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Abstract

In this paper we give a sufficient condition of quasi-pseudometrization for bitopological spaces. From
this condition we obtain, as immediate corollaries, some known results.
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1. Introduction

A quasi-pseudometric space is a pair (X, d) where A' is a set and d is a mapping
from X X A'into the real numbers R satisfying for all x, y, z E X: (i) d(x, y) > 0,
(ii) d(x, x) = 0, (iii) d(x, y) < d(x, z) + d(z, y). From a quasi-pseudometric, we
can determine two topologies o n l i n a natural way: Td = {A C X: Vx G A there
is a r > 0 such that Bd(x, r) C A) with Bd(x, r) - {y e A': d(x, y) < r) and
Td = {A C X: Vx G A there is a r > 0 such that Bd(x, r) C A} with Bd(x, r) =
{y G X: d(y, x) < /•}.

Kelly [2] began the study of bitopological spaces and its quasi-pseudometriza-
bility. Also Patty [4], Lane [3] and Salbany [5] have contributions. Salbany gives
an interesting sufficient condition for quasi-pseudometrizability from which we
deduce a generalization of the Nagata-Smirnov theorem, solving with it a conjec-
ture of Patty. Here we obtain (Theorem 1) another sufficient condition of
quasi-pseudometrization from which we deduce (Corollary 1.1) that is (X, <$, S)
is a painvise perfectly normal space, P̂ has a S^a-locally finite base and £ has a
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finite base, then (X,9,2,) is quasi-pseudometrizable. This result
modifies an incorrect assertion of Salbany (Example 1). Several standard theo-
rems of the theory of quasi-pseudometrizability are easily deduced from Corollary
1.1.

2. Results

THEOREM 1. Let (X, 9, S ) be a bitopological space such that 9 has a %-a-locally
finite base &= U * = , &„ and £ has a <$-o-locally finite base % = U ~ = , %. Then,
(A", ^P, 2.) is quasi-pseudometrizable if, and only if, we verify:

(a) For every A G & there is a function fA: X -»[0,1] Supper semi-continuous
such that fA-\0) = X - A.

(b) For every j and every sequence {An}™=] C 6E., if 9 — l i m n x n = x then
limBmax[/4x) - fA(.xn),0) = 0.

(a') For every B G "S there is a function gB: X -»[0,1] ty-upper semi-continuous
such that g'B\0) = X - B.

(b') For every j and every sequence {fin}^°=1 C %j, // S — limn xn = JC //;?«
limnmax[gB| i(x) - gB(.xn),0] = 0.

PROOF. For each couple of points x, y E X and each « G N we can define
dn{x, y) = sapAealtaax[fA(x)-fA(y),O]} and </(*, j ) = 2^=1 2"Vn(x, ^).

The mapping i/ is a quasi-pseudometric for X We have to prove that rd — 9
and rd C 2.

To verify the first equality we use a technique of Borges [1]: If limn d(x, xn) = 0
but 9 — limn jcn ¥= x then there exists A G some Sm which is a neighbourhood of
* and a subsequence {x n j^ = , of {xn}™=] such that ^ n {xnt}f=] = 0. Then
//4(x« ) — 0 f°r every A:, and /,(.x) =̂ 0, therefore lim .̂ d(x, xn ) ^ 0. Now, if
9 — limn xn = x, for every e > 0 there is an m G N such that 2~m+2 < e; then
e/2 > 2"=m2"rrfr(x, xn) for every xn. If r < m, limn rfr(x, xn) = 0: otherwise,
there exists p < m such that limn dp(x, xn) =£ 0; so we can find 8 > 0 and a
subsequence {xnj}^°=1 of {xn}™=i such that ^ ( x , x n j ) > 5 for every k. Conse-
quently, there is an Ak G &p for every k, with ma.x[fAk(x) — fAl(xk),0] > 8/2;
then we have limkmax[fAt(x) — fAk(xk),0] > 8 which is a contradiction with (b).
Then 9 = rd.

To prove rd C 2. it suffices to show that, for every x E X and E > 0 , { j £ l :
</( j , x ) < e} is a S-open set. For a fixed x 0 G X, let x G X and e > 0, then there
is a ^neighbourhood W of x with W HA^ 0, / = 1,2,...,/?, being /I, G 6Bn,
and W C\ A = 0 for every A E &n - {At, A2,...,Ap}. Since / , . is Scupper
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semi-continuous, / = 1,2,...,/?, there is a ̂ neighbourhood Vj of x with fA(x) —
fA (y)<e for every y G Vt. Let V= W C\ (nf= 1F;); V is a ̂ -neighbourhood of x
and for every y G F we get that:

d
a(y,xo)-dn(x,xo)*zdn(y,x)= sup {maxf/^.y)-/,(*),()]}

= max{max[ fA.(y) - fA.(x),6\i = 1,2,...,/?} < e.

Then T^ C 2.
Similarly, we can define for every x, y G X and every « G N ^ (x , y) =

suPBe«jmax[gB(-*) - g«(^),0]} and d\x, y) = 2™=i2~"d'n(x, y), d' is a quasi-
pseudometric for X with Trf. = 2 and T^' C <3>. Then, the quasi-pseudometric
rf"(jc, y) = d\y, x) verifies rd" = £ and v C <3). Now, let J(x, y) = d(x, y) +
d"(x, y). This quasi-pseudometric for X verifies P̂ = Tjand S = rd.

Conversely, let (X, <$, 2.) be a quasi-pseudometrizable bitopological space.
There is a quasi-pseudometric </ such that rd = 9 and T'' = 2, we can suppose
that d has diameter lower than 1. Let A be a ^P-open set in X and /,(x) =
d(x, X — A). Obviously, fA verifies (a) and (b). In the same way we verify (a') and
(b')- The proof is complete.

The above result is a weak bitopological version of Borges' topological theorem
[1], page 801, since we only obtain a sufficient condition for quasi-pseudometriza-
tion.

COROLLARY 1.1. / / (X, 9, 2) is a pairwise perfectly normal space, tf* has a
<2ro-locally finite base ($,= U^= 1$n and 2 has a 9-o-locally finite base % =
U"=1 %n, then (X,9,^l) is quasi-pseudometrizable.

PROOF. For each A G 6B, there is by [3] a ^P-lower semi-continuous and 2-upper
semi-continuous function fA: X -»[0,1] such that fA'\0) — X — A. By the 2-local
finiteness of every fi. condition (b) of Theorem 1 follows. Likewise are verified
conditions (a') and (b')- By Theorem 1, (X, <3\ 2) is quasi-pseudometrizable.

COROLLARY 1.2 (Salbany). / / (X, <3), 2 ) is a pairwise regular space, 9 has a
Sra-localfy finite base and 2 has a 9-a-locally finite base, then (X, 9, 2 ) is
quasi-pseudometrizable.

PROOF. By [4] (X, <3), 2 ) is pairwise perfectly normal and by Corollary 1.1 we
have the result.
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Note. This corollary is also obtained by Salbany as corollary of another more
general result.

COROLLARY 1.3 (Kelly). / / {X, <3\ £ ) is a pairwise regular space and <5P and &
have countable basis, then (X, <$, 2.) is quasi-pseudometrizable.

Salbany asserts, [5], page 302, that if (X, ty, 2) is pairwise normal and ty has a
2-o-locally finite base, then "iP = rd and 2 D Td for some quasi-pseudometric d.
The following example proves that this result is not correct.

EXAMPLE 1. Let (X, 9, 2) be such that X- R (the set of reals), <3> is the
euclidean topology and Sis the trivial topology. (A", <3\ 2) is pairwise normal and
if d is a quasi-pseudometric such that "3* — rd and 2 D rd, then S = T^ which is a
contradiction since (X, <3\ 2.) is not pairwise regular.
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