [ logce,, dm <0,
where ¢, is defined in equation (4.1). Thus, one can find 0 <y <1 such that
[ log copn,d m =:logy <logy < 0. Then, it follows that the twisted cohomological
equation ydgn«qy = Cwn,dw + dwn, has a measurable, m-almost surely finite solution
given by

00 J
—i—1
aw=_ vy 10, [ | co-tan.- 4.2)
j=0 k=1

where, for convenience, we let nglcﬂ_kw,n* =1.
The fact that a,, is m-almost surely finite and tempered is a consequence of the integra-
bility assumptions in Definition 4.2, combined with sub-multiplicativity of 1/ Einf(gg’)).

Indeed, notice that bg’}, j)’” < ]_[’J:(l) #20,'(, - Hence, d, 5, is log-integrable, where d,, »,
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is defined in equation (4.1). Hence, there exists ¢ > 0 satisfying e**7 < ay for0 < a < 1

and a tempered measurable function D, such that d

. 8 i . .
o—i-lon, < Dwe J. Similarly, there

is a tempered measurable function C,, such that ]_[i=1 Cokopn, = Cne’¢y/. Therefore,
substituting into equation (4.2), we get thata,, < Co, Do /(y — €°7) < Cyy Dy /(v (1 — )
is tempered. It is straightforward to verify that .Zg’ *)Caw C Cyagny,- O

4.1. Contraction of projective metric. In the setting of Lemma 4.4, let <,, be the partial
order induced by C,,. That is, f <, g if and only if f — g € C,, U {0}. Let ®,, be the
Hilbert (projective) pseudo metric on Cg,, given by

Po(f, h)
Tw(f, h)’

where f,g€C,, To(f,h):=sup{h>0:Nf =<y, h}and p,(f,h) =inf{u>0:
wf >e h}; the distance is infinite if the numerator is oo or the denominator is O.

Ou(f, h) :=log

LEMMA 4.5. Assume O <y < land f € Cyq,. Then,

Ou(f, 1) < log %““;ﬂ) = A,)2. (4.3)

Thus, the diameter of Cyq,, as a subset of Cq,, is at most Ay, < 0.

Proof. Let f € Cyq,. First, X <, f if and only if A < Einf(f) and var(f) = var(f —\)
< a, Einf(f — ). This happens if A < (1 — y) Einf f. Also, f <, p if and only if
I flloc < ¢ and var(f) = var(u — f) < a, Einf(u — f). Since var(f) < ya,, Einf(f)
and || flleo < (1 + yay) Einf(f), this happens if u > (y + 1 4 yay) Einf(f). Thus, we
conclude that ®,(f, 1) <log(l + y(a, + 1))/(1 — y), as claimed. L]

LEMMA 4.6. Under the hypotheses of Lemma 4.4, there exists 0 < ¥ < 1 such that for
every k > 0, and m-a.e. w € ,

O (Ll [ LU ) < @iy (f. LY, Y, (4.4)

U—n*l U—kn*w
for every sufficiently large | (depending on w), every f € C“(rln*w and every h €

C“gfn*(lJrk)w'

(n+)

o—Nxly Ay —nyl )0
diam(L((T"jz*leafn*,w) < Ag-ni.a-1,, Where A, is as in equation (4.3). Let € > 0 and
D € R be such that m({w € Q: Ay < D}) > 1 — ¢/n,. Recall the projective metric is
weakly contracted by .Egl *) for m-a.e. € 2, and, once the diameter of the image is finite,
it is strictly contracted by a factor of tanh(D/4) whenever A, < D. Hence, by ergodicity

of o, equation (4.4) holds for sufficiently large /, provided ¥ > (tanh(D/ 4))1-. ]

Proof. Lemma 4.4 implies £ ity CCya__y, -1, and Lemma 4.5 implies

Remark 4.7. For simplicity and clarity of presentation, we assume from now on that
ny = 1.

[1, 2] address the possibility of n, > 1 in a related setting.

https://doi.org/10.1017/etds.2022.68 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.68

3202 J. Atnip et al

5. Construction of equivariant densities and conformal measures

In this section, we construct equivariant densities and conformal measures for the
random map {(7,,, H,)} with strongly contracting potential {log g,}. We point out that
these constructions are completely decoupled, in contrast to the standard approach of
establishing the existence of conformal measures first, and using them to build the
densities. (See Remark 5.3 for further details on this comparison.)

Note that the norm || f ||« is compatible with <,,. Thatis, for all f,h € BV, if —f <,

h =<4 f,then ||hlloo < |l flloo. Also, the function Einf : C,, — Ry is homogeneous and

w-preserving. Hence, as in [17, Lemma 2.2], for every f, h € C,, such that Einf f =
Einf i1 > 0, we have

Lf = hlloo < (Y — 1) min|| £ lloos 172]lo0)- (5.1)
5.1. Egquivariant densities. In this section, we show the following.

LEMMA 5.1. Assume {log g} is a strongly contracting potential for the random (open or
closed) map {(T,, H,)}, and a, is as in equation (4.2). Then, the following hold.

(i) For each f € Cy, the sequence L( _,,wf/Emf(L( _,,wf) is Cauchy with respect to
| - llco- Hence, thefollowmg limit exists: q,z = hm,,_mo(L((I")nwf/Einf(.[Z((;")”wf)).

Furthermore, Elnf(qw) = 1and Var(qw) < yay. In addition, qua{ = N,f qu,
with N5 = Emf(quw ).
(i)  The functions q£ and multipliers '\, s are independent of f. Call them q,, and \_,
respectively. Then, Ly,q, = N, qow
L(Yl) Elnf(L(n—H) )

go = lim “—(w A, = lim % = Einf(Loqs). (5.2)
"% Einf(L, 1) =% Einf(L", 1)

Proof. To show (i), first note that equation (4.2) implies a,, > 1. Thus, C; C C,,, for m-a.e.
we Q. Let f, := L(n,)nwf/Einf(L(") f). Using equation (5.1), we have, form > n > 1,

),
I fr = Fnlloo < (@2UmIm) — 1))l £l (5.3)

Since f, € Cyq, and Einf f, = 1, then || f;|lco < 1 + ya,. However, by equation (4.4),
for sufficiently large n, ®y(f,, fin) < Agy-n+1,0", where A, is as in equation (4.3) and
¥ < 11is as in Lemma 4.6. Since a,, is tempered, so is A, and equation (5.3) tends to 0
exponentially as n — oo. Hence, the following limit exists in L*°:

()

'L —n
q£ = lim —(“’)f
n=>00 Binf(L"™, f)

o "w

)

Also, Einf(g,, ) =1 and var(g,, ) < lim sup var(f;;) < ya,. Since

(n+1)
| nf (LD f)
0 <Einf g, < —( < Lo fullo < 1 Lollloo(l + yaw) < 00,
Einf(£",, /)

we have that there must be a sequence ()72, such that Einf(£L"5D £)/Binf(£L™)  £)

—nk —l‘lkw
converges to some value, say A, f, as k — 00. Now, since we can write
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Lo r o Binf "D 1)

L q _ l ok w
g =
¢ k=0 Einf(L"t) £) Einf(L"), f)
(ng+1)
: Einf(L =%, " f)
=q/, — e e —y,rql, (5.4)

Jm e
~ Binf(L"), /)

we must have that A = llmn%oo(Elnf(L(”jl)) D) /Einf(L((T",),,w f)) and does not depend
on the particular sequence (ny). Furthermore, the normalization of qjj implies that ., =
Einf(Loq2).

To show (ii), we show there exists g, € BV such that g, = q£ for every f € Cj.

Indeed, for f, h € Cy, we have for every n € N,

A f O (n) h
g, = ahloo < ) — Dllgf oo < (€O LT L nts1) — 1) g oo
5.9
By equatlon 4.4), G)w(_[:(,,,w G5 ng L(",),,w g ng) = Dg-ntly "1 for sufficiently large

n, and ||qw||oo < 1+ ya,. Using once again that A, is tempered, we conclude that
the right-hand side of equation (5.5) tends exponentially fast to 0 as n — oo. Thus,
qc'f = qclf) =: g,. Hence, equation (5.4) implies that )\ s is also independent of f; call it

)\, . Thus, equation (5.2) holds. O]

5.2. Equivariant conformal measures. In this section, we show the following.

LEMMA 5.2. Assume {log g} is a strongly contracting potential for the random (open or
closed) map {(T,, Hy,)}. Then, for each f € Cy, the sequence Einf(Lc(:l)f)/Einf(L((;l) 1) is
Cauchy. Its limit,

(n) : (n)
Einf
Vo (f) = lim )f im oo f)
n— 00 L(" n— 00 Ell’lf(.E(E)n)l)
defines a positive linear functional which can be extended by linearity to BV, and to a

non-atomic probability measure with support contained in X . Furthermore, v, satisfies
Voo (Lo f) = Nve(f), where

(5.6)

(n+1)
Einf 1
W= lim e ) Lo D

) = Vo (Lowl). (5.7
=0 Einf(Lypl)

Proof. We begin by showing that there exists C,, > 0 such that for every f € Cj,

Einf(£2 ™ £)

—(k) n
2P = ) <
ot ¢ Einf(LY f)

i (14 Cor™, (5.8)

where x;’("’ =N~ hgo Mo, Mo~ > Olsasinequation (5.2) and ¥ < r < 1, with
¥ is as in Lemma 4.6. To see this, we argue as in §5.1. Thus, there exists C,, > 0 such that

H (n)f

= <Cyr". (5.9)
Einf(L® £)

oo

—Y4o'w
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Hence,

Einf(£g+k)f) _ Einf £® < -Egl)f )
Einf(£% f) Einf(£” f)

< Einf(LE) (Goro(1 + Cor™)) =200+ C,r™),

where in the next to last step, we have used that Einf g7, = 1. The lower bound in
equation (5.8) is obtained similarly.

Next we show that the limit limn_mo(.&(f ) f/ .Cgl ) 1) exists. To that end, we first note
that for each k > 1, we can write

k
” LIV dorte
(”)f T Gone 00
+h ) £ Ei
=H Ly™f Einf L8P ERE LY f g, (5.10)
Emegth)f Einf £)f  L)f T ool

and using equations (5.8), (5.9), and the fact that Einf g,», = 1, we see that the right-hand
side of equation (5.10) goes to zero (exponentially fast).
Thus, we have

k k
lim sup H (n)f L(’H_ )f H < sup | f] lim sup ( (n)kf L(n+ i ) =0.
n—>00 L((;l)l ((:"rl) n—00 (Vl"r )f ,E(n)l

Thus, the sequence .Z((f ) f /Lg' )1is Cauchy, and must converge to some function. To see
that this limiting function is constant, we let (x,) and (y,) be sequences in [0, 1]. Using
Lemma 4.6 and the definition of ®,,, we have

£m <"> (n) £ n)
f f f f w 1
‘ij‘)l )= L(Ef’)l On)| = ‘ W, ) ‘Lf,)")l b)) = 1‘
< sup | f] - lim sup | exp(@gne, (LY f, LE1)) — 1]

n—oQ

< sup |f]|-lim sup | exp(O,(f, )¥") — 1| = 0.
n—oQo
Therefore, the sequence Lff ) f /Lf,)” )l(xn) must converge to some constant value, which
we denote by v, (f).

Positivity and linearity of v, are clear. Since C; has non-empty interior, v, can be
extended by linearity to BV. Since [v,(f)| < || flloo and v, (1) = 1, by the Riesz repre-
sentation theorem, v,, gives rise to a probability measure v,,, with supp(v,) S X,,. Now,
since it follows from equation (5.9) and the triangle inequality that ||£L(,)") f/ Einf(L((f ) f)—

L 1/Binf(L21)]|so — 0 (exponentially fast), and since both terms are bounded below
by 1, we must have that

LY f  Emf(LYf)
hm = hm _—
n—>00 L(") n—>00 Elnf(LL(,)")l)

= Vw(f)'
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fZeZ® then 7P|, : Z — Iisinjective, 50 [ LP17]0e < 18 |l0s. Thus,

Einf(£" P £P1,)
Vu(lz) = lim okw ( )w
n—o00  Einf(£M1)

Einf(£;},1) 125
< 186" loo Jim, =0 Oy = ® ©
Einf(L, 1) Einf(L,"1) b,y Einfx,, (g0")
Since {log g} is strongly contracting, Kingman’s subadditive ergodic theorem ensures
the upper bound approaches 0 as k — oo. Thus, limg_, o, max 7ez® Vo (1z) = 0. Hence,
v, 1S non-atomic, and standard approximation arguments ensure that for every J C I,

Vo (1y) = V,(J), so we also write v, to refer to the measure V.
For the final claim, we have

: (n+1)
Vaw(wa) = lim M
n—00 Einf(L(”) 1

_ Einf(£2™V £ Binf£0 V1)
im D o)
Einf(L, "’1) Einf(Lsu,1)

= Vo (Vow(Lul). ]

Remark 5.3. The construction of conformal measures here may be regarded as a random
version of that in [17]. However, the densities constructed in [17] differ from ours in the
normalization. If we denote their densities by g,,, they are normalized so that v, (g,) = 1.
As it can be deduced from the upcommg equation (6.4), this choice ensures that their
corresponding multipliers, %, satisfy Ao, = A+

6. Main results
6.1. Equilibrium states and exponential decay of correlations. In this section, we show
the following.

THEOREM 6.1. Assume {log g, =: ¢y} is a strongly contracting potential for the ran-
dom (open or closed) map {(T,, Hy,)}. Let )\w, o and v, be as in §§5.1 and 5.2.
Then, [10g hy+ dm = [log N,- dm =: Ay. (We will show in Theorem 6.6 that Ay =

lim,—, 5 (1/n) log ||£g1)||13v for m-a.e. w € Q2.) Define the probability measures [Ly, by
f fdpe = f S 4w dve/ve(qw). Then,

f fdpow = f foTy,due. 6.1)

Furthermore, there exist a tempered C,, > 0 and 0 < r < 1 such that for every f €
L'(vy), f € L' (vony) and h € BV,

o0 (f o T\, - 1) = to( g1 = Coll Flli,y IkIBvr",  and — (6.2)

o (f o TSV - 1) = poro (Do < Coll Fllpiq,., IhlBve". (6.3)

In fact, equations (6.2) and (6.3) hold for any choice r > ¥, with ¥ as in Lemma 4.6.
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Remark 6.2. The quantity Ay in Theorem 6.1 is called the maximal Lyapunov exponent
of the cocycle generated by {£,} in the context of multiplicative ergodic theory; and the
expected pressure, denoted by EP(¢), in the thermodynamic formalism approach. The
proof of Theorem 6.6 will show that the second Lyapunov exponent of the cocycle satisfies
N2 < tanh(D/4), with the notation of Lemma 4.6. This bound is related to the upper bound
of [14].

We extend the notion of invariant measures corresponding to punctured potentials
introduced in [8] to the random setting. Let Pf’m (I) denote the collection of T-invariant
probability measures n on € x I with marginal m on €2, such that its disintegration {7}
satisfies n,(H,) = 0 for m-a.e. w € Q.

Definition 6.3. We say that a measure 1 € Pﬁm(l ) is a relative equilibrium state for the
random map {(7,,, H,)} with potential {¢,,} if

EP(p) = hy(T) + / @ dn,
QxI

where 4, (T) denotes the entropy of T with respect to 7.

The proof of the next result follows similarly to the proof of Theorem 2.23 in [2] (see
also Remark 2.24, Lemma 12.2 and Lemma 12.3).

THEOREM 6.4. Assume {log g, =: ¢} is a strongly contracting potential for the random
(open or closed) map {(T,, Hy,)}. Then, the random measure |1 € Pﬁm (I with disinte-
gration {,} produced in Theorem 6.1 is the unique relative equilibrium state for {¢,}. It
satisfies the following variational principle:

A1=8P(<p):hM(T)+/ odu= sup hn(T)—i-/ @ dn.
QxI "epﬁ,m(]) QxI

Remark 6.5. The same conclusions hold for the random invariant measures {{t,,} in the
random open setting of [1].

Proof of Theorem 6.1. To show [ log h,+ dm = [ log \,,~ dm, we prove that for m-a.e.

w e Q,
Vo (Gw) Mo+ _ (6.4)
Vow(@ow) Mo .
Indeed,
. Elnf(-[:gl)Qw) . Aep— Einf(Lt(rna)_l)QJw) Ao—Vow(Gow)
Vo(@w) = lim ———— = lim = .

n>00 Einf(£"1) 7> Einf(LUV(Lo) 0 et

Next we show equation (6.1). In view of Lemmas 5.1 and 5.2,

1 1
daw:— ' awdaa):— Lw wdau)
/ S du Voo (Gow) / J-a " Vow(Gow) Mo / ! (Go) dv

1
" Vooldow)he- / Lo(f oTo - 90) dVow
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=—2 | foT, qundv
vaw<qaw)x / coTene

Voo (Gew) Mo+ f
= = o Ty, dity.
Voo (Gow) Mo / ¢ ¢

Then, equation (6.1) follows from equation (6.4).

For the second part of the theorem, notice that for every h € BV, (h 4 cp)qy-ng €
Cya,—n, forch = (1 +2/y)/(/¥Y —y)lhlgy. (We do not claim this choice of ¢ is
optimal.) This follows from basic properties of variation, and the facts that a,-n, > 1,
41w € Cya,_,,- Furthermore, the invariance property in equation (6.1) implies that the
left-hand side of equation (6.2) is unchanged if 4 is replaced by & + ¢ for any ¢ € R.
In the case of ¢ = ¢y, the corresponding right-hand side changes in that |||/ py must be
replaced by ||kllpy +cpn < (1 + (1 +2/¥)/ (/Y — yD Ikl Bv. Thus, to show equation
(6.2), we will assume, without loss of generality, that hg,-»,, € C Nz (However, we
should keep this assumption in mind at the end of the proof, where apparently only ||/]| o
is relevant, and not ||||gy.)

Using Lemma 5.2 repeatedly and equation (6.4) in the last step yields

1
pono(fo T, )= ————— / foT™  ho-ny dvg-n,
Vo ”w(qa ”a))

_ (n) (n)
- o [ L0 o T Bty ) dv,

o_"w(QO_"a)))"o. ng

1
_ (n)
= e / f L —nw(hQJ*"w) dvy,

Vo~ "w(qa "w))\ o w
= /f L™ (hgy-ny) dv (6.5)
B SN oo\ o0 w- .
U—nwvw(Qw)

However,

k
Voo (g ra) _ Einf (LY (hgy-n,))

:u’(r_”a)(h) = =
Voro(@orw) k=00 Einf(LH (gyn,)
_ L, (ho10)) VoL, (ho-10)) 66)
Vo (LY, (Go1)) 0 V(o)

Combining equations (6.5) and (6.6), we get
to-n0(f 0 T ) = po(Ftgne(B)]

_ ol - £ (o) = 1 () LG, ()
}\;’—(:(lvw )
(L2, (ho-10)(f — 1 ()]

2 v (qw)
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_ Einf(L3?, , (hgo-10)) Ve G — 1o (D)
B )\U nwvw(Qw)
3||qw||oo||1:( " (hqg-ny) — EIf(LY, (hqy-1))qollsll fllL1,)
" v (Go) ’

where we have used that v, (f — e ()| < 3lgellocll fllL1(y,) in the last line. Since
Vo (@o(f — o (f))) = 0, it only remains to bound the last term. Lemmas 4.5 and 4.6,
as well as the fact that ¢, -ng,, hgs-ne € C sya__, , show that for sufficiently large n € N,

6.7)

w(L( —nw(hQU "w) L( —nw(Q(f*”w)) =< ®a*”a)(hQU*"ws QU*”w)ﬁn

1+ 7 (g + 1>> o
-

where equation (4.3) has been used in the final step. Combining with equation (5.1) yields

1L, (hgy-ny,) — Einf(LY,  (hgy-10))q0llo

5210g(

< (O 0 Ma=10e=1)"" 1) Einf(L",  (hq5-10)) 1 qulloc-

Hence, using the elementary estimate |¢* — 1| < 3x for 0 < x < 1, equation (6.7) implies
that for sufficiently large n,

oo (f o T 1) = () tho-ne ()]

_ 910g((1 +2/Vag-1,)/(1 = y7))9" Einf(L7, , (hgo-10) 140 13611 f 11 )

0 Vo (Ge)

IIfIILl(,,w)IIhllool?"

14+2 2
< 2l
(l)

gl
= Cpony 2 SIS Nty o9 6.8)
Voo (o

where in the last 1nequa11ty, we have used the fact that

Einf(L",  (hgo-14)) < |hllo Einf L8, (Go-1,) = Ihllsch, 1.

Since ay, is tempered, C/, is tempered and since v, (g,) > 1 and by Lemma 5.1, ||gelloo <
1+ ya,, equation (6.2) holds for any r > ¢}, with ¢ as in Lemma 4.6, and some
tempered C,,.

The proof of equation (6.3) follows from replacing w with " w in equation (6.8), and
using temperedness. O

6.2. Multiplicative ergodic theory and random Ruelle—Perron—Frobenius decomposition.
Under mild extra assumptions, the multiplicative ergodic theorem of [11] applies to
cocycles of random maps with strongly contracting potentials, providing uniqueness of
the measures (., from Theorem 6.1 and further information.
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THEOREM 6.6. Assume {log g.,} is a strongly contracting potential for the random (open
or closed) map {(T,, Hy)}. In addition, suppose 2 is a Borel subset of a separable
complete metric space, m is a Borel probability measure and o is a homeomorphism.
Then, there is a unique, measurable random Ruelle—Perron—Frobenius-type decomposition
for the cocycle generated by {L,}. That is, for m-a.e. w € 2, there exists a unique
(measurable) tuple (Y, Ve, Ny) With ¥, € BV, v, € BV*, the dual space of BV and
Ao € C\{O} such that

vo(D) =1, Lo(Ww) = Voo and Vow(Lo(f)) = hove(f), (6.9)

for all f € BV, which also satisfies the following. Let Q, : BV — BV be defined by
)\';l-ﬁw(f) = Vo(HV¥ow + Qu(f). Then,

1
Qo) =0,  lim —log [0y By <0 and vou(Qu(fN =0 (610)

forall f € BV, where Q(”) = Qun-1450 0 Qgepo Qu.
Furthermore,

1 1

Ay =/log ho dm = lim — log Einf(£V1) = lim — log | L™ gy form a.e. w € Q.
n—oo n n—-oo n

(6.11)

Proof of Theorem 6.6. Let w € Q. Connecting with the notation of §5, let A, = \,+
and ¥, = ¢4 /V»(qw). Then, the only condition in equations (6.9) and (6.10) that is not
straightforward to derive from Lemmas 5.1 and 5.2 is lim,_, o0 (1/n) log || Q% |lgy < O.
To show this, we first observe, by induction, that

O (f) =LY (f —vo(HVw) = O TTLD (F) = vo(HVore.  (6.12)

Next, using the notation of Lemma 4.4 and Theorem 6.1, assume f € C s and let
hy = Vo-ny(Go-ny) f/qs-ne- Then, recalling that Einf(g,-n,) = 1, we get that ||h,|c0 <
go-rwllocll flloo- AlsO, hngo-ny = Vo-nu(de—nw) f € C sy C Cra,-n,: Recalling equa-
tion (6.4) and writing the right-hand side of equation (6.7) with the choice (h, f) =
(hn, 1), yields, as in equation (6.8),

1L", (hug-ne) — Enf(L™, (hnde-10))dollo

o "w o "w
0 v (o)
=0, )7L, () —Enf(L™, (Mol
< Collhalloo®™ < Colldo-relloc?” Il flloo- (6.13)

Observe that

O, ) EnfLY, (o = Ve-ro (Ve

_ Einf(£)", (f))v( _LPL )
o Einf(L{", ()
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Note also that for any r > ¢, there exists D, > 0 such that |g, — L(",),,w( )/
Einf(£", (f)llosc < Dor”, by equation (5.3). Recalling that 1", = v, (L™, (1)) =
Ernf(.[:(",),, (1)), we get

1O, )7 Enf(L, ()0 = Vo-1o(F)Volloo < DollVollsor™ I flloo.  (6.14)

The triangle inequality applied to equations (6.13) and (6.14), combined with equation
(6.12), shows that lim,_, os (1/n) log |0, fllso < O.

o "w
Since the limit in Lemma 5.1(i) satisfies q£ € BV, then lim,_ (1/n) log
1L, Fllpy = limy— oo (1/n) log Einf(L%,  £) = limy—oe(1/n) log [ £, fllco-

S
Thus, equation (6.12) and the previous paragraph yield, for every f € C s,
1 o1
lim ~log Q;”,,,flsy = lim ~log Q;”,,llec <0. (6.15)
n—o00 n—-oo n

Since every f € BV may be written as f = fi — f2 such that f; € C s, and the
growth rate of a sum is bounded above by the largest of the terms’ growth rates, then
lim,— oo (1/n) log ||Q( o-ngt loo < 0 holds for every f € BV. Thus, lim,_, o (1/n) log
105", llBv < 0.

Finally, Kingman’s sub-additive ergodic theorem implies that lim,_. - (1/n) log
10 By = limy—oo(1/n) log 10, lIBv. s0  limy—oo(1/n) log QY Ipy <0, as
claimed. In fact, our arguments show that lim,_, . (1/n) log || Qg’ ) Ipv < log ¢, for any
¥ > tanh(D/4), as in Lemma 4.6.

The multiplicative ergodic theorem [11] ensures uniqueness of a (measurable)
equivariant splitting, which in the present context translates into uniqueness of
the tuple (Y, Vy, Ny). Furthermore, the theorem shows that Aj; = f log Ny, dm =
limy— 00 (1/n) log | L% gy, for m-a.e. o € Q. O

7. Examples
7.1. Sufficient conditions for strongly contracting potentials. In this section, we present
conditions to ensure a random potential is strongly contracting. Assume

o i var(gy)
10g #Z, 10g [|g0lloc. 10g Einf(ge), —— o2

lgewlloo

e L'(m).

Since 1/ Einf(g,,) and 1 /b(" p are sub-multiplicative, Kingman’s subadditive ergodic

theorem implies that the followrng limits exist and are m-almost everywhere constant,
—p = lim + ~ log(1/ Einfy,, (g{)), By = lim © - log b“f)f.

In addition, they coincide with the limits of the respectively decreasing and increasing

sequences

- ! (n) 1 (m)
-, = [ —— log Einfx, , (g,’) dm , Bin:= [ —logh, ", dm .
neN n A neN

Furthermore, || g, ||f§é)
lim(1/n) log g%

is multiplicative, so by Birkhoff’s ergodic theorem, the limit ™ :=
exists, and is m-almost everywhere equal to [ 10g [|gwlloo dm.
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Recalling that S’n,w(g) = Z?;(l)(var(go i)/ 180iwlloc), Birkhoff’s ergodic theorem implies
lim(1/n) log(1 + S,.,(g)) = 0.

The following bound on Egl) may be considered a random generalization of [16, Lemma
6.3]; see [1, Proposition 15.3] for a proof.

PROPOSITION 7.1. [1] The following inequality holds for Eé)n), the largest number of

contiguous non-full intervals for Taﬁ”):

n—1
1
g <n[]E) +2.
Jj=0

Synthesizing the previous discussion, we get the following.

Example 7.2. Assume log #Z,, 10g |18 lloc, log Einf(ge), (Var(g)/ I gwlloc) € L' (m).
Then, {log g} is a random strongly contracting potential for the random (open or closed)
map {(T,, Hy)} if any of the following conditions hold.

(1) Caseny =1:

var(ge)
lgwlloo

/ log ||gwllco — log Einf(g,) + log(3) + log <1 + ) + log(1 +2¢V)

—log by, r dm < 0.

(2) Either [ log ||gollc — log Einf(g,,) + log(2 + £5") — 1og by, ; dm < 0; or, slightly
more generally,

/ 10g [[gwlloo dm — ¢~ +f log(2 + &) dm — By < 0.
(3) There exist K, & > 1 such that S(f,") < K&" for m-a.e. w € Q and every n € N, and

/ log [|gwlloc — log Einf(gy) dm +logé — By < 0.

Remark 7.3. Roughly speaking, Example 7.2(1) corresponds to having, on average,
potentials with small logarithmic amplitude and controlled variation, and open maps with
few contiguous non-full branches and lots of full branches. For constant potentials with
no (pairs of) contiguous non-full branches, this condition simplifies to [log by, r dm >
log(9).

Remark 7.4. Example 7.2(3) allows us to compare our setting with the one-dimensional
setting of [24], which deals with C! potentials ¢, = log g,, and C! local diffeomorphisms
T, satisfying a condition called (P). In that setting, the maps do not have discontinu-
ities, so S(f)") = 0, and the condition in Example 7.2(3) reduces to f 19w lloo — Einf(¢g,)
dm — By < 0. Condition (P) may be written as f||§0w||oo — Einf(¢,) + log(1 + || D@y llco
diam(/)) dm < — flog(Aw/bw,f) dm, where, in the notation of [24], A, = aajlpw +
Lwge > 1. Since B¢ > [log b, s dm, the notion of strongly contracting potential is more
general than condition (P) in this case.
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7.2. Non-transitive systems and a covering criterion. The following example shows that
our results are applicable to non-transitive systems.

Example 7.5. Consider interval maps T, : I — I as in Figure 1, where the (possibly
empty) left interval of the hole H, is positioned within the given branch. Then,
bos €15,6}, £V =2 and [ log2 + &) —log by, ; dm <log4 —log5 < 0. Thus,
Example 7.2(2) ensures the constant potential log g,, = 0 is strongly contracting, provided
log || lloos log Einf |T)|, var(|T/)/II T, lec € L'(m). In this case, it also follows from
Definition 4.2 that —¢ log || is strongly contracting for sufficiently small # > 0.

Remark 7.6. The map of Figure 1 is not topologically transitive. In fact, when the 7, have
a (common) Markov partition, the corresponding transition matrices have a (non-random)
absorbing set corresponding to the branches within the invariant interval around 1/2.

Remark 7.7. If a map Ty, has an invariant interval J C I, as in Figure 1, and g, = 1/ |Ta’)|,
then

10g [1gwlloo +log2 + &) >0 and log Einf(g,) + log by, s dm < 0.

Indeed, the first inequality comes from two facts: (i) if N is the number of monotonic
branches of T,,|;,then N <2 + écf)l), as all except for possibly the leftmost and rightmost
branches of the invariant interval are non-full; and (ii) Einfyes |7, (x)| < N. The second
inequality follows from Esup, .; |7, (x)| > be, .

In particular, if all maps {7,} have a common invariant interval, then the geometric
potential {— log |7),|} is not strongly contracting. This is in agreement with the fact that
such a system has at least one non-fully supported random invariant measure absolutely
continuous with respect to Lebesgue measure.

To show a stronger result in this direction, we introduce a notion of covering in the
random (closed) setting, due to Buzzi [6], and show it is satisfied in wide generality,
provided the potential — log |7/ | is strongly contracting.

Definition 7.8. A random map {T,,} is called covering if for every open interval J C I,
there exists M,,(J) € N such that

Einf £MoU)1;(x) > 0. (7.1)
In the context of this work, equation (7.1) is equivalent to TC(SM“’(J))(J )y=1.

LEMMA 7.9. Consider a random map {T,} and assume the random potential — log |T)|
is strongly contracting. Furthermore, assume 2 is a Borel subset of a separable complete
metric space, m is a Borel probability and o is an homeomorphism. Then, {T,} is covering.

Proof. Let Leb denote the normalized Lebesgue measure on /. A simple but crucial
observation is that in this case, v, (f) = f fdLeb, where v, is as in §5.2. Indeed,
[ LofdLeb = [ fdLeb holds by the change of variables formula and hence f >
[ fdLeb is an equivariant functional (in fact, it is invariant by all L, and h,+ = 1).
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Theorem 6.6 ensures uniqueness of the equivariant conformal measure, so v,(f) =
| fdLeb.

Now we show the random map is covering. Let J C / be an open interval. Then,
0 < Leb(J) = vy(Ly) = limy_ oo (Binf £21, /Einf £I1). In particular, there exists
M > 0 such that Einf Lf,,M)Il 7 > 0, as needed. L]

7.3. Random intermittent maps. For 0 < y < 1, consider the Manneville-Pomeau map
fy : 10, 1] — [0, 1], given by

x(1427x7) 0<x <41,
[y ) = X 2
2x — 1 §§x§l.

This is a class of intermittent maps, with a neutral fixed point at 0, which have been
investigated as a model of non-uniformly hyperbolic behaviour since the work of Liverani,
Saussol and Vaienti [18]. More recently, Demers and Todd have investigated open and
closed intermittent maps with geometric potentials —¢ log | f;l in [9]. The next example
shows a family of strongly contracting geometric potentials for random intermittent maps.

Example 710. For j=1,2,..., let y; € (0,1). Let Q = U?‘;l 2; be an (at most)
countable partition of €2 into measurable sets, and for each w € Q;, let T, = fyj. Let
0 <t <log2/log 3~ 0.63. Then, the geometric potential {log g, := —¢ log |T,|} is
strongly contracting for {7}, }. Indeed, we note that for all 0 < y < 1, we have Einf | f)ﬁ =1
and || f}lloo < 3. Furthermore, £5” = 0, 5%, = 2" for all n € N. Thus, Example 7.2(3)
(with K = & = 1) yields the claim, since var(log |T,]) € L'(m) and

/log lgwlloo — log Einf(g,) dm +logé — By <0+tlog3+0—log2 < 0.

The following example treats random intermittent maps with holes.

Example 7.11. LetQ = Ujoz] 2 be an (at most) countable partition of £2 into measurable

sets, and for each w € Q;,let T, = T; : I :=[0, 1] — [0, 1] be a piecewise smooth map

with a hole H,, = H; satisfying the following conditions:

(i) T,(0)=0andT,(0)=1=Einf; |T)|;

(i) IT)lloo < Ko, with log K, € L' (m);

(iii) var(log |T)|) < v, with v, € L' (m);

(iv) (T, H,) has at most two contiguous non-full branches, for instance, this happens if
T, only has full branches and H,, consists of a single interval; and

(v) (T, H,) has b, ¢ full branches, and B := [ log b, r dm > log 4 + 1o [ log K,, dm,
for some 0 < 79 < 1. (Note that Ky, > by, r.)

Then, for every 0 <t < 1o, the geometric potential {log g, := —1 log |T/|} is strongly
contracting for {(7,,, Hy)}. Indeed, Example 7.2(2) yields the claim, since

/ 10g || gwlloo — log Einf(g,) + log(2 + £1)

—log by, rdm <041t log K, dm +log4 — g < 0.
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7.4. Random open systems and escape rates. The following example, similar to [1, §13],
relates the maximal Lyapunov exponent of open and closed systems to the escape rate of a
conformal measure through the holes.

Example 7.12. Assume {log g} is a strongly contracting potential for the random closed
map {7, }. Assume (H?)o<¢<¢, is an increasing family of holes for each w € . Thatis, H;
is a finite union of intervals, and @ := H? C Hf)/ C Hf fore’ < e. Let by,  be the number
of full branches of {(T,,, H?)} and &/, be the largest number of contiguous non-full intervals
for {(T,,, H})}. Suppose there exist b, &, > 0 such that for every ¢ > 0, bi)’ = b, and
&S <&,, and assume

/ log ||gwllcc — log Einf(g,) + log(2 + &,) — log by, dm < 0.

Then, for each 0 < ¢ < g9, {log g} is a strongly contracting potential for the random
open map {(T,,, H?)}. Let v, and ¢, be the conformal measures and equivariant densities
from Theorem 6.1, respectively, and let A® the maximal Lyapunov exponent (expected
pressure). Then ¢ — A? is non-increasing. Indeed, if e < ¢, because of the monotonicity
of the holes, for every w € Q, n € N, we have Einf(L},’ <”)1) > Einf(£5™1). Since A® =
lim,— o (1/n) log Emf(qu(") 1), & — AFf is non-increasing.

Furthermore, for 0 < ¢’ < ¢, Af — A gives the escape rate of the measure e through
{(HE}. That is, — lim(1/n) log vE (X5, = Af — A®, where X, 1s the n—step survivor
set for {(Ty,, H)}. Indeed,

/ 1 /
v:i) (Xz)n 1) 8 (ﬂ) O'n(w)(Li)’(n)(leZ,nfl

1 /
)) = T(n)vi.n(w) (Li;(l’l) 1)
Ao

Einf(£5™ 1) L5 .
=T oW V(o) o)) = V() Bty do@ ) )
w
Lemma 5.1 implies that lim,_oo(1/n) log || £5"™ 1/BEinf(£5™1) — Genlloo < 0.
Since vj/,l @) is a probability measure, Einf qan ) = 1 and ||c1anw||Oo is tempered, then
lim,,, o (1/n) log Vin(w) (qfr,,(w)) = 0. Thus,
1 1 1 /
lim — log v (XE )— hm - log Einf(L;; m1y — 11m - log )\5 A = AE — AT,
n— oo

as claimed.
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