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Schreier families and F-(almost) greedy
bases

Kevin Beanland® and Hung Viét Chu

Abstract. Let F be a hereditary collection of finite subsets of N. In this paper, we introduce and
characterize F-(almost) greedy bases. Given such a family &, a basis (e, ), for a Banach space X is
called F-greedy if there is a constant C > 1 such that for each x € X, m € N, and G, (x), we have

x - Z anen

neA

[x = Gm(x)| < Cinf{

: |A|<m,A€?,(an)cK}.

Here, G (x) is a greedy sum of x of order m, and K is the scalar field. From the definition, any F-
greedy basis is quasi-greedy, and so the notion of being F-greedy lies between being greedy and being
quasi-greedy. We characterize F-greedy bases as being F-unconditional, F-disjoint democratic, and
quasi-greedy, thus generalizing the well-known characterization of greedy bases by Konyagin and
Temlyakov. We also prove a similar characterization for F-almost greedy bases.

Furthermore, we provide several examples of bases that are nontrivially F-greedy. For a count-
able ordinal «, we consider the case J = 8,4, where 8, is the Schreier family of order a. We show
that for each a, there is a basis that is 8,-greedy but is not 8§,4;-greedy. In other words, we prove
that none of the following implications can be reversed: for two countable ordinals « < f3,

quasi-greedy <= S8,-greedy <= §p-greedy < greedy.

1 Introduction

A (semi-normalized) basis in a Banach space X over the field K is a countable
collection (e, ), such that:
(i) span{e, :neN} =X,
(ii) there exists a unique sequence (ey ), ¢ X* such that e; (e;) = d;,; forall i, j e N,
and
(iii) there exist c;, ¢, > 0 such that

0 < a=inf{fle].ey]} < sup{fen],llenl} = 2 < oo
In 1999, Konyagin and Temlyakov [15] introduced the thresholding greedy algorithm

(TGA), which picks the largest coefficients (in modulus) for the approximation. In
particular, for each x € X and m €N, a set A,,(x) is a greedy set of order m if
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|Am(x)| = m and mingea,, (x) |ey (x)] 2 max,en, () len (x)|. A greedy operator G, :
X — X is defined as

Gm(x) = ). en(x)en, for some A, (x).

neA,(x)

Note that A, (x) (and thus, G, (x)) may not be unique and G,, is not even linear.
The TGA is a sequence of greedy operators (G, )., that gives the corresponding
sequence of approximants (G,,(x))5_; for each x € X.

A basis (e, ), for a Banach space X is called greedy if there is a C > 1 such that for
allx e X,meN, and G,,,

x - Z ane,

neA

I = G (x)] < Cinf{

DAl < m, (a,) CK}.

A basis is called quasi-greedy [15] if there is a C > 1 so that for all x € X, m €N, and
G, we have |G, (x)]| < C|x|. The smallest such C is denoted by C,,, called the quasi-
greedy constant. Also, for quasi-greedy bases, let Cy, called the suppression quasi-greedy
constant, be the smallest constant such that

[x = Gm(x)| < Ce|x||,Vx € X,Vm e N,VGy,.

There are many examples of quasi-greedy bases that are not greedy (see [2, Example
10.2.9]), and there has been research on the existence of greedy bases for certain
classical spaces [13, 17].

In this paper, we introduce and study the notion of what we call F-greedy bases
which interpolate between greedy bases and quasi-greedy bases. Recall that a collec-
tion JF of finite subsets of N is said to be hereditary if F ¢ ¥ and G c F imply G € J.

Definition 1.1  Let F be a hereditary collection of finite subsets of N. A basis (e, ), is
JF-greedy if there exists a constant C > 1 such that for all x € X, m € N, and G,

[ = Gm(x)| < Cop (),

where

x - Z ape,

neA

oo (x) = inf{

DAl <m, A€ T, (a,) CK}.

The least constant C is denoted by Cg .

Remark 1.2 In the case when F = P(N), F-greedy corresponds to greedy, and when
F = {@}, F-greedy corresponds to quasi-greedy.

The first order of business is to generalize the theorem of Konyagin and Temlyakov,
which characterizes greedy bases as being unconditional and democratic. To do so, we
introduce the definitions of J-unconditionality and F-democracy. For various fami-
lies &, the notion of F-unconditionality has appeared numerous times in the literature,
most notably in Odell’s result [16], which states that every normalized weakly null
sequence in a Banach space has a subsequence that is Schreier-unconditional. Also,
see [5-7] for other notion of unconditionality for weakly null sequences.

For a basis (e, ), of a Banach space X and a finite set Ac N, let P4 : X — X be
defined by Po(X; ef (x)e;) = Yien €5 (x)e;.
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Schreier families and J-(almost) greedy bases 1381

Definition 1.3 A basis (e, ) of a Banach space X is F-unconditional if there exists a
constant C > 1 such that for each x € X and A € F, we have

[x=Pa(x)| < Clx].

The least constant C is denoted by K. We say that (e,) is KY-F-suppression
unconditional.

As far as we know, the following natural definition has not appeared in the literature
before.

Definition 1.4 A basis (e, ) is F-disjoint democratic (F-disjoint superdemocratic,
respectively) if there exists a constant C > 1 such that

Saf < cgef (|See] < c|goe

i€A ieB icA ieB
for all finite sets A, Bc N with A€ J, |A| <|B|,An B =g, and signs (¢;), (8;). The
least constant C is denoted by Cg’ N Cf;’u, respectively. When F = P(N), we say that
(ey) is (super)democratic.

<C <C

, respectively) R

One of our main results is the following generalization of the Konyagin-Temlyakov
theorem [15].

Theorem 1.5 A basis (e,) in a Banach space X is F-greedy if and only if it is quasi-
greedy, F-unconditional, and F-disjoint democratic.

We also present another characterization regarding F-almost greedy bases.

Definition 1.6 A basis (e, ) is F-almost greedy if there exists a constant C > 1 such
that for all x € X, m € N, and G,,, we have

|x = Gn(x)| < Cinf{||x - Pa(x)]| : |A| < m,AeTF}.
The least constant C is denoted by C3 .
The next theorem generalizes [14, Theorem 3.3].

Theorem 1.7 A basis (e,) is F-almost greedy if and only if it is quasi-greedy and
F-disjoint democratic.

The second set of results in this paper focuses on the well-known Schreier families
(84)352, (for each countable ordinal «) introduced by Alspach and Argyros [4]. The
sequence of countable ordinals is

0,1,....,n,...,0,w+1,...,20,....

We recall the definition of 8 ;. For two sets A, B ¢ N, we write A < Bto meanthata < b
forall a € A, b € B. It holds vacuously that & < A and @ > A. Also, n < A for a number
nmeans {n} < A. Let 8y be the set of singletons and the empty set. Supposing that 8,
has to be defined for some ordinal & > 0, we define

Sa+1 = {ULEi :m<E <Ey< .-+ <EjandE; €8,,Y1<i<m}.
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If « is a limit ordinal, then fix ay, +1 7 a with 8,, c 8 for all m > 1 and define

Emt
8¢ = {EcN: forsomem>1,m<E€8,, 1}
The following proposition is well known, but we include its proof for completion.
Proposition 1.8 Let a < 3 be two countable ordinals. There exists N € N such that
E\{1,...,N -1} €84,VE € 8,.

Proof Fix two ordinals o < 3. We prove by induction. Base cases: if = 0, there is
nothing to prove. If = 1, then a = 0. Clearly, §, c &;. Inductive hypothesis: suppose
that the proposition holds for all # < 8. If 8 is a successor ordinal, then write f = y + 1.
Since & < f3, we have « < y. By the inductive hypothesis, there exists N € N such that

E\{1,...,N-1}€§,,VE€S8,.
By definition, 8, c § - Hence,
E\{L,...,N -1} €8p,VE € 8,.

If B is a limit ordinal, then let 3, # f3. There exists M € N such that S5 > «. By the
inductive hypothesis, there exists N; € N such that

E\{1,...,N; -1} € 8p,,, VE € 8,.

By definition,
E\{1,...,M -1} € 83,VE € 8p,,.
Therefore,
E\{1,...,max{N;, M} -1} € 84, VE € §,.
This completes our proof. ]

We have the following corollary, which is proved in Section 4.
Corollary 1.9  For two countable ordinals o < B, an 8g-greedy basis is S ,-greedy.

Each Schreier family 8, is obviously hereditary and is moreover spreading and
compact (see [6, pp. 1049 and 1051]). We shall show that each of the following
implications cannot be reversed: for two countable ordinals « < 3,

quasi-greedy <= §,-greedy <= S8g-greedy <= greedy.
We, thereby, study the greedy counterpart of the notion of 8,-unconditionality.
Theorem 1.10  For two countable ordinals a < f3, there exists a Banach space X with an
8-greedy basis that is not 8 g-greedy.
Theorem 1.11  Fix a countable ordinal a.

(1) A basis is greedy if and only if it is C-8 . ,-greedy for all m € N and some uniform
C>1

(2) There exists a basis that is 8 4, -greedy (with different constants) for all m € N but
is not greedy.
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Characterizations of F-greedy bases

In this section, we prove Theorem 1.5 and other characterizations of F-greedy bases.
Throughout, F will be a hereditary family of finite subsets of N. We first need to
define Property (A, J), inspired by the classical Property (A) introduced by Albiac
and Wojtaszczyk in [3]. Write U1 A;, for some index set I and sets (A;);er, to mean
that the A;’s are pairwise disjoint. Definels = 3,4 €4 and 1o4 = Y. ,c4 €n€n, fOr some
signs (&) = (&,)n € KV,

Definition 2.1 A basis (e, ) is said to have Property (A, J) if there exists a constant
C > 1 such that

X+Z€i€i

icA

< Clx+> buen

neB

>

for all x € X with |x| o <1, for all finite sets A, B c N with |A| < |B|, AeF, AuUBU
supp(x), and for all signs (&;) and |b,| > 1. The least constant C is denoted by Cj .

Proposition 2.2 A basis (e, ) has C] -Property (A, F) if and only if

>

(1) Ix| < ¢

x=Py(x)+ ) buen

neB

for all x € X with ||x||ee <1, for all finite sets A, B c N with |A|<|B|, AeF, Bn(Au
supp(x)) =@, and |b,| > L

Proof Assume (2.1). Let x, A, B, (¢), (b,) nep be as in Definition 2.1. Let y = x + 1¢4.
By (2.1),

e+ Leall = [yl < CF = Cy

X+ Z bye,

neB

y=Pa(y)+ D buen

neB

Conversely, assume that (e, ) has Cg—Property (A, F).Letx, A, B, (b,) nep be asin
(2.1). We have

|x| = |jx = Pa(x)+ > es(x)en| < sup|x—Pa(x)+1s4] by norm convexity
neA ©)
< Cy ||lx = Pa(x) + > bueu||
neB
where the last inequality is due to Property (A, ). [ ]

Theorem 2.3 Let (e, ) be a basis for a Banach space X.
(1) The basis (ey) is Cg -F-greedy, then (e,) is Cg -F-suppression unconditional and
has Cg -Property (A, F).

(2) The basis (ey) is KI -F-suppression unconditional and has Cj -Property (A, F),
then (e,) is K CJ -F-greedy.
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Proof (1) Assume that (e,) is Cg -F-greedy. We shall show that (e,) is
F-unconditional. Choose x € X and a finite set B € F. Set

y = 2 (en(x) + a)en+ ) en(x)en,

neB né¢B

where « is sufficiently large such that B is a greedy set of y. Then
F_F F
lx = Pe(x) = |y = Ps(»)] < Cojp(y) < Cglly - als| = €.
Hence, (e, ) is Cg -F-suppression unconditional.
Next, we prove Property (A, F). Choose x, A, B, (&;), (bn) nep as in Definition 2.1.
Set y:=x + 1,4 + X ,.cp bnen. Since B is a greedy set of y, we have

2 +1eall = Iy =Ps()] < CGofg () < Cglly=Pa(y) = Cf ||x+ 3 bues

neB

Therefore, (e,) has Cg-Property (A, F).

(2) Assume that (e,) is K{ -F-unconditional and has Cj -Property (A, ). Let
x € X with a greedy set A. Choose B € F with |B| < |A| and choose (b,)nep c K. If
A\B = @, then A = B, and we have

J
[x=Pa(x)| = [x-Ps(x)] < K

x=Pp(x)+ 3, (e (x) — bu)ey

neB
x - Z b,e,

neB

Assume that A\B # @. Note that B\A € J as J is hereditary and min,c4\z |e;; (x)| >
[ = Pa(x)||oo- By Proposition 2.2, we have

:K;f

o = Pa(x)| < Cyll(x = Pa(x)) = Paya(x) + Payg(x)]
= Cy |x~ Pg(x)]
< CgK? x—Pp(x)+ Z(e;(x) —by)ey
neB
= C,:‘,FKSLr X — Z b,e,
neB
Since B and (b,) are arbitrary, we know that (e, ) is Cj K7 -F-greedy. |

We have the following immediate corollary.

Corollary 2.4 A basis (e, ) is 1-F-greedy if and only if it is 1-F-unconditional and has
1-Property (A, F).

The next proposition connects Property (A, F) and F-disjoint democracy.

Proposition 2.5 Let (e,,) be a quasi-greedy basis. Then (e, ) has Property (A, F) if and
only if (e, ) is F-disjoint democratic.

The proof of Proposition 2.5 uses the following results which can be found in [18]
and [12, Lemma 2.5].
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Lemma 2.6 Let (e,) be a Cy-suppression quasi-greedy basis. The following hold:
(1) For any finite set A ¢ N and sign (&,),, we have

> ey > enen

neA neA

< 2C

<

e,

neA

ZCZ
(2) Foralla >0and x € X,

> asgn(ey(x))en+ Y. en(x)en

nel, (x) n¢la(x)
where Ty (x) = {n:]e;(x)| > a}.

Proof of Proposition 2.5 It is obvious that Property (A, J) implies F-disjoint
democracy. Let us assume that (e,) is Ciu-ff -disjoint democratic and is
Cy-suppression quasi-greedy (or C,,-quasi-greedy). Let x, A, B, (b,,), (¢;) be as in
Definition 2.1. Since B is a greedy set of x + Y. .5 bnen, we have

< Cellx],

1
X+ Z bpenl|l > — Z bueal > Z sgn(b,)e,|| by Lemma 2.6
neB Cw neB CWCZ neB
> 3. C2 |1z| by Lemma 2.6
el > el
2 ————— 14| 2 ———==+|1eal
2C, CICT | 4C,C3CT |
Again, since Bis a greedy set of x + Y. ,c5 buen,
x+ Y buey| > —HxH
neB
Therefore, we obtain
2|+ 3 buea|| >~ leal + ol > e [Lea + 2],
oy 4C,, C3C(f Cy 4CWC§C3
We have shown that
|x +Lea| < 8C,CiCT ||x+ > baen
neB
which completes our proof that (e, ) has Property (A, F). ]

Theorem 2.7  For a basis (e,) of a Banach space X, the following are equivalent:
(1) (en) is F-greedy.

(2) (en) is F-unconditional and has Property (A, F).

(3) (en) is F-unconditional, F-disjoint superdemocratic, and quasi-greedy.

(4) (en) is F-unconditional, F-disjoint democratic, and quasi-greedy.

Proof of Theorem 2.7 By Theorem 2.3, we have that (1) <= (2). Since an F-greedy
basis is quasi-greedy, and Property (A, F) implies F-disjoint superdemocracy (by
definition), we get (1) <= (2) = (3). Trivially, (3) = (4). That (4) = (2) is due
to Proposition 2.5. [ ]
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Characterizations of F-almost greedy bases

In this section, we first characterize F-almost greedy bases using Property (A, F), then
show that the F-almost greedy property is equivalent to the quasi-greedy property plus
F-disjoint superdemocracy.

Theorem 3.1 A basis (e,) is C-F-almost greedy if and only if (e,) has C-Property
(A 9).

Proof of Theorem 3.1 The proof that C-F-almost greediness implies that C-Property
(A, F) is similar to what we have in the proof of Theorem 2.3. Conversely, assume
that (e,) has C-Property (A, F). Let x € X with a greedy set A. Choose B € F with
|B] < |Al.IfA\B = @, then A = Band |x — P4(x)| = |x — Ps(x)||.If A\B # &, note that
min,e\g e (x)] > | x — Pa(x) ] . By Proposition 2.2, we have

|x = Pa(x)[ < C[[(x = Pa(x)) = Ppa(x) + Pays ()]
= Clx - Ps(x)].

Since B is arbitrary, we know that (e, ) is C-F-almost greedy. [ ]

Theorem 3.2 Let (e, ) be a basis. The following are equivalent:

(1) (en) is F-almost greedy.

(2) (en) has Property (A, F).

(3) (en) is F-disjoint superdemocratic and quasi-greedy.
(4) (en) is F-disjoint democratic and quasi-greedy.

Proof of Theorem 3.2 'That (1) <= (2) follows from Theorem 3.1. Clearly, an J-
almost greedy basis is quasi-greedy. By Proposition 2.5, we have (2) <= (4). Since (1)
<= (2) = (3) = (4), we are done. [ |

Corollary 3.3 (Generalization of Theorem 2.3in [1]) A basis (e, ) is1-F-almost greedy
if and only if (e, ) has 1-Property (A, F).

Schreier families and S,-greedy bases

In this section, we will provide several nontrivial examples of F-greedy basis. In
particular, we will consider bases that are quasi-greedy but not greedy. As mentioned
in the introduction, the Schreier families 8, form a particularly rich collection of finite
subsets of N.

Proof of Corollary 1.9 Fix two countable ordinals & < 3. Let N be as in Proposi-
tion 1.8. Suppose that (e,) is C-8g-greedy for some constant C > 1. By Theorems
1.5 and 2.3, (e,) is C-8g-suppression unconditional, C-8g-disjoint democratic, and
C-suppression quasi-greedy.

We show that (e, ) is C-8,-suppression unconditional. Let x € X and E € §,. We
know that E\{1,..., N -1} € 83. Hence,

[x = Peyqu,..v-iy (¥) | < Cllx].
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We have

lx = Pe(x) < x = Peygr,..on-1y () | + [ Peaga,...on-1y (%) ]
< Cllx| + Nsup eal[exll[x]| < (C+Ne3)|x.
n
Therefore, (e, ) is 8,-suppression unconditional.
Next, we show that (e, ) is C-8,-disjoint democratic. Let A € 8, and B c N such
that An B = @ and |A| < |B|. Since A\{1,..., N -1} € 83, we have
[Lavg,...n- ] < Cl1g].
Also, due to C-quasi-greediness,
C”lB H 2 C1.

Hence,

114l < av,.ov-i3 |+ Lang,... -1y

CCzN

1

< Cl1g| + 2N < Clj1g| +

c
sl = (14 N2 sl
1

Therefore, (e,) is 8,-disjoint democratic.
By Theorem 1.5, we conclude that (e, ) is S8, -greedy. ]

We have
quasi-greedy <= 8,-greedy <= 8p-greedy <= greedy.

We construct bases to show that none of the reverse implications holds. Consider the
following definition.

Definition 4.1 Let w; denote the set of all countable ordinals and («, f8) € (w; U
{o0})?. A quasi-greedy basis (e, ) for a Banach space X is called (a, B)-quasi-greedy
if and only if (e,) is 8,-unconditional but not 8,,;-unconditional and 8-disjoint
democratic but not §g,,-disjoint democratic.

Suppose that either « or f is co. If we denote by S, the set of all finite subsets of N,
then 8. -unconditionality and 8 .. -disjoint democracy coincide with unconditionality
and disjoint democracy, respectively.

Remark 4.2 Due to the proof of Corollary 1.9, a basis (e, ) for a Banach space X
is 8,,-greedy if and only if it is («, 8)-quasi-greedy for some & > 5 and 8 > 5. Note
also that the (o0, 00)-quasi-greedy property is the same as the greedy property, and a
(0,0)-quasi-greedy basis is quasi-greedy but is far from being greedy.

We prove Theorem 1.10 by providing the following examples.
Theorem 4.3  There are spaces with bases (e,) that are (0,0)-quasi-greedy, (c0,0)-
quasi-greedy, and (0, oo )-quasi-greedy.
Theorem 4.4  Fix a nonzero a € wy. There is a space Xy .. with a basis (e, ) that is
(e, 00)-quasi-greedy. Hence, X o, 00 is S -greedy but not 8 4.41-greedy.

Theorem 4.5 Fix a nonzero « € w. There is a space Xoo,, with a basis (e, ) that is
(00, a)-quasi-greedy. Hence, Xco o is Sy-greedy but not 8 4.41-greedy.
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Remark4.6 Thebases we construct in Theorem 4.4 give new examples of conditional
quasi-greedy bases. Furthermore, these bases are 1-suppression quasi-greedy.

Proof of Theorem 4.3
4.1.1 A (0,0)-quasi-greedy basis

We modify an example by Konyagin and Temlyakov [15] who gave a conditional
basis that is quasi-greedy. We shall construct a quasi-greedy basis that is neither
8;-disjoint democratic nor 8;-unconditional. For each N € N, let Xy be the (2N - 1)-
dimensional space that is the completion of ¢go under the norm: for x = (a;);,

IN-1 1/2
(a»i:max{(za#) . sup

i=1 N<m<2N-1 ,ZN Vi-N+1 ‘}
Let X = (&%, XN )c,- Let B be the canonical basis of X.
Theorem 4.7 The basis B is (0, 0)-quasi-greedy.

Proof First, we show that B is not 8§;-unconditional. For each Xy, let (fN)*N~! be
the canonical basis of X (that also belongs to B). We have

2N-1 N W (i N 12
o= -, while il = - .
,Z: \/1—N+f ;1 ,Z: \/1—N+f (;l)
As N - oo, |32 \/mf’ ’/HZQ’NI \/z:Wf‘N ‘ — oo; hence, B is not 8-
unconditional.

Next, we show that B is not 8;-disjoint democratic. We have

2N-1

s

2 A =

i=N+1

N1
= —, while
; Vi

Therefore, B is not 8;-disjoint democratic.

Finally, we prove that B is quasi-greedy. To do so, we need only to show that
for each N, the basis (fV)2N! has the same quasi-greedy constant of 3 + \/2. Let
(ai)?N e Xy, where | (a;);|| < 1. It suffices to prove that

1
o
,-GZA\/i—Nﬂ '

for all €>0, for all M e[N,2N-1], and for A={N<i<M:|a;|>e}. Since
I(a;)i] <1, we know that |a;| < 1, and so we can assume that 0 < ¢ < 1. Set L = | ¢72|
to have 1/2 < 2L < 1. We proceed by case analysis.

<3+V2,
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Casel: M — N +1< L. We have

a; ai;
7.,» S —
,EZI:\\/I—N-F N;M\/i—N+1 NgzigM\/l'—N-Fl

lai|<e

VAN

1
+£Z NVi—-N+1

M-N+1 1

1+£Zﬁ

i=1
1+2eVM-N+1< 1+2eVL < 3

Case2: M — N +1> L. We have

IN

IN

a; a;
> —— > | X |
zeA\/l—N+ N<isN+L-1 Vi=N+11 Insi<iem Vi—-N +1
lai|>e lai|>e
By above,
a;
Y ——| <3
N<isN+L-1 Vi—- N +1
lai|>e

Furthermore, we have

2/3
1/3
a; 1 ) 3/2
—— < ———n |ail
N+LZ<;<M Vi-N+1 (N+LZ<,<M (i-N+1)32 N+IZ:isM l
lai|>e lai|>e
2/3
o 1\ ]
(5 5) |z ey
i=L+1 ! N+L<isM €
|ai|>e
< 2WBLV6B /7
This completes our proof. u

4.1.2 An (o0, 0)-quasi-greedy basis
Define

= {A c N: Ais finite and does not contain even integers}.

Let X be the completion of ¢y with respect to the following norm: for x = (x1, x2, ...),

let
1/2
x| == (lei|)+(2|xf|2) ~
2 2ti
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Let B be the canonical basis. Clearly, B is 1-unconditional. Note that B is not &;-
disjoint democratic. To see this, fix N € N and choose A = {1,3,5,...,2N —1} and
B={2N,2N +2,2N +4,...,4N -2} € 8;. Then |14 = /N, while |15]| = N. Hence,
15]/[1a]l = o0 as N — oo. It follows that B is not 8;-disjoint democratic.

4.1.3 A (0, o0)-quasi-greedy basis

We define the spaces Xy as in Section 4.1.1: for each N € N, let Xy be the (2N - 1)-
dimensional space that is the completion of ¢oo under the norm: for x = (a;);,

IN-1 1/2
(a,->i:max{(zai|2) . sup
i=1

N<m<2N-1

5Ll

Let X = (&3.;Xn)¢,. Let B be the canonical basis of X. Using the same argument as
in Section 4.1, we know that B is quasi-greedy and is not 8;-unconditional. We show
that B is democratic. Let A c B be a nonempty finite set. Write A = UY_; An, where
Ay is the intersection of A and the canonical basis of Xy. We have

- 2\ 1/2 - 1/2
(Els) o (Ew) -
N=1

N=1

e

ecA

On the other hand, for each N,

Yoe

ecAN

Yoe

ecAn

Therefore,

de

ecA

Yoe

N=1||ecAy N=1

2\1/2 o 1/2
) < 2(Z|AN|) = 2|A[Y2,

We have shown that |A|Y/2 < | £,c4 €] < 2|A['2, so B is democratic.
4.2 An (a, co0)-quasi-greedy basis
Fix a nonzero « € w; and consider the following collection subsets related to 8,:
Foa={UEi:r/2<E <Ey< - <E,arein 84}.
The family J; (among others) recently appeared in [10].
Lemma 4.8 Let F € F,. Then F can be written as the union of two disjoint sets in 8.

Proof Write F = U!_ E;, where r/2 < E; < E; < --+ < E, and sets E; € 8,_;. Discard
all the empty E; and renumber to have nonempty sets E; satisfying r/2 < E{ < E,
< --- <Ejforsomel<r. Lets=[r/2].
Casel:s > £.Thens < E{ < Ej < -+ < Ej impliesthat F = U_| E} € §,. We are done.
Case 2: s < £. Let F; = U5_, E}, which is in S, due to Case 1. Note that

s+1 < El,; < -+ < Ep
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furthermore, £ — s < r — s < s + 1. Therefore, F, := Ut__, | E} € 8. Since F = F, U F,, we

are done. [ ]
Clearly, 8§, c F,. Let X, o be the completion of ¢y under the following norm: for
(ai) € oo,

d

[(@)lxew = sup{z

j=1

2 ai

iel;

j=1

h<< <y intervals,(minlj)d € ?a}.
The space X, above is the Jamesfication of the combinatorial space X[F,] (see [8,
11]) and is denoted by J(X[TF4])-

Theorem 4.9  The standard basis (e, ) for the space X o, o0 is (, 00)-quasi-greedy.

We prove the above theorem through the following propositions. Let us start with
the easiest one.

Proposition 4.10 The basis (e,) is democratic and F,-unconditional, and thus
8 -unconditional.

Proof It follows directly from the definition of || - | that for x € X and F € &,

Ze?(x)ei

ieF

= 2 lef (0] < [xx,..-

Xa.oo ieF

Hence, (e, ) is F4-unconditional.
Let A, B c N with |A| < |B|. By Proposition 1.8, there exists N € N4 such that

E\{1,...,N-1} € F,,VE € 8.
Without loss of generality, assume that |B| > N2. Let B’ c B such that |B’| > |B|/2 and
B’ €8 c F1. Form B” = B'\{1,...,N -1} € F,,. We have
I > [B”| > B[ =N > |BI/3 > |A]/3 > [1a]/3.
Therefore, (e, ) is democratic. ]
Proposition 4.11  The basis (e, ) for the space Xq,c0 is I-suppression quasi-greedy.

Proof Let x = (a;) € X4 00 and |an| = || - By induction, we need only to show
that

|lx —anen]| < [x].

Suppose, for a contradiction, that |x — ayen| > |x|. Removing the Nth coefficient
ay increases the norm implies that there exists an admissible set of intervals {I j};’.lzl
satisfying:

(1) Amin I;@max I; #0foralll1< ] <d,

(2) for somek, N € I, and min I < N < max I,

(3) Z1<jgd,j¢k | Ziélj ai| +| Dicly,i+N ai| > |x|.

For two integers a < b, let [a,b] = {a,a+1,...,b}; whena > b, welet[a,b] = 2. We
form a new sequence of intervals as follows: if k > 1,
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I, = L\minl,I; = Ip,..., I}, = Ix_q,
I = [minIy, N -1],I;,; = {N},I;,, = [N +1LmaxI],
Loy = Iiets e s Iguy = 1y

If k =1, then
I} = [min; +,N -1],I;, = {N},I; = [N +1,max]],
I =L,....0h,, = I

d+2

To see that {I’ 442 js admissible, we need to show {min I'}53" € Fo. We consider
only the case when k > 1; the case k = 1 is similar. By construction,

{minT; : 1< j<d+2} = {min(L\minl;)} u {minl; : 2<j<d} U{N,N +1}.

Let A= {mian}‘jj=1 and B={min(l;\minl;)} u{minl; : 2<j<d}. Since
min B-minA > 1and A € F,, we know that BU {N, N + 1} € F,.

We now use the admissible set (I;)?jlz to obtain a contradiction. Write
d+2
(4.1) Ix| > > > ai| = > > ai|+ > > aif.
j=1 iel; j=Lk,k+1,k+2 ieI;, JjELKk, k+1,k+2 ieI;,

Since |an| > |amin 1, |, We have

N-1 max I
Zai 2 Zai _|amin11| + Z ai; +|aN|+ Z ai
jLk, kL k+2 |iel iel; i=min I i=N+1
(4.2) > Y ai+ a;|.
iel, iy, i=N
Furthermore, by definition,
k-1 d
(4.3) > Sail = > D ail+ Y D ail.
j*Lk,k+1,k+2 izl; j=2 |i€l; j=k+1|iel;
By (4.1)-(4.3), we conclude that
Il > X [ Xal+| X ai lxl,
1<j<d, j*k |i€l; iely,i=N
which is a contradiction. Therefore, (e, ) is a 1-suppression quasi-greedy. ]
Corollary 4.12  The basis (e, ) is Fy-greedy and, thus, is 8 ,-greedy.
Proof Use Theorem 2.7 and Propositions 4.10 and 4.11. [ ]

It remains to show that (e, ) is not 8,,;-unconditional and, thus, not 8 4;-greedy.
This part of the proof will require the repeated averages hierarchy [6, p. 1053].
However, for our purposes, we only need the following lemma, a weaker result than
[9, Proposition 12.9].
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Lemma 4.13  For each a € wy, € > 0, and N € N, there is a sequence (a}, )2, satisfying:

(1) af >0 foreach k € Nand |[(af)k[e =1

(2) {k:af # 0} is an interval and a maximal 8 o ;,-set,

(3) L:=min{k:af # 0} > N and (af)ks1 is monotone decreasing,
(4) foreach G € 84, we have Y g ay < &

Choose N such that
E\{1,...,N-1} €84, VE€S§;.

Fix ¢ >0 and find (a}) satisfying Lemma 4.13 with N chosen as above. Since
F={k:af#0} €844, write F = U" E;,where m <E; <E; < --- <Ep and E; € 8,.
Since F is an interval, each E; is an interval; furthermore, N < {minE; :1< i<
m} € 8;. Hence, {minE; :1< i< m} € 8§, c F,. By Lemma 4.13(1) and (2), we have
| Xker agexl =1.

We estimate Y.p(~1)¥afer. Let I < --- < I; be intervals so that (min Ij)}i:l €

Fa and ag;, ;. # 0. For any interval I, |Zidj(—1)ka,‘j| < 2ag, 1, because (ag)i is

monotone decreasing. Therefore,

d
M PAE N
j=1

d
«
< Z 2'amian'
kel; j

j=1

By Lemma 4.8, we can write the set {min I;, minI,, ..., minI;} as the union of two
disjoint sets A; and A, in 8. By Lemma 4.13(3), we obtain

M=

« _ « a
Gmin, = D, a7 + ), af < 2e
i€A, i€cA,

J

Il
—_

Thus, | ZkeF(—l)kaZek | < 4¢. As e was arbitrary and F € 8,1, we see that (e, ) is not
8 4+1-unconditional.

4.3 An (oo, a)-quasi-greedy basis
4.3.1 Repeated average hierarchy

Let [N] denote the collection of all infinite subsequences of N. Similarly, if M € [N],
then [ M] denotes the collection of all infinite subsequences of M.

Definition 4.14 Let B = (e,) be the canonical basis of co. For every countable
ordinal @ and M = (m,, )52, € [N], we define a convex block sequence (a(M, 1)),
of B by transfinite induction on a. If a =0, then a(M,n) :=e,,. Assume that
(B(M,n))s2, has been defined for all f < a and all M € [N]. For M € [N], we define

(a(M, n))52,.
If o is a successor ordinal, write a = § + 1. Set

a(M,1) = nilgl:l/}(M,n).
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Suppose that a(M,1) < --- < a(M, n) have been defined. Let
My = {meM:m>maxsupp(a(M,n))}and k, := min M,;.

Set

=

n

a(M,n+1) := B(Mp41,1).

1
kn

I
—

i
If « is a limit ordinal, let (a, +1) / a. Set
a(M,1) = (am, +1)(M,1).
Suppose that a(M,1) < --- < a(M, n) have been defined. Let
My = {meM:m>maxsupp(a(M,n))}and k, := min M.
Set
a(M,n+1) = (ag, +1)(Mps1,1).

Lemma 4.15  For each ordinal a > 1 and M € [N], we have

(4.4) |a(M,n)|le, = 1and0 < e} (a(M,n)) < Vn,ieN,

min supp(a(M,n))’
Proof The proofis immediate from induction. [ ]

Proposition 4.16  Fix a < . Forall N € Nand M € [N], there exists L € [ M| such that
minL > N and

3
L1y < ——
IBILDLe < ——

>

where

” (“n)Hoc ‘= sup Z |“n|-
FeSq neF
Remark 4.17  See [9, Proposition 2.3] for the case when « is a finite ordinal. Our proof
of Proposition 4.16 is a combination of ideas used in the proofs of [9, Proposition 2.3]
and [5, Proposition 2.15].

Proof of Proposition 4.16 We prove by transfinite induction on . Base case: = 1.
Then a =0. Let NeN and M = (m,)52, € [N]. Let mj be the smallest such that
my > N. Choose L = (m,,) ,>x. We have

1 3

< .
min L min L

(L. D)o =
Indeed, for finite ordinals 8 > 1, we know the conclusion holds by [9, Proposition 2.3].

Inductive hypothesis: suppose that the statement holds for all # < 3 for some 5 > w.
We need to show that it also holds for f3.
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Case 1: 8 is a limit ordinal. Let (§, +1) ~ 8 and a < 8. Choose m > N such
that B,, > a. Set Ly := M|s,, and £:= min L; > m. Note that £ > 3. By the inductive
hypothesis, there exists L, € [ M] such that min L, > maxsupp(S¢(L;,1)) and

1Be(Las Do < ———.
min L,

Repeat the process to find subsequences Ls, ..., Ly € [M] such that
supp(Be(Li 1)) < supp(Be(La,1)) < --- < supp(Be(Le,1))

and

3
L,,1 < ——,V2<ngd.
Hﬁf( n )Hoc minL,

Let L := U“ 2, supp(Be(Ly,1)) U Ly € [M]. Then min L > N. By definition,

1 4 1 4
B(L,1) = (Be+1)(L,1) = EZ Bi(L,n) = zZ/se(Ln,l).
=1 n=1
We have

1 4

IBLDlla < 5 2 [1Be(Lm Dl
n=1
1 1( 3 3 )
g -_— + e +
¢ ¢\minL, min L,
1

1 3 1 1
< 77(1+7+—+---)byLemmaA.2
¢ {minL, 8

1( 24 ) 3
-1+ < -,
Y4 7minL, /

Case 2: 3 is a successor ordinal. Write 8 = 7 + 1.
(1) Case2.l:a <n.SetL;:= M|sn4 and £ := min L; > 3. By the inductive hypothesis,
there exists L, € [M] such that min L, > max supp(#(L;,1)) and
3
minL,

[n(L2 e <
Repeat the process to find subsequences Ls, ..., L, such that

supp(77(L1,1)) < supp(17(La,1)) < -+ < supp(n(Le,1))

and

3
[7(Lns Dlla < v2<n <L
minlL,

Let L := U‘Zt supp(#(L,,1)) U Ly € [M]. Then min L > N. By definition,

Y4 L
BLY) = (n+1)(L1) = ;;w,n) - %;n@ml).

Similar to Case 1, we have ||3(L,1)||o < 3/Y.
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(2) Case2.2: a =1. Let (ay, +1) # o and 84, € S
and / := min L; > 3. We have

(e +1)(L1,1) = a(Ly,1).

Let k; = max supp(e(Ly,1)). By the inductive hypothesis, find L, € [ M] with k; <
min L, and

for all n > 1. Set Ly := M|sn4

®n+1

3
minL,

la(L2, 1) |, <
Repeat the process to find subsequences Ls, ..., Ly € [M] such that

supp(a(Li,1)) < supp(a(Ly,1)) < --- < supp(a(Lg,1))
and if k,, = max supp(a(L,,1)), we have
3

la(Ln, D, < L. v2g<n<d.

Let L := U™ supp(at(Ly,1)) ULy € [M]. Then B(L,1) := 1 ¥ a(L,,1).

It holds that ||B(L,1)|« < 3. Indeed, let G € 8,. Suppose that k :=minG €
supp(a(Lj,,1)). Then k < kj,. By the definition of 8,, choose p < k such that
G € 84,+1. Finally, let g < k be such that G = UZ=1G,,, where G| < G, < -+ <Gy
and G, € 8, For jo < n </, because p < k < ky-1, we obtain 84, SakH and

3
la(Ln,1)]a, < ||0£(L,1,1)H¢xkn_1 < minL.
Therefore,
. 3 .
Zen(“(Ln’l)) < 94— ,Vijo<n<h.
neG minlL,

Noting that g < k < kj; <minLj ,; < g minLj,,, by Lemma A.2, we have

8
. 1 ¢ 1
> en(BLD) = ;11439 ¥ —
neG
2e 22 ) 2
7minLjj,2

We have completed the proof. ]

4.3.2 An (oo, a)-quasi-greedy basis

By Proposition 4.16, we can find infinitely many 8,,;-maximal sets F; < F, <
F; < --- and for each set F;, coefficients (w,, ) ner;> such that 3", .. w,, = 1, while

minF; - ) wyey,

neF;

< 3.

(04
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Let X be the completion of ¢y under the norm:
[(an)n| = sup{max|a,|,minF; - Z Walan| -
F; n neF;
Let B be the canonical basis.
Claim 4.18 'The basis B is 1-unconditional and normalized.

Proof That B is 1-unconditional is obvious. Let us show that |e,|| =1forall n e N.
Fix n € N. Due to the appearance of | - ||oo, | €] 2 1. Since min F; - w,, < 1foralli e N
and n € F; according to Lemma 4.15, | e, | < 1. Hence, |e,| = 1. [

Claim 4.19  The basis B is S -disjoint democratic. In particular, |14 < 3 forall A € 8.

Proof Choose A € 8. For any F;, we have

minF; - Z W, < < 3.

neAnkF;

min F; - Z Wyen

neF;

Therefore, |14] < 3. ]
Claim 4.20  The basis B is not 8 4.1-disjoint democratic.

Proof Choose F;, which is a maximal 8,,;-set. Let A be an 8,-set with |F;| < |A]
and F; U A. By how F;’s are defined, |1, | = min F;. On the other hand, we have that
[14] < 3 by Claim 4.19. Since ||1f,||/|14] > min F;/3 — oo as i — oo, the basis B is not
S a+1-disjoint democratic. ]

By Claims 4.18-4.20, our basis B is (oo, a)-quasi-greedy.

5 Proof of Theorem 1.11

Before proceeding to the proof of Theorem 1.11, we isolate the following simple lemma,
but omit its straightforward proof.

Lemma 5.1 Let a < w; and S be a finite set of positive integers with min S > 2. Then
thereisan m € N so that S € Sgi .

Proof of Theorem 1.11  Assume that our basis (e, ) is greedy. Let m € N. By Konya-
gin and Temlyakov’s characterization of greedy bases [15], we know that (e,) is
K-unconditional and A-democratic for some K, A > 1. It follows from the definitions
that (e, ) is K-8 44+m-unconditional, A-8 . ,,-disjoint democratic, and K-quasi-greedy.
By the proof of Proposition 2.5 and Theorem 2.3, (e,,) is C-8q1n-greedy for some
C=C(K,A).

Conversely, assume that (e, ) is C-S4.m-greedy for all m € N and some uniform
C > 1. We need to show that (e, ) is unconditional and disjoint democratic. Let A ¢ N
be a finite set. Write A= (An {1})u (A\{1}). By Lemma 5.1, there exists m such
that A\{1} € 8,.,,. Hence, 84.,-unconditionality implies that ||P4\ 13| < C +1 (see
Theorem 2.3). Therefore,

1PAll < llefflle] +C+1 < 3+ C+1,
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and so (e, ) is unconditional. Next, we show that (e, ) is disjoint democratic. Pick
finite disjoint sets A, B ¢ N with |A| <|B|. Since A\{1} € 84+m for some sufficiently
large m and (ey,) is C-8 4 m-disjoint democratic, |14\ (1} | < C|13|. Furthermore,

angy | € 2 < casup|e;|is] < 3|1z
n

We obtain
[14]l < (C+ &)

Hence, (e, ) is disjoint democratic. This completes our proof.

Finally, we show that there exists a basis that is 8, ,-greedy for all m € N but is
not greedy. Let 5 be the smallest limit ordinal that is greater than « + m for all m € N.
Consider the canonical basis (e, ) of the space Xg o, in Section 4.2. We have shown
that (e, ) is 8g-greedy. By Corollary 1.9, (e, ) is 84 -greedy for all m. However, since
the basis is not unconditional, it is not greedy. ]

6 Future research

In this paper, we show that given a pair («, B) € (w; U {oo})?, if either a or B is oo or
if (a, ) = (0,0), there is a Banach space with an («, )-quasi-greedy basis. The result
is sufficient enough to prove Theorem 1.10. A natural extension of our work is whether
there is an (a, B)-quasi-greedy basis for every pair (a, f) € (w; U {o0})%

Regarding Theorem 1.11, we would like to know whether an 8, -greedy basis for all
countable ordinals « (with different greedy constants) is greedy. Similarly, must an
8 -unconditional basis for all countable ordinals & be unconditional?

A Appendix

Lemma A.1 The following hold.

(i) If F € 8 for some a and min F =1, then F = {1}.
(ii) For all ordinals ¢ > 0, 8¢ C 8.
(iii) For all ordinals o > 2, 8§, c 8.

We omit the straightforward proof of Lemma A.1. For completeness, we include
the easy proof of the following lemma.

Lemma A.2 Fixa>2and M € [N], min M > 3. Let £, = min (M, n). It holds that
L1280, foralln > 1

Proof Let L, = M\ U" ' supp(a(M,i)) for n>1. Then minL, = £, for all n > 1.
First, we show that,

(A1) max supp(a(M,n)) > maxsupp(2(L,,1)),Vn>1
Suppose, for a contradiction, for some n,

max supp(a(M,n)) < maxsupp(2(L,,1)).
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Let E = supp(«(M,n)) and F =supp(2(L,,1)). Then E ¢ F. Since F€8,, Fe 8,
according to Lemma A.l. That E ¢ F and F € 8, contradict that E is a maximal
84-set. Therefore, for all n > 1, (A.1) holds.

We have foralln > 1,

Ly N maxsupp(a(M,n)) +1 N maxsupp(2(L,,1)) +1 N 260,

-z z z z 8
Ly 4, 4, 4,
This completes our proof. L]
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