
CSIR. RWISK. 9 1 . 

NOTE ON t -MINIMAL C O M P L E T E B I P A R T I T E GRAPHS 

I. Z . Bouwer and I. B r o e r e 

1. In t roduc t ion . The th i cknes s of a g raph G is the s m a l l e s t 
n a t u r a l n u m b e r t such that G is the union of t p l ana r s u b g r a p h s . 
A g r a p h G is t - m i n i m a l if its th i ckness is t and if eve ry p r o p e r 
subg raph of G has t h i cknes s < t . (These t e r m s w e r e in t roduced by 
Tutte in [3] . In [1 , p . 51] Be ineke employs the t e r m t - c r i t i c a l ins tead 
of t - m i n i m a l . ) The comple t e b i p a r t i t e g raph K(m, n) c o n s i s t s of 
m ' da rk 1 po in t s , n ' l ight1 po in ts , and the m n l ines joining points of 
d i f ferent t y p e s . 

In [1 , p . 52] Be ineke p r o v e s that the comple te b ipa r t i t e g r aph 

2 
(X) K(2s + 1, 4s - 2s + 1) 

is (s + 1) - m i n i m a l (s = 1, 2, . . . ) . He a lso s t a t e s , without proof, that 
the comple t e b i p a r t i t e g r aph 

(Y) K ( 4 s - 1, 4s - 1) 

is (s + l ) - m i n i m a l if s is odd, and con jec tu res that it a l so holds if 
s is even . The p u r p o s e of this note is to p rove that for each s the 
g r a p h (Y) is (s + l ) - m i n i m a l . The proof is based upon a technique 
developed by Be ineke , H a r a r y and Moon [2] . 

Before giving the proof, we mo t iva t e the a p p e a r a n c e of the f ami l i e s 
(X) and (Y). The m a x i m a l n u m b e r of l ines of a p l ana r subgraph of 
K(m, n) is 2(m + n - 2) ( see for ins tance [2 , p . 1]). It is t h e r e f o r e 
n a t u r a l t o c o n s i d e r , as cand ida tes for (s + l ) - m i n i m a l g r a p h s , those 
g r a p h s K(m, n) that sa t i s fy : 

(1) m n = 2(m + n - 2)s + 1 . 

Since (1) m a y be w r i t t e n in the f o r m : 

(m - 2s) (n - 2s) = (2s - l ) 2 , 

we see that to each couple (s,.R), w h e r e s is any in teger ^ 1 and 
2 

w h e r e R is any ( in tegra l ) fac tor of (2s - 1) , t h e r e c o r r e s p o n d s a 
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graph K(m, n) sat isfying (1), n a m e l y the g r a p h for which 

2 
(2) m = 2s + R and n = 2s + (2s - 1) / R . 

We m a y a s s u m e m ^ n, tha t i s , 1 ^ R ^ 2s - 1. The c o r r e s p o n d e n c e 
(s, R) -*• K(m, n) defined as above then b e c o m e s o n e - t o - o n e and onto the 
se t of a l l g r a p h s K(m, n) sa t is fying ( 1 ) . The g r a p h s (X) and (Y) 
appea r as the g r a p h s c o r r e s p o n d i n g to the e x t r e m a l v a l u e s 1 and 
2s - 1 of R. 

2 . P roof . In o r d e r to p r o v e the r e s u l t , it is suff icient to show 
that t h e r e ex i s t s + 1 p l a n a r s u b g r a p h s of the g iven g r a p h (Y) such 
that t he i r union is (Y) and such tha t one of the s u b g r a p h s con ta ins only 
one l ine (so that , by (1), the r e m a i n i n g s u b g r a p h s conta in the m a x i m u m 
p o s s i b l e n u m b e r of l i ne s ) . 

We m a y a s s u m e s > 2 . F r o m the Main T h e o r e m of [2] ( r e p r o d u c e 
as T h e o r e m 8 on p . 49 of [1]) the t h i c k n e s s of K(4s - 1, 4s - 2) is 
found to be s . Cons t ruc t a (2s - 1) by s a r r a y A as fo l lows: The 
(i, j ) th ce l l of A c o n s i s t s of N(i, j) consecu t ive i n t e g e r s modu lo 
4s - 1, w h e r e 

N(2s - j , j) = N(s - j , j) = N(s, s) = 3 (j = 1, 2, . . . , s - 1) and 

N(i, j) = 4 o t h e r w i s e (i = 1, 2 , . . . , 2s - 1; j = 1, 2, . . . , s) ; 

in the f i r s t row of A the i n t e g e r s 1, 2, . . . , 4s - 1 a p p e a r consecu t ive ly ; 
the ce l l s a r e then filled in, induct ively , by le t t ing the p e n u l t i m a t e en t ry 
of a ce l l be the f i r s t en t ry of the ce l l b'elow i t . (This a r r a y is found f r o m 
the c o n s t r u c t i o n g iven in the proof of [2, L e m m a 2] by se t t ing 
m = 4s - 1, k = s and r - 4s - 2.) It can be s een that the to t a l n u m b e r 
of d i s t i nc t e n t r i e s in the ce l l s of the j th co lumn of A is 4s - 1 if 
j = s, and 4s - 2 if j i- s . The in t ege r not appea r ing among the e n t r i e s 
of the f i r s t (or jth for j =2, 3, . . . , s - 1 ; s > 2) co lumn is 4s - 1 
(or, r e s p e c t i v e l y , 4(j - 1)). C o n s t r u c t a subgraph G. of K(4s - 1, 4s -

f r o m the j th co lumn of the a r r a y A (as in the proof of [2, T h e o r e m 2]) 
as fo l lows: the da rk points c o r r e s p o n d to the i n t e g e r s 1, 2, . . . , 4s - 1; 
the 4s - 2 l ight po in t s c o r r e s p o n d in p a i r s to the ce l l s of the co lumn 
(where we sha l l a s s u m e that the l ight poin ts i and (i + 2s - 1) c o r r e s p o 
to the i th ce l l ) ; and a d a r k point and a l ight point a r e joined if and only 
if the in t ege r c o r r e s p o n d i n g to the d a r k point o c c u r s as an e n t r y of the 
ce l l c o r r e s p o n d i n g to the l ight poin t . The g r a p h s G. a r e p l a n a r , and 

the i r union is K(4s - 1, 4s - 2) ([2]? proof of T h e o r e m 2) . 

We now r e p r e s e n t each g r aph G. as fo l lows : c o n s i d e r r e c t a n g u l a r 

coo rd ina t e axes in the p l a n e . Let the d a r k poin ts c o r r e s p o n d , in the o rde 
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in which they occur in the j th co lumn ( s t a r t ing with the f i r s t en t ry of 
the f i r s t ce l l and excluding r epe t i t i ons ) , to the poin ts on the ho r i zon t a l 
ax is with a b s c i s s a s : 0, - 1 , 1, - 2 , 2 , - 3 Let the light poin ts 
i and (i + 2s - 1) (i = 1, 2, . . . , 2s - 1) c o r r e s p o n d to the points on 
the v e r t i c a l ax is with o r d i n a t e s i and - i , r e s p e c t i v e l y . The l ines of 
G. m a y now be d rawn (for ins t ance as s t r a i gh t l ines) without caus ing 

i n t e r s e c t i o n s . 

F r o m the g r a p h s G , . . . , G , r e p r e s e n t e d as above, we f o r m 

g r a p h s H , . . . , H , r e s p e c t i v e l y , as fo l lows: 
1 s 

(i) If s ^ 4 we in t e rchange in G. (j = 1, 2, . . . , s - 3) the pos i t ions 

of the d a r k poin ts (4j + 1) and (4j + 2 ) , and in G the pos i t ions of the 

d a r k poin ts 1 and 2. If s = 3 we in t e rchange in G the pos i t ions of 

the d a r k points 8 and 9, and the pos i t ions of the da rk points 10 and 
1 1 . (In each c a s e the d a r k points that a r e in te rchanged , a r e joined to 
the s a m e se t of light p o i n t s . ) 

(ii) The d a r k point (4s - 1) i s i n se r t ed in G and joined to the 

light poin ts 1 and 2, while the d a r k point (4j - 4) i s i n s e r t e d in 
G. (j = 2, 3, . . . , s - 1; s > 2) and joined to the light points 2s and 

(2s + 1 ) if j is even, and to the light points 1 and 2 if j is odd. 

(iii) The p a i r s of l ines i n se r t ed as above in G , , G G t appea r 
1 2 s -1 

in G , G , , G . . . . , G ^ r e s p e c t i v e l y , f rom which they a r e now r e m o v e d , 
s 1 2 s-2 

It m a y be checked that each g raph H. (j i- s - 1) conta ins an oc tagona l 
r e g i o n . F o r j = 1, 2, . . . , s - 2 , the boundary of the oc tagona l r eg ion 
conta ins the da rk points (4j - 2), ( 4 j - l ) , 4 j , ( 4 j + l ) ; and for j = s, the 
d a r k po in ts ( 4 s - 3 ) , (4s - 2), (4s - 1), 1. 

We now pos tu l a t e a new light point P and f o r m g r a p h s 
I, (k = 1, 2, . . . , s + 1) as fo l lows: In each H. (j ^ s - 1) we i n s e r t P 

k J 
in the oc tagonal r e g i o n of H. and jo in it to the four d a r k points o c c u r r i n g 

on the boundary of the oc tagona l r eg ion to f o r m the g raph I . . In H 
J s -1 

we i n s e r t P in the r e g i o n be tween the d a r k points (4s - 6) and (4s - 4), 
and jo in it to t hese two d a r k points to f o r m I , . The g r aph I 

s -1 s +1 
c o n s i s t s of the s ingle line joining P and the d a r k point (4s - 5). 

C lea r ly the g r a p h s I (k = 1, 2, . . . , s +1) a r e p l ana r and the i r 

union is the g raph (Y). 

3 . Conclus ion. Under the l ex icograph ic o r d e r i n g of the couples 
(s , R) the g r a p h s K(m, n) for which (2), or equivalent ly (1), is 
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satisfied^, b e c o m e l i nea r ly o r d e r e d . With r e s p e c t to th is o r d e r the 
s m a l l e s t g r aph which is not of the f o r m (X) or (Y), is the g r a p h 
K(13, 3 7) (s = 5, R = 3). We have found a c o n s t r u c t i o n showing that 
this g r aph is 6 - m i n i m a l . The next l a r g e r such g r a p h s a r e K(19, 91) 
(s = 8, R = 3), K(21, 61) (s = 8. R = 5) and K(25, 41) (s = 8, R = 9) . 
We do not know if t h e s e g r a p h s a r e 9 - m i n i m a l . It would be of i n t e r e s t to 
know if a l l the g r a p h s K(m, n) sa t i s fy ing (1) a r e (s + 1 ) - m i n i m a l and 
if a l l (s + 1 ) - m i n i m a l g r a p h s K(m, n) sa t i s fy (1). 

Added in proof: The s a m e r e s u l t (with a d i f fe ren t c o n s t r u c t i o n used) 
has appea red in ( A . M . Hobbs and J . W. G r o s s m a n , A C la s s of T h i c k n e s s -
M i n i m a l G r a p h s , J. R e s . Nat . B u r . S t a n d a r d s . 72(B) (1968) 145-153.) 
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