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Abstract

Given a positive Borel measure u on the n-dimensional Euclidean space C", we characterise the
boundedness (and compactness) of Toeplitz operators T, between Fock spaces F>(¢) and F”(¢) with
0 < p < oo in terms of t-Berezin transforms and averaging functions of x. Our result extends recent
work of Mengestie [ ‘On Toeplitz operators between Fock spaces’, Integral Equations Operator Theory
78 (2014), 213-224] and others.
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1. Introduction

Let dv denote the Lebesgue measure on C" and wy = dd‘|z|* the Euclidean Kihler form
on C", where d¢ = (V=1/4)(@ - 9). Throughout the paper, we assume that ¢ € C3(C")
and satisfies 0 < mwgy < ddp < Mwy for two positive constants m and M.

Given 0 < p < oo and p > 0, the space LP(p, ) consists of all u-measurable
functions f for which

/p
s = [ 17070 @) <o

When du = dv, we write LP (¢, 1) and || f1l, . as LP(¢) and || f]l,,., for short. Let H(C")
be the family of all holomorphic functions on C". The Fock space is defined to be

FP(p) =L (¢) N H(C")

and
F(g) = {f € H(E : Iflless = sup @] < ool

zeCn

It is well known that F”(p) is a Banach space with norm || - ||, for 1 < p < co and
FP(p) is a Fréchet space under d(f, g) = ||f — gllz#, for 0 < p < 1. In the simplest case
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that ¢(z) = (@/2)|z]> with & > 0, FP(¢) is the classical Fock space F%, which has been
studied by many authors (see [2, 7] and the references therein).

With the Bergman kernel K,(:,-) for F 2(¢) (see [6]), the orthogonal projection
P : L>(p) — F?*(¢) can be represented as

Pf(z) = f Kz, w) f(w)e ) dv(w).

By [6], we have Pf = f for f € FP(¢) and 0 < p < oo. Given a positive Borel measure
w1 on C" (written as u > 0 for short), we define the Toeplitz operator T, on F”(¢) as

T,f(2) = Ln K, (z,w) f(w)e ™) du(w), zeC",

if it can be well defined.

Positive Toeplitz operators on Fock spaces have been studied by many authors.
In 2010, Isralowitz and Zhu [4] identified the boundedness, compactness and Schatten
class of T, with u > 0 on the classical Fock space F’ 2 with @ > 0, in terms of the average
function and the ¢#-Berezin transform. Hu and Lv discussed the same problems from
one Fock space F% to another F{ for all possible 1 < p,g < oo in [2]. Mengestie [5]
extended the corresponding problems from F% to F2* and from F2 to F% for 1 < p < oo,
respectively. In 2012, Schuster and Varolin [6] gave the definition of the Fock space
FP(¢p) and obtained the characterisation on ¢ > 0 such that 7}, are bounded or compact
on FP(p) for 1 < p < co. Hu and Lv discussed the same problems from F?(p) to F9(y)
for 0 < p,q < coin [3].

The purpose of this paper is to characterise those measures y > 0 for which the
induced Toeplitz operators 7, are bounded (or compact) from FP(¢) to F*(¢) (or
from F*(p) to FP(p)), where 0 < p < co. Our result extends those in [2-6]. Notice
that F(¢) is not self-adjoint and neither is F”(¢) a Banach space for 0 < p < 1, so the
approach in [2, 4-6] does not work.

Throughout the paper, the symbol C will stand for a positive constant, which may
change from line to line, but does not depend on the functions being considered. Two
quantities A and B are called equivalent, denoted by ‘A ~ B’, if there exists some C
such that C™'A < B < CA.

2. Main results

In this section, we state our main results. Before that, let us give some notation and
lemmas.

Forze C"and r > 0, let B(z,7) = {w € C" : [w — ] < r}. Given u > 0, the average of
uis u(B(z,r))/v(B(z, r)). We simply write the average function of u as

1) = w(BC, 1),

since V(B(-,r)) ~ r*". Fixing ¢ > 0, the t-Berezin transform of y is defined to be

— Ky(z,w) !
o = fc VK, 0K, (v, w)

du(w).
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Notice that 5 is just the classical Berezin transform y defined in [6]. When ¢(z) =
%IZIZ, the #-Berezin transform is closely connected with the heat flow as mentioned in
[1].

Given some r >0, we call a sequence {a},>, in C" an r-lattice if the balls
{B(ax, r)};>, cover C" and {B(ay, r/2)};., are pairwise disjoint. For r > 0, much more
easily than in the Bergman space setting, we can find r-lattices in C" and there exists
an integer N such that

1< ZXB(ak,Zr)(Z) <N, zeC.
k=1

For 0 < p < oo, the Lebesgue space L7 is defined as
1/p
LP = {f is Lebesgue measurable on C" : ||f]|L» = ( Lf1? dv) < oo}.
Cn

The space [” consists of all sequences {b;},>, € C" with

> /p
bkl = (Y b <.
k=1

Lemma 2.1 lists some well-known results, which will be useful in the following
section (see [3]).

Lemma 2.1. The Bergman kernel K, (-, ) has the following properties.
(1) There exist positive constants 6 and C such that for all z,w € C",

| Kgo(Z, w)le_‘p(Z)e_‘/’(W) <C Pl <C.
(2) There exists C such that for z € C" and w € B(z, rp),
|Ko(z, wle #@e™ > C.

(3) Forz € C",
K,(z,2) ~ ¥,

4) ForzeC"and 0 < p < oo,
K¢('$ Z)

VK, @ 2)

Lemma 2.2. Suppose >0, R>0 and 0 < p,q < co. Set ugp(E) = fEﬁ{z:Iz\<R} du for

”kcp,z”p,tp ~1, where kgo,z(') =

E C C" measurable. If 1, € L° for some r,s >0, then the Toeplitz operator Ty, :
FP(p) — Fi(p) is compact.

(e8]

Proor. Suppose that {f,}" , is a bounded sequence in F’(p) which converges
uniformly to 0 on compact subsets of C" as m — co. By Montel’s theorem, we only
need to show that

1Ty finllge = 0 asm — oo. (2.1)
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Since 1, € L*, we have 1, € L™. Therefore,
(T )@l < f K (2, w)le™ 22 dpup(w)e#
CV!
S Cf |fm(W)||K¢(Z, W)le_z‘p(w)ﬁr(w) dv(w)e_‘p(z)
[WI<R+r

< Cliurllz f | OIIK (2, w)le ™) dv(w)e 4.
[W|<R+r
This, together with Lemma 2.1, gives

1T finlloop < C sup f n WK (2, w)le ™™ dv(w)e
|[WI<R+r

ZE(C"

zeCr

< Csup f |fn(W)le ¢ e~ gy(w)
[WISR+r

< C sup |[fru(w)e ™ sup e~%"!
[W|<R+r zeCn

<C sup |fu(W)—0

[WISR+r

as m — oo, Hence, (2.1) is true if ¢ = 0. For 0 < g < oo,

(T ) @e @1 dv(2)
Cn

e

<C sup |fm(w)|e—tﬂ(W)f o~ 04lz+0q(R+7) dv(z)
C

[WISR+r n

<C sup [fn(W)l.

|[WI<R+r

f ()l e dV(w)'q dv(2)
[WI<R+r

Thus, (2.1) is still true. This completes the proof. O

THEOREM 2.3. Suppose 0 < p < oo and u > 0. Then the following statements are
equivalent:
(A) T,:FP(p) — F>(¢) is bounded;
(B) u, is bounded on C" for some (or any) t > 0;
(C) s is bounded on C" for some (or any) & > 0;
(D) the sequence {ﬁr(ak)}]‘:":] is bounded for some (or any) r-lattice {a;}
Furthermore,

)

k=1"

Tl pr()—F=(p) = SUP i(2) = sup s(z) = sup i, (ar). (2.2)
zeCn zeCn k

Proor. By [3, Lemma 2.3], we obtain the equivalence between statements (B), (C)
and (D) with the corresponding norm estimates in (2.2). Now, we assume that
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T, : FP(p) = F*(p) is bounded. For z € C", using Lemma 2.1 and [3, (2.6)],

fa(z) = e f ko (WK, (z, w)e 2™ dp(w)
C)’l

- |Tﬂk¢,z(z)|e_9”(1)

< T kg lloo e

< ClITullrr ) rollkezllp.g

< CTllFrp)—F=(g)- (2.3)

This shows that 5 is bounded on C". Moreover, (2.3) gives

SupﬁZ(Z) < C”TﬂHFF((p)—»F‘”(tp)' (24)

zeCr

On the other hand, suppose that s is bounded on C" for 6 > 0. By [3, Theorem 2.6],
the embedding i : F'(¢) — L'(¢p, 1) is bounded and

il F1 ()= (o) = sup s(z) < C.
Zecn

Given any f € FP(yp), by the fact that || - ||, < Cl| - ||, and Lemma 2.1,
T, f(2)e ¥ < f kg W)ILFOW)le ™) dpa(ow)
(cn

< A lloo f Ik (W)le ™) dpu(w)
C)’l

< ”i”Fl(¢)—>L1(<p,p)”f||p,<p||k<p,z”l,<p
= il (g)— L1 @1 f 1 pp-

Therefore, T, is bounded from F?(p) to F<(¢). This, together with (2.4), gives (2.2)
and completes the proof. O

THEOREM 2.4. Suppose 0 < p < oo and u > 0. Then the following statements are
equivalent:

(A) T, :FP(p) = F¥(¢p) is compact;

(B) w:(z) — 0as z — oo for some (or any) t > 0;

(©) us(z) = 0as z — oo for some (or any) 6 > 0;

(D) u(ax) — 0as k — oo for some (or any) r-lattice {ar}ie ;-

Proor. The equivalence between (B), (C) and (D) comes from [3, Theorem 2.7]. Now
we suppose lim,_,« 145(z) = 0 and take pg as in Lemma 2.2. Then u — ug > 0, Ty, is
bounded from F?(¢) to F*(¢) and

(= fr)rlls =0 (R — o0)
for r > 0. By Theorem 2.3,

1Ty = Tyuellrrio—Foie) = I TupuellFrigy>Fooigy = (= fig) Nl — 0
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as R — co. Lemma 2.2 shows that 7}, : F¥(¢) — F®(¢) is compact. So, the operator
T, is compact from F?(p) to F*(¢).

On the other hand, let 7, be compact from F?(¢) to F9(p). By Theorem 2.3,
we know that 15 is bounded for 6 > 0. Since {k, : z € C"} is bounded in F”(y),
{T,k,; - z € C"} is relatively compact in F*(¢). Thus, for any sequence {z};., c C"
satisfying lim;_,o, z; = oo, there exists a subsequence of {7}k, }72, which converges
to some & in F*(¢). Without loss of generality, we may assume that

}Lnolo ”Tuktp,Zj - h||oc,<p =0. (2.5)
We claim that 2 = 0. In fact, for any w € C", since s is bounded,
n@4m=m@@muMbj%%wmmmﬂWWMx
Cil

by Fubini’s theorem. For any & > 0, since [|K,(w, )|, < Ce?"™, there is some R > 0
such that

f [K,(w, w)2e 2 dy(u) < £%.
|u|>R
Now, by Lemma 2.1,
|k«p,z_/-(u)| < Ce—9|2j—ul+¢(u) < Ce—é’IZjlew(u)W\Ml -0

uniformly on any compact subset of C" as j — oo. This, together with [3, Lemma 2.2],
shows that

Tk, (W < fc Mz (WK O, e ity () dv(a)

sC( f + f )Ik¢,z.<u>K¢<w,u>e*2“’<“)ldV<”>
<k Jusr?

172
< Co+ e oo f Ky On, 10724 (o)
lu|>R
<Ce
if j is sufficiently large, where C is independent of &. Thus,
lim Tk, . (w) =0, weC".
On the other hand, by (2.5),
lim Tk, . (W) = h(w)
j—)OO -
for w € C". Therefore, h = 0. That is,
]ll_{l; ||Tuktp,z]~”00,<p =0.

This, combined with (2.3), implies that
1i2(z)) = | Tyuky (2 le ¥ < Tkl — 0 as j— oo

Hence, lim,_,« f12(z) = 0. The proof is complete. O
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THEOREM 2.5. Suppose 0 < p < oo and u>0. Then the following statements are
equivalent:

(A) T,:F>(p) — FP(p) is bounded;

(B) T,:F>(p) — FP(p) is compact;

(C) w; € L? for some (or any) t > 0;

(D) s € L? for some (or any) 6 > 0;

(E) {',Jr(ak)},‘z"=1 € I? for some (or any) r-lattice {ai};_ ;.

Furthermore,

1Tl )= Frigy = el = usller = - (@) el (2.6)

Proor. By [3, Lemma 2.3], we obtain the equivalence of (C), (D) and (E) with the
corresponding norm estimates in (2.6). The implication (B) = (A) is trivial, so we
complete the proof by showing that (A) = (E) and (E) = (B).

(A) = (E). Given any bounded sequence {1;} and ry-lattice {a;}, with ry as in
Lemma 2.1(2), set

fa(@) =D A (2).

k=1
By [3, Lemma 2.4], f,, € F () and || fz, |leo,e < C supy |Ai|. Since T}, : F*(¢) — FP(p)
is bounded, 7, f;, € F”(¢). By Khinchine’s inequality and Fubini’s theorem,

f (i |/lkT;4(k<p,ak)(Z)|2)p/2e_P<P(Z) ()

P
; | i Wk(f)/lkTy(k¢,ak)(Z)'p e dv(z)
=¢ fo Tp(; Bk ) ,,

1
P
SC](; 7l “(@)—F(p)

< CHT/‘“Z“(QD)—»F”(QD) Sup |/lk|p’

<C

dt
X"

> p
DOk dt
k=1 i d

where i is the kth Rademacher function on [0, 1]. Since the balls {B(a;, rp)}; cover
C" and the cover has a bounded number of sheets,

S 2
f (2 4 MkTy(k%ak)(Z)F)p e P99 dy(z)
Cn\T—

00

Z jl;(a A Z I/lkT (k‘/’ ak)(Z)lz) e PP dv(z)

>C), f 4T kpa )@ €799 dv(z)

j=1 B(a/ r0)
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> C ) P Tulkpa YaplP e P9
J=1
(&)
2 C ) W Hn )
J=1

Take 8; = |4,|P for each j. Then {,Bj};‘;] is bounded and

2 P @) < CIT Mgy oy UG
j=1

Therefore, {i,,(a;)? )2, el "and
et @}l < CNT llF () Frip)- (2.7

(E) = (B). Define ug as in Lemma 2.2. Then g — ug > 0. Similarly to the proof of
Theorem 3.6 in [3],

Tl ()= Frie) < Cl{H-(a) el (2.8)

So,

”T,u - TﬂR||F°°(Lp)—>FF(tp) = ||Tp—yR||F”(¢)—>Ff’(¢) = ”{(/J _.UR)r(ak)}k”lf’ -0

as R — oo, since {f,(ax)}x € IP. Lemma 2.2 shows that T, : F®(¢) — FP(¢) is compact
and so T, : F*(¢) — FP(¢p) is compact.

The estimate (2.6) comes from (2.7) and (2.8). The proof is complete. O
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