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Abstract

We investigate certain norm and continuity conditions that provide us with ‘unique Hahn-Banach The-
orems’ from P ("cy) to FP("Ly) and from Py ("E) to Py("E"). We show that there is a unique
norm-preserving extension for norm-attaining 2-homogeneous polynomials on complex ¢q to £ but
there is no unique norm-preserving extension from F(%c;) to P (*Ly).

2000 Mathematics subject classification: primary 46G25, 46A22.

1. Introduction

The problem of extending (continuous) homogeneous polynomials from a subspace
of a Banach space to the entire space was first studied by the first author and Berner
[1] in 1978. (The definition of homogeneous polynomial on a Banach space and
other related concepts are reviewed below.) They showed that in contrast to linear
functionals, extensions of homogeneous polynomials may not always exist. However,
it was also shown that for all n, every n-homogeneous polynomial P on a Banach
space E extends to an n-homogeneous polynomial P on its bidual E”. It is this class
of extensions which has received most attention to date (see [1, 4, 5, 8,9, 13, 17]).

It was not until 1989 that Davie and Gamelin {5] showed that a ‘true’ Hahn-Banach
extension theorem holds in this situation, by proving that [Pl = ||I~’|| gr. The
purpose of this article is to examine the following question: Under what conditions do
we have a unique extension for spaces of homogeneous polynomials? We will look at
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extending homogeneous polynomials from ¢, to £, in Section 2. In Section 3, we will
show that in order to have a unique Hahn-Banach Theorem it is necessary not only
that the norm of a homogeneous polynomial over £, be equal to its norm over ¢, but
that the norms of all its derivatives at every point when taken over £, coincide with
the norms of the corresponding polynomials when taken over ¢,. Finally, in Section 4,
we examine norm-preserving extensions of nuclear polynomials from an M-ideal E
to its bidual.

We collect here some basic definitions which will be needed in the rest of the paper.
Most of this material can be found, for example, in [7]. Given a Banach space E we
shall use B to denote the closed unit ball of E. Wesaythat P : E —~ K = RorCisan
n-homogeneous polynomial if there is a continuous n-linear formA : Ex---xE — K
such that P(x) = A(x,...,x)forallx € E. We shall use (" E) to denote the space
of all n-homogeneous polynomials on E. Note that a 1-homogeneous polynomial is
justalinear form. An application of the polarization formula yields the fact that there is
a one-to-one correspondence between n-homogeneous polynomials P and symmetric
n-linear forms P such that P(x) = 15(x, ..., x). The canonical extension P E" >
K of an n-homogeneous polynomial P : E — K is given by means of the extension
of the corresponding n-linear form A: For an n-tuple (z;,... ,2,) € E” x --- x E”,
define A : E" x --- x E" - K by Az, ... ,Zn) = limg, - -limg, A(xg,, ..., Xq,),
where each (x,,) is a net in E which converges to z; in the weak* topology. Although
the definition of A (z1, ... , z,) depends on the order in which one calculates the limits,
the definition of the extended polynomial, P(x) = A(x, ... , x), is independent of the
order used (see [7, Section 6.2] for further details). An n-homogeneous polynomial
P is said to be nuclear if there exists a bounded sequence (¢;) C E’ and a sequence
(A;) € £, suchthat P(x) = Zj’il A;j¢}(x). Givena nuclear polynomial, we define its
nuclear norm || P||y = inf { Z“;l |A; g 1" 2 P(x) = Z;’;l Aj¢i(x)all x in E} We

i
use Xy ("E) to denote the space of all n-homogeneous nuclear polynomials on E.

2. Unique norm-preserving extensions from ¢, to £,

A Banach space E is said to be an M-ideal in its bidual, E”, if E" is the £, sum of
E’and E*+ = {¢ € E” : ¢|z = 0}; that is, every continuous linear functional ¢ on E”
can be written as

¢ =¢ + ¢,
¢| e E', ¢2 € EJ", with

ol = ligull + ligall-

It is immediate from this definition that when E is an M-ideal in its bidual that every
continuous linear functional on E has a unique norm preserving extension to E”.
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In particular, since ¢y is an M-ideal in £, (see [11]), every continuous linear
functional on ¢y has a unique norm preserving extension to £,. In this section we
examine the extent to which this result carries over to n-homogeneous polynomials on
¢o when n > 1. We shall distinguish between the real and complex cases.

In the real case for every n > 1 the polynomial P(x) = x! — x[2¢?, where
x = (x,x2,...),¢ € ¢, 0 < [l¢|l < 1,isanorm-preserving extensionof Q(x) = xr,
x = (x1,X2,...), to £ which is different from x” on €. In particular, x2 — ¢? is a
norm-preserving extension of x? to €.

In the remainder of this section, we shall study the more complicated complex case,
with different results depending on the degree of the space of polynomials. We shall
begin by considering homogeneous polynomials of degree at least three, and for this
the following lemma will be useful.

LEMMA 1. Let n > 3 be a positive integer. Then |1 + w|” + 2|1 — w|"~! < 2%, for
alweC lw|=1.

PROOF. Let x = |l + wjandy = |1l —w)]. Then0 < x <2and x>+ y? = 4
(consider the triangle with vertices 1, —1 and w in the unit circle). Then

1+ wl"+2]1 —w|" ' =x"+2(4 —x2)""V72,

Hence it is enough to show that
x" + 2(4 _ x2)(n—-l)/2 < 2n’

for 0 < x < 2. By dividing both sides by 2" and setting t = x /2, it is equivalent to
show that

fO=1r"+1-H"P2 <y,
for0 <t < 1. Since
r+ A=) <P+ (11,
for every ¢t € [0, 1] and since
2}%‘3 +(1-)=1,

we conclude that
fO="+1-H"" <1 O

Let n > 3 be an integer and consider the polynomial P on ¢, defined by
P(x) = (x1 +x2)",

x = (x1,x2,...). Then | P|| = 2" = P(e; + ;).
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We define 13, on £, by
Pi(x) = (x, + x)",

x = (xy, xa2,...). Itis clear that 131 is a norm-preserving extension of P.
Define P, € (") by

Py(x) = (xy +x2)" + 2001 — x2)" ' (x),

x = (x;,x2...,), where ¢ is a Banach limit functional on £, of norm at most 1 such
that ¢ (1, —1,1,...,) = 1. Then clearly we have that P,|, = P and since

Py(l,—1,1,1,...) =2",
we have that ﬁl # 132. Fix x = (x¢)« in By_. By the maximum modulus theorem we
have

sup | Py(z, w, x5, Xa, ... )|

lzl< 1 wi<l

= Ssup |P2(Z7 w,X3,X4,...)| =< sup |Z+w|n+2|2_w|"—l

fzl=lwi=1 f2l=lwl=1
sup 2+ wl" +2|z—w|"“ = sup ’1+w‘"+2|1 w
=hoi=t 12| [z}t J2l=lwl=1 k4 z

= sup |1 + w|" +2{1 —w|*"".
lwi=1
Applying Lemma 1 we see that || f’2|| is also equal to 2". This shows that for each
n > 3 on complex ¢, we are able to find an n-homogeneous polynomial which does
not have unique norm-preserving extensions to £,.

Let us turn to the case of 2-homogeneous polynomials on complex ¢,. Since every
n-homogeneous polynomial on ¢, is weakly continuous on bounded sets [3, 14] it
follows from [6] that the monomials of degree n, with the square ordering, are a
Schauder basis for 2("cy). Thus any P in & (*¢,) can be written as

Px) = Z (Z a,-,-x,-x,—) .

i=1 \j=l1

We shall say that P is finite if there is an integer n so that

Px) = Z (Z a,jxix,-) .

i=1 \j=I1

PROPOSITION 2. A 2-homogeneous polynomial P on complex c, is norm-attaining
if and only if it is finite.
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PROOF. If P is finite we can regard it as a 2-homogeneous polynomial on £7, and
so it will attain its norm. Conversely suppose P attains its norm at xo = (A;);en-
Without loss of generality we shall assume that || Pl = 1. LetJ = {j e N: |A;]| = 1}.
Since xq € ¢y, J is finite. By change of variable and rearrangement of indices we may
assume that J = {1,2,... ,n}, Ay =X, =--- =1, =l and that |A;| > |A; ]| for all
Jj- Given any y in B, of the form

y = (01"- ;Otyn+l9yn+27"')9
n-times

forevery A € C, [A\| = 1 — |JA,44], we have that

P(xo+ Ay) = P(xo £ Ay, xo £ Ay) = P(x0, X0) £ 2P (x0, Ay) + P(Ay, Ay)
=14 2AP(xg, y) + A*P(y),

has modulus at most 1, and thus
11+ A2P(y)| < 1.

Choosing A so that A*P(y) is purely imaginary we conclude that P(y) = 0. In

particular we get that P(0,0, ... ,0, A1, Apyz, ... ) = 0. We also have that I;(xo, y)

is O for all y of the above form. Taking y = (0,0, ... ,0, X,;,, Any2, ... ) We see that

P((1,1,...,1,0,0,...),(0,0,...,0, Aps1, Apsa, ...)) = O and therefore we have

that P(1,1,...,1,0,0,...) =1. Letz; = (1,1,..., 1) and define z,, z3, ... , 2, by
—————

n-times

o=U0,-n+1,1,1,...,1),
z=0,1,-n+11,...,1),

z=,1,1,...,1,—=n+ 1).
Since
1 1 &
(xl,xz,---,Xn)=—(x1+x2+"'+xn)21+—2(x1-Xj)Zj»
n n =
{z1, 22, ..., z,} forms a basis for C". For j = 1,...,n, define Z; in ¢g by z; =

(z;,0,0,...). Repeating the argument given above we see that P(E;, y)=0.
For any (x;, x2, ..., x,) in C" we have

P(xl,X2, cee s Xns Y41 Yny2s )

2L .
= P(x, %z ... ,x,,,O,...)+;Z(x, —x))P(@, y).

i=2
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Setting 2/nf’(2,-, -) = V¥; € ¢, we can write this as

P(xl,X2, ,xm}’n+l,}’n+2, ~--)

= Py xg o X0 0, ) 4 D (6 — X)) ().

j=2

We will show now that ¥, = 0. The same argument will work for any j > 2.
Setx; =1,x, =¢?, andx; = 1 forj > 2. Then

P(Le 1, .. 1, Yagts Yngze - )=P(1,€% 1,...,1,0,0,.. )+ (1 =) (y).
Since || P|| = 1 and since we can vary the argument of y independent of 6 so that
IP(1,e”, 1,...,1,0,..)|+ 11 —e’lya(y) < 1
for all y of norm at most 1, we obtain that
IP(1,e%,1,...,1,0,..)] + |1 — ’lllyll < 1.
Let f(0) =|P(1,€%,1,...,1,0,...) and g(8) = |1 — €"|. Then we have

1-£(9)

£©)
for all 6. Since P is a continuous 2-homogeneous polynomial it is (complex) differ-
entiable. Therefore we have that the functions

¥l <

eR—> (ReP(1,e% 1,...,1,0,...),ImP(1,¢% 1,...,1,0,...)) € R?

and
(x,y) e RZ\ {0} » V/x2+y? e R

are differentiable. Since P(1,¢€%,1,...,1,0,...) — 1 as @ — O their composition,
S, is also differentiable at 8 = 0. Since P has a local maximum on the unit sphere
at @ = 0 we have limg_of'() = 0. Since g(8) = [2(1 — cos8)]'? = 2sin(6/2),
lim,_q g'(6) = 1. Applying L’Hospital’s rule we have ||y, || <limy_of'(0)/g'(6)=0.
Thus ¢, isOforj = 2,..., n and hence P depends only on finitely many variables.

d

REMARK. The corresponding result for homogeneous polynomials on ¢; of degree
greater than 2 fails. Lemma 1 can be used to show that the k-homogeneous polynomial

P(x) = (1 +x2) 4200 —x*™ ) (3F),

j=3

k > 3, attains it norm, yet is not finite.
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Let us now consider norm-preserving extensions of 2-homogeneous polynomials
from complex ¢y t0 €. A straightforward adaptation of the argument given in
Proposition 2 yields the following result.

PROPOSITION 3. Every 2-homogeneous norm-attaining polynomial on complex ¢,
has a unique norm-preserving extension to £ .

A Banach space E with the property that every linear functional on E has a
unique norm preserving extension to E” is said to be Hahn-Banach smooth (see
(11, 16]). In [15] Smith and Sullivan introduce the weaker concept of weak Hahn-
Banach smoothness by requiring that every norm attaining linear functional on E has
a unique norm preserving extension to E”. Thus we see that complex ¢, is ‘weakly
Hahn-Banach smooth’ of degree 2 but not of degree 3 or higher.

The argument in Proposition 2 can be easily modified to show that every 2-
homogeneous polynomial on £ has a unique norm-preserving extension to £._, where
2 <k < I. Using Lemma 1 we can show that for n > 3, the two polynomials P, and
P, on €., defined by

Pi(x) = (x) +x5)"
and
Py(x) = (x4 x2)" + 206 — x)" ',

are distinct norm preserving extensions of the polynomial
P(x) = (x1 +x)"

on &% .

We are unable to determine if every 2-homogeneous polynomial on ¢, has a unique
norm-preserving extension to £,,. However, we do know that there are 2-homogeneous
polynomials on ¢, which do not attain their norm and yet do have unique norm-
preserving extensions to £,. For example, consider any polynomial P on ¢, of the
form

oC
P(x)=) aux
n=1

Let us suppose that this polynomial does not have a unique norm-preserving extension
to £,,. We may suppose that P has norm 1 and, by change of variable x, — €%x;,
that all of the a,’s are real and non-negative. Then there is Q € #(*¢,,), Q vanishing
on co, such that P + Q is a norm-preserving extension of P to £,. Suppose that
@l > & > 0. Let € = §/20 and choose an integer n, so that || P|c-|| > 1 — € for all
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n > ny. Let u be a vector in C” of the form u = +¢; £ e, £ --- + ¢,. Then for any y
in B, of the form (0, ..., 0, yai1, Yas2, ... ) We have

(%) P(utry) = P(u) £ X2P(u, y) + A2P(y).

The standard ‘trick’ (pick A so that Azﬁ(y) is real and positive) gives that IIB(y)I <e.
Replacing A by i and adding to (x) gives that

P(u) + (1 £ DAPu, )
has modulus at most 1. Thus lﬁ(u, y)| < €. We also have
(P + Q) (utry) = P(u) £20P(u, y) £ 22 Qu, y) + A2P(y) + A20(y).

Since ||13 + Q|| < 1 we have that |1§(u,y) + Q(u, y)| < € and [f’(y) + Q)| <e.
Hence | Q(u, y)| < 2¢e and | Q(y)| < 2e.
We now make two observations:

1. Suppose that B : R™ x £, — R is a continuous bilinear form (where R™ has
the supremum norm), such that for all choices u = +e; £ e, £+ --- £ ¢,, and for ali
vy € £, Iyl < 1, we have |B(u, y)| < €. Then, in fact for all x € R™, ||x|{ <1 and
forally € o, llyll < 1, |B(x, y)| <e.

2. Suppose that B : ™ x £, — C is a continuous bilinear form such that for all
x € R™, |Ix|lm < landforally € £, lyll < 1,|B(x, y)| <e. Then || B|| < 2e (see
for example [12]).

To conclude the argument, let z be a point of £, of norm at most 1. We can write
zasz =x + y, where x is in B;’i and y is of the above form. Then

10()] <210, )| + Q)| < 10 = 8/2

which contradicts our assumption that || Q| > 6.

3. Characterizations of the canonical extension and norm-preserving
extensions

We have seen in the previous section that, at least for homogeneous polynomials of
degree 3 or greater, the canonical norm-preserving extension from £ ("¢y) to 2 ("{)
is not unique. In this section we shall examine other properties that characterise the
canonical extension from 2 ("cy) to P("ly).

Let us begin with the following question. If P is an n-homogeneous polynomial
on £y and || P)| = || P|,|l. what can we conclude about P?
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PROPOSITION 4. If P € P ("Ly,) satisfies || Pl = || Pl |l, then P is weak* continu-
ous on bounded sets at 0.

PROOF. Given y € € and k € N we define o, (y) = (@ (¥))X, € €o bY

yi ifi<k
a"(y)’:{o ifi>k
and i (y) = (@ ()2, € € by
0 ifi<k
()i = [_yi if i > k.

We begin by showing that if || P|| = || Plll, then limy_, » || Pl,,(5,.,/l = O. Let
us suppose that this condition does not hold. Then there is C > 0, an increasing
sequence of positive integers (k,).en and a sequence of points (¥,).en in Be,, 5o that
|P (e, (ya))| > C. Choose € > 0 so that € < C?/(4]|Plell}). Since (en)nen is
a Schauder basis for ¢y, we may choose a € B,, and a positive integer no so that
|P (g (@) > | Pl ll — €. Then {a,,(a) + Ay, (Yny) * |A] < 1} is contained in B,_.
Furthermore, by [7, Lemma 1.9 (b)], we have that

IPI? = sup | P (et (@) + Aty Gu)) = | P(@no (@) + | P(r,, (¥r))I*

A=<t

> (| Ple Il = €)* + C* > | P, 1> + C*/2,

a contradiction.

Now let us use this condition to show that P is weak* continuous on bounded sets
at 0. Suppose that (xz);s is a bounded weak* null net in £, which we may suppose
without loss of generality is contained in B, . Given € > O there is no € N so that
| Play (8 il < €/2. Then

IPCxp)| = 1P (g () + g (k) < D (,n) | B (@i (x) (@, (Be,))"™ .
j=0

Since (xp)g is weak® null, (o, (x5))g is a null sequence in £,. Therefore, we may
choose B, so that

B @35 @BV | < 5
. no\A g no (29 l = 9j+2

for B > Byandall j,0 < j < n. This implies that | P(xg)| < € for 8 > fy and so P
is weak* continuous on bounded sets at 0. 0
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Using Proposition 4 we get the following ‘unique Hahn-Banach Theorem’ for the
space of n-homogeneous polynomials on ¢, extended to ¢,,. The conditions in this
theorem are analogous to those given in [17, Theorem 2], in which a characterization
is given of when an analytic function on E” is the canonical extension of an analytic
function on E. Our condition is a weak* continuity condition on P whereas Theorem 2
of [17] is a weak* continuity condition on the first derivative of P.

THEOREM 5. For P € (") the following properties are equivalent:

(1) P is the canonical extension of an n-homogeneous polynomial on co.
(i1) P is weak* continuous on bounded subsets.

d P
)

(iii)

for every x in €, and every integer j, 1 <j <n.

o

PROOF. It follows from the Littiewood-Bogdanowicz-Pelczyiniski Theorem (see [3,
14]) that every n-homogeneous polynomial Q on ¢, is weakly continuous on bounded
sets. Applying [2] we see that Q is also weakly uniformly continuous on bounded
sets and in particular on B,,. It therefore follows from Goldstine’s Theorem that there
is a unique weak* continuous extension, Q of Qto B, . Given& € B,_we apply [5]
to get a net (x, ), in B,, such that for each positive integer k and for each R in 2 (*¢),
(R(x4))q converges to R(E) In particular, (x,) converges weak* to £ and (Q(x,,)),,
converges to Q(E) Since Q is weak” continuous on B,_, (Q(x,)), converges to Q(E )
and hence Q Q. Thus (i) and (i1) are equivalent.

Now suppose that (ii) holds. By the Polarization Formula it follows that (@ P JiDx)
is weak* continuous on bounded sets for every x in £, and each positive integer j,
1 < j < n. By Goldstine’s Theorem, B, is weak* dense in B,_, from which (iii)
follows.

If (iii) holds, then it follows from Proposition 4 that (c?f P/jD(x) is weak* contin-
uous on bounded sets at O for every x in £, and for every integer j, 1 < j <n. If
(xq)q 1s a bounded net which converges weak* to x in £, then (x — x,), is weak*
null. We now see that

. d' P .
Px)—P(x) =) C)j—,(xxx —xo)"
j= |

converges to 0 proving that P is weak* continuous on bounded sets. O

We have seen that there are homogeneous polynomials on ¢, which do not have
unique norm preserving extensions to £,,. Motivated by Godefroy [10] we shall now
give a criterion for a polynomial to have a unique norm preserving extension. In
fact, this characterization holds for every Banach space E such that E” has the metric
approximation property. (Recall that F is said to have the metric approximation

https://doi.org/10.1017/51446788700002408 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002408

[11] Unique Hahn-Banach theorems 397

property if for every € > 0 and every compact set K C E, there is a finite rank
continuous linear operator T : E — E, ||T|| < 1, such that || Tx — x|| < € for every
x € K.) The linear version of the following theorem is due to Godefroy [10] (see
also [11]).

THEOREM 6. Let E be a Banach space such that E” has the metric approximation
property and P € Z("E) have norm 1. Then the following are equivalent:

(i) P has a unique norm preserving extension to E".
(i1) If (Py)e is a net in Bpng) which converges pointwise to P, then (Py(x)),
converges to P(x) for every x in E”.

PROOF. Suppose that (i) holds and that (P,), is a net in Bgg, which converges
pointwise to P. Since Bg £ is compact for the compact-open topology, for every
subnet (Pg)g of (P,), we can find Q € Bargry and a subnet (P,), so that f’y(x)
converges to Q(x) for every x in E”. Since (13,),, isin Bp g+ and (P,), converges
pointwise to P, Q is a norm preserving extension of P and therefore by our assumption
@ must be equal to P.In particular, (P (x))a converges to P(x) for all x in Bg» and
so (ii) holds.

Conversely, suppose that (ii) holds and that P € P("E") is a norm preserving
extension of P. We may write PasP =P+ Qwhere Q € {R € #("E") : R|g = 0}.
Since E” has the metric approximation property, usmg [4, Theorem 4.4] we can find
anet (P,)y in Baxg) so that (B, (x))s converges to P(x) for every x in E”. Clearly
(Pa)a converges pointwise to P on Bang). By our assumption ( P,(x)) converges to
P(x) for all x in E” andso P = P. O

The canonical extension P — P may be viewed as an isometry from £ ("E) into
P ("E"). Condition (ii) of Theorem 6 may be regarded as saying that the restriction
of this function to B, is pointwise-to-pointwise continuous at P.

4. Unique norm-preserving extensions of nuclear polynomials

In this section, the Banach space E will be either real or complex, and we will
examine the question of unique norm-preserving extensions of nuclear polynomials
from a E to E”. Let us begin with the observation that the canonical extension is
a norm preserving extension from (Py("E), || - llx) to (Pv("E”), |l - |lx). To show
this, given any P in (Py("E), || - |lv) and € > 0, choose a representation Z:il Y
of Psothat ) .7, [Aclllgell® < | Pllv + €. Since Y_,-, A@f is a representation of the
canonical extension P, we have that

[o.o]
1Pln <Y IMellidell” < IPlly + €.

k=1
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Hence || P v < |IP|ly. Conversely, we can choose a representation Z:il wepg of P
so that 3 o Il vll® < IPlly + €, where ¥, € E”. Then we have

oo o0
1Py + €= D vl = D Ll 19l ell” = 1Pl

k=1 k=1

and therefore || Py > | Plly-
The following is a partial answer to the question: When do we have a unique
norm-preserving extension from Py ("E) to Py ("E")?

PROPOSITION 7. Let E be a Banach space which is an M-ideal in its bidual. Then
the canonical extension is the unique norm preserving extension from Py("E) to
Py("E").

PROOF. Let Q be an extension of P which is not equal to P. We will show that
I Qllx > I Pllx. Since Q # P, thereisy € E”, |ly]] = 1, so that

|Q(y) — P(y)| =8 > 0.

Choose a representation Y o, M@ of Q so that 3 o A |ldell” < 1 Qliv + 8/2,
where each ¢, € E”. Then

§=100) — PO) =Y hte(¥)" — D hey(eule)”

k=1 k=1

< ) el — y(¢ule) -
k=1

Since E is an M-ideal in E” we have ¢, = ¢;|r + ¢, with ¢ in E* and ||¢|| =
lolell + llge|l. Therefore,

|Ak| |(y(@le) + o))" — y(@xle)"]

(Z <J)”¢*'E”"" ot ”,)

It [(lelell + )" — lgul "]

K ”['\/\18 TFMR

x~
I

el gell” = D" Ihlligelell” < 11 Qllw +8/2 = | Pl

1 k=1

il
M8

>~
I
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This means we have that
IQlx = 1Py = 8/2>0

which completes the proof. O

In particular, for each n € N, each nuclear polynomial on ¢, has a unique nuclear
norm preserving extension to £.
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