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RATIONAL POINTS ON THREE SUPERELLIPTIC CURVES
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Abstract

In this paper, we obtain all rational points (x, y) on the superelliptic curves
yk =x(x +2),
¥=x(x + 2)(x + 3),
yk =x(x+ D(x+3).
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1. Introduction
In 1975, Erd6s and Selfridge [4] proved that the superelliptic curve
W=+ (x+0D), x20,1>2, k>2, (1.1)

has no integral solution. This put an end to the old question whether the product of
consecutive positive integers could ever be a perfect power. In 1999, Sander [7] raised
the following conjecture.

ConsecTure. For k> 2 and [ > 2, all rational points (x, y) on (1.1) are the trivial ones
with x=—j (j=1,...,0) and y=0, except for the case k =/=2 where we have
precisely those satisfying

2ci - ¢ c1c2
xXxX= =

2_ 2 2_ 2’

C2 C1 C2 C

with coprime integers c| # *c;.

Sander [7] himself proved that the conjecture is true for £ > 2 and 2 <[/ < 4. Later,
Lakhal and Sander [5] proved that it is true for k > 2 and [ = 5.
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Meanwhile, let x> 1, [>3, k>2, and 0<d; <d, <---<d;_1 <l be integers,
Erdds and Selfridge [4] also considered the superelliptic curve

Y=@d) - (e di), (1.2)
and conjectured that there are only solutions of (1.2) with / > 4 given by

6! , 100 __ . 4l 5
5_12, 7_720, 3—2.
In 2003, Saradha and Shorey [8, 9] proved this result. One year later, Bennett [1]
found all the 30 integral solutions of by* = (x +d;) - - - (x + d;_;) with [ =3 and k > 3,
l[e{4,5}and k > 2, and P(b) < I, where P(b) is the greatest prime divisor of b.

The purpose of this paper is to obtain all the rational points on superelliptic
curves (1.2) for k > 2 and [ € {3, 4}.

TueoreM 1.1. For k > 3, the only rational points (x,y) on the curve
W=x(x+2) (1.3)

are the trivial ones with x=0or =2, y=0 for k >3 and x = -1, y=—1 for all odd
k>3 and x=-4 or 2, y=2 for k=3. For k=2, all rational solutions of (1.3) are

given by
2
= 2C1 y= 2cico
- 2_ 2 - 2_ 2
G4 G4

with coprime integers c| # *c;.
TueoreM 1.2. For k > 2 and k # 3, the only rational points (x,y) on the curves
Y= x(x+2)(x + 3), (1.4)
Y= 2+ D(x +3) (1.5)
are the trivial ones with y = 0.

CoroLLarY 1.3, If X3 + Y3 =6Z° has finitely many solutions for certain pairwise

coprime integers X, Y,Z, then there are finitely many rational points (x,y) on the
curves (1.4) and (1.5) for k = 3.

CoroLLARY 1.4, If X3 + 2Y3 = 3Z3 has infinitely many solutions for pairwise coprime
integers X, Y, Z, then there are infinitely many rational points (x, y) on the curves (1.4)

and (1.5) for k = 3.

2. Lemmas
Lemma 2.1 [2, 6]. Let p > 3 be a prime. Then
XP +YP =27P

has only trivial solutions.
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Lemma 2.2 [3]. The Diophantine equations
Xt +yt=27?
have only trivial solutions.
Lemwma 2.3 [6]. Let p > 3 be a prime, 2 < a < p. Then
XP +YP =29ZP
has only trivial solutions.
Lemma 2.4. The Diophantine equation
ax*+v* =7 ,2)=1,
has only trivial solutions.
Proor. When (Y, Z) = 1, it is well known that

2X? = 2uv, Y= u - v2, Z2=u’+ v2,

for some coprime integers u, v satisfying 2|uv. Hence u = s*>, v=1r> oru = —s*,v = —1*
by X?> =uv, Z? = s* + t*, which has only trivial solutions. Therefore 4X* + ¥Y? =
Z*, (Y, Z) = 1 has only trivial solutions. o

Lemma 2.5 [3]. If X, Y are integers and XY # 0. Then
X*+2v%,  X*+3Y7?
and
X*-Y?, X*-4y?
are not both squares.

Lemva 2.6 [3]. A sufficient and necessary condition for integral solutions of X*> + Y* =
mZ?%, XYZ # 0, is that m be a sum of two squares.

Lemma 2.7 [1]. If s and t are coprime positive integers with st = 2°3, where a and
[ are nonnegative integers such that either « =0 or 3 =0 or @ > 4, then, if n>5 is
prime, the equation

sX"+tY"=27"

has no solution in coprime nonzero integers (X, Y, Z) with |XY| > 1.
Lemma 2.8 [10]. The Diophantine equations

X+ Y =37°,

X+ =187,

2X° +9Y* =77,

4x° +9y’ =27°

have only trivial solutions.
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Lemma 2.9 [10]. A rational solution of the equation
aX’ +bY’ +¢Z*=0, abc+0,
with XYZ # 0, leads to a rational solution of
X+ Y =abeZ?,
with XYZ # 0.

3. Proofs of the theorems

Let x =a/b and y = c/d for some integers a, ¢ and positive integers b, d satisfying
(a,b)=(c,d)=1. Then (1.2) is equal to c*b'~' =d*(a +d\b) - - - (a + d;_1b). From
(a,b)=1, we get (b,a+db)=1, whence b~11dk.  Obviously, (c,d)=1 implies
(ck, d*) =1, so d*|b'~'. We conclude that b'~! = d¥, so (1.2) is equal to

K =(a+db)---(a+db), d=b"
Proor oF THeorEM 1.1. It is easy to see that (1.3) is equal to
& =ala+2b), d'=bp.
Clearly, (a, a + 2b) = (a, 2).

Case 1. (a,2)=1. If k>3 is odd, then we have a = ¢} and a + 2b = ¢} for certain
coprime integers ¢y, ¢; satisfying cjc; = c. It clearly follows for a suitable integer b,
that b = bf, hence

ck+ 20k = b (3.1
Since k has a prime factor p > 3, (3.1) is of type X? + 2Y? = Z”, which has only trivial
solutions by Lemma 2.1, hence c=0orb=d=1,a=c=-1.

If k is even, we have b = d*?, a = ic’f and a + 2b = icg (where + corresponds to
+, — corresponds to —) for some coprime nonnegative integers cy, ¢; and +cjc; =c,
hence

+ck +2d% = 2. (3.2)

If k has a prime factor p > 3, then (3.2) is of type X? + 2Y? = ZP, which has only trivial
solutions by Lemma 2.1, hence ¢ = 0.

It remains to consider k =2’ for some ¢ > 1. For ¢ > 2, Equation (3.2) is of type
ic‘lt +2d° = J_rc‘z1 and has only trivial solutions by Lemma 2.2.

We are left with the case kK =2. From the above, we have b=d, a= ic% and
a+2b= J_rcg with (c¢y, ¢;) =1, hence a = ic% andb=d = (icg F c%)/2. Therefore

2
2cy c  2cic

SR

=22 7 =2
- d c5-cj
with coprime integers c¢; # *c; .

Case 2. (a,2)=2, (b,2)=1. If k>3 is odd, we have a =2}, a+2b=2""c} or
a= 2k‘lc]1‘, a+2b= ZCI; for (c1, ¢3) = 1 satisfying 2cic; = ¢. It clearly follows for a
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suitable integer b, that b = b’]‘, hence
&+ bk =22k (3.3)

or
B2k 4 ph = (k. (3.4)

Since k has a prime factor p > 3, both (3.3) and (3.4) are of type X? + Y? = 2P=2ZP,
which has only trivial solutions by Lemmas 2.1 and 2.3, hence ¢ = 0 for odd k > 3 and
b=d=1,a=2o0r—-4,c=2,fork=3.

If k is even, we have b=d"?, a==x2ck and a+2b=22"ck or a=+2""ck,
a+2b=%2c for (cy, ¢p) = 1 satisfying +2¢;c;, = ¢, hence

+ck 4+ d"? = 2252 (3.5)

or
4202k 4 gt = ek (3.6)

If k has a prime factor p > 3, then both (3.5) and (3.6) are of type X + Y? = 2P=27P,
which has only solutions satisfying cjc, =0 or bylcicz| =1 for k=3 by Lemma 2.3,
hence c=0.

It remains to consider k =2 for some 7> 1. For ¢ >2, (3.5) is of type +c| + d* =
J_r4c§, which is equal to —c‘lt +d* = —4c‘21 by taking the equation mod 4. Equation (3.6)
is of type +4c] + d* = £¢3, which is equal to 4c] + d* = c; by taking the equation
mod 4. Hence (3.5) and (3.6) have only trivial solutions by Lemma 2.4, hence ¢ = 0.

We are left with the case k =2. From the above, we have b=d, a= iZC% and

a+2b= i2c§ with (¢1, ¢2) =1, hence a = J_r2c% andb=d = ic% ¥ c%. Therefore,

a 20% ¢ 2cic
Y2 pT a2 YTyt a2
G~ G~
with coprime integers c¢; # +¢; .
This completes the proof of Theorem 1.1. O

Proor or THeorEM 1.2. For a positive integer k, let

k, 31k,
kK'=1k

-, 3|k

3 |

It is easy to see that (1.4) is equal to
& =a(a+2b)a+3b), d*=b
Clearly, (a +2b,a+3b)=1,(a,a+2b)=10r2,(a,a+3b)=1or 3.

Case 1. (a,a+2b)=1,(a,a+3b) =1, ais odd. If k is odd, and k has a prime factor
p=5or9k,
a=ci, a+2=c, a+3b=d, (3.7)

https://doi.org/10.1017/5S0004972711002619 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002619

110 Z. Shen and T. Cai [6]

for certain pairwise coprime integers c, cp, ¢3 satisfying c;cyc3 = c. It clearly follows
for a suitable integer b, that b = b’l‘*. As above, this implies, with the second and third
equations in (3.7),
Kk _ ok
by +cy=c3,
which is of type X? + Y? = ZP, p > 3, which has only trivial solutions by Fermat’s last

theorem, hence ¢ = 0.
If k is even, then k* is even. We have (3.7) or

a=—c]f, a+2b= c2, a+3b=c’§, (3.8)
for certain pairwise coprime integers ci, ¢y, c3 satisfying +cjcpc3 = ¢. Putting b = b’f
and the first equation in (3.7) and (3.8) into the second and third equations in (3.7)
and (3.8), we obtain

420 =d5,  Jf+30 =4, (3.9)
—c’l‘ + 2bl1‘* = —cg, —c’f + 3b’1‘* = cg. (3.10)

Equation (3.9) implies that both X* + 2Y? and X2 + 3Y? are squares, because a is odd,
while (3.10) is impossible by taking the equation mod 4. Hence ¢ = 0 by Lemma 2.5.

Case 2. (a,a+2b)=2, (a,a+3b)=1, aiseven, bis odd. If k is odd, and k has a
prime factor p > 5 or 9|k,

a=2c, a+2b=2"'ck, a+3b=ck, 21bcics (3.11)

or
a=2"ck av2b=2c, a+3b=ck,  21bcyes (3.12)

for certain pairwise coprime integers ci, ¢3, ¢3 satisfying 2cjcyc3 = ¢. Putting b = b’f
and the first equation in (3.11) and (3.12) into the second equation in (3.11) and (3.12)
respectively, we obtain c’lC + b’l‘* = 2k‘2c§ and 2k‘2c’l‘ + b’]‘* = c’é, which are of type
XP +YP =27, p>3,1 <a<p-2, which has only trivial solutions by Lemmas 2.1
and 2.3. Hence ¢ = 0. If k is even, then k* is even. We have (3.11) or (3.12) or

=-2c5, a+20=-2"'k, a+3b=ck, 2tbcic; (3.13)

or
Kk a+2b=-2d, a+3b=di, 24bcrcs (3.14)

for certain pairwise coprime integers Cc1, C2, C3 satisfying +2cicpc3=c. In (3.11)
and (3.12), we obtain c’f + c3 2k 23c and 252ck + c 3c respectively since
a+ 2(a + 3b) = 3(a + 2b), which are of type X* + Yi 3Z2 In (3.13) and (3.14),
we obtain c§ +3- 2"‘2(:]5 = c’f, + 2kl k bk and c + 3c = k=2 k, ’; + 2c’§ = b]f
respectively by 2(a + 3b) — 3(a +2b) = —a (a + 3b) (a + 2b) = b, which implies
that both X2 + 2Y? and X? + 3Y? are squares. Hence ¢ = 0 by Lemmas 2.6 and 2.5.
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Case 3. (a,a+2b)=1, (a,a+3b)=3, aisodd. If k is odd, and k has a prime factor
p=5or9k,
a=3ct, a+2b=ck, a+3b=3""¢ (3.15)

or
a=3"1ck a+2b=ck, a+3b=3c, (3.16)

for certain pairwise coprime integers cj, ¢z, ¢3 satisfying 3¢ cpc3 = c. Putting b = b’f*

and the first equation in (3 15) and (3.16) into the third equation in (3.15) and (3.16)

respectively, we obtain c + bk =3k 2c3 and 3%~ ch + bk = 03, which are of type

XP +YP =3P27P p >3, Wthh has only solutions w1th ¢ =0by Lemmas 2.7 and 2.8.
If k is even, then k* is even. We have (3.15) or (3.16) or

=-3ck, a+2b=-c, a+3p=3"' (3.17)

or
a=-31k a+2b=-c, a+3b=3c, (3.18)

for certain pairwise coprime integers cy, ¢z, 03 satisfying +3cicoc3 =c. In (3.15)
and (3.16), we obtain ¢4 + bt =31 ’%‘ and ¢! + b =3¢k respectively by (a + 2b) +
b=a+3b, Wthh are of type X*+Y 322 In (3 17) and (3.18), we obtain c2

2352k = ok, ok + 3K 1k = b and f + 268 = 3F72cK, ok + 3¢k = BE respectively by
2(a +3b) — 3(a + 2b) = —a (a + 3b) — (a + 2b) = b, which implies that both X? + 2Y?
and X? + 3Y? are squares. Hence ¢ = 0 by Lemmas 2.6 and 2.5.

Case 4. (a,a+ 2b) =2, (a,a+3b)=3, aiseven, bis odd. If k is odd, and k has a
prime factor p > 5,

a=6""ck, a+2b=2c5, a+3b=3c, 21bcycs (3.19)

or
a=21.3ck a+2b=2c, a+3b=3"'ck, 2fbcyes (3.20)

or
2.3k a+20=2F"1, a+3b=3c, 21bcics (3.21)

or

a=6ct, a+2b=2"k a+3p=3"'ck, 24bcics (3.22)

for certain pairwise coprime integers cj, ¢, ¢3 satisfying 6¢icyc3 = c. In the third
equation of (3.19) and (3.20), we obtain 2k_13k_26k + b’l‘* = c§ and 2"‘10’; + b’f* =
3k2¢ respectlvely by the first equatlon and b bk In (3.21) and (3.22), we
obtaln 21k + b =3¢k and 247 h + b =3¢ respectlvely by (@a+2b)+b=a+
3b, which are all of type sX? + tYP =7ZP, st= 2“3'3 a>4, >0, hence ¢c=0
by Lemma 2.7.

If k is odd, and 9Jk, we obtain 2k‘23k‘1c’f +b’1‘* :cé by the second equation
of (3.19), which is of type X* + ¥? = 18Z%. We have 2} + b}" =35"1¢4 in (3.20) by
(a+2b)+b=a+3b, 3’(‘1(:’{ + b’f = 2"‘20’5 by the second equation of (3.21), which
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are of type 2X3 + 9Y> = Z3. We obtain 2k‘1c§ + b’f = 3k‘1c’§ in (3.22) by (a + 2b) +
b = a + 3b, which is of type 4X> + 9Y3 = Z3. Hence ¢ = 0 by Lemma 2.8.
If k is even, then k* is even. We have (3.19) or (3.20) or (3.21) or (3.22) or

a=-6"'ck, a+2b=-2¢, a+3b=3c, 2tbercs (3.23)

or
a=-2-3"1ckayop=-21k a+3b=3c, 21bcics (3.24)

or
a=-2".3ck a+2b=-2c, a+3b=3"ck, 21bcyes (3.25)

or

a=-6¢k, a+2b=-25'ck  a+3b=3'ck, 24bcic; (3.26)

for certain pairwise coprime integers ci, ¢y, c3 satisfying +6c¢;c;c3 = ¢. We obtain,
respectively,

=823k L B =k, 24 bye,

=3k b = 282k 24 byey,

k2. 3ck b =~k 24 biey,
=3k + K = 282k 24 by

by the first and second equations from (3.23)—(3.26), since k and k* are even, which
are impossible by taking these equations mod 4.

Similarly, we can prove that the only rational points (x, y) on the curve (1.5) are the
trivial ones with y = 0.

This completes the proof of Theorem 1.2. m|

We are left with the case k = 3. For (1.4), by (3.7), (3.11), (3.12), (3.15), (3.16) and
(3.19)—(3.22), we obtain, respectively,

a:c?, b:d:cg—c;>0, Cc =cCiCaC3, c?+2c§:3c;,
ach?, b:d:cg —4c;>0, c =2cicacs, c? +c§:6cg,
a:4c?, b:d:cg —2C§>O, c =2cicrcs, 2C? +c§ :3c;,
a=3c?, b=d=9c§ —cg>0, c =3cicacs, c? +6c§=c§,
a=9c?, b=d=30§ —c;>0, c=3cicres, 3c? +2c§ =c§,

a= 36c?, b=d= 3c§ - 2c§ >0, c¢=6cicycs, 3C? + ch = cg,
a= 18c?, b=d=3c§ —4c§>0, ¢ =6cicr03, 3c? +c§ =2c§,
a= 120?, b=d=9c§ —2c§>0, ¢ =6cicr03, 2c? +3c§ =cg,
a=6c?, b=d=9cg —4c§>0, ¢ =6cicr03, c? +3c§ =2c;,

for certain pairwise coprime integers c, ¢, C3.
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Similarly, for (1.5), we obtain

a:c?, b:d:cg—c?>0, c =c1c)C3, cg+2c?:3cg,

a=c}, b=d=4c;-c;>0, c=2cc¢c3, ¢} +c; =603,

a=c}, b=d=2c-c>0, c=2c; c+2c=3c,

2
a=9cl, b=d=c;-9¢; >0, c=3cicre3, 6ci+c3=c3,
a=3cl, b=d=c3-3c;>0, c=3cicoc3, 3¢} +2ci=c3,
a=3cl, b=d=2c;-3¢]>0, c=6cicac3, 6c3+c;=c3,
a=3c}, b=d=4dc;-3¢}>0, c=6cicacs, 2c)+3c=c,

a=9c, b=d=2c3-9c3>0, c=6¢cicoc3, 3c]+2c3=c3,

a=9c}, b=d=4c}-9c>0, c=6cicoc3, 3¢+ =203,

for certain pairwise coprime integers cy, ¢, C3.
Therefore Corollaries 1.3 and 1.4 follow from the above 18 equations and
Lemma 2.9.
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