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Simon Riche, Wolfgang Soergel and Geordie Williamson

ABSTRACT

We prove an analogue of Koszul duality for category O of a reductive group G in
positive characteristic £ larger than 1 plus the number of roots of G. However, there are
no Koszul rings, and we do not prove an analogue of the Kazhdan—Lusztig conjectures
in this context. The main technical result is the formality of the dg-algebra of extensions
of parity sheaves on the flag variety if the characteristic of the coefficients is at least
the number of roots of G plus 2.

1. Introduction

1.1 The scaffolding of Koszul duality

Given a Z-graded ring E let us consider the abelian category Mod”—FE of all Z-graded right
FE-modules. There are two ways to ‘forget a part of the grading’ on its derived category. That is,
there are two triangulated functors.

D(Mod—E) <*~ D(Mod%—E) —*> dgDer—E.

On the left is simply the derived functor v of forgetting the grading Mod?—FE — Mod—E. On
the right is the derived category of the differential graded ring (E, d =0), which is obtained
as the localization of the homotopy category of differential graded right modules at quasi-
isomorphisms (see for example [BL94] for a thorough discussion). The right-hand functor ©
sends a complex of graded modules, thought of as a bigraded abelian group (M*/) (with (-) - a:
M¥I — Mt for all @ € E homogeneous of degree |a| and differential d: M* — ML) to
the differential graded E-module vM with (vM)" := P, jen M “J and obvious differential. It is
this construction which provides the basic homological scaffolding of Koszul duality.

In order to obtain Koszul duality in the sense of [BGS96] we equip the above picture
with some finiteness conditions. Let k be a field and let E be a finite-dimensional Z-graded
k-algebra of finite global dimension. Consider the categories Modf—FE (respectively Modf% — E)
of finite-dimensional (respectively finite-dimensional Z-graded) right F-modules. Let
dgDerf— FE C dgDer— E denote the full triangulated subcategory with objects finite-dimensional
differential graded right E-modules (see §5.4). In this setting Koszul duality for category O
means the existence of a finite-dimensional Z-graded C-algebra E as above together with vertical
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equivalences of categories, as follows.

D" (Modf—E) <*— DP(Modf? — E) — > dgDerf—E

zT ! (1.1.1)
D4(0) Dl (6B, ©)

Here, G denotes a complex semi-simple group with Borel subgroup B C G and DFB)(G /B, C)
denotes the full subcategory of the bounded derived category of sheaves of C-vector spaces on the
flag variety G/B whose cohomology sheaves are constructible with respect to the stratification
by Bruhat cells. Such complexes will be called ‘Bruhat constructible’ from now on. On the left
Op denotes the principal block of category O for the Langlands dual group GV.

We can choose our Z-graded C-algebra E and our vertical equivalences of categories so that
the left-hand equivalence preserves the t-structures (and hence is induced from an equivalence of
abelian C-categories Oy —— Modf—F) and such that for all z in the Weyl group W there exists
a finite-dimensional Z-graded E-module Mx, which specializes on the left-hand side to the Verma
module with highest weight x - 0, and on the right-hand side to the derived direct image of the
constant perverse sheaf on the Bruhat cell BxB/B under the embedding i, : BtB/B — G/B.
We can depict the situation as follows:

Here = - 0 means, as usual, zp — p, where p is half the sum of the positive roots, that is those
roots whose weight spaces act locally nilpotently on all objects in O.

1.2 The modular setting

The goal of the current work is to establish analogous statements in the modular setting. To do
this, let us choose a finite field F of characteristic £ > 0 and consider the full subcategory

D'(DB)(G/B, F) c D*(G/B, F)

of Bruhat constructible complexes of sheaves on the complex flag variety as above, the only
difference being that now we consider sheaves with coefficients in F. On the other side we
consider Oy (), the ‘subquotient around the Steinberg weight’ as defined in [Soe00, §2.3]. This
is a subquotient of the category of finite-dimensional rational representations of the group Gy
over IF. In order for this to make sense we need to restrict to the case where the characteristic is
bigger than the Coxeter number. This ensures that we can find a dominant weight in the interior
of an alcove obtained by stretching an alcove of the affine Weyl group by £.

Under more restrictive assumptions on the characteristic of our coefficients we prove modular
analogues of the previous statements.

THEOREM 1.2.1 (‘Modular Koszul duality’). Suppose that ¢ >|R|+ 1, where R is the root
system of G. Then there exists a graded finite-dimensional F-algebra E of finite global dimension
together with vertical equivalences of categories, as follows.

D’ (Modf—E) < DP(Modf? — E) — > dgDerf—F

zT ! (1.2.2)
D»(0y(E) Dl (G/B, )
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Moreover, for all x € W there exists a finite-dimensional graded E-module Mw which specializes
to the standard object M, in Oy(F) on the left and to i;.Fp,p,p[l(z)] on the right. In formulas,

M, My v i2+F g/ Bl(2)]-

Let us emphasize, however, the difference to the non-modular case: in the modular case it is
not clear whether the Z-graded algebra F can be chosen such that it vanishes in negative degrees
and is semi-simple in degree 0 (unless we make some strong assumptions, see §§5.7 and 7.3).
Hence we are in no position to discuss the Koszulity of E in general.

We believe that the subquotient around the Steinberg weight has no special meaning in itself.
However, this subquotient does see some of the multiplicities of simple modules in Weyl modules.
One of the goals of this paper was to try to develop an accessible model which might help us
approach Lusztig’s modular conjecture. (Indeed, Lusztig’s conjecture for multiplicities around
the Steinberg weight is equivalent to the existence of a positive grading as discussed above.)

A large part of the proof of this modular Koszul duality can already be found in [Soe00].
More precisely, in [Soe00] the second author considered the full subcategory K C D?B)(G /B, TF)
consisting of all direct images of constant sheaves on Bott—Samelson varieties, together with their
direct sums, summands and shifts. It was then shown that for all y € W there exists a unique
indecomposable object £, in K whose support is contained in ByB/B and whose restriction to
ByB/B is isomorphic to Fp, p/p[¢(y)]. In modern language &, is a parity sheaf, and in [JMWO09]
their existence and uniqueness is shown by purely geometric arguments, without restriction on
the characteristic. Finally, one of the main results of [Soe00] is an equivalence of categories

Modf—E - Oy (F)

where £ =Ext*(, &) is the algebra of self-extensions of &:=&P, .y &. More precisely, Ei
consists of all morphisms £ — £[i] in the derived category DFB) (G/B,F). Hence, all that remains
in order to construct a diagram as in (1.2.2) is the construction of an equivalence of triangulated
F-categories

dgDerf—E —— D{;;(G/B, F).

Remark 1.2.3. In [Fiell], Fiebig uses moment graphs, the combinatorics of [AJS94], and what
in [FW10] was explained to be parity sheaves to develop an approach to the full Lusztig’s
modular conjecture, which has led in particular to an explicit bound above which the conjecture
holds [Fiel2].

1.3 Some homological algebra

We briefly recall some general constructions of homological algebra, which allow us to establish
such an equivalence. Let A be an abelian category. We call a set of complexes C ‘end-acyclic’ if,
for all T, T" € C and n € Z, the natural map gives an isomorphism

Homyea) (T, T'[n]) —— Hompay (T, T'[n])

between morphisms in the homotopy and derived categories. Given a finite end-acyclic family
Ti,..., Ty of complexes we can consider the complex T'=&p, T;. Its endomorphism complex
E :=Endi(T) has a natural structure of a dg-ring with idempotents 1, € E given by the
projection to each factor. Then the functor Homj (7', —) induces an equivalence of triangulated
categories between the full triangulated subcategory

(Th,...,Tm)a CD(A)
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generated by the objects T; and the full subcategory
(LE,...,1,,E)a C dgDer—FE

generated by the right dg-modules e; E. An important stepping stone in proving this claim is
provided by the full triangulated subcategory

<T1, e 7Tm>A C’C(A)

which by assumption is equivalent to the first triangulated subcategory above. It is on this
category that the functor Homj (7, —) first really makes sense.

Furthermore, it is known that for any quasi-isomorphism D 2L E of dg-rings (that is, a
homomorphism of dg-rings which induces an isomorphism on cohomology) the restriction induces
an equivalence of triangulated categories

dgDer—E —— dgDer—D.
Possible sources for statements of this type are [Kel94, Ric89].

1.4 Construction of the equivalence
We apply the above to the abelian category of all sheaves of F-vector spaces. It is straightforward
to see that the parity sheaves generate the triangulated subcategory of Bruhat constructible
sheaves. In formulas,

(&, |y € W)a =Dl (G/B, F).
Let us choose a bounded below injective resolution £) of each parity sheaf &, and set £°:=
&b *. If we consider the endomorphism dg-ring E*® := End®(£°®) together with the obvious

yeWw ~y-
idempotents 1, then the constructions of § 1.3 give an equivalence of triangulated categories

Dipy(G/B,F) — (1,E* |y € W)a C dgDer—E*.
By definition the cohomology of the dg-ring E* is the graded ring E = Ext*(&, £) from above.
Let e, (y € W) be the obvious idempotents in E. Suppose that we can find another dg-ring D

and quasi-isomorphisms F & p 2 pe together with homogeneous idempotents in D which
are sent to the appropriate idempotents in £* and E. Then we obtain a further equivalence of
derived categories

Dip)(G/B,F) == (e, E |y € W) C dgDer—E.
Hence, having found D together with these idempotents, all that remains is to compare finiteness
conditions and deduce that the above can also be described using dgDerf—FE.

In order to find our dg-ring D and the desired quasi-isomorphisms we adapt the techniques
of [DGMST5] to the context of modular étale sheaves. Here, the Frobenius action plays the part
that Hodge theory plays in [DGMS75]. In particular, we do not actually work on a complex flag
variety, but rather on the flag variety over a finite field ), of characteristic different from /. Also,
in order to construct our dg-ring E* with compatible Frobenius action we instead work with
complexes of perverse sheaves (and projective resolutions). These technical demands account in
part for the length of this paper. We explain in Remark 7.1.4 how to deduce Theorem 1.2.1 from
its étale counterpart.

1.5 Formality in characteristic zero

Except in special situations it is a difficult problem to establish whether or not a given
dg-algebra is formal (i.e. quasi-isomorphic to its cohomology). However, there is a trick,
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originally due to Deligne, which gives a general method of establishing formality: any bigraded
dg-algebra A =@ A% with d(A%) C A" and cohomology concentrated on the diagonal
{i =4} is formal. The proof is easy: it suffices to shear the bigrading by setting Ad) .= Ai=5d
to arrive at a bigraded dg-ring with cohomology concentrated in the cohomological degree ¢ = 0,
which is well known to be formal.

In particular, this trick can be applied to establish the formality of the extension algebra of
Bruhat constructible intersection cohomology sheaves with coefficients in C on the flag variety,
the idea being that if E' denotes this extension algebra then F can be equipped with an additional
‘weight’ grading. The pointwise purity of intersection cohomology complexes means that this
grading is diagonal. Hence, if the dg-algebra E® computing F can also be equipped with a
‘weight’” grading then the above trick can be used to conclude that E*® is formal.

There are at least two settings where this approach can be carried out. The first one is mixed
étale sheaves on the flag variety over the algebraic closure of a finite field F,, and the second one
is mixed Hodge modules on the complex flag variety. In both settings a key role is played by the
‘realization’ equivalence

DP(Perv(p)(G/B, C)) = Di)(G/B, C)

between D](DB)(G /B) and the corresponding bounded derived category of perverse sheaves. It is
much easier to work in the abelian category of Bruhat constructible perverse sheaves than the
abelian category of all sheaves on G/B. For example, Perv(py(G/B, C) has enough projective
objects and one even has an inductive algorithm for their construction.

In both settings Perv(p)(G/B, C) has an ‘enhancement’ (given by perverse sheaves on the
flag variety over the finite field F, in the étale case, and by mixed Hodge modules in the complex
case). Moreover, one can construct resolutions of the intersection cohomology complexes in this
enhanced category, which become projective resolutions when one forgets the enhancement. It
is the existence of these enhanced resolutions that allows one to equip the dg-algebra E*® with
an extra grading and deduce formality. (For a lucid explanation of this argument in the case of
mixed Hodge modules the reader is referred to [Sch1l].)

1.6 Formality in characteristic £

In this paper, we adapt the above arguments to coefficients in a finite field F of positive
characteristic £. In order to have a suitable enhancement we work on a flag variety defined
over a finite field. (As we have already remarked, the case of the flag variety over C can be
deduced from this.) More precisely, fix a finite field F, of characteristic different from ¢ and
let G, denote a split semi-simple group over I, with Borel subgroup B, C G, and flag variety
G/ B,. We follow the convention of [BBD82]: a subscript ‘o’ denotes an object (variety or sheaf)
defined over [F, and suppression of the subscript denotes the extension of scalars to the algebraic
closure. Recall that our goal is to obtain an algebraic description of ’D'(DB)(G /B, ) in terms of
the extension algebra of parity sheaves.

Here the first natural question arises: in the formality statement, why do we have to replace
intersection cohomology complexes by parity sheaves? With coefficients in F there seems to be
no good notion of purity, and intersection cohomology complexes can be badly behaved. (For
example, their stalks may not satisfy parity vanishing as they do in characteristic 0.) Instead,
one can consider indecomposable direct summands of ‘Bott—Samelson sheaves’: those sheaves
obtained as direct images from Bott—Samelson resolutions. These are the parity sheaves and it
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FIGURE 1. Picture of the ‘bigrading’ on E* (the stars indicate possible non-zero terms in
E=H*(E")).

is straightforward to see that their Ext-algebra satisfies a weak form of purity (Theorem 5.1.5):
it vanishes in odd degree and all eigenvalues of Frobenius in degree 2n are equal to the image of
q " in Fy.

Analogously to the case of coefficients of characteristic zero one can construct resolutions
of Bott-Samelson sheaves in Perv(p y(Go/Bo, F) which become projective resolutions when
pulled back to G/B. Taking endomorphisms we obtain a dg-algebra E*® of F-vector spaces with
compatible automorphism induced by the Frobenius. It turns out that all eigenvalues of Frobenius
on E* belong to the subgroup ¥ C F* generated by the image of q. Here we encounter a problem:
with coefficients in characteristic zero the decomposition into generalized Frobenius eigenspaces
gives a Z x Z-grading, whereas with coefficients in I, we only obtain a Z x Y-grading. We have
tried to depict the difference between these two situations in Figure 1. In order to apply the trick
to deduce formality we would need to know, for example, that any fixed Frobenius eigenspace of
E* (the columns in Figure 1) has cohomology concentrated in only one degree. It is possible to
conclude in this way, but it leads to unpleasant bounds on ¢ in terms of the dimension of G/B.

1.7 Formality over O

Instead, we fix a finite extension O of the /-adic integers Z, with residue field F and work with
coefficients in Q. It turns out that all essential parts of the construction of E® can be lifted to
@: projective perverse sheaves over F admit lifts to @, morphism spaces between these sheaves
are free @-modules and the Bott—Samelson sheaves admit resolutions via perverse (O-sheaves on
G,/ B, which become projective resolutions when pulled back to G/B. Taking endomorphisms
we obtain a dg-algebra Eg which is free as an O-module and has a compatible Frobenius
automorphism ¢, all of whose eigenvalues are integral powers of q. However, an O-module with
an endomorphism, even if it is free of finite rank over O, need not decompose as the direct
sum of its generalized eigenspaces (see §3.1). In order to conclude we need to prove that EY) is
‘g-decomposable’: that is, that Eg is isomorphic to the direct sum of its generalized ¢-eigenspaces
with eigenvalues powers of q.
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To explain the proof of the g-decomposability we need to explain in more detail how
the resolutions of Bott—Samelson sheaves are constructed. We first obtain a purely algebraic
description of the category of perverse O-sheaves on G, /B, by constructing a perverse sheaf P2
on G, /B, such that its pullback P® to G/B is a projective generator of Perv(p)(G/B, 0). Hence,
if we write A = End(P?) we have an equivalence

Perv(B)(G/B, @) SN Modf—A.

Moreover, because P? is obtained by pullback from G,/B,, A is equipped with an automorphism
¢ and we have an equivalence

Perv(p,)(Go/Bs, 0) — Modf—(4, ¢),

where Modf—(A, ¢) denotes the category of pairs (M, ¢ps) where M is a finitely generated
right A-module and ¢ps is an automorphism of M compatible with ¢ (see §3.1), and
Perv(p,)(Go/Bo, Q) denotes the category of perverse sheaves on G/B, whose pullback belongs
to Perv(p)(G/B, ). Under these equivalences the pullback functor from G/B, to G//B is given
by forgetting the endomorphism ¢5; of M. These considerations allow us to conclude that the
realization functor
DP(Perv(p,)(Go/Bo, 0)) = Dl y(Go/Bo, 0)

is an equivalence (see Proposition 3.4.1). We also prove similar results for partial flag varieties
Go/Ps,o, where B, C P, , C G, is a minimal parabolic subgroup corresponding to a simple
reflection s € W: there exists an @-algebra A° with automorphism ¢° such that the analogues
for G/Ps of the above results hold. Moreover, for any such s we have a morphism of algebras
A — A® and the direct and inverse image functors 7, and 7 (where 7, : G/B — G /P, denotes
the projection) can be described algebraically in terms of derived induction and restriction along
this morphism (Proposition 5.2.6).

Finally, the Bott—Samelson sheaves may be obtained by repeatedly applying the functors
T\ Ty to the skyscraper sheaf on the base point B/B € G/B. The above results allow us to
translate the problem of constructing resolutions of the Bott—Samelson sheaves into a purely
algebraic construction involving the algebras A and A°. In particular, this allows us to conclude
that the dg-algebra E§ is g-decomposable if A and A® are (Proposition 5.3.6). We prove that
A and A® are g-decomposable if the order of ¢ in F* is at least the number of roots plus one
by examining the eigenvalues of Frobenius that may occur during the inductive construction
of projective perverse sheaves. This in turn is a consequence of explicit bounds on the weights

in the cohomology of an intersection of a Bruhat cell with an opposite Bruhat cell in G/B
(see §§4.2-4.4).

1.8 Organization of the paper
This paper contains three parts.

Part I. The first two sections after the introduction are devoted to proving basic properties

of the category of perverse sheaves with coefficients in a finite extension Q of Z;, on a
sufficiently nice stratified variety. The corresponding statements for coefficients in a field
are all well known.

Section 2. We consider projective perverse sheaves when our variety is defined over
an algebraically closed field.

Section 3. We consider varieties defined over a finite field (with coefficients in @ or
its residue field).
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Part II. In the next two sections, we specialize our results to perverse sheaves on the flag
variety of a reductive group.

Section 4. We prove results on the action of Frobenius on morphisms between
standard objects, and derive consequences for the structure of projective perverse
sheaves.

Section 5. We prove our formality theorem.

Part III. The last two sections are concerned with modular Koszul duality.

Section 6. We recall the results of [Soe00] concerning the modular category O.
Section 7. We prove Theorem 1.2.1.

This article is the result of our efforts to join the two partially wrong and quite incomplete
preprints [Soell] and [RW11] into one readable article.

1.9 Notation

If D is a ring (respectively Z-graded ring) we let Mod— D (respectively Mod%?— D) be the category
of right D-modules (respectively Z-graded right D-modules). We also denote by Modf—D
(respectively ModfZ — D) the subcategory of finitely generated modules. We denote by Projf—D
the category of finitely generated projective right D-modules. We write Hom_p(—, —) for
Hompod—p(—, —). We denote by (1) : Mod?—D — Mod?—D the autoequivalence which sends
a graded module M = @; M* to the graded module whose ith component is M*~!. We denote by
(n) the nth power of (1). With this convention, the functor v satisfies

o(M(1)) = v(M)[-1].

Similarly, we denote by D—Modf the category of finitely generated left modules over the ring D.
If D is a dg-ring, we denote by dgHo—D the homotopy category of right D-dg-modules, and
by dgDer—D the associated derived category.
In the whole paper, we fix a prime number £. We also fix a finite extension K of QQy, and
denote its ring of integers by O. It is a finite extension of Z,. We fix a uniformizer w, and set
F = Q/(); it is a finite field of characteristic £. We denote by K an algebraic closure of K.

PART I. GENERALITIES ON O-PERVERSE SHEAVES

2. Projective perverse sheaves

Let us fix an integer p which is either 0 or a prime number different from ¢. In this section, X
is a variety (i.e. a separated reduced scheme of finite type) over an algebraically closed field of
characteristic p, endowed with a finite stratification by locally closed subvarieties

x=|]x.,
se.

each isomorphic to an affine space. For each s € . we denote by i, : Xs < X the inclusion.
Note that the constructions in this section work similarly if we assume X is a complex
algebraic variety, and work with the classical topology instead of the étale topology.

2.1 Definitions and first results

Consider the constructible derived categories D2(X, Q) and D2 (X, F), see e.g. [BBDS82, §2.2] or
[Jut09, §2] for definitions. For any m € Z>; U {00} let L, denote the constant local system on
X, with stalk O/(7™). (Here, by convention, O/(7*) = @.) For simplicity we sometimes write L
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for L. We write L, for the constant F-local system of rank one on X;. We assume that the
following condition is satisfied:

for all s,t €. and n € Z, H"(i}is.Ls) is constant. (2.1.1)

(If p > 0 then the strata X, are not simply-connected unless Xj is a point, and so this condition is
a priori stronger than requiring that H" (iyis«Ls) be locally constant.) This implies the analogous
condition for L, and Lsr. (See [Yun09, §2.1] for a discussion of this condition; note that in
our case an extension of constant sheaves on a stratum is constant.)

For E = O or F we denote by D}(X, ) the full subcategory of D2(X, E) consisting of objects
F such that for any s € . and n € Z, H"(itF) is a constant local system of finitely generated
E-modules. Our assumption (2.1.1) guarantees that if i: Y < X is a locally closed inclusion of
a union of strata, the functors i, 41, i*, ¢’ restrict to functors between DE,(X, E) and DE,(Y, E)
(where for simplicity we write . also for the restriction of the stratification . to Y'), so that
Dgﬂ (X, E) can be endowed with the perverse t-structure whose heart we denote by

Perv»(X,E) Cc D% (X, E).

Recall (see e.g. [BBD82, Jut09]) that if we take coefficients in O we cannot speak of the

subcategory of perverse sheaves on X with respect to this stratification. Instead, one has two

‘natural’ perverse t-structures p and p™ with hearts Perv (X, O) and Perv?, (X, Q) respectively;

Verdier duality exchanges these two hearts. (The reader unfamiliar with these facts is encouraged

to think about the case of X = pt.) In this paper we will only ever need to consider the perversity

p (except in Lemma 2.1.2). Note that the category Perv o (X, Q) is noetherian but not artinian.
We have a modular reduction functor

F:=F ®o (—): D% (X, 0) — D% (X, F).

By definition, an object M of DY, (X, Q) is a collection (My)x>1 (where each M, is an object of
the derived category of étale sheaves of Q/(n*)-modules satisfying certain properties) together
with isomorphisms Mk+1(§§@/(7rk+1)@/(7rk) =~ My; then we have F(M) = M;. By definition, this
functor commutes with all direct and inverse image functors, see e.g. [KWO01, Appendix A] and
references therein.

The functor F does not preserve the subcategory of perverse sheaves (again, this is already
false for a point). But it is right exact and if F € Perv.o (X, Q) then PH!(FF) =0 if i ¢ {0, —1}.

Below we will need the following result.

LEMMA 2.1.2. The functors is and iz are exact for the perverse t-structure, for coefficients O
or[F.

Proof.! The morphism i, is affine. Hence, in the case of coefficients F the result is proved in
[BBD82, Corollaire 4.1.3]. Let us consider now the case of coefficients Q. As Verdier duality
exchanges the t-structures p and p*, it is sufficient to prove that the functor i, is exact for both
t-structures p and pt. As the subcategories D=9 and ?" D0 are defined in terms of functors i}, it
is easy to check that this functor is left exact for both t-structures. The same arguments as for [F
prove that i, is also right exact for the t-structure p. Finally, it is explained in [BBD82, § 3.3.4]
that an O-linear triangulated functor from DY (X,) to DY, (X) is right exact for the t-structure
p if and only if it is for the t-structure p™, which finishes the proof. O

! We thank Daniel Juteau and Carl Mautner for explaining this proof to us.
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Remark 2.1.3. Similar arguments show more generally that if f is an affine morphism and for
coefficients O, f, is right exact and fy is left exact for both t-structures p and p™. See [BBD82,
Théoréme 4.1.1, Corollaire 4.1.2] for a proof of the case of coefficients in a field (F or K).

If Y C X is a locally closed union of strata, and if E is O or F, we denote by
IC(Y, —) : Pervy(Y,E) — Pervo (X, E)

the intermediate extension functor. This functor is fully faithful [Jut09, Proposition 2.29] and
preserves injections and surjections [Jut09, Proposition 2.27], but is not exact.? If £ is a local
system on Y we will sometimes abuse notation and write IC(Y, £) for IC(Y, £[dim Y]).

LEMMA 2.1.4. Any object in Pervy (X, Q) is a successive extension of IC(Xs, L) for some
s€. and m € Z>; U {oo}.

Proof. We prove this result by induction on the number of strata, the case when X consists
of a single stratum being obvious (since in this case the category Perv (X, Q) is equivalent to
Modf—Q).

Let X be an open stratum, and let Y = X \ X (a closed union of strata). Let i:Y — X
denote the inclusion. Because the functor i, : Perv g\ (Y, Q) — Perv» (X, Q) is fully faithful
we may assume by induction that the lemma is true for objects supported on Y. Now let F
be an arbitrary object of Perv.#(X, Q). The morphism F — ,PH°(i*F) induced by adjunction
is surjective [BBD82, Proposition 1.4.17(ii)] and hence we have an exact sequence of perverse
sheaves

Ker — F — i,PHO(i* F).
Hence by induction it is enough to prove the result for Ker. One sees easily that i,”H°(i* Ker) =0

and hence Ker has no non-zero quotient supported on Y. Now, we have a dual exact sequence
(again by [BBD82, Proposition 1.4.17(ii)])

iPH° (i Ker) — Ker — Coker

and hence it is sufficient to prove the result for Coker. Similarly to above one sees that Coker has
no non-trivial subobject or quotient supported on Y. By definition, Perv» (X, Q) is obtained
by recollement from Perv g\ (Y, Q) and Pervi, (X5, @), and hence we can apply [BBDS2,
Corollaire 1.4.25] to conclude that Coker = IC(Xj, 5 Coker). By definition of Pervy (X, Q),
iy Coker is a constant local system, hence isomorphic to a direct sum of local systems of the
form L ;,. The lemma now follows. O

Remark 2.1.5. One can deduce from this lemma (using induction on the number of strata) that
the category Perv.o (X, Q) is generated (under extensions) by a finite number of objects, namely
the collection of objects IC(Xy, Ls,1) and IC(Xy, L ) for s € 7.

Recall that an additive category A satisfies the Krull-Schmidt property if every object
in A is isomorphic to a finite direct sum of indecomposable objects, and Enda(M) is local
for any indecomposable object M. In such a category, the decomposition as a direct sum of
indecomposable objects is unique up to isomorphism and permutation of factors.

LEMMA 2.1.6. The category Perv.y (X, Q) satisfies the Krull-Schmidt property.

2In [Jut09)], it is assumed on p. 1196 that the categories of perverse sheaves are noetherian and artinian; however
this assumption is not used in the proofs of Propositions 2.27 and 2.29.
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Proof. The endomorphism ring of any object of Pervy (X, Q) is a finitely generated O-module,
and hence is semi-perfect by [Lam01, Example 23.3]. Now it is easily checked (using e.g. [Lam01,
Theorem 23.6]) that if A is an abelian category in which every object has a semi-perfect
endomorphism ring, then A satisfies the Krull-Schmidt property. O

In [BGS96, §3.3] the authors study some properties of the category of perverse sheaves on
a complex variety stratified by affine spaces, with complex coefficients. However their methods
adapt directly to our category Pervy (X, F). When necessary we will use these properties and
give only the reference for the analogous result in [BGS96], without further details.

2.2 Standard and costandard objects over O and F
For any m € Z>1 U {0}, set
As,m = 7:slﬁs,m[dirn Xs]a vs,m = Z.s*ﬁs,m [dlm Xs]; ICs,m = IC(XS, Es,m)-

These objects are all in Pervy(X, Q) (see Lemma 2.1.2). We often abbreviate Ay = A, ,
Vs = Vg0, ICs =10 .

Let Lsr denote the constant local system on s with stalk F. For the analogous objects over
IF, we use the notation

As,]F = is!»cs,]F[dim Xs]a vs,]F = is*»cs,IF [dlm XS]) ICS,]F - IC(XSa »Cs,]F)
in Pervy (X, F). We have F(Ay) = Agp, F(Vs) = V.
LEMMA 2.2.1. Let F be in D% (X, Q). If F(F) =0, then F = 0.

Proof. If F # 0, there exists s € . such that iiF # 0. Then it is easy to check that F(i¥F)
i*(F(F)) # 0, hence F(F) # 0.

o

]

We will say that an object F of Perv.y (X, Q) has a A-filtration (respectively a V-filtration
if it admits a filtration in the abelian category Perv (X, Q) with subquotients of the form A,
(respectively V) for t € .. Note that here we only allow O-free (co-)standard objects. Similarly,
we will say that an object F of Pervy (X, F) has a Ap-filtration (respectively a Vp-filtration)
if it admits a filtration in the abelian category Pervy (X, F) with subquotients of the form Ay
(respectively V) for t € .7.

~—

LEMMA 2.2.2. Let F be in Pervy (X, Q). Assume that F(F) is in Pervy(X,F), and has a
Arp-filtration. Then F has a A-filtration.

Proof. We proceed by induction on the number of strata. We can assume that the support of
M is X, and let X, be an open stratum. Let Y = X \ X, and let i: Y — X be the (closed)
inclusion.

Consider the restriction i;F. It is a shift of a constant local system on X;. We have
F(itF) =14%(F(F)), hence by assumption F(i¥F) is also a shift (by the same integer) of a local
system on Xg. This implies that i*F has no torsion (otherwise F(iF) would be non-zero in
degree — dim(X;) — 1), hence that i43:F is a direct sum of finitely many copies of Ag. Consider
the exact triangle

it F — F — it F (2.2.3)
Its modular reduction is the similar triangle for F(F)

i i F(F) — F(F) — i, F(F) 2L
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As F(F) has a filtration with subquotients of the form A, this triangle is an exact sequence of
perverse sheaves. In particular, F(i,i*F) is a perverse sheaf.

We claim that i,i*F is a perverse sheaf. Indeed, using (2.2.3) it can have non-zero perverse
cohomology sheaves only in degrees —1 and 0. Consider the truncation triangle

PH™Y(i4i* F)[1] = ipi* F — PHO (140" F) i,

and its modular reduction
F(H (120" F))[1] — F(iyi* F) — FPHO (i F)) L |

We have seen above that the middle term is a perverse sheaf, while the left-hand side
(respectively the right-hand side) is concentrated in perverse degrees —2 and —1 (respectively —1
and 0). It easily follows that F(PH ~!(i,i*F)) = 0, hence PH 1 (i,i* F) = 0 by Lemma 2.2.1, which
proves the claim.

By this claim, triangle (2.2.3) is an exact sequence of perverse sheaves. Moreover, i.i*F again
satisfies the conditions of the lemma. Hence, by induction, it has a filtration with subquotients
of the form A;. The result follows. O

2.3 Projective objects: existence and some consequences
PROPOSITION 2.3.1. For any s € .¥ there exists a projective object P in Pervy (X, Q) which
admits a A-filtration, and a surjection P — 1Cs.

Proof. We prove the proposition by induction on the number of strata. First, the result is clearly
true when X consists of a single stratum.

Now, let X be an open stratum, and set Y = X ~ X,. We will abbreviate D = DB,(X, 0),
P =Pervy(X,0) and Py =Pervy(Y,0). Given F € P, we have that F € Py if and only if
i\ F(=1i*F) = 0. Also, note that if 7, G € Py then

Extp (F,G) = Extp(F, G).
(If one thinks about both groups as classifying extensions, then any such extension has to be
supported on Y'.) Similarly,

Exth(F, G) = Ext)(F, G)

if 7, G € P. We will use these equalities without further details below.
By adjunction, for any F in P we have

Exth (A, F) = Homp(A,, F[1]) = Hompy  (x, 0)(Ls; i\ F1]) =0,

which implies that A € P is projective (and A-filtered). Hence we have found our first surjection
Ag — 1C;.

To construct the other projectives we will adopt the following strategy (essentially copying
[BGS96]): by induction we may assume that for each t €. \ {s} we can find a surjection
P — ICs, with P projective and A-filtered in Py; we then see what needs to be done to enlarge
P, so that it is projective in P.

So, fix t € . \ {s} and assume that Py is a A-filtered projective object in Py which surjects
to IC;. Certainly we have

Exth(Py, F) =0 for any F € Py. (2.3.2)

Now, consider F = Ext,lg(Py, Ay) and let Egee be a finitely generated free @-module endowed
with a surjection to E. We denote by Ef . the dual O-module. The sequence of canonical
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morphisms
0 — Efec ®0 Biree = Bfree ©0 Extp(Py, As) = Extp(Py, Efee Q0 As)
gives us a distinguished extension
Efee ©®0 As =P — Py

in P. Composing P — Py with Py — IC; yields a surjection of P onto IC;, and P is A-filtered.
We claim that P is projective, which will conclude the proof. To prove this claim we need four
preliminary steps.

Step 1. Ext%,(P, F) =0 for F € Py. This is clear from (2.3.2), the long exact sequence
- — Extp(Py, F) — Extp(P, F) — Extp(Ef. @0 As, F) — - - -
and the fact (already used above) that A, € P is projective.

Step 2. Exth(P, As) = 0. Consider the long exact sequence

-+ — Homp (B} @0 As, Ag) — Exté(Py, Ag) — Ethlj(P, Ay)
— Ext,lg(Ef*ree R0 Ay Ag) — - - -

Because Ethlj(As, Ag) =0, it is enough to show that the first map above is surjective. However
under the canonical isomorphisms

Homp (E?ree Ko ASa As) = Efree 02400) HOIHP(AS, As) = Efree
this map corresponds to the map Ffee — EXt]p(PY, Ay), which is surjective by construction.

Step 3. Ext%(P, F)=0 for all F € P. By Lemma 2.1.4 it is enough to show that for all ¢ € .7,
m € Z>1 U {oo} we have Ext3 (P, 1C; ) = 0. The short exact sequence

ICym — Vyum — Coker
leads to a long exact sequence
- — Extp (P, Coker) — Extd (P, ICy.n) — Extd (P, Vi) — - - -

Now Coker € Py and hence Ext}(P, Coker) =0 by Step 1. Also, P is A-filtered, and hence
Ext} (P, Vium) = 0. It follows that Ext? (P, ICy,,) = 0 as claimed.

Step 4. Extp(P,1Cs,,) = 0 for all m. The short exact sequence
Ker — Ay — 1C;
leads to a long exact sequence:
- — Extp(P, Ag) — Extp (P, 1Cs ) — Extd (P, Ker) — - - - .

Steps 2 and 3 show that the first and third terms are zero, which proves the claim.
Finally, we have shown in Steps 1 and 4 that Extp(P,1C;,,) =0 for all t€.% and m €
Z=1 U {oo}. Hence P is projective by Lemma 2.1.4. O

COROLLARY 2.3.3. There are enough projective objects in Perv (X, Q). More precisely, for any
M in Perv »(X, Q) there exists a projective object P in Perv. (X, Q) which admits a A-flag and
a surjection P — M.
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Proof. By Lemma 2.1.4, it is enough to prove the result for M =1Cs ,, (s € %, m € Z>1 U {o0}).
The case m = oo is treated in Proposition 2.3.1; the general case follows from the fact that the
natural morphism IC, o, — 1Cj ,, is surjective, since intermediate extension preserves surjections
(see §2.1). O

COROLLARY 2.3.4. (i) The realization functor
DPPerv» (X, 0) — D% (X, 0)
(see [Bei87]) is an equivalence of categories.

(ii) The category Perv»(X, Q) has finite projective dimension, i.e. there exists N >0 such
that every object of Perv (X, Q) admits a projective resolution of length at most N.

Proof. (i) The idea of this proof is taken from [BGS96, Corollary 3.3.2]. As Pervy(X, Q)
generates the category DE,(X , @), it is enough to prove that the realization functor is fully
faithful, or equivalently that it induces an isomorphism

Hom%bPerVy(X,(O)) (F7 g) — HomiD};/()Q@) (f’ g) (235)

for all i € Z and all F, G in Pervy (X, Q).

First, we claim that both sides in (2.3.5) vanish if F is projective with a A-filtration and ¢ > 1
(and for any G). This claim is obvious by definition for the left-hand side. We prove the claim
for the right-hand side by induction on 4. If i = 1, then the morphism (2.3.5) is an isomorphism
by [BBDS82, Remarque 3.1.17], which proves the vanishing of the right-hand side. Now let i > 2,
and assume the claim is known for ¢ — 1. By Lemma 2.1.4 it suffices to treat the case G =1C, ,
for s € . and m € Z>1 U {oo}. Consider the exact sequence

I1Cs m — Vg m — Coker.
Applying Hom(F, —) we obtain an exact sequence

Homg; (x.0)(F Coker) — Homip}; x.0)(F: 1Csm) — Hom%}; x.0)(Fs Vim).

The left term vanishes by induction. The right term vanishes because F has a A-filtration. Hence
the middle term also vanishes, which finishes the proof of the claim.

Now we deduce that (2.3.5) is an isomorphism in general. First, both sides vanish if ¢ < 0, and
the realization functor induces an isomorphism for ¢ = 0 by definition and for i =1 by [BBD82,
Remarque 3.1.17]. We treat the case ¢ > 2 by induction. So, assume that i > 2 and that the
result is known for ¢ — 1. Let P be a projective object with a A-filtration surjecting onto F
(see Corollary 2.3.3), and consider an exact sequence

Ker—P —» F.

We have a commutative diagram with exact rows

HomiD_blP(’P, G)— HomiD_blP(Ker, G) — HomiDbp(}", G)—— HomiDbp(P, g)

| | | |

Homp, ! (P, G) ——= Homy ! (Ker, G) —— Homj (7. ) Homp (P, G)

where P = Pervy (X, Q) and D = D% (X, 0). By our claim above, the terms in the right and the
left column vanish. And by induction the second vertical arrow is an isomorphism. It follows
that the third vertical arrow is also an isomorphism.
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(ii) The idea for this proof is taken from [BGS96, Corollary 3.2.2]. By Remark 2.1.5 it is
enough to prove that any object IC; or IC,; (s € .%) has a finite projective resolution. Then,
by induction on dim(Xj), it is enough to prove the same claim for objects A; and Ay (s € 7).
There is an exact sequence

Ag— Ay — As,l

since the functor iy is exact (see Lemma 2.1.2). Hence we only have to prove the claim
for objects Ag, s €.7. Then we use a decreasing induction on dim(Xjs). If this dimension is
maximal, then Ay is projective. The induction step follows from the property that there exists
a projective Py surjecting onto A such that the kernel has a A-filtration with subquotients A
with dim(Xy) > dim(Xj) (see the proof of Proposition 2.3.1). O

Thanks to Corollary 2.3.4, we do not have to mention whether we consider Ext-groups in
Perv.» (X, 0) or in D% (X, 0).

2.4 Projective objects: properties

Recall that the projective objects in the finite length category Pervy (X, F) can be described
using [BGS96, Theorem 3.2.1]. In particular, there are enough projective objects in this category,
and any such object has a Ap-filtration. Moreover, by [BGS96, Corollary 3.3.2], the realization
functor

D Perv o (X, F) — D% (X, F)
is an equivalence of categories. For s € ., we denote by Psr the projective cover of ICsr in
Pervy (X, ).

PROPOSITION 2.4.1. Let P be a projective object in Perv »(X, Q).
(i) The object F(P) is a perverse sheaf, which is projective in Perv (X, F).
(ii) For any s € .7, the O-module Hompey, , (x,0)(P; As) is free, and the natural morphism
F ®o HomPerVy(X,(O)) (,P) As) - HomPerVy (X,F) (F(P)a AS,F)
is an isomorphism.
(iii) The object P admits a A-filtration.
(iv) For any Q projective in Perv »(X, Q), the O-module
HomPerv\(/ (X,0) (P’ Q)
is free. Moreover, the natural morphism
F ®o Hompery, (x,0) (P, Q) — Hompery, (x 1) (F(P), F(Q))
is an isomorphism.

Proof. We prove (i) and (ii) simultaneously. By Corollary 2.3.3, there exists a projective object
Q of Pervy (X, Q) which admits a A-filtration and a surjection Q — P. By projectivity, P is a
direct factor of Q. As Q admits a A-filtration, F(Q) is a perverse sheaf; it follows that F(P) is
also perverse.

Now we observe that we have

F(R Hom(P, A,)) = R Hom(F(P), Ay ).

The left-hand side is concentrated in degrees —1 and 0 by Corollary 2.3.4(i), and the right-
hand side is in non-negative degrees since F(P) is perverse. It follows that both complexes are
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concentrated in degree 0, and (ii) follows. Then one easily deduces the projectivity of F(P) from
the fact that Ext”%(F(P), Agr) = 0 for any s € .7.

By (i) and the remarks before the corollary, F(P) is a perverse sheaf and it admits a
Ap-filtration; (iii) follows using Lemma 2.2.2.

Finally, (iv) follows easily from (i), (ii), (iii) and the five lemma. O

COROLLARY 2.4.2. For any s € ., there exists, up to isomorphism, a unique indecomposable
projective object Py in Perv o (X, Q) such that F(Ps) = P r. Moreover, these objects are pairwise
non-isomorphic, and any projective object in Perv »(X, Q) is a direct sum of objects P, s € ..

Proof. By Proposition 2.3.1 and its proof, there exists an indecomposable projective Ps surjecting
onto Ag. By Proposition 2.4.1(i), F(Ps) is a projective perverse sheaf. It also surjects onto
A, and hence onto ICsr. Next, recall that Pervy (X, Q) and Pervy(X,F) both satisfy the
Krull-Schmidt property (see Lemma 2.1.6 for Q), and hence an object is indecomposable if
and only if its endomorphism ring is local. Then indecomposability of F(Ps) follows from
Proposition 2.4.1(iv), using the fact that one can lift idempotents from F ®o Endpey, (x,0)(Ps)
to Endper, (x,0)(Ps) (see [Fei82, Theorem 12.3]). As F(Ps) surjects onto ICsr, we deduce that
F(P) = Py r.

Let us show uniqueness. Let Q, be another indecomposable projective such that F(Q,) = Py .
By Proposition 2.4.1, the identity morphism of Psr can be lifted to a morphism f: P, — Q. By
Lemma 2.2.1, f is an isomorphism.

The fact that the projectives P are pairwise non-isomorphic is obvious, since so are the
projectives Ps p. Finally, let P be any projective object in Perv o (X, Q). Then F(P) is a projective
perverse sheaf by Proposition 2.4.1(i), hence there exist integers ns (s € .¥) and an isomorphism

F(P)= P P
se€s
By Proposition 2.4.1(iv) this isomorphism can be lifted to a morphism
P— @ PN,
se€s

which is an isomorphism again by Lemma 2.2.1. O

3. Perverse sheaves on a variety over a finite field

3.1 Generalities on O-modules with an endomorphism
Given an endomorphism ¢ of an @-module M and X\ € O let us put

My:={meM|(¢p—X-id)"(m) =0 for n>> 0}.
We call M) the generalized eigenspace of M with eigenvalue A.

PROPOSITION 3.1.1. Let M be a free finite-rank O-module with an endomorphism ¢. Suppose
that x(¢) =0 for some x € O[X] such that x =[] o (X — A\)™ for some finite set A C O and
some positive integers ny. Assume moreover that if A\, u € A have the same image in F then
A=p. Then M decomposes into the direct sum of its generalized eigenspaces, i.e. the natural
map
P my— M (3.1.2)
A€0
is an isomorphism.
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Proof. First observe that My = {0} unless A € A, so that the sum in the left-hand side of (3.1.2)
reduces to @, M. Then, consider M as a module over O[X]/(x). The natural morphism

P :O[X]/(x) — [ ] OX]/((X = A)™)
AEA

is a morphism between two free O-modules of the same finite rank, and its reduction modulo 7
is an isomorphism by our assumption on A and the Chinese Remainder Theorem. We deduce
that P, is already an isomorphism. Pulling back the obvious idempotents from the right-hand
side gives us idempotents ey € O[X]/(x) (A € A), and one can easily check that the assignment
m— (ex - m)xep is an inverse to (3.1.2). O

Given a free finite-rank (-module M with an endomorphism ¢ let us say that M is
decomposable under ¢ if the natural map is an isomorphism

@ My s M.
XS0

(Using extension of scalars to K, one can check that this map is always injective.)

LEMMA 3.1.3. Let M be a free finite-rank O-module which is decomposable under an
endomorphism ¢. Then given a ¢-stable submodule N C M such that M /N is free over O as
well, both N and M /N are decomposable under the induced endomorphisms.

Proof. What we have to show is that if m =), m, is the generalized eigenspace decomposition
of m € N, then all m) already belong to N. Linear algebra tells us that all m) belong to
K®g N C K®g M. It follows that for every A there exists n > 0 such that 7m) € N. Therefore,
the image of my in M/N is killed by some power of 7, and hence it is zero since M /N has no
torsion, i.e. my € N. O

Remark 3.1.4. (i) The assumption that M /N has no torsion cannot be removed. For example,
assume that Q = Z,. Then M = Z? is clearly decomposable under ¢ acting by the matrix

1 0
0 1+4¢)°

and its submodule N :=7Zy(1,1) & Z,(0, {) is stable under ¢. However, N is not decomposable
under ¢, as will be explained in (ii).

(ii) Observe that in the setting of the lemma, it can happen that both N and M/N are
decomposable, but M is not. For example, consider M = Z?, with ¢ acting as

1 0
1 1+4)°

and N = Z,(0,1); M is not decomposable under ¢, since on its reduction modulo 7 our ¢ is just
a Jordan block. Note that this M is, as a Z,-module with endomorphism, isomorphic to our N
from (i).

Next let A be an Q-algebra which is finitely generated as an (-module, endowed with an
(@-algebra automorphism ¢. We switch here to automorphisms as opposed to endomorphisms to
avoid the introduction of additional terminology later. We denote by

Modf— (A4, ¢)
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the abelian category of pairs (M, ¢pr) where M is a finitely generated right A-module and
éar: M —— M is an automorphism which satisfies

Pu(m - a) = op(m) - ¢(a)

for a € A, m € M. Morphisms in Modf—(A, ¢) between objects (M, ¢ps) and (N, ¢n) are
morphisms of A-modules f: M — N such that fo ¢y = ¢n o f. Objects of Modf—(A, ¢) will
sometimes be called (A, ¢)-modules. By our assumptions on A, objects of Modf—(A, ¢) are
always finitely generated as @-modules. We will often omit the automorphism ¢, from notation.

An important particular case is when A=0 and ¢ =id; in this case we call our objects
(O, ¢)-modules.

LEMMA 3.1.5. Let (A, ¢) be an Q-algebra which is finitely generated as an Q-module, together
with an automorphism ¢. For any (M, ¢pr) in Modf—(A, ¢), there exist an object (P, ¢p) in
Modf—(A, ¢) such that P is A-free, and a surjection (P, ¢p) — (M, ¢pr) in Modf—(A, ¢).

Proof. First, consider (M, ¢pr) as an (O, ¢)-module. Then there exist (N, ¢n) in Modf—(Q), ¢)
such that N is O-free, and a surjection (N, ¢n) — (M, ¢pr). Indeed, let eq, . . ., e, be a family of
vectors in M whose images in F ®g M form a basis. By Nakayama’s lemma, this family generates
M as an O-module. Choose a matrix D € My,(0) such that ¢a(e;) =3, ajiej; this matrix is
automatically invertible since its image in M,,(F) is invertible. Then one can take N = Q", with
¢n acting with matrix D, and the natural surjection N — M. Finally, set P := N ®¢ A, endowed
with the automorphism ¢p := ¢y ® . O

Now let us fix a unit ¢ € O* which is not a root of unity. Suppose M is an object in
Modf—(Q, ¢), i.e. a finitely generated @-module with an automorphism ¢. Given some finite
subset I C Z, we say that M has g-weights obtained from I, if

[T6—d i)
i€l
acts nilpotently on M. In addition, let us call M g-decomposable if it is decomposable under

¢ and has ¢-weights obtained from some finite subset of Z. Observe that if we have an exact
sequence

N—M-—-P

and if NV, respectively P, has g-weights obtained from I, respectively J, then M has ¢-weights
obtained from I U J. Similarly, if M has ¢-weights obtained from I and N has ¢g-weights obtained
from J, then (M ®qg N, ¢ar ® ¢n) has g-weights obtained from [ +J={i+j|icl, jec J}.

Remark 3.1.6. If (M, ¢) is free of finite rank over @ and has g-weights obtained from I, and
if moreover the map i+ ¢' is an injection I < F (where ¢ is the image of ¢ in F), then M is
g-decomposable by Proposition 3.1.1. This criterion will be crucial for our proofs.

LEMMA 3.1.7. Let M be in Modf—(Q, ¢), and assume M has q-weights obtained from I. Then
there exists an object M' in Modf—(Q, ¢), which is O-free and has g-weights obtained from I,
together with a surjection M' — M.

Proof. We can consider M as a finitely generated module over the O-free algebra

R:= @M/<H(w - qiid)">

iel
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for some positive integer n. Then take M’ to be a free finite-rank R-module surjecting to M,
with ¢ acting as multiplication by x. (Observe that multiplication by z is an automorphism since
its reduction modulo 7 is invertible by our assumption ¢ € O*.) O

Now let (4, ¢) be an O-algebra, which is a free finite-rank Q-module, endowed with an
0-algebra automorphism ¢, such that A is g-decomposable. We denote by

MOdfdec_(Aa ¢)

the full subcategory of Modf—(A, ¢) whose objects are free of finite rank over @ and
g-decomposable as (O, ¢)-modules.

LEMMA 3.1.8. Assume that (A, ¢) is O-free of finite rank and g-decomposable as above. For
any M in Modfge.—(A, ¢) there exists an object ) in Modfge.—(A, ¢) which is projective as an
A-module along with a surjection QQ — M.

Proof. Take QQ := M ®¢ A, with the automorphism ¢ ® ¢. O

3.2 Categories with an autoequivalence
Let A be an abelian category endowed with an autoequivalence ® : A —— A. Let A[®] be the
category defined as follows:

— objects are pairs (M, sy) where M is an object of A and sy : M —— ®(M) is an
isomorphism;

— morphisms between (M, sps) and (N, sy) are morphisms f: M — N in A such that the
following diagram commutes.

SMm

M——>oM

1 e

SN
N PN

We might think of A as an abelian category with an action of the group Z and of A[¢] as the
category of some sort of Z-equivariant objects of A. Certainly A[®] is again abelian.

Ezample 3.2.1. With the notation of § 3.1, the category Modf—(A, ¢) is the category A[®] where
A =Modf—A and ¢ sends M to the right A-module, whose underlying O-module is M, and
whose A-action is the morphism M ®g A — M given by m ® a — m - ¢(a).

LEMMA 3.2.2. Let (A, ®) be an abelian category with an autoequivalence, and let (P, t) € A[®]
be an object with P € A projective. Then for any (M, s) € A|®] we have

Homiy, (ng) (P, 1), (M, s)) =0 fori>2.

Proof. Let i > 2. By definition, a morphism from (P, t) to (M, s)[i] in DP(A[®]) is a diagram of
morphisms of complexes

(M, 5)[i] = C* <= (P,1)
where C* is a bounded complex of objects of A[®]. Clearly, one can assume that this complex

is concentrated in non-positive degrees. To prove the lemma it suffices to prove that there exist
a complex D*® and a quasi-isomorphism f: D*® 2, ¢* whose composition with our morphism
C* — (M, s)[i] is zero. To establish this it is enough to show that there exists a complex D*®

concentrated in degrees —1 and 0 and a quasi-isomorphism f: D*® 2, .
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Write the complex C'* as
C* = (= (€72 u™) 5 (€7 ™) 5 (C0 ) » 0 - ),
Let B~!:=C~!/ker(d™!), and let p~1: C~1 — B~! be the projection. We consider the object
(B~Y v71) in A[®], where v~!: B~ == ®(B~!) is the isomorphism induced by u~!. As C*
maps quasi-isomorphically to (P, t), we have an exact sequence

(B o) — (C° u®) — (P, ).

As P is projective, the image of this exact sequence in A splits, hence we have an isomorphism
(CY u) = (B~! @ P,w’) in A[®], where

~1
w? = <”0 ;‘) :BleP = ®B o oP)
for some morphism a: P — ®(B~!) in A. Let us fix such an isomorphism. As P is projective,
there exists a morphism b: P — ®(C~1) in A whose composition with the projection ®(p~!):
®(C~1) - ®(B7') is a. Then define D° := C~! @ P, and consider the object (D°, 2°) of A[®],
where

—1
1’0;: <u0 l;) C_l@PL(I)(C_l)EB(I)(P)

Also, let (D1, 271) := (C~1, u™1). Then (D°, 2°) is an object of A[®], and there exists a natural

x
injection (D1, 271) — (DY 2Y) whose cokernel is (P, t). Moreover, we have a quasi-isomorphism

0 (D, 1) —= (PP, 20) —~0— -

| -

e (O - (O ) - () 0>

where

-1
c=(P7 YY.clap_Blap
0 ldp

This finishes the proof. O

3.3 Perverse sheaves on a variety over a finite field
In this subsection we write E for either O or F.
Let X, be a variety over a finite field F,, endowed with a finite stratification

Xo= |_| Xs,o
ses

by affine spaces. Also, let X := Xo Xgpec(r,) Spec(F,), endowed with the induced stratification
(which we also denote by .#). We assume that this stratification satisfies condition (2.1.1). Let

For : D*(X,,E) — D?(X, E)

be the inverse image functor under the natural projection X — X,. We denote by D%(XO, E) the
full subcategory of D (X, E) consisting of objects F such that For(F) is in D% (X, E). As for X,
DY (X,, E) is endowed with the perverse t-structure whose heart we denote by Perv.o (X, E) (for
the perversity p if E = Q). Note that if M, is in D% (X,, E) then M, is in Perv.y(X,, E) if and
only if For(M,) is in Pervy(X,E). As in [BBD82], objects of Pervy(X,, E) will always be
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denoted with a subscript ‘;’. Their image under the functor For will usually be denoted by the
same symbol, with the subscript removed.

Let pt, := Spec F, and f : X, — pt, denote the projection. Let E(m) € D2(pt,, E) denote the
mth Tate sheaf (see [Del74, §2.13]). Given any object F, € D2(X,, E) we define its mth Tate

twist by Fo(m) := Fo @%E J*E(m).

Before we go into the technical details, let us discuss some generalities concerning Galois
actions on étale cohomology. Given a scheme X, over a field k£ and a field extension K/k,
certainly the Galois group will act on the scheme X = K X X,, and thus will also act on its
étale cohomology. More generally, given an étale sheaf F, on X, and its pullback F to X, the
Galois group will act on the étale cohomology of X with coefficients in F. Formally, if w: X — X,
is the extension of scalars, for any v in the Galois group and letting v = v x id, we have w o vy = w
and from there get isomorphisms y*w*F, —— w*F, alias v*F — F, which make F what one
might call a Galois equivariant sheaf on X. The action of v on H"(X; F) is then defined as
the composition H"(X; F) — H™"(X; v*F) — H"(X; F) of the pullback by « on cohomology with
the map induced by our isomorphism 7*F —— F. Even more generally, if G, is another étale
sheaf or complex of sheaves on X,, we will get a Galois action on the Ext-groups between F and
G by transport of structure, and we could go on like that.

We will use these Galois actions in the case that the field extension K /k consists of our finite
field F, with an algebraic closure ?q. In this case, additional features try to create confusion.
Namely, given a prime p, on any commutative ring A over Z/pZ, even on any scheme S over
Z/pZ there is a canonical endomorphism, the absolute Frobenius Fry,y, : S — S, given on rings as
the map Fr,p : A — A with a— of. This is a natural transformation from the identity functor
on the category of schemes over Z/pZ to itself. In particular, if we have two schemes S, T over
Z/pZ, on their product we have Fr,p, = (Frap x id) o (id xFry,p). From the remarkable fact that
for any étale morphism 7 : T — S the diagram

Frab

T——T

Fl’ab

S——=F

is Cartesian, we get for any étale sheaf F on S a natural isomorphism Fri, F —— F, and the
map induced by this on the étale cohomology of F is just the identity.

Now, in our case of a scheme X, over F, with ¢ =p", on the scheme X :Fq Xp, Xo we
have as endomorphisms the arithmetic Frobenius Fr, = Fr}, x id and the geometric Frobenius
Fr = Fry =id xFr} =id xFr,. Clearly Frgy o Fry = Fr, o Fry = Frl, | thus our natural isomorphism
leads to a natural isomorphism Fr¥(Fr*F) —— F for any étale sheaf 7 on X. On the other hand,
it also leads to a natural isomorphism F, SN Fr:F, and by pulling back we obtain a natural
isomorphism F —— Fr*F for any étale sheaf F, on X,. To get back from this isomorphism our
Galois equivariance v*F —— F alias Fr:F —— F from above, just apply Fr: to it and compose
on the left with the natural isomorphism Fri(Fr*F) —— F discussed before. This is explained
in [SGA4%, p. 84]. In the following, we always work directly with the Frobenius action coming
from the natural isomorphism F —— Fr*F, which might be conceptually a less direct approach,
but permits us to connect much more directly to the existing literature.

So let Fr: X — X be the Frobenius endomorphism, obtained from the Frobenius Fr, :
Xo — X, by base change. For any M, in D]}(XO,IE) there exists a canonical isomorphism
M, —— Fr Mo, hence also a canonical isomorphism ¥ : M —— Fr* M, where M = For(M,).
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For details, see [SGAS5, Exposé XIV, §2.1] or [Mil80, § VI.13]. We will need the following well-
known result.

LEMMA 3.3.1. The functor

Fr*: D" (X,E) — D% (X, E)
is an equivalence of categories, which restricts to an equivalence Perv o (X, E) —— Perv (X, E).
Proof. The category Dby(X , E) is generated by the essential image of the functor

For : D% (X,, E) — D" (X, E)

(e.g. by standard or costandard objects). Hence, it is enough to prove that for any Mo, Ns in
DY (Xo, E), with M := For(M,), N := For(\%), the morphism

Hompy (x gy (M, N') — Hompy (x gy (Fr* M, Fr' )

is an isomorphism. To prove this fact it is enough to prove that the adjunction morphism
N — FryFr*N is an isomorphism. However, this morphism is obtained by extension of scalars
from the adjunction morphism N, — Fro.FriN5, which is an isomorphism, since Fr, is a universal
homeomorphism, see [SGA5, Exposé XIV, §1, Proposition 2(a)]. a

Recall that, by [BBD82, Proposition 5.1.2], the functor which sends M, to the pair (M, ),
where M = For(M,) and 9, is defined above, induces an equivalence of abelian categories

Perv o (X,, E) — Perv.o (X, E)[Fr*]. (3.3.2)

Using this equivalence, one can make sense of the tensor product V ®g M, of an object M, of
Perv (X, E) with an E-free (E, ¢)-module (V, ¢y ). Indeed, using (3.3.2) one can see (V, ¢y ) as
an object of Perv(pt,, E), and we define V ®g M, as the tensor product of the pullback of this
object to X, with M..

Ezample 3.3.3. When X, = pt, = Spec(F,), we have Fr=id, and Perv(pt, E) = Modf—-E. The
image of E(m) € Perv(pt,, E) under (3.3.2) is a rank 1 free right E-module endowed with the
automorphism given by multiplication by ¢".

LEMMA 3.3.4. There exists an object P, in Perv.o(X,, E) such that P = For(P,) is a projective
generator of Pervy (X, E).

Proof. We write the details only for E=Q; the case E=F is similar. By the proof of
Corollary 2.3.3, it is enough to prove that the objects P constructed in Proposition 2.3.1 can
be chosen in such a way that they are in the essential image of the functor For or, equivalently,
using equivalence (3.3.2), in such a way that there exists an isomorphism P —— Fr*P. Now,
using the notation of this proof, the O-module E has a natural automorphism ¢ induced by Fr*;
it is enough to observe that Fge can be endowed with an automorphism ¢ such that the
quotient Ffeo — F is compatible with ¢ and ¢fee, which follows from Lemma 3.1.5 (for A = Q).

(See the proof of Proposition 4.4.1 below for details on this construction.) a
Let Mo, N, be in D%(X,,E), with M :=For(M,), N :=For(N,). Composing the
isomorphism

{HomD;(XV]E) (M, N) — Homps (x gy (Fr* M, Fr'N)
fr—=Ynofo T/wal

with the inverse of the isomorphism

Hompy (x gy (M, N') — Hompy (x gy (Fr* M, Fr' )
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induced by Fr* (see Lemma 3.3.1) we obtain an automorphism ¢ of Hompy (x gy (M, N).
Hence, Hompy (x k) (M, N) is naturally an object of Modf—(E, ¢), which we will denote by
Homx g (M, N) for simplicity.

Remark 3.3.5. Using the same arguments as in Lemma 3.3.1, for any variety X, over
Spec(F,) (not necessarily satisfying our assumptions) we obtain an automorphism (induced
by the Frobenius morphism) of the E-module HZ(X;E)=Hom*(E,, fEy). (Here, f:X,—

~Y

pt, is the projection.) For example, with our conventions the automorphism of HZ(Al; E) =
HZ(A! < {0};E) is multiplication by ¢~!, and the automorphism of H!(A! \ {0};E) is the
identity.
Let us fix an object P, as in Lemma 3.3.4, and let
A= EndPeI‘Vy (X,E) (P)
Since P is a projective generator of Perv» (X, E) we have an equivalence of categories
Fp :=Hom(P, —) : Perv.» (X, E) — Modf—A (3.3.6)

(see [Bas68, Exercise on p. 55]). Moreover, as P = For(P,), we have an automorphism ¢ := ¢p p
of A, so that we can consider the category Modf—(A, ¢) as in §3.1.

LEMMA 3.3.7. The functor which sends M, to (Fp(M), ¢p am) (where as usual M = For(M,))
induces an equivalence of abelian categories

Perv o (X,, E) —— Modf—(A, ¢). (3.3.8)
Moreover, the diagram

Perv.(Xo, B) — Y Modf—(4, ¢)

Forl l
(3.3.6)

Pervy(X,E) ——————— Modf—A4

commutes, where the right vertical functor sends (M, ¢pr) to M.

Proof. Consider the equivalences

(3.3.2)
Pervy(Xo, E) = Pervy (X, E)[Fr*] = (Modf—A)[Fp o Fr* o (Fp)™!]

where the second equivalence is induced by Fp. We claim that the functors ® (defined as in
Example 3.2.1) and Fp o Fr* o (Fp)~! are isomorphic, or equivalently that the functors ® o Fp and
Fp o Fr* are isomorphic; indeed, an isomorphism is provided by the composition of isomorphisms

® o Fp(M) =Hom(P, M) LA Hom(Fr*P, Fr* M) )t Hom(P, Fr*M) = Fp o Fr*(M)

for M in Perv# (X, E). Equivalence (3.3.8) follows. We leave it to the reader to check that this
equivalence can be described by the formula in the lemma, and that the diagram commutes. O

3.4 Derived categories of perverse sheaves

In this subsection we keep the same assumptions and notation as in §3.3. The subcategories
Perv.y(Xo, E) C D% (Xo,E), Pervy(X,E)CD%(X,E) are hearts of t-structures, and the
triangulated categories D% (X, E) and D%(X,E) have natural filtered analogues. Hence,
by [Bei87] one has realization functors

real, : D"Perv o (X,, E) — D% (X,, E), real: DPPervy(X,E) — D> (X, ).
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Moreover, these functors fit in the commutative diagram

real,

DPPerv o (X, E) D" (X, E)

| |

DPPerv./ (X, E) — 2~ Db (X, E)

where vertical functors are induced by For (see [Bei87, Lemma A.7.1]). It is known that the
functor real is an equivalence of categories, see Corollary 2.3.4 if E =0 and [BGS96, Corollary
3.3.2].

ProrosiTION 3.4.1. The functor real, is an equivalence of categories.

Proof. The category Perv(X,, E) generates Dby(Xo, E). Hence, it is enough to prove that for
any Mo, N in Pervy(X,, E) and any i € Z the natural morphism

Hom%bPerVy(Xo,E) (Mo, NO) - Homi'Dy(XOJE) (Mo, No)

is an isomorphism. We prove this fact by induction on 4. In fact, both sides vanish if ¢ < 0; if
1 =0 then the morphism is an isomorphism by definition; and the morphism is an isomorphism
also if i =1 by [BBD82, Remarque 3.1.7(ii)].

Now, assume that 7 > 2, and that the result is known for ¢ — 1 (and any M, N,). Let P,
be an object of Pervy (X,, E) surjecting onto M, and such that For(P,) is projective. (Such an
object exists by Lemmas 3.3.7 and 3.1.5, or an obvious analogue if E =T.) Consider an exact
sequence

ker, «— Py — M.,

and the following associated commutative diagram with exact rows.

Homiy b (Po, No) — Homiyp (kero, No) — Hompup_ (Mo, No) — Homipp (Po, N

| | | |

Homf{ol (Po, No) —= Homf{ol(kero, No) — Homf30 (Mo, Ny) — HomiDo (Po, No)

Here, P, :=Pervy(X,, E) and D, := D'}(Xo, E). The first two vertical morphisms in this diagram
are isomorphisms by induction. We claim that both E-modules in the right column vanish, which
will conclude the proof (by the five lemma). Indeed, the top right term is 0 by Lemmas 3.3.7
and 3.2.2 (since ¢ > 2). The lower right term is also 0 by the exact sequences [BBD82, (5.1.2.5)]
and the fact that

HomkDg’(XJE) (For(P,), For(N,)) =0
for k > 1. (The latter vanishing follows from the facts that real is an equivalence and that For(P,)

is a projective perverse sheaf.) O

Remark 3.4.2. Let ® be the equivalence considered in Example 3.2.1. We denote similarly the
equivalence induced on derived categories, so that every object M, in D°Modf—(A, ¢), with
image M in DPModf—A, comes equipped with an isomorphism ¢y : M —— O(M). If My, N,
are in DPModf—(A, ¢) then there is a canonical automorphism of Hompspmeds— (M, N) which
sends a morphism f to ® !(¢x o f o ¢ZT/[1). One can check that if M,, N, are in DE;(XO, E) and
if Mo, N, are their images under the equivalence

DY, (Xo, E) 2 DPPerv.y (Xo, E) 22 DPModf— (4, ¢),
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then this automorphism of Hom (M, N) coincides with the automorphism ¢ of Hom(M, N')
defined in §3.3 under the isomorphism Hom(M, N') 2 Hom(M, N) induced by the equivalence
Fp oreal .

PART II. FORMALITY OF THE CONSTRUCTIBLE DERIVED CATEGORY OF THE FLAG VARIETY
4. Bounding weights

As in §3.3, we use E to denote either F or Q. We fix a finite field Fy (where ¢ is a prime power
which is invertible in ) and an algebraic closure [, of IF,.

4.1 Notation

We let G, be a split connected reductive algebraic group over Fy, B, C G, be a Borel subgroup,
and T, C B, be a maximal torus. We let W be the Weyl group of G, with respect to T,. The
main player in the rest of this paper will be the flag variety

Xo = Go/Bm
endowed with the Bruhat stratification

Xo= | | Xuwo, Xuwo:=BowBo/Bs.
weWw

For any subset I C W, we denote by X7, the union of the X, , for v € I. Following the notation
in the previous sections, we denote by 4, : Xy, 0 < X, the inclusion, and we omit the index ‘o’
when considering the varieties obtained by extension of scalars from F, to Fq. The category
of E-perverse sheaves on X, (respectively X) for the Bruhat stratification will be denoted by
Perv(p,)(Xo, E) (respectively Perv(g) (X, E)), and similarly for derived categories. We use similar
notation for Be-stable subvarieties of Xo.

Let BS C G, be the Borel subgroup opposite to B, with respect to T,. We will also consider
the opposite Bruhat cells

X;}O =By wB,/B, C X,

(weW).

The choice of B, C GG, determines a subset S C W of simple reflections and of positive roots,
which we choose such that the Lie algebra of the unipotent radical of B, is spanned by positive
root spaces. If s € S, we denote by P; , the associated minimal standard parabolic subgroup. We
let X :=Go/Ps,. This variety has a natural stratification by Bruhat cells,

X5 = |_| X5 o Xgo=DBowPso/Pso,
weWs

where W:={weW |ws>w}. As for X,, we denote by Pervp (XS, E) (respec-
tively Perv(p)(X®, E)) the category of E-perverse sheaves on X (respectively X*) for the Bruhat
stratification.

We denote by ¢ the length function on W with respect to S and by wg the longest element
of W.

We denote by 75 : X, — X the natural projection. We have functors

7 ="H (s () [1])

Perv(Bo)(Xo, E) Ty PeI’V(BO)(AXOS7 E),
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and similarly for the categories Perv(g) (X, E) and Perv(g)(X?, E). The functor s exact, and
is right adjoint to msy. It follows that 7,y sends projective objects in Perv(p, (X, E) to projective

objects in Pervpy(X*, E).

4.2 Morphisms between standard perverse sheaves

For any w € W, following the notation of §2.2 we set Ay o :=iuEy,  [{(w)] € Perv(p,)(Xo, E),
and A, :=For(A,.). Recall (see §3.3 and Remark 3.3.5) that for u,v €W and i€Z the
E-modules HomiXE(Au, A,) and H{(X, N X, ,E) have a natural automorphism induced by
the Frobenius morphism.

PROPOSITION 4.2.1. For any u,v € W there exists an isomorphism of graded (E, ¢)-modules
Hom$ g(Ay, A,) 2 HIHO =W (X, 0 XS E).

Proof. If u & v, then both modules are 0, hence there is nothing to prove. Assume from now on
that u <.
Fix n € Z. First, adjunction provides an isomorphism of (E, ¢)-modules

Hom'y g (Ay, A,) = H O (X i By ).
Consider the following diagram.

Xy v X

X,
Ty
X

u

We obtain isomorphisms

!

byt Ex, = by oty lotfnEx, =iy B, -

Now, consider the following diagram with cartesian square

X, I X,
J’ ad J \
(Xo N X)X XuC 2 (X N X)X X, =
kT lp /
Xy

where j and j are the open inclusions considered in [KL80, §1.4], j is induced by j,, and k
(respectively p) is the obvious inclusion (respectively projection). Then we have

N ~ 7l ~ 7 ek ~ 7!
lypdulEx, =K JjuEx =k JnEx, =k ]L!E(vaxg)xxua

where the second isomorphism follows from the fact that j is an open embedding, and the third
one from base change.

The adjunction (ki, k!) provides a morphism of functors kik' — id. Composing with p; gives a
morphism of functors k' — pi. By [Soe89, Proposition 1], this morphism induces an isomorphism

l. ~ .
k ]L!E(X,,OX;)XX“, - p!];!E(Xq,ﬂX;)xX“,'
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Combining these isomorphisms we obtain
HomnX,E(Aw A,) = Hr ) =) (Xu, (po j;)!E(XmXJ)qu)-

Now, consider the following (tautological) cartesian diagram,

(XoN X)X Xy ——> X, N X,

poj, l O ib

X a pt

where ¢, a, b are the natural projections. Then by the base change theorem we have

(Po i Ex,nxs)xx, 2@ I NG Ey x; ZabEy x-.
We deduce isomorphisms
Hom% g (A, Ay) 2 H O (X, a*bEy x)
o Yntl(v)—E(u) (pt, a*a*bIEXmX; ).
Finally, since X, is an affine space, we observe that the adjunction (a*,a.) induces an
isomorphism
H' O~ (ot BBy 1y ) = O (bt a0 BBy oy, ),

which finishes the proof. O

4.3 Weights of cohomology of Deodhar varieties
In the next two lemmas we let k be an arbitrary field, and we use the notation G, B, X, etc. for
a split reductive algebraic group, a Borel subgroup, the flag variety, etc. over k. We will use these
results only when k =F,.

The following result is well known, and probably due to Deodhar (see [Deo85], or [Cur88] for
a more general result). For this reason we call the varieties X, N X, ‘Deodhar varieties’.

LEMMA 4.3.1. Let u,v € W and s € S be such that u < v, vs > v and us > u.
(i) There exists an isomorphism of k-varieties
Xos N X 2 X, N X,

(ii) There exists a closed subvariety Z C X,s N X, , with complement U, and isomorphisms
of k-varieties

Z2(X,NXy,) x Ay, U(X,NX,) x (A~ {0}).
Proof. Set X,;~ := B~ uPs/Ps; C X*. Then we have
(me) HXST) =X, UX,,, () HXS) =X, UX,.

In each of these decompositions, the first term is open and the second term is closed. On
the other hand, as the restriction of 75 to X, (respectively X ;) is an isomorphism with X
(respectively X, ), this morphism induces isomorphisms

XoNX, Z2r(X,NX,), XonNX,,=Z7ms(XyNX,,),
Xos N X, Zme(Xys N X5,
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and
XonXo™ =m( Xy N X, ) Ums(Xy N X,,)
= Ts(Xps N X)) Ums( Xy N Xyy)-

(In each of these decompositions the first term is open and the second one is closed.) It follows
that

(X N X, ) =7s(Xos N X5 ), (4.3.2)
which proves (i).
Now, set

Z:=(Xyps N X, )N (7"8)71(778()(1} N Xus))s
U:=(Xos N X)) N (1) Hms( Xy N X))

To prove (ii) it is enough to prove that ms|z: Z — 75(X, N X,,,) is a trivial Al-fibration, and
that 75|y : U — 75(X, N X)) is a trivial (Al \ {0})-fibration. Consider the Al-fibration

[ (XpsN X, ) U(XpsNX,,) = XoN X0

induced by 7, which is trivial since it is the restriction of the trivial Aﬂlg—ﬁbration Xyps — X to
the inverse image of X3 N X;~. We claim that

flrs( Xy N X)) =2, (4.3.3)

which will prove our claim about Z. Indeed, let € ms(X, N X;). Then 75 (z) N X, = pt, and
75 (z) N X,, =pt, and by assumption these points coincide. It follows that m;!(x) N X,s =
771 (x) N X, , hence that m; (z) N (Xys N X,,) = 0. This proves (4.3.3).

On the other hand, consider f~!(7s(X, N X, )), and denote by g the restriction of f to this
open subvariety. Then the restriction of g to

(Xus N Xy) C f_l(ﬂ'S(Xv NnX,))
is an isomorphism, see (4.3.2). Hence the claim about U follows from Lemma 4.3.5 below. O
Remark 4.3.4. In case (ii), the closed subvariety Z is empty if us £ v.
LEMMA 4.3.5. Let M be a k-variety, and consider the trivial fibration
a:M x Al — M.

Assume there exists a subvariety N C M x Al such that the restriction of a to N is an
isomorphism N —— M. Then the restriction of a to the complement of N is a trivial (A} \. {0})-
fibration.

Proof. Let & be the composition M —— N < M x Al — Al. Then the automorphism

{M x Al — M x Al
(m, t) = (m, t —&(m))

identifies the complement of N with M x (Al \ {0}) as a fibration over M. O
Now we come back to our varieties over F, and Fq.
PROPOSITION 4.3.6. Let u,v € W, with u < v. The cohomology
HE(Xy N Xy 5 0)
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is concentrated in degrees between f(v) —{(u) and 2({(v) — f(u)). Moreover, for any n €
[(v) — (u),2(¢(v) — £(u))], the (O, ¢)-module H} (X, N X, ; Q) has g-weights obtained from
[=13), —n+ £(v) — £(u)].

Proof. We prove the claim by induction on the Bruhat order on v. It is obvious if v = 1.

Now, assume the result is known for v, and let s € .S be such that vs > v. Let u € W such
that u < ws. If us < u (and then us < v), by Lemma 4.3.1(i) we have an isomorphism

Xuso N Xio = Xoo N X,

uS,0°

As l(vs) — £(u) = L(v) — £(us), the result follows by induction.
Now, assume that us >w (and then u <wv). Then, by Lemma 4.3.1(ii), X,s0 N X, is the

u,0

disjoint union of a closed subvariety Z, isomorphic to (X, N X5 ,) ¥ Al and an open subvariety

Us isomorphic to (Xyo N X, ) X (AL~ {0}). Consider the associated long exact sequence
= HNU;0) - H}(Xys N X, ;0) > HNZ;0) — - - - .

Both H2(A!; Q) and H2(A! \ {0}; Q) are free O-modules and so we can apply the Kiinneth
formula to obtain

HS(Z; 0) 2 H2 (X, N X,,; 0) ®@p HY(AY; 0) 2 H (X, N X,,; 0) @9 H3(A'; 0)

and
H2(U; 0) = H (X, N X, 0) @ HI(AT . {0}; 0)
= HIH (X, N X5 0) @0 He (A {0} 0) & HT(X, N X5 0) @0 HI(AT N {0} 0).
Our claim follows, using Remark 3.3.5 and induction. O

Remark 4.3.7. The bounds on weights in Proposition 4.3.6 are exactly the same as the bounds
provided in a very general setting for cohomology with coefficients in K by [Del80, Corollaire
3.3.3]. In particular, if one is only interested in H?(X, N X, ; K), then the information on the
structure of X, N X, given by Lemma 4.3.1 does not give improved bounds. However, here we
work with integral coefficients, which are not considered in [Del80].

Combining Proposition 4.2.1 and Proposition 4.3.6 we obtain the following result, which will
play a crucial role in the rest of this section.

COROLLARY 4.3.8. Let u,v € W such that u < v. Then

Hom}’@(Au, Ay)
vanishes unless 0 <n </l(v) —£(u). If n€0,4(v) —€(u)], this (O, ¢)-module has g-weights
obtained from [—|(n + ¢(v) — £(u))/2], —n].

4.4 Weights in the A-flag of projective covers
PROPOSITION 4.4.1. For any u € W, there exists an object Py o in Perv(g )(Xo, Q) such that
For(Py,0) is projective in Perv(py (X, ), together with an exact sequence

Mu,o — Pu,o —-» Au,o
such that M, , has a filtration whose subquotients are of the form
Ev,u X0 Av,o

for v >u, where E,,, is an (O, ¢)-module which is O-free and has g-weights obtained from

[1, £(v) = £(w)].
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Proof. We prove by induction that for any I C W containing u with X closed in X, there exists
an object PL, in Perv(p )(X1e,0) such that P} :=For(P],) is projective in Perv(p (X1, Q)
together with an exact sequence

I I I
Mo = Puo Ao

u,0

such that Mio has a filtration whose subquotients are of the form
Ezl;,u ®o Ai,o

for v>u (v € I), where E[ , is an (O, ¢)-module which is O-free and has g-weights obtained from
[1, ¢(v) — £(u)]. (Here, Al is the standard perverse sheaf on X, associated with v.) The case
I =W will give the proposition. If v € I is maximal, then 731{70 = A{w satisfies the requirements.

Now we take I =I'U {v} with X, and X7 closed and containing X,, and we assume that
Pi:o has been constructed. Consider the (O, ¢)-module

E:=Hom, o(PL, Al).

(Here we consider P! as a perverse sheaf on X;.) We claim that this module has g-weights
obtained from [¢(u) — ¢(v), —1]. Indeed, by induction hypothesis 775:0 has a filtration with
subquotients Elﬁu ®o Al ,, where EQ{J:U has g-weights obtained from [0, ¢(w) — ¢(u)], and
moreover, by Corollary 4.3.8, if it is non-zero then Hom}X“@(Aﬁ, Al = Hom‘lxj@(Aw, A,) has
g-weights obtained from

|[_ {1 - 6(1;)2— f(w)J , _1H C [¢(w) — £(v), —1].

Using Lemma 3.1.7, we deduce that there exists an (O, ¢)-module Epe. which is O-free,
with g-weights obtained from [/(u) — ¢(v), —1] and a surjection of (O, ¢)-modules Ejee — E.
By [BBD82, (5.1.2.5)], there exists a natural surjection

1 I * 1 1 I * I -in
EXtPerV(BO)(XO,(O)) (Pu,ov Efree ®o Afu,o) - (EXtPerV(B)(X,(O)) (Pu ) Efree ®o Av))¢ v

The element of Ext,lz.erv(B)(X 0) (PI' B ®0 Al) considered in the proof of Proposition 2.3.1 is

free

¢-invariant by construction, and hence it defines an extension of Ef . ®g Aio by 7775:0, which
we denote by 731{,0. By the proof of Proposition 2.3.1, For(Pqio) is projective, which proves the
induction. O

For any u € W we fix an object P, as in Proposition 4.4.1, and we set

Po = @ Puo-

ueW
Note that this object satisfies the condition of Lemma 3.3.4 (see the proof of Corollary 2.3.3).

PROPOSITION 4.4.2. The (O, ¢)-module
Endx o(P)

is O-free, and has g-weights obtained from [—{(wy), {(wo)]. In particular, this (O, ¢)-module is
g-decomposable if the order of q in F is strictly bigger than 2¢(wy).

Proof. The fact that this O-module is free follows from Proposition 2.4.1(iv).
To prove the statement about weights, it is sufficient to prove that for any u,v € W the
g-weights of Homx o(Py, Py) are in [—f(wyp), £(wo)]. Now recall that P, . has a filtration with
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subquotients of the form

Ew,v X0 Aw70
for w > v, where E,,, is an (O, ¢)-module which has g-weights obtained from [0, £(w) — ¢(v)].
Hence, Homx o(Py, Py) has a filtration (as an (O, ¢)-module) with subquotients of the form

E’w,v X0 HOHlX’@(Pu, Aw)

Similarly, P, has a filtration with subquotients of the form

Ew/,u (2%0) A'w/,o
for w’ > u, where E, ,, is an (0, ¢)-module which has g-weights obtained from [0, £(w') — £(u)].
Hence, it is enough to study weights in

Fu,v,w,w’ = E;Z’,u ®o HOHIX,@(AU/, Aw) 2d0) Ew,v-

By Corollary 4.3.8, Homx (A, Ay) has g-weights obtained from [¢(w') — ¢(w)/2, 0]. Hence,

Fyvww has g-weights obtained from

|[€(u) (W) + L(w)

5 tw) ~ £(0) | € -t o)),

which finishes the proof of the claim on weights.
Finally, the last claim of the statement follows from Remark 3.1.6. O

4.5 Partial flag varieties
In this subsection we fix a simple reflection s, and consider the variety X?°. For any v € W*,
we denote by Af the standard object associated with the stratum X.

LEMMA 4.5.1. For u,v € W#, the (O, ¢)-module

Hom'k. o (A7, A7)
vanishes unless 0 < n < ¢(v) — £(u), in which case it has q-weights obtained from the interval
[=L(n+ £(v) — £(u))/2], —n].

Proof. The restriction of w4 to X, is an isomorphism onto X, hence we have 75, A, = w4 A, =
A;. Using adjunction, we deduce isomorphisms

Hom}sj@(Ai, AY) = Hom§s7@(AZ, sy = HOHIT)L(’@OT:AZ, Ay).

By the base change theorem we have 73 Ay =150, . [((u)], where 75, : X, Ll Xy — X is the
inclusion. We have an exact sequence of sheaves on X, LI X,

710, = Oxux,, 7 40y,

where i (respectively j) denotes the inclusion of X, (respectively X,s) which induces a
distinguished triangle
. 1
AuS[_l] - ZZ!QXuI_JXM [E(u)] — Ay L) .
Hence we obtain an exact sequence for any n > 0,
Hom%@(Au, A,) — Hom"X.;@(AZ, AY) — Hom}f&(Aus, Ay).
Then the result follows from Corollary 4.3.8. a

Using this lemma, the same proof as that of Proposition 4.4.1 gives the following result.
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PROPOSITION 4.5.2. For any u € W?, there exists an object P, , in Perv(p )(X5, Q) such that
For(Pio) is projective in Perv(p) (X*,0), together with an exact sequence

Mo = Puo = By
such that M, , has a filtration whose subquotients are of the form
Ei,u ®o Af},o
for v>u (v € W?), where E; , is an (O, ¢)-module which is O-free and has q-weights obtained
from [[1,¢(v) — £(u)].
As in §4.4, we choose objects P , as in Proposition 4.5.2, and we define the object
Pcf = @ PZ,O'
ucWs

Again we observe that this object satisfies the conditions of Lemma 3.3.4 (see the proof of
Corollary 2.3.3). We let P, denote the same object as in §4.4.

LEMMA 4.5.3. The (O, ¢)-module
Hom . o(7sp P, P?)

is O-free, and has g-weights obtained from [—¢(wg) + 1, £(wy)]. In particular, it is g-decomposable
if the order of q in F is bigger than 2¢(wy).

Proof. First, the object 7P € Perv(p)(X°, Q) is projective (see §4.1), hence the fact that
Hom(7syP, P?) is O-free follows from Proposition 2.4.1(iv).
Next, by adjunction we have

Homx: o(ms)P, P*) = Homx o(P, 71P%) = Homy o (P, 7, P*[~1]).

Now there exists an isomorphism of functors 7}, = 7*[2](1) since , is smooth of relative dimension
1, hence we obtain an isomorphism of (O, ¢)-modules

Home,@(ﬂs[g]P, PS) = HOHIX’@(,P, W:PS[I])(l)
By construction, P¢ has a filtration with subquotients of the form
E’lSI,u ®o Af],o
for v=u (v,u€W?), where E;, is an (O, ¢)-module which has g-weights obtained from
[0, £(v) — ¢(u)]. Hence, 7iPZ[1] has a filtration with subquotients
Efi,u ®o W:Ai,o[l]’
and then Homev@(Ws[!]P, P?) has a filtration with subquotients
A3 = By, ©0 Homx o (P, mg AT [1])(1).

As in the proof of Lemma 4.5.1, we have a surjection A,s — miA%[1], which induces a
surjection
Homyx o(P, Ays)(1) - Homx o(P, ms Ay [1])(1).
We have seen in the proof of Proposition 4.4.2 that Homx o(P, Ays) has g-weights obtained from
[—£(wo), O] It follows that A3 , has g-weights obtained from [—/(wo) + 1, £(wp)], finishing the
proof of the claim concerning weights.
The last claim of the statement again follows from Remark 3.1.6. O
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PROPOSITION 4.5.4. The (O, ¢)-module
EndXs ,0 (WS[I]P)
is O-free. If the order of q in F is bigger than 2¢(wy), then it is g-decomposable.

Proof. As msyP is projective (see §4.1), by Proposition 2.4.1(iv) its endomorphism algebra is
O-free.
By Lemma 4.5.5 below, the morphism
Endx: o(msP) — Endgyqps) (Homx: o(msy P, P?))

induced by the functor Hom(—, P?) is an isomorphism of (O, ¢)-modules. By Lemma 4.5.3, under
our assumptions Hom Xs,@(ﬂs[!ﬂ?, P#) is a g-decomposable, O-free (O, ¢)-module, hence the same
holds for the (O, ¢)-module

Vs := Endg(Homx: o(msy P, P?))-

As Endgyq(ps) (Homy: o(msy P, P?)) is a sub-(0, ¢)-module of Vi with torsion-free quotient, by
Lemma 3.1.3, it is also g-decomposable, which finishes the proof. O

LEMMA 4.5.5. Let R be a right noetherian ring, and () be a projective generator of Modf—R.
Then the contravariant functor

Hom_pg(—, Q) : Modf—R — End_r(Q)—Mod
is fully faithful on projectives.

Proof. To simplify notation, let R’ :=End_r(Q). By [Bas68, Exercise on p. 55|, R’ is a right
noetherian ring and the functor Hom_g(Q, —) induces an equivalence of categories between
Modf—R and Modf—R’. In particular, for any P in Projf — R the morphism

Hom_g(P, Q) — Hom_pg (Hom_g(Q, P), R') (4.5.6)

induced by Hom_g(Q, —) is an isomorphism, and moreover Hom_g(Q, P) is in Projf — R'.
Using isomorphism (4.5.6), the functor Hom_g(—, Q) : Projf — R — R'—Mod is isomorphic to
the composition

Projf — R 22m-r(@7), proge g 1w | o,
As explained above the first functor is fully faithful, and the second one is easily seen to be fully
faithful also. U

5. Formality
As above, in §§5.1-5.2 we let E be either O or F.

5.1 Bott—Samelson sheaves and parity sheaves
Recall [JMWO09, Definition 2.4] that a complex F € D](OB) (X,E) is called parity if it admits a
decomposition F = Fy @ F; such that for all w e W, 7 € {!, x} and j € Z we have:
() HI(iL Fp) =0if j#Zk mod 2;
(ii) H7 (i’ F3) is an E-free constant local system if j =k mod 2.
An indecomposable parity complex is called a parity sheaf. Note that, as the category D'(DB) (X,E)

satisfies the Krull-Schmidt property, every parity complex decomposes (uniquely) as a direct sum
of parity sheaves (see [JMWO09, §2.1] for details).
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We have the following theorem [JMWO09, Theorem 2.12].

THEOREM 5.1.1. For all w € W there is (up to isomorphism) at most one parity sheaf &,
supported on X,, and extending the constant local system Ey [({(w)] on X,,. Moreover, any
parity sheaf is isomorphic to &,[m] for some w € W and m € Z.

If f=(s,t,...,r) is a sequence of simple reflections, we consider the corresponding Bott—
Samelson complex

BSf, :=mmammy - mrplCl, € Dig y(Xo, E),

where e € W is the unit element and ICEO is the corresponding IC-sheaf. As usual, we denote
by BSBZ: the object obtained by base change to F,. The following is an immediate consequence of
Proposition 5.1.7 below in the case E = Q; the case E = F follows (or can alternatively be proved
along the same lines).

PRroOPOSITION 5.1.2. For any sequence f of simple reflections, BS}E is parity. If f is a reduced
expression for w™! then BS;IZ: is supported on X,, and i;‘UB‘S}? ~Ey, [20(w)].

Remark 5.1.3. Theorem 5.1.1 says nothing about the existence of parity sheaves, and for
an arbitrary stratified variety existence may be difficult to establish. The above proposition
combined with Theorem 5.1.1 gives the existence and uniqueness of parity sheaves on the flag
variety (see [Soe00, Theorem 1.2] and [JMWO09, Theorem 4.6]).

Given a sequence f = (s,t,...,r) as above we set f:= st---r €W. Let us fix a family
F={f1,..., fn} of sequences of simple reflections such that W ={f1,..., f,}. Then we set
E._ E
BSE := @ BS}.,
feF

and denote by BS® the object obtained by base change to F,.

LEMMA 5.1.4. (i) The category D'(DB) (X,E) is generated, as a triangulated category, by the
objects BS;]? for f € F.

(ii) The category ’DFB) (X, E) is generated, as a triangulated category, by the objects WSgBS?
for f € F.

Proof. (i) A straightforward induction on the support using standard distinguished triangles
shows that the set {A, | x € W} generates DFB) (X, E) as a triangulated category. (If E = O, one

has to observe that for any m € Z; there is a natural exact sequence A, — A, — A, ,,.) Hence
it is enough to show that one can obtain A, as a successive extension of the complexes BS}E.
However, if f =2~! then, by Proposition 5.1.2, 883}2: is supported on X, and i;BS;]? >~ * BSE =~
Ex [2{(x)]. Hence we have a distinguished triangle

AE20(z)] — BSE — ¢ L

with the support of C contained in X,\X,. By induction, C belongs to the triangulated
subcategory generated by Bott—Samelson complexes, hence so does A,.
(ii) One can easily check that D}’B) (X*,E) is generated, as a triangulated category, by the

essential image of 7y : D](OB) (X,E)— D'(OB) (X*,E). Hence the result follows from (i). O
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Consider the graded algebras
Eg = EBxty, () (BS”, BS®),
E; = Ext;)FB)(stE) (m BSE, my BSE)

for s € S. These graded algebras will play a major role in the rest of the paper. Note that,
as BSE =TFor(BSY) and myBSE = For(myBSE) these algebras are endowed with a natural
automorphism ¢ (see §3.3). We denote by e; the idempotent in FEg, respectively Ef, given
by projection to BS;]Z:, respectively ﬂsgBS;]Z:. Note that the functor g induces a ring morphism
Egr — Ej sending ey to ey, which justifies our notation.

From now on we concentrate on the case E = Q. The aim of the rest of this section is to prove
the following theorem.

THEOREM 5.1.5. The (O, ¢)-algebras Eg and E§) are O-free and vanish in odd degree. Moreover,
for any m € Z, the (0, ¢)-modules EZ™ and (E§)?™ have g-weights obtained from {—m}.

Recall (see Example 3.3.3) that under the equivalence Perv(pt,, Q)= Modf—(O, ¢) (see
Lemma 3.3.7 with P, :th ), the perverse sheaf th (m) corresponds to the @-module O

endowed with the automorphism a— ¢™a. By abuse of notation, we also denote this (O, ¢)-
module by OQ(m).
Using the observation that by adjunction for f, g € F we have

Exthy  (x-,0)(TsBSy, maBSS) = Exthy, (x 0)(BSy, mmaBST) = Extiy, v .0)(BS7, BS(, ),

Theorem 5.1.5 is a consequence of the following result.

PROPOSITION 5.1.6. If f and g are sequences of simple reflections, then the (O, ¢)-module
Ext%@(BS;?, BS?) is zero for odd n and is an extension of copies of @(—m) for n = 2m even.

Proof. By adjunction and the isomorphisms 7y 2 7., 7, 2 7¥[2](1) we can assume that g is the
empty sequence. Then the result follows from the case v = e of Proposition 5.1.7(i) below. O
PROPOSITION 5.1.7. Let f be a sequence of simple reflections.

(i) For any ve W, Hj(izBS?jo) =0 for odd j and H’ (i;BS?O) is an extension of copies of
QXW(—k) if j =2k is even.

(ii) If f is a reduced expression for w™! then BS?O is supported on X, o, and z':LBS?O ~
O, 2ew)]((w)).

Proof. (i) It is enough to show that if s is a simple reflection and S is a complex satisfying the
conclusions of (i) then so is 7Ti,7r5g5 . To this end fix y € W#. Consider the locally closed subvariety
Z, of X, defined via the following Cartesian diagram.

ZO(_"> X,

X, o X5

Then Z, is the disjoint union of the closed subvariety X, and its open complement X, ,.
Denote by ¢ and j the corresponding inclusions

J 7
Xys,o = Lo — Xyo.
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On Z, we have a distinguished triangle

(1

| ..
Jiju'S - u*S — iyi*utS —— .

Applying 7z = mg to this triangle and keeping in mind the base change isomorphism mgu* =
v*my and the identity j' = j* we obtain a distinguished triangle
1
(s 0 GhiysS — v TS — (75 0i)1i, S LI (5.1.8)

Now (ms01i) is an isomorphism of varieties and (ms o0 j) is a trivial fibration with fibre Al.
The direct image with compact supports along such a fibration sends the constant sheaf O to
the (shifted and twisted) constant sheaf Q[—2](—1). Our assumptions on S now guarantee that
the long exact sequence of cohomology of the triangle (5.1.8) has only zeros in odd degree, and
extensions of the constant sheaf O, (—k) in degree 2k. Pulling back to X, via 7L =2 22](1)

now yields (i). B
(ii) Assume that f = (s, t,...,r) is a reduced expression for w™! and let f’ = (¢,...,r); then
f" is a reduced expression for sw~! = (ws)~!. By induction the support of BSY s contained

in Xys0 and ifvsBS? ., =0 [20(ws)](¢(ws)). Fix y € W*. The distinguished triangle (5.1.8)
shows that:

(a) if i}, S = i3S = 0 then i} (ri7yS) = i} (17 S) = 0;
(b) if i3, S =0 and i3S = O[m](r) then i}, (7imaS) = Om + 2](r + 1).
is contained in X,, , and that i:‘UBSgO ~20

st,o

It follows that the support of BS? X [20(w)](€(w))
as claimed. O

o

5.2 Algebraic description of direct and inverse image functors
Let P be a projective generator of the category Perv(p) (X, E).

LEMMA 5.2.1. The object msyP is a projective generator of Perv(g)(X®, E).

Proof. In this proof we assume that E = Q; the case E =T is similar. By the remarks after the
definition of 7y (see §4.1), w5y P is projective. By the remarks in the proof of Corollary 2.3.3,
it is sufficient to prove that for any v € W#, there exists n > 0 such that 773[!}7369" surjects to IC,,.
Fix such a v. As P is a projective generator there exist n > 0 and a surjection

£ PO 1C,, = 710,
By adjunction we obtain a morphism g : 71'5[!]7)@” — IC, such that f factors as

PO — allg gy Pon e, Ly,

Hence, WL!] g is surjective. As the functor TFL!] is exact and fully faithful (see [BBD82, Proposition
4.2.5]), and hence kills no object, we deduce that g is surjective. O

We set
A= EndPerv(m(X,E) (P)7 A= EndPerv(B)(Xs,E) (Ws[!}P)a

so that we have equivalences
IT := Hom(P, —) : Perv(p)(X, E) — Modf—A,
I1* := Hom(m P, —) : Pervp) (X°, E) — Modf—A°.
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We denote similarly the induced equivalences between derived categories. There is a natural
algebra morphism A — A® induced by the functor 7y, and hence associated functors

(*)@AAS

Modf—A Modf— A*. (5.2.2)

LEMMA 5.2.3. The following diagram commutes up to natural transformations.

Perv(p) (X, E) E Modf—A
WL!]T\LWS[!] resTl()@AAs
Perv(p)(X?, E) 11 Modf—A*®

Proof. The fact that
res o Hom(m,p P, —) = Hom(P, —) o WL!]

follows from the property that msy is left adjoint to WL!]. Then the second isomorphism of functors

follows from the first one by adjunction. O

["

As recalled above, the functor 75" is exact; we denote similarly the functor induced between
derived categories. The functor 7y is right exact; we denote its left derived functor by L.
The values of this functor can be computed using projective resolutions (which exist thanks to

Corollary 2.3.3). In particular, it follows from Corollary 2.3.4(ii) that L) restricts to a functor
M

between bounded derived categories. Note that the functor Ly is left adjoint to 7rs!
remarks apply to the functors (5.2.2).
We denote by

. The same

real : DbPerV(B) (X,E) — D'(jB) (X,E),
real® : D"Perv(p)(X®, E) — D{p(X*, E)

the realization functors. Recall that these functors are equivalences of categories (see
Corollary 2.3.4(i) if E= 0O, and [BGS96, Corollary 3.3.2] if E=T).

PROPOSITION 5.2.4. The following diagram commutes up to natural transformations.
D](DB) (X, E) <"l D"Perv(p)(X, E) 1 DP(Modf—A)

n!s[—l],uﬂg[l] wg!]TlLﬂsm resH](_)éAAs
HS

Dpy)(X*, E) <2 DPPerv(p (X°, E) D" (Modf—A?)

~

Proof. Commutativity of the right-hand square follows from Lemma 5.2.3. Let us consider the
left-hand square. The isomorphism

real o ll = 7[—1] o real®

follows from [Bei87, Lemma A.7.1]. The second isomorphism follows by adjunction, since real
and real® are equivalences. O

Now we assume that there exists Po in Perv(p )(Xo, E) such that P =For(P,). (This is
possible thanks to Lemma 3.3.4 or §4.4.) Then the algebra A, respectively A®, is endowed
with a natural automorphism ¢, respectively ¢°. By Lemma 3.3.7, the functors Homx (P, —)
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and Hom . g (s P, —) induce natural equivalences of categories
IL, : Perv(p ) (Xo, E) — Modf—(A4, ¢),
IT3 : Perv(p ) (X3, E) — Modf— (A%, ¢°).
The morphism A — A® commutes with the automorphisms ¢ and ¢®, so that we obtain functors
res : Modf—( A%, ¢°) — Modf—(A, ¢),
(—) ®a A% : Modf—(A, ¢) — Modf—(A®, ¢°)

which are compatible with the functors (5.2.2) in the obvious sense. The proof of the following
result is similar to that of Lemma 5.2.3.

LEMMA 5.2.5. The following diagram commutes up to natural transformations.

Perv(s,(Xo, E) M Modf—(A, ¢)
WL’]T\LFS[!] res,H/()(@AAS
Perv(s, (X3, E) i Modf— (A, ¢°)

We denote by
real, : D*Perv(p,)(Xo, E) — Dip y(Xo, E),
reals : D*Perv(p,) (X5, E) — D (XS, E)

the realization functors. These functors are equivalences by Proposition 3.4.1. It is easy to
prove that the functor (—) ® 4 A® admits a left derived functor, which can be computed using
resolutions in Modf—(A, ¢) whose terms have a flat underlying right A-module. This derived
functor will be denoted by
(=) &4 A° : D*(Modf— (A, ¢)) — DP(Modf—(4°, ¢°)).

Using Lemma 5.2.5, one deduces (or one proves directly) that the functor msy also admits a left
derived functor

LT['S[!] : DbPerv(BO)(Xo, ]E) — DbPerv(Bo)(Xj, E)
The proof of the following result is similar to that of Proposition 5.2.4.

PROPOSITION 5.2.6. The following diagram commutes up to natural transformations.

Dby ) (Xo, E) <2 DPPerv(p ) (Xo, E) = DP(Modf— (A4, ¢))

wé[—l]Tlﬂ'sz[l] WL!]T\LLWS[!] resTl(_)éAAs
HS

real?
DFBO)(X;”,E) — DbPerv(Bo)(Xj,E) — DP(Modf— (A%, ¢*))

5.3 Existence of a decomposable projective resolution
From now on we will have to work simultaneously with coefficients O and F, but to distinguish

the two cases. We add superscripts or subscripts to indicate which coefficients we are working
with.

We fix an object P2 in Perv(p,)(Xo,0) such that PO .=For(PY) is a projective
generator of the category Perv(p)(X,0). For simplicity, we also assume that there exists a
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surjection PY —» ICSO. Set PF :=F(PY) and PF := For(PF) = F(P?). One can easily check that
P¥ is a projective generator of the category Perv(p) (X, F).
Set
Ag :=Endx o(P?), Aj:= Endxs’@(ﬂ's[[}P@),
Ap :=Endxp(P¥), Af:= Endxs’ﬂr(ﬂ's[!]PF)

(for any simple reflection s). Note that by Lemma 5.2.1 and Proposition 2.4.1(iv), Ag and A
are O-free (for any s) and the natural morphism

F ®op Ag — Ar (5.3.1)

is an isomorphism. We denote by ¢, respectively ¢°, the automorphism induced by the Frobenius
on Agp and Ay, respectively on A7 and Aj. In addition, we use the same notation as in §5.2.

To prove an analogue of isomorphism (5.3.1) for A®, we need some preparation. We denote
by Proj(X, ©), Proj(X®, 0) the categories of projective objects in Perv(g) (X, Q), Perv()(X*, 0),
and similarly for coefficients F. Note that the functors 7y and F=F ®(L) (—) send projective
perverse sheaves to projective perverse sheaves (see §4.1 and Proposition 2.4.1).

LEMMA 5.3.2. There exists an isomorphism of functors
msp o F = Fomyy : Proj(X, O) — Proj(X*°, F).

Proof. First, let M be in DFB)(X, 0) with PH*(M) =0 for i>0. Consider the canonical
truncation triangle

N = M —PHOM) A,

and its modular reduction
FN —FM — F(PHO(M)) 1L

As the functor F is right exact, the second and third terms in the latter triangle have canonically
isomorphic Oth perverse cohomology. Hence there exists a functorial morphism

F("H (M) — PHO(F("H"(M))) = PH" (FM),

which is an isomorphism if the left-hand side is a perverse sheaf.
Now, if @ is in Proj(X, @) we obtain isomorphisms

F(ryyQ) :=FEH (maQ[1])) —— PHO(F(maQ)[1]) = PH® (ma(FQ)[1]) = 7y (FQ),

which finishes the proof. O
PROPOSITION 5.3.3. There exists an isomorphism of F-algebras F ®g A = Ay such that the
diagram
F®p Ag — F ®o Af
(5.3.1)iz zi
Ay Af

commutes, where horizontal morphisms are induced by the functor .
Proof. Our isomorphism can be defined as the composition

F X0 EndPerv(B>(X,©) (Trs[!]P@) — EndPerv(B)(X,IF) (F(ﬂ—s['}P@)) — EndPerv(B)(X,]F) (ﬂ-s[!],P]F)
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where the first isomorphism follows from Proposition 2.4.1(iv), and the second one follows from
Lemma 5.3.2. Commutativity of the diagram follows from functoriality. O

We consider the following conditions:
Ap is g-decomposable, and Ap) is g-decomposable for any s € S. (5.3.4)

Recall that, by Propositions 4.4.2 and 4.5.4, if the order of ¢ in [ is strictly bigger than 2¢(wyg)
then one can choose PY such that condition (5.3.4) is satisfied. However, most of our results
below hold under this condition, independently of the proofs in §4.

LEMMA 5.3.5. Assume that condition (5.3.4) is satisfied. Then the (Ag, ¢)-module
Homy o(PY, 1CY)
is O-free and g-decomposable. Moreover, the natural morphism
F ®@p Homy o(P?, ICY) — Homy r(PF, ICE)
is an isomorphism.

Proof. The fact that Homxo(P?,ICY) is O-free and the final claim follow from
Proposition 2.4.1(ii) because ICY = A.. By our choice of P2 we have a surjection of (Ao, ¢)-
modules

Ag — Homx o(P?, 1C2).
Hence, the fact that Homy g(P?, IC?) is g-decomposable follows from Lemma 3.1.3. O

Recall the objects BS2, BSY defined in §5.1. By definition we have an isomorphism
F(BS?) =~ BSE. Recall also the category Modfge.—(Ag, ¢) defined in §3.1. We denote by

Modf?" % —(Ag, ¢) € Modfgec—(Ag, ¢)

the full additive subcategory with objects (P, ¢p) such that P is a projective Ag-module. Note
that if (P, ¢p) is in Modff ' —(Ag, ¢), then P is O-free and F ®g P is a projective Ap-module,

endowed with a natural automorphism induced by ¢p. We denote by F(P, ¢p) the corresponding
object of Modf—(Ap, ¢).
The following result is the technical key to our proof of formality.

PROPOSITION 5.3.6. Assume that condition (5.3.4) is satisfied. Then there exists a bounded
complex M? of objects of Modft">?—(Ag, ¢) which satisfies the following conditions.

dec
(i) The image of M? in DP(Modf—(Ag, ¢)) coincides (up to isomorphism) with the image
of BSY under the equivalence

119 o (real?) ' : D?Bo)(Xm 0) —— D"(Modf—(Ag, ¢)).

(ii) The image of F(M?) in D(Modf—(Ap, ¢)) coincides (up to isomorphism) with the image
of BSE under the equivalence

IS o (real?) ~! : D (Xo, F) — D" (Modf— (A, 9)).

Proof. Let f € F, and write f = (s, t,...,r). By Proposition 5.2.6, the image of the object BS©O

of 2)](“”’30)(XO7 0) under TI2 o (real?) =1 is isomorphic to the object
HO(ICC,) Gy Ap Bay - . . Gay Al Gy AY (5.3.7)
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of D*(Modf—(A, ¢)), where for any u, A% is considered as an Ap-bimodule with compatible
automorphism. By Lemma 5.3.5, H?(ICQO) = Homy o(P%,1C?) is a g-decomposable, O-free
(right) (Ao, ¢)-module.

For any u that appears in f one can construct a resolution

Q. qlS Au

of A% by objects of ModfprOJ (Ao ®0 AY, ¢ ® ¢) which is concentrated in non-positive degrees
(but possibly infinite). Indeed, by Lemma 3.1.8 and condition (5.3.4) there exist an object Q"
in ModfgizJ (Ap ®o AY, ¢ ® ¢) and a surjection Q¥ — AY. By Lemma 3.1.3 the kernel of this
surjection is g-decomposable, and it is O-free of finite rank, hence we can repeat the argument.

Then one can define the complex
/M;,o = H?(Icgo) ®ao Qr g+ Py QF ®ag Q.
Since a projective right Ag ®g Agy-module is also projective as a left Ag-module, the image of
‘M3, in DP(Modf—(Ag, ¢)) is (5.3.7), and hence it is isomorphic to IS o (real?)*l(BS?O).
By Lemma 5.3.8 below, the underlying Ag-module of each "M Jl?o is projective, and each ‘M J’f .
is g-decomposable by Lemma 3.1.3. Indeed, it is a finite direct sum of torsion-free quotients of
(O, ¢)-modules of the form

n2(1C2,) ®o Q) ®o - - - ®o QF ®o Q%

the latter being O-free and ¢-decomposable.

We claim that one can choose k < 0 such that M} := T>k(/M;7O) is still a complex of objects
of Modfgzgj (Aog, ¢) whose image in the derived category is (5.3.7). Indeed, the complex 'M?  has
bounded cohomology, hence if k£ < 0 the natural morphism M — M?  is a quasi-isomorphism.
As the category Modf— Ag has finite projective dimension, if k << 0 then the components of M3 |
still have an image in Modf— Ag which is projective. Finally (again if k£ < 0), the only component
of Mf.,o which is neither 0 nor a component of ’Mio is g-decomposable by Lemma 3.1.3.

Set
M =D M3,
feF
Then, by the remarks above, this complex satisfies condition (i). To prove that it satisfies
condition (i), one observes that the morphisms @QF — Af considered above are quasi-
isomorphisms of complexes of free @-modules; hence the induced morphisms (F ®g Q?) — (F ®q
AY) are also quasi-isomorphisms. By the same argument, the morphisms F(’M;}O) _)]F(M;p)

are quasi-isomorphisms. Finally, by Lemma 5.3.5 we have F ®q H?(ICQO) = HIE(ICE’O) and by
Proposition 5.3.3 we have F ®g Aj = Aj. Hence, the same arguments as for O show that MS
also satisfies condition (ii). O

LEmMA 5.3.8. Let R be any -algebra which is finitely generated and free over Q.
Let Q be a projective (R, R)-bimodule and M be a right R-module which is O-free. Then
the right R-module M ®p @ is projective (hence also O-free).

Proof. It suffices to prove that M ®pr (R ®g R) is projective over R. However, we have
M ®r (R®g R) = M ®¢ R,

hence this fact is clear from our hypothesis on M. O
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5.4 Dg-algebras of finite global dimension

Let R be a graded algebra, considered as a dg-algebra with differential d = 0. We assume that
R is noetherian as an algebra, and that the category of finitely generated graded R-modules
has finite projective dimension. There are a priori several ways to define the derived category
of finitely generated right R-dg-modules. The goal of this subsection is to show that, under our
assumptions, all of them coincide.

More precisely, we denote by D; the category obtained from the homotopy category of right
R-dg-modules which are finitely generated as R-modules by inverting quasi-isomorphisms. We
denote by Dy the full subcategory of dgDer—R whose objects are R-dg-modules which are
isomorphic (in dgDer—R) to an R-dg-module which is finitely generated over R. (Note that
it is not clear a priori that Dg is a triangulated subcategory of dgDer—R.) We denote by D3
the strictly full triangulated subcategory of dgDer— R generated by finitely generated projective
graded R-modules (considered as dg-modules with trivial differential). Finally, we denote by Dy
the full subcategory of dgDer— R whose objects have their cohomology finitely generated over R.
We have inclusions

D3 C Dy, DyCDy
and a natural essentially surjective functor
D; — Da. (5.4.1)
PROPOSITION 5.4.2. We have Dy = D3 = Dy, and (5.4.1) is an equivalence of categories.

Below we will denote by dgDerf—R any of the equivalent triangulated categories D; (i =
1,2,3,4).
The main step in the proof of Proposition 5.4.2 is the following lemma.

LEMMA 5.4.3. We have Dy C Dj.

Proof. We will prove that any object M in D4 is in D3 by induction on the projective dimension
of H*(M).

First, assume that H*(M) has projective dimension 0, i.e. that it is projective. We claim that
in this case there exists a quasi-isomorphism of R-dg-modules

He (M) -2 M

where H®*(M) is considered as a dg-module with trivial differential. Indeed, as H®(M) is
projective, there exists a splitting s: H*(M) — ker(dys) of the natural morphism of graded R-
modules ker(dys) — H®*(M). Then the composition H*(M) — ker(dys) < M is the desired quasi-
isomorphism. As H®(M) is in D3, we deduce that M is also in Ds.

Now, assume that H*(M) has projective dimension d. Choose a minimal length projective
resolution

Ples. .. PO S HY (M)
as a graded R-module. By the same argument as before, there exists a morphism of R-dg-modules
PY — M which induces a in cohomology. We denote by N the cocone of this morphism, so that
we have a distinguished triangle

N— PO

Then H®*(N) = ker(a) has projective dimension d — 1, hence N belongs to D3 by induction. We
deduce that M is in D3 also. O
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Proof of Proposition 5.4.2. By Lemma 5.4.3 we have D3 = D4. Now, as morphisms in R—dgDer
between projective graded R-modules (considered as dg-modules with d=0) are simply
morphisms of graded R-modules (because such objects are K-projective in the sense of [BL94,
Definition 10.12.2.1]), one easily checks that D3 C Do. We deduce that Dy = Dg = Dy.

Now consider the functor D1 — Do = D3. The same proof as in Lemma 5.4.3 shows that the
category D1 is also generated, as a triangulated category, by finitely generated projective graded
R-modules (with trivial differential). Hence, it is enough to check that morphisms between such
objects in Dy and Dy coincide; this is obvious. O

5.5 Proof of formality
The following result is well known, and is usually attributed to Deligne, see [Del80, DGMST75].

LEMMA 5.5.1. Let R* be a dg-algebra which is endowed with an additional Z-grading
- R
JEZ
such that dr(R") C R"T4I. Assume that for any i € Z the cohomology H'(R®) is concentrated
in degree j =i (for this additional grading). Then R® is formal. More precisely, there exists a
dg-subalgebra R}, C R*® and quasi-isomorphisms
R* &R; ﬂ)H-(}r)’
where H®(R®) is considered as a dg-algebra with trivial differential.

Proof. Denote by d; : R% — R*1J the component of the differential in bidegree (i, j). For any

1 €7, set
Rf> = (@ Ri’j) @ ker(d?).
j>t
Then Rg is a dg-subalgebra of R®. Moreover, the projection R — ker(d!)/im(d’™ ') induces a
quasi-isomorphism of dg-algebras R 22 e (R®). O

From now on we assume that condition (5.3.4) is satisfied. Let M be as in Proposition 5.3.6,
and let M*® be the underlying complex of projective right Ag-modules. Consider the dg-algebras

Eg:=Hom® , (M*, M*), E2:=Hom® , (F&g M*, F g M®)

of endomorphism complexes. Note that both of these dg-algebras are bounded, that Ef is a
finite-rank free @-module, and that we have a natural isomorphism of dg-algebras

F ®g ES = Ep.

By the same considerations as in Remark 3.4.2, E§) is endowed with a natural automorphism,
so that it can be considered as an (O, ¢)-dg-algebra. Similarly, by the constructions of § 3.3 the
graded O-algebra Eg can be naturally considered as an (O, ¢)-algebra.

LEMMA 5.5.2. There exist natural isomorphisms of graded algebras
H*(ER) = Eo, H*(Eg) = Er.

Moreover, the first isomorphism is an isomorphism of (O, ¢)-algebras.
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Proof. By definition of Eg we have an isomorphism of graded algebras
H*(Eg) = Extu (viodf—a0) (M*, M*).
Using condition (i) in Proposition 5.3.6, we have an isomorphism
real® o (II%) =1 (M*) = BS®.
We deduce the first isomorphism. The compatibility with automorphisms follows from
Remark 3.4.2. The second isomorphism can be proved similarly. O

LEMMA 5.5.3. The algebras Eg and Er have finite global dimension.

Proof. We will prove in Corollary 6.4.2 below (using [Soe00]) that Ep has finite global dimension.
Let us deduce the same property for Eg. We claim that for M, N in DP’(Modf—FEg) there exists
a natural isomorphism in the derived category of F-vector spaces

F &oR Hom_g, (M, N) = RHom_pg, (F %o M,F &g N) (5.5.4)

where R Hom_ g, (M, N) is considered as an object in D(Modf—Q). Indeed, one can assume that
M is a bounded above complex of finitely generated projective Eg-modules, and then reduce
the claim to the case M = Eg, which is obvious. As O has global dimension 1, any object of
D(Modf—Q) is isomorphic to its cohomology. Moreover, if M is in Modf—Q then M # 0 implies

F o M # 0. Using these remarks, isomorphism (5.5.4) and the fact that Er has finite global
dimension, one easily checks that the same property holds for Eg. O

Using Lemma 5.5.3, one can define the categories dgDerf—Fg and dgDerf—FEy as in §5.4.

PROPOSITION 5.5.5. The dg-algebras Ep) and Eg are formal. More precisely, there exists a dg-
subalgebra ES C Ep and quasi-isomorphisms

By <L ops Ry (5.5.6)
such that the diagram
B < Feg B . Feg By
obtained by modular reduction also consists of quasi-isomorphisms.
Proof. We claim that the (O, ¢)-module Eg, is g-decomposable. Indeed, as M} is g-decomposable
(see Proposition 5.3.6), the same holds for the O-free (O, ¢)-module F*® := Homg (M*®, M*®). By
definition EJ) is a sub-(O, ¢)-module of F'®, and the quotient F'*/E§ has no m-torsion. We deduce

from Lemma 3.1.3 that Eg is indeed g-decomposable.
For any i, j € Z we set

;7@::{66Ei\(¢—q*j/2)m-e:0form>>0}.

By g-decomposability this defines a grading on E*® (which is concentrated in even degrees). Hence,
using Lemma 5.5.2 and Theorem 5.1.5, we are in the situation of Lemma 5.5.1. We denote by E2
the subalgebra constructed in the proof of this lemma, so that we have a diagram (5.5.6). All the
dg-algebras in this diagram are O-free; indeed, E2 has no m-torsion since it is a submodule of the
free O-module Eg), and Eg is free by Theorem 5.1.5. Hence the diagram obtained by modular
reduction also consists of quasi-isomorphisms. O
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Remark 5.5.7. In particular, it follows from Proposition 5.5.5 and Lemma 5.5.2 that the natural
morphism F ®g Eg — Ey is an isomorphism. This can also be proved directly using [JMWO09,
equation (2.13)] and the fact that BSp is parity.

Finally we can prove the main result of Part II.

THEOREM 5.5.8. Assume that condition (5.3.4) is satisfied.
There exist equivalences of triangulated categories
Dip) (X, 0) = dgDerf—Eg, D(y(X,F) = dgDerf—Ep
where Eg and Ey are considered as dg-algebras with their natural grading and trivial differential.

Proof. We treat only the case of Q; the case of F is similar. As explained in §5.2, there exists
an equivalence of categories

Dipy (X, 0) = D’ (Modf—Ag).
Moreover, by Lemma 5.1.4 the category D](OB) (X, 0) is generated (as a triangulated category)

by the objects {BS©, [ € F'}. By construction (see Proposition 5.3.6), BSy corresponds, under
this equivalence, to the complex M} of projective right Ag-modules. Hence, with the notation
of §1.3 we obtain

Dby (X, 0) = (M}, f € F)a C D(Mod—Ag).
By the result recalled in § 1.3, the right-hand side is equivalent to
(14EQ, f € F)a C dgDer—Eg)

where 1y is the idempotent of £g given by the projection to M]?
Now it follows from Proposition 5.5.5 that there is an equivalence of triangulated categories

dgDer—Eg = dgDer—Ejp.
This equivalence sends 17 Eg) to ey Eg, where ey € Eg is defined in § 5.1. We deduce an equivalence
Dip)(X,0) = (e;Eg, f € F)a C dgDer—Eg.
Finally, it is not difficult to check (using the category D3 of §5.4) that the right-hand side is
equivalent to dgDerf—Eqg. O

5.6 Parabolic case

It is not difficult to generalize the results of §5.5 to parabolic flag varieties. Here, for future
reference, we explain the case of the varieties X® for s € S. First, we remark that by an obvious
analogue of Lemma 5.5.3 the rings Eg and Ej have finite global dimension, so that we can
consider the categories dgDerf—Eg and dgDerf—Ej.

THEOREM 5.6.1. Let s € S, and assume that condition (5.3.4) is satisfied.
There exist equivalences of triangulated categories

D) (X*,0) 2 dgDerf—E5, Dy, (X*,F) 2 dgDerf— 5
where E§ and Ef are considered as dg-algebras with their natural grading and trivial differential.

Proof. First we treat the case of 0. Recall the resolution M constructed in the proof of
Proposition 5.3.6. Set

Mg = M3 ®a, Ay
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and denote by Mg the complex obtained by forgetting the automorphism ¢. Then by construction
Mg, is a complex of objects of Modff°)—(A§), #°), and by Proposition 5.2.6 its image in

dec

DP(Modf— (A, ¢°)) is 5% o (real>®) =1 (74 BSY[1]). Then we consider the dg-algebra
Eg" :=Hom® 4. (M7, M).

By construction it is endowed with an automorphism ¢°.

The same argument as for Lemma 5.5.2 shows that we have an isomorphism of (O, ¢)-algebras
H*(E;*) = E§. Then the same argument as for Proposition 5.5.5 shows that there exists a sub-
dg-algebra E2* C Eé;' and quasi-isomorphisms.

E(g),o qis )E;’. qis E(g) (562)

The rest of the proof is similar to that of Theorem 5.5.8, replacing E§ by Eg;°.
The case of F is similar, using the dg-algebra

Eg* :=Hom® 4. (F ®0 M, F ®0 M)
and the quasi-isomorphisms

ES* <Y Fwg B —L-F®o Ej

obtained from (5.6.2) by modular reduction. O

Let us study the compatibility of the equivalences in Theorems 5.5.8 and 5.6.1. We set E = O
or F. For any s € S, the functor 7s induces an algebra morphism Er — Ep; hence we have a
restriction functor

res : dgDerf — E — dgDerf—Ep.

PROPOSITION 5.6.3. Assume that condition (5.3.4) is satisfied.
The equivalences in Theorems 5.5.8 and 5.6.1 (for all s € S) can be chosen so that for any
s € S the following diagram commutes up to natural transformation.

Dpyy(X*, E) —2- 201 dgDerf— B

W;[l]i res

DI(DB) (X, E) 4>Th'j'5'8 dgDerf—Efg

Proof. We consider the equivalences constructed in the proofs of Theorems 5.5.8 and 5.6.1 (using
the same notation), and we will show that with this choice, the diagram commutes up to natural
transformation. For simplicity we only treat the case E = Q.

First, as the functor dgDerf— Eg — dgDer— Eg is fully faithful, it is enough to show that the
following diagram commutes, where the horizontal arrows are the composition of our equivalences
with the obvious embeddings.

D'(DB) (X*,0)—- dgDer—E}

! [—l]i lres

D'(DB) (X,0)— dgDer—Ejy
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Now by construction the horizontal arrows factor through fully faithful functors DFB)(X S E)—

nger—E(‘a", respectively D](OB) (X, E) — dgDer—Eg. Moreover, the functor — ®4, Af) induces a

morphism of (O, ¢)-dg-algebras E& — E* which, by Proposition 5.2.4, induces our morphism
Ep — E§ in cohomology. Hence, we obtain morphisms which make the following diagram
commutative.

is is
By <L _pr L Ey

N

s,e qis s,e s s
Egy EZ E3

Then the following diagram commutes up to natural transformations, where all functors are
restriction functors for the morphisms in (5.6.4).

dgDer—E°* ——~~ dgDer— E2* <~ dgDer—E¢
resi lres J{res
dgDer—Ef —=— dgDer—E? <—~— dgDer—Ejg
Hence, it is enough to prove the commutativity of the following diagram.
D'(DB) (X*,0)—— dgDer—E*

! [—1]i J{res

D](DB) (X, 0)C— dgDer—Eg

Using Proposition 5.2.4, it is even enough to show the commutativity of the following diagram,
where horizontal arrows are the functors considered in the proofs of Theorems 5.5.8 and 5.6.1.

DP(Modf— A%)—— dgDer—Eg;*
resi \LFSS (565)
DP(Modf —Ag)——— dgDer—Eg)
Now, consider the following diagram.
DPModf— A5 < KPProjf— Ay —2= (1, E5*) %8 = (1, B5°) (€' dgDer— Eg°
resl l res i res \L res
res
DPModf—Ag < KPModf— Ay —2= dgHo—Eg —9 - dgDer— Eg,
\ Tﬂ j
KPProjf—Ag —== (1;E8) % s (1, E5®) %80

Here, all unnamed functors are the obvious ones, as well as d, «, § and 7. The functor
a is Hom?® 4. (M, —), and the functors b and c are given by Hom® , (M*®, —), so that the

upper path from DbModf—Af) to dgDer—Eg°® is the upper horizontal arrow in (5.6.5), and
moreover the lower path from D°Modf—Ag to dgDer— Eg is the lower horizontal arrow in (5.6.5).
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The categories (1;E5°)%" ¢ dgHo—E5® and (1,E5*)%P*" ¢ dgDer— E5* are the triangulated
subcategories generated by the objects 17Eg® for f € F, and similarly for Eg.

All the squares and triangles in our large diagram are obviously commutative, except for
the square involving a and b. The commutativity of this diagram follows from the fact that
the functor — ®4, A is left adjoint to res: Mod—Af — Mod—Ag. We observe also that the
functor By~ !« is isomorphic to the identity functor. Then the commutativity of (5.6.5) can be
checked by diagram chasing. O

5.7 Application to Koszulity
In this subsection we deduce from our results that, under certain assumptions, the ring Ar can be
endowed with a Koszul grading. This statement is a modular analogue of [BGS96, Theorem 4.4.4]
(in the case of the flag variety). It will not be used in the rest of the paper, except in §7.3.
The proof will use the notion of a dgg-algebra; such an object is a Z2-graded algebra endowed
with a differential d of bidegree (1,0) which satisfies the Leibniz rule with respect to the first
grading, and such that d?> = 0. One has an obvious notion of a dgg-module over a dgg-algebra,
and we denote the derived category of right dgg-modules over the dgg-algebra R by dgDer’—R.
We also recall some well-known facts on graded algebras. Let R be a finite-dimensional
graded F-algebra. If M is in Modf—R, an object M% of Modf” — R is called a graded lift of M
if there exists an isomorphism v(M?%) =2 M, where v is the obvious forgetful functor. Then every
simple or indecomposable projective right R-module admits a graded lift, which is unique up to
isomorphism and shift in the grading. Moreover, we have the following easy lemma, whose proof
is left to the reader. (See e.g. [Soe00, Proposition 2.7.2] for a similar statement.)

LEMMA 5.7.1. Let M% and MZ (i=1,...,r) be objects of ModfZ — R, such that v(MZ) is

indecomposable for any i. Assume that there exists an isomorphism

oM7) = P v(M)

in Modf—R. Then there exist integers k; (i =1,...,r) and an isomorphism
M* = P M (ki)
i

in Modf% — R.

Now we come to our Koszulity result. Here our conventions are slightly different from
those of [BGS96]: we define the Koszul dual of a Koszul ring K = ,, K,, as the graded ring
KT :=Ext® (Ko, Kp). It is also Koszul.

PROPOSITION 5.7.2. Assume that condition (5.3.4) is satisfied. Assume moreover that for any
z € W we have £X =1C, p.
There exists a Koszul F-algebra K and an equivalence of categories

Modf—K = Perv g (X, )
such that the Koszul dual ring satisfies
K= Bxty (xm(ICx,1Cx)
as graded rings, where ICx := @xew IC, r.

Remark 5.7.3. (i) By [Soe00, Corollary 1.0.3], the assumption that £F = ICE for all z is equivalent
to a particular case of Lusztig’s conjecture on characters of simple representations of reductive
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groups over F. See also [WB12, Proposition 3.11] for other conditions equivalent to this
assumption.

(ii) By [AJS94, Lemma F.3], the proposition implies that the ring Ay can be endowed with
a Koszul grading, as announced at the beginning of the subsection.

Proof. To make the proof clearer, we denote the graded ring Ex by EF when it is considered as
a dg-algebra, or as a dgg-algebra with bigrading concentrated on the diagonal in Z2.

Recall the equivalence of categories IIF : Perv(p) (X, F) —~ Modf—Ap. The simple right
Ap-modules are parametrized by W; we set S, :=II"(IC, ). Let us denote by

U : D (Modf—Ap) — dgDerf— E

the equivalence constructed in the proof of Theorem 5.5.8. By construction of this equivalence
we have \I/(HF(BS?)) =ey- Ep for any f € F. Now if f is a reduced expression for !, by
Proposition 5.1.2, EX[¢(x)] is a direct summand in BS? We deduce that, under our assumption,
W(S,) is a direct summand in Eg[—£(z)].

Now we note that the action of the Frobenius defines (as in the proof of Proposition 5.5.5) a
Z-grading on the Q-algebra Ag. Using isomorphism (5.3.1) we deduce a Z-grading on Ay. Each
simple Ap-module S, can be lifted to a graded right Ap-module S,. It is clear, using eigenvalues
of the Frobenius again, that from the resolution MJ of Proposition 5.3.6 one can deduce a
complex of projective graded right Ap-modules M2 and use it to construct an equivalence WZ
which makes the following diagram commutative, where vertical arrows are the obvious forgetful
functors and dgDerfZ — Ey is defined in the obvious way.

DP(Modf? — Ap) . dgDerf”— Ep

l |

DP(Modf — Ap) 2 dgDerf—Ep

Using the observation that ¥(S,) is a direct summand in Eg[—¢(z)] and an argument similar to
the one for Lemma 5.7.1, it is not difficult to check that there exists n € Z such that W%(S,)(n)
is a direct summand in Eg[—¢(z)] in the category dgDerf%—Ef.

One easily checks that the functor

Q : dgDerf”— Ex — D" (Modf? — Ep)
which sends a dgg-module M to the complex Q(M) such that Q(M)*/ = M**7J is an equivalence

of triangulated categories, which satisfies Q(M (n)) = Q(M)[n](n). The object Q(¥%(S,))(n)[n]
is a direct summand in Eg[f(z)]. Hence, replacing S; by Sp(n —€(x)), we can assume that

Q(PZ(S,)) is a projective graded right Eg-module. As the functor o ¥Z is an equivalence of
categories, we deduce that

Extf,,odeAF(gr, §y<m)) =0 unless n+m=0.

For any x € W, let va be the projective cover of S, in ModfZ — Ap, and set @ =, va
Define the graded ring

K := P Hompyegrz—4,(Q, Q(n)).

neZ
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By construction, the underlying ungraded ring of K is Morita equivalent to Ap, and the
arguments in [Ricl0, §9.2] show that K is a Koszul ring. The description of K t is clear by
construction. O

PArT III. MODULAR CATEGORY O AND KOSZUL DUALITY
6. Reminder on modular category O

From now on we will no longer consider coefficients in . For simplicity, we sometimes drop the
subscripts ‘F’ in the notation. We assume from now on that G is semi-simple of adjoint type.

In order to arrive at the results announced in the introduction, we have to recall several
results from [Soe00]. We denote by F a field of characteristic ¢, and by Gy the connected reductive
algebraic group over F which is Langlands dual to G (in particular simply connected). We assume
that ¢ is bigger than the Coxeter numbers of the irreducible components of the root system of
GY (see [Jan03, §6.2]). Our choice of B and T determines a Borel subgroup By C GY and a
maximal torus Ty C By.

6.1 Definitions

From now on we write O for the regular subquotient category defined in [Soe00, §2.3] for the
group Gy. (It was denoted by Oy(F) in the introduction.) We write (M,)cw for the standard
objects in O. The parametrization is chosen so that M, is projective and M,,, is simple. We
consider the coinvariant algebra C' as in [Soe00, §2.1] and the functor

V:0 — C—Modf

which is fully faithful on projective objects (see [Soe00, Theorem 2.6.1]). For each simple reflection
s € S we consider the semi-regular subquotient category O° from [Soe00, §2.4] with standard
objects M; = M;,. We denote by C? the s-invariants in C. We have an exact functor

V®: 0% - C°—Modf
as in [Soe00, proof of Theorem 2.6.2]. Finally, we consider the exact translation functors 7% :

O — Of and T : O° — O from [Soe00, §2.5] and diagrams (see [Soe00, proof of Theorem 2.6.2])
which commute up to natural isomorphism.

O —L~ C—Modf 0 — 5 05 —Modf
Tsl lres TS\L \LC@CS(—) (6.1.1)
05—~ 05 _Modf O — = C—Modf

Amongst other things this shows that V* is also fully faithful on projective objects in O%.
Indeed, any projective object in O is a direct summand of T°Q with @ projective in O. Then using
the adjunctions (7%, Ts) and (Ts,T) from [Soe00, §2.5] and (6.1.1) we deduce isomorphisms,
for M € O° projective,

Homp: (M, T°Q) = Homp (T M, Q) = Home(VIsM, VQ) =2 Home (C ®c: VIM, VQ)
=~ Home: (VZM, resVQ) = Home: (VE M, V3T4Q).

6.2 Projective objects and equivalences
We abbreviate O :=TsT*. Given any sequence f = (s,t,...,r) of simple reflections, consider
the projective object Py := 040, ...0,M.. If we denote by Ps the projective cover of My and if
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our sequence f is a reduced expression for =1 then

y<z

for some unknown multiplicities m(f, y) > 0. Furthermore, O has finite homological dimension.
Asin §5.1 let us fix a family F = {f1,..., fn} of reduced expressions for the elements of W. It
follows from (6.2.1) that every object of O has a finite projective resolution in which every term
is a finite direct sum of objects of the form Py for some f € F.

Let us write P; for the projective cover of M7 in O°. Then, if f is a reduced expression for
v~ with z € W* and if Pg:=T°Py, we have an analogous decomposition

Pi=P o @ pem (f9)

yeWs
y<zx

where m*(f,y) >0 are again unknown multiplicities. As before, O° has finite homological
dimension, and every object has a finite projective resolution in which every term is a finite
direct sum of objects of the form PJ‘? for f € F.

Set P:=P;cp Pr and Ep := Endo(P). We obtain an equivalence

Homg (P, —) : O —— Modf— Ep.

If we denote by e; € Er the projection to Py then we have P;+ eyEr under this equivalence.
Similarly, if we set P*:= D ;. P and E := Endo(P*), then we obtain an equivalence

Homp (P?, —) : O° —— Modf—E}
and if we denote by ey € Ef the projection to P; then we have ij —erEg.

Translation onto the wall yields a ring homomorphism Er — Ef with efr—ep. It is
straightforward to see that this is an injection, see e.g. (6.4.1) below (which explains why
we do not decorate our idempotents with an upper index). Because Ej = Hom(T°P, T°P) =
Hom(P, TsT*P), Ej is a projective right Ep-module. Similarly, the isomorphism FEj =
Hom(TsT°P, P) shows that Ej is a projective left Ep-module. This bimodule gives us a
commutative diagram up to natural isomorphism

05—~ Modf—E3
Tsl lres
(@) —— MOdf—E]F

where the right-hand vertical map is the restriction under Er — Ej. The natural transformation
is simply the adjunction isomorphism

Hom(T*P, M) —— Hom(P, T,M).

The right and left adjoints of T coincide, giving us two commutative diagrams up to natural

isomorphism.
O — Modf— Efp @) AN Modf— Ep
T* \L(_)@)E[FE[; Ts \LHom_E[F (Ez,—)
0% —— Modf—-Ej}, ©® —~> Modf —E3
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6.3 Standard objects

For later use, let us briefly explain how one can describe morphisms between standard objects
in O.

LEMMA 6.3.1. For z,y € W we have

F ify<ax,
0 otherwise.

Homo (M, M,) = {
Moreover, all non-zero morphisms between standard objects are injective.

Proof. By [Soe00, §2.5.8], all objects M, have the same socle M,y,,, where wy € W is the longest
element, and moreover this simple object appears with multiplicity 1 in these modules. The last
claim of the lemma follows directly from this.

The fact that the existence of an embedding M, C M, implies that y <  follows from [Soe00,
§2.3.4]. Finally, one can show the existence of such an embedding when y < x using similar
arguments as for existence of non-zero morphisms between Verma modules in usual category O
in characteristic zero. a

6.4 Description of Er in terms of the coinvariant algebra

With the help of (6.1.1) and the fully-faithfulness of V and V* on morphisms between projective
objects we can describe the rings Er C Ej more explicitly. For any expression f = (s,t,...,r)
let us consider the C-module

Df::C®Cs C®cgt - QcrF

(where F = V(M) is the trivial C-module). If we set D := P, Dy and denote by ey € End¢ (D)
the projection to Dy, then (6.1.1) gives an isomorphism

VP -==D

and hence an isomorphism Er —— EndcD which matches the idempotents e ¢ on both sides.

Similarly, we obtain an isomorphism V*P* —— D (where D is now viewed as a module over C*
by restriction) and the following commutative diagram.

Er —~>End¢(D)

[

Ef —~ > End¢-(D)

In order to obtain a better compatibility with our geometric constructions we equip C' with
the doubled Z-grading (so that C° =0 and C? #0). We immediately obtain Z-gradings on
D, Ep and E¢ (using the isomorphisms in (6.4.1)). It is then easy to see that D(Modf? — Ey)
(respectively DP(ModfZ — E3)) is generated as a triangulated category by the shifts of er b
(respectively efEp) for all f € F.

We have now introduced two rings which are called Er, namely the ring Er := Ext®(BSY, BSY)
in § 5.1 and the ring Er = Endp(P) above. Similarly, we have introduced two rings E7, namely the
ring Ef := Ext® (7o BSY, 7 BSY) of §5.1 and the ring E§ above. This was, however, intentional,
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as we obtain the following commutative diagram of rings with horizontal isomorphisms.

Endp(P) —=— End¢(D) <—"— Ext*(BSF, BSF)

| | |

Endp: (T%P) —— Endc: (D) <~— Ext* (72 BSF, 74BST)

The left-hand square is simply a copy of diagram (6.4.1), the right-hand vertical morphism
is induced by 74 and the horizontal ring isomorphisms on the right-hand side are induced
by hypercohomology (see [Soe00, Theorem 4.2.1]). In particular, our functors preserve the
idempotents ey for f € F' in all six rings. Hence from now on we can use the notation Er for all
three rings in the upper row, and Ej for all three rings in the lower row. In particular, because
O and Of have finite global dimension (see §6.2) we obtain the following result as promised.

PROPOSITION 6.4.2. The rings Er and Ef have finite global dimension.

Remark 6.4.3. Note that in [Soe00] the flag varieties are defined over the complex numbers,
while here we work over an algebraically closed field of positive characteristic, and with the étale
topology. One can check that the arguments in [Soe00] also apply to our setting. Alternatively,
one can deduce the statement in one setting from the other, see Remark 7.1.4(ii) below.

7. Modular Koszul duality
7.1 Statement

We briefly recall our notation in order to give a complete formulation of our main theorem. We
let R O R™ denote a root system together with a choice of positive roots, W the Weyl group and
S C W the simple reflections. Now, let us fix (as in §6) a finite field IF of characteristic ¢ strictly
bigger than the Coxeter numbers of the irreducible components of R (or equivalently RY). We
consider the following categories.

(i) To the dual root system RY we associate the regular and semi-regular subquotient
categories O and O° for s € S with coefficients in F. Recall that these categories are obtained as
subquotients of the category of rational representations of G, a semi-simple, simply-connected
and split algebraic group over I associated with RY.

(ii) To the root system R we associate the flag variety X = G/B and partial flag varieties
X?®=G/P; for s € S and consider DFB) (X, F) and D](DB) (X*, F) the derived categories of Bruhat
constructible étale sheaves on X and X* with coefficients in F. In order to define these varieties,
we first choose a split connected reductive group G, and Borel subgroup B, C G, over a finite
field F, of characteristic # ¢. The varieties in question are then obtained by base change from

the corresponding versions over [F,.

The following result is a more precise and expanded version of the first part of Theorem 1.2.1
from the introduction.

THEOREM 7.1.1 (‘Modular Koszul duality’). Assume that the order of q in F* is strictly
bigger than |R|. Then there exist a finite-dimensional graded F-algebra Ey with a complete

set of mutually orthogonal idempotents {es| f € F'}, a finite-dimensional graded F-algebra
Ej containing Er as a graded subalgebra for all simple reflections s € S, and equivalences of
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categories such that all squares in the following diagram commute up to natural transformation.

DP(0*) —=> D" (Modf— E§) <*— D"(Modf? — Eg) —> dgDerf—Ej —~> D’ (X*, F)

lTS lres res Lres \Lﬂ‘; [—1]

DP(0) —> D"(Modf— Ep) <*— D"(Modf? — Ey) — dgDerf— Ez —> Di) (X, F)

(Here, the functors v and v are defined as in § 1.1.) Moreover, the left equivalences are derived
from equivalences of abelian F-categories O —— Modf—Ey and O% —— Modf—E$, and for all
f € F we have

Pf ey - By — BS; (7.1.2)
on the lower line.

In particular, the indecomposable projective objects in O are mapped to the indecomposable
parity sheaves on the flag variety. That is, for all x € W there exists a projective object
P, € Modf” — Ep with

P, i Py EF, (7.1.3)
where P, — M, is the projective cover in O and £ is the parity sheaf from §5.1.

Remark 7.1.4. (i) The graded modules P, are uniquely determined by properties (7.1.3), as
follows, for example, from the reminder on graded rings in §5.7.

(ii) Theorem 7.1.1 differs from Theorem 1.2.1 by the fact that our variety X is defined over
F, instead of C, and that we work with the étale topology instead of the classical topology. Let
us briefly explain how one can deduce Theorem 1.2.1 from Theorem 7.1.1. First, one can replace
the classical topology in Theorem 1.2.1 by the étale topology (still over C) by the arguments
in [BBDS82, §6.1.2]. If £ > |R| + 1 then by Dirichlet’s theorem we can choose some prime number
p whose order in F* is strictly bigger than |R|, so that Theorem 7.1.1 applies to F,. Choose a
strictly henselian local ring 8 C C whose residue field is F,,. Then the flag varieties XFP and Xc¢

over R, and C are obtained by base change from the flag variety X, over SR. Moreover, we have
inverse image functors

Digy(Xcet, F) — Dy (X, F) — Dl (X, F)

(where all categories are defined as in §2.1). Both of these functors are equivalences, which
finishes the proof. Indeed these categories are generated by standard objects, as well as by
costandard objects. Hence it is sufficient to prove that morphisms from a standard object
to a shift of a costandard object coincide in all these categories. However, this easily follows
from [Mil80, Corollary VI.4.20].

Proof of Theorem 7.1.1. Define the algebras Fr and Fj as in §6. The commutativity of
the left-hand square is established in §6.2. The commutativity of the middle two squares is
unproblematic. By Propositions 4.4.2 and 4.5.4 our assumptions on the order of ¢ in F* guarantee
that condition (5.3.4) is satisfied. The equivalences on the right and the commutativity of the
right-hand square are proved in Theorems 5.5.8, 5.6.1 and Proposition 5.6.3.

Property (7.1.2) is clear by construction. Let us deduce (7.1.3), by induction on the Bruhat
order. If z = e then the corresponding sequence of simple reflections is f = (), and Py = P.. Hence
we can take ]56 =ey - Er. Now let x € W, and assume the result is known for all y < z. Let P,
be a projective object in Modf” — E such that v(P,) is sent to P,. Let f € F be a reduced
decomposition of z71. From (6.2.1) and Lemma 5.7.1 we deduce that there exist m € Z, graded
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vector spaces V,, for y <z, and an isomorphism in Modf? — Ep
ef - Bp 2 Py (m) @ (@ V, ®F ﬁy>.
y<z
Then, using induction and (7.1.2), the image of v(P,)[—m] in D'(DB)(X, F) is the only direct
summand F in BS}Z‘ such that iXF # 0; it follows that this image is £,[¢(z)]. Hence the object

P, := P (m+ {(x)) satisfies (7.1.3). O

The left adjoint of the three middle vertical arrows in the diagram in Theorem 7.1.1 is simply
— ®p E®. (Recall that E® is a projective left E-module, see §6.2.) If we add the left adjoints
on the edges we obtain the following diagram, in which all squares commute up to natural
isomorphism.

DP(0) —=> D*(Modf—E) <— D*(Modf? — E) — dgDerf—E —~> Dpp (X, )

lT‘S l—@)EES J{—@;;Es l—@)EES lwsz[ll

DP(0%) —> DP(Modf—E*) <— D*(Modf? — E*) —> dgDerf—E¥ —> D3 (X*, F)

Similarly, the right adjoint of res can be described as Hom_ g (E?, —), and adding all right adjoints
we obtain the following commutative diagram.

DP(0) —=> DP(Modf—E) <*— D*(Modf? — E) —> dgDerf—E —~> Dz (X, F)
J/Ts iHom_E(Es,) iHom_E(ES,) lHom_E(ES,) lws*[u
DP(0%) > DP(Modf —E*) <— DP(Modf? — E*) —> dgDerf—E* > Dpp (X*, F)
Comparison of both right-hand squares in the above diagrams (using the fact that mg = 7g)
allows us to deduce an isomorphism of Z-graded (F, E¥)-bimodules
Hom_g(E®, E) = E*(2).
Sometimes it is easier to think of the middle category above as a ‘graded version’. In order
to emphasize this way of thinking we define
O :=Modf? — E, O°:=Modf” — E*.
We can then regard our restriction functor res as a ‘graded version of translation onto the wall’

and denote it by T,. This functor has a right adjoint if and a left adjoint Tv!s which are related
by T: =Ty(2).

7.2 Standard objects
In this section we establish the last part of Theorem 1.2.1. More precisely, we prove the following
theorem.

THEOREM 7.2.1 (‘Koszul dual of standard objects’). For all x € W there exist graded right
FEr-modules M, in O with the following properties:

(1) M, — M, in O;
(i) M, — Vo in D (X, F);

(iii) if xs > x there exists an embedding My, C Mx<—1> of graded Ep-modules.
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Remark 7.2.2. (i) The modules M, are uniquely determined by properties (i)—(ii), as follows, for
example, from the reminder on graded rings in §5.7.

(ii) More generally, one can show, as in Lemma 6.3.1, that there exists an embedding
My (£(y)) C My (t(x))
between graded standard modules if and only if y >« in W, and that these are the only
homomorphisms of any degree (up to shift).
(iii) Using the fact that Home(Py, M;) =2 F, Theorems 7.1.1 and 7.2.1, one can easily check
that the surjection P, — M, lifts to a morphism of graded right Fg-modules P, — M,.
Proof. If we examine Py« es - Ep BS}T in the case of the empty sequence f = () we see that
M. —ep- Ep —IC.p = Ve = icilfjq. Hence we can take M, = ey - Eyp. If © < xs then by [Soe00,
§2.5.4] there is a short exact sequence
My — TST My — My

and by [Soe00, §2.5.2] we have Homo (Mg, T5T°M,) = F. Hence, if we have already constructed
a graded lift M, of M, satisfying (i) and (ii) then we obtain a graded lift M,y of M, as the
cokernel of the adjunction morphism after an appropriate shift in the grading. That is, we can
define M, via the short exact sequence
M, < TyTF My — Myg(—1).
Property (i) for M, now follows. Lemma 7.2.4 below implies that this object also satisfies (ii).
We now turn to (iii). We have Homop (M, M) =T, hence
Hom g (M, M,(i)) =0 unless i = 0. (7.2.3)
Consider the composition of adjunction morphisms
M, > T T M, — M (—2)
(where we use Tf =T5(—2)). This composition is zero by (7.2.3). On the other hand, the
second morphism is non-zero so that we obtain a non-zero morphism Mys(—1) — M, (—2). This
morphism must be injective by Lemma 6.3.1. O
LEMMA 7.2.4. Given s € S and x € W* we have a distinguished triangle
(1]

vx,]F - W}gﬂ'slvz,F - vxS,F[l] —
where the left-hand arrow is the adjunction morphism.

Proof. Using the isomorphisms of functors 7k = 7%[2], 7 = 7y and the fact that m, restricted
to X, is an isomorphism we have

where X 25 := X, U Xy and a: X, 55 — X denotes the inclusion. If we write i (respectively j)
for the closed (respectively open) inclusion of X, (respectively X;s) in X, s then we have a
Gysin triangle

| L. 1
wiFyx, . —Fx, . —5JFx, . L

which we can rewrite as

iWFy [-2] 5 Fx, —iFy
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If we now apply a.[¢(x) + 2] we obtain the desired triangle except for the fact that it is not clear
if the left-hand morphism so constructed coincides with the adjunction morphism. However, both
morphisms generate the one-dimensional space Hom(V, r, ﬂéws!vx,m) and the lemma follows. O

7.3 Standard objects are Koszul modules
Let us consider again the setting and notation of §5.7. In particular, we assume that £f = IC, F
for all 2 € W, and we consider the Koszul rings K and K.

In the proof of Proposition 5.7.2 we have considered a grading on the algebra Ap. The functor

= : Modf? — Ap — Modf” — K
which sends M to the graded module whose nth component is

HOI’IlMOde_AH, (@7 M(”))

is an equivalence of categories, which satisfies Z(M(n)) = E(M)(—n).
Recall the objects P, in O defined in Theorem 7.1.1, and set P := D, P,.

LEMMA 7.3.1. The graded ring KT is isomorphic to the graded ring whose nth component is
Hom 5 (P P(—n)).

Proof. By Proposition 5.7.2 and its proof, the nth component of KT is

Ext"(ICx, ICx) = Ext™ , <@ S, @ S ) 2 BxXtlyodrs— a. <@ S, P §m<—n>>.

Now, using the equivalence Q o U% considered in the proof of Proposition 5.7.2, we obtain an
isomorphism

EXtNoqrz_ 4, (@ Sa, @ §x<—n>> > Homg (@ Qo WE(S,), P o \yz(§x)<_n>>.

x T

Hence it is sufficient to prove that for every x € W we have an isomorphism
Qo W4(S,) > P,.

However, the object 2o 28 (§x) is an indecomposable graded projective right Ep-module, hence
is isomorphic to Py (j) for some y € W and j € Z. As its image under ¥~ L o7 : DPModf? — Ep —
DPModf— Ay is S, (by Theorem 7.1.1) we must have y = 2 and j = 0. O

Using Lemma 7.3.1 we can construct an equivalence of categories
T : Modf” — Ep -~ Modf% — K
sending M to the graded module with nth component
Hompoqrz_ g, (P, M (—n)).

This equivalence satisfies T(M (n)) =T (M)(n).
Finally, we let
% : D*(Modf? — K) = D" (Modf? — K1)

be the composition

PP Modf? — K =5 DPModf? — Ay 2%, DPModf? — Ep -5 DPModf? — K.
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This functor satisfies (M (n)) = k(M ){—n)[—n]. We set
PBpo=T(P), My=T(M,), &,:=5(S,).
We let £, be the unique simple quotient of 3., and define
Ny i=r"1(My), To:=r(L0).

The following theorem summarizes all the results related to our ‘Koszul duality’ x. Here we
denote by Z, the injective hull of IC; r in Perv(p) (X, F).

THEOREM 7.3.2. Assume that condition (5.3.4) is satisfied. Assume moreover that for any
x € W we have EE =1C, .
There exist dual Koszul rings K and KT and an equivalence  fitting in the diagram

D" (Modf—K) <*— D (Modf? — K) —= DP(Modf? — KT) —> DP(Modf— K1)
| lz
Dl (X, F) D>(0)
where vertical arrows are induced by equivalences of abelian categories
Modf—K = Perv(p)(X,F), Modf—KT=0

and v are forgetful functors. The objects P, M., L, Tz, Ny, S, are all graded modules, which

satisfy
IC, 1S, B! Py,
Va N, M, | M,
7, 1 Ty Lot L.

Moreover, M, is a Koszul KT-module in the sense of [BGS96, Definition 2.14.1].

Proof. We have already constructed all the functors in our diagram. By definition, B, 9., £,
and &, are graded modules. We have also observed in the proof of Lemma 7.3.1 that x(&,) = B,..
By Theorem 7.2.1, M, is sent to V, in Perv(p) (X, F), hence it is a graded right K-module. Now
we observe that

EXt?\/Iode—K(va jy <]>) = EXtiM_gde_KT ((‘Bm? £y<_3>>

vanishes unless i = j = 0. This implies that J, is the injective hull of &, in Modf? — K, which
in turn implies that it is sent to Z, in Perv(py (X, F).
It remains to show that 91, is a Koszul module. However, for any ¢, j the F-vector space

Extigogr_ gt (Mas £y (j)) = Exty e 1 (Ma, Ty(—5))

vanishes unless i — j = 0, since J,, is injective. We conclude by [BGS96, Proposition 2.14.2]. O
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