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Abstract

We extend the modularity lifting result of P. Kassaei (‘Modularity lifting in parallel weight one’,
J. Amer. Math. Soc. 26 (1) (2013), 199-225) to allow Galois representations with some ramification
at p. We also prove modularity mod 5 of certain Galois representations. We use these results to
prove new cases of the strong Artin conjecture over totally real fields in which 5 is unramified.
As an ingredient of the proof, we provide a general result on the automatic analytic continuation
of overconvergent p-adic Hilbert modular forms of finite slope which substantially generalizes a
similar result in P. Kassaei (‘Modularity lifting in parallel weight one’, J. Amer. Math. Soc. 26 (1)
(2013), 199-225).

2010 Mathematics Subject Classification: 11F33 (primary); 11F41, 11F80 (secondary)

1. Introduction

The work of Buzzard and Taylor [6] beautifully combined methods of Wiles and
Taylor (a la Diamond [11]) with a geometric analysis of overconvergent p-adic
modular forms to prove a modularity lifting result for geometric representations
of Gal(@/ @) which are split and unramified at p. Combined with the works of
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Shepherd-Barron, Taylor, and Dickinson, these ideas came together in [5], where
a program laid out by Taylor came to fruition in proving many cases of the Artin
conjecture over Q. Later, Buzzard generalized the results of [6], allowing the
Galois representation to have ramification at p, and these results were used by
Taylor to prove more cases of the Artin conjecture.

In [19], the first-named author proved a generalization of the main result of
Buzzard and Taylor [6] over a totally real field in which p is unramified. In
[27], Pilloni proved a generalization of this result in the case where p is slightly
ramified in F. In both works, the Galois representation is assumed unramified at
p- In this work, we generalize the result of [19] allowing some ramification at p
for the Galois representation in question.

To explain our method, let us first give a brief description of the proof in [19].
At the heart of the argument in [19] lies the proof that a collection of weight-
one specializations of Hida families are all classical Hilbert modular forms by
analytically extending them from their initial domains of definition to the entire
Hilbert modular variety 2),, of level I'7(N) N I3(p) (where N is prime to p).
This analytic continuation is done in two steps. First, one proves that every finite
slope overconvergent Hilbert modular form will automatically extend to a region
R inside 2),,, a region considerably larger than the locus of definition of the
canonical subgroup, V,,,, over which one could previously perform automatic
analytic continuation (see [15]). In the second step, using a gluing argument, one
shows that a linear combination of the weight-one forms at hand extends to a yet
bigger region R C @‘rffl C Qi Which contains a region saturated with respect
to the forgetful map 7 : 9, — X, to the Hilbert modular variety X, of level
I'i(N). It is, then, proved that this linear combination descends under the map
7 to a region %'rfg‘gl = n(f{):glgl) C X, over which a rigid-analytic Koecher
principle can be applied to extend the descended form to the entire X;,. The point
is that, while R and 2]‘;51 are not large enough to make the application of the
Koecher principle possible, their images under 7 are.

In the setting of this article, we can no longer descend the forms to level I'|(N),
and, hence, we must prove a more optimal analytic continuation at the level of
Dig itself. In this work, we prove that every finite slope overconvergent Hilbert
modular form extends to a region X' which is vastly larger than R, a region only
slightly smaller than the tube of the ‘generic’ locus of the special fibre Y (in
codimension <2), defined in terms of the stratification of ¥ studied in [15].

THEOREM 1.1. Any overconvergent Hilbert modular form of finite slope (at all
primes above p) extends analytically to

z= J wer

codim(W)=0,1
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where W runs over strata of Y (defined in [15)) of codimension 0, 1, W8 is the
generic locus of W defined in Definition 2.5, (W¥") is the tube of W in ),
and We' [ C (W2¢") is an admissible open subset defined in Definition 5.6.

This provides the strongest automatic analytic continuation result for
overconvergent Hilbert modular forms in the literature so far, and is of
independent interest besides the applications explored in this article. This is
done in Section 5.

To explain the second step of the proof, let us assume that the prime p is inert
in F, for simplicity. In this case, the collection of weight-one overconvergent
forms consists of two forms, say f, g, each of which can be extended to X' by
the first step. Let w be the Atkin—Lehner involution on )y;,. To further extend f,
we want to glue f defined on X' to a scalar multiple of w(g) which is defined on
w~'(X). This would extend f to ¥ U w~!'(X). The main difficulty in this step,
compared to the elliptic case, is that ¥ Nw~! (X)) has many connected components
which need to be controlled. A detailed analysis of these connected components
is carried out in Section 6; it utilizes the geometry of intersection of irreducible
components of strata on Y provided by [15]. Another complication, essentially
due to the existence of totally positive units in F, is that f may, in fact, not be a
scalar multiple of w(g), and a replacement for g has to be constructed.

The third step of the analytic continuation requires a close study of the
stratification on Y, which is carried out in Section 2. Using these results, one
shows that the complement of X U w™!(X) in 2:ig has codimension at least 2 in
reduction mod p. It follows that f automatically extends from X N w~!(X) to
the entire ), by the Koecher principle. We should mention that there are smaller
choices of X that make this last step work fine. However, the region X' defined
above is chosen such that the connected components of X N w~!(X) are well
behaved: we show that every such connected component contains a region which
is saturated under ; this is essential for carrying out the gluing process described
above. The above analytic continuation results allow us to prove the following.

THEOREM 1.2. Let p > 2 be a prime number, and F a totally real field in which
p is unramified. For any prime ideal p|p, let D,, denote a decomposition group of
Gal(@/F) at p, and I, the inertia subgroup. Let p : Gal(@/F) — GL,(O) be a
continuous representation, where O is the ring of integers in a finite extension of
Q,, and w its maximal ideal. Assume the following.

e p is unramified outside a finite set of primes.
e For every prime p|p, we have

Pip, =ap @ Py,
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where ay, B, : D, — O* are characters distinct modulo m, and a,(1,) and
By (1,) are finite, and a, / B,, is tamely ramified.

e p = (p mod m) is ordinarily modular; that is, there exists a classical
Hilbert modular form g of parallel weight 2 such that p = p,(mod m) and
P, is potentially ordinary and potentially Barsotti-Tate at every prime of F
dividing p.

e p is absolutely irreducible when restricted to Gal(@/ F(,)).

Then, p is isomorphic to py, the Galois representation associated to a Hilbert
modular eigenform f of weight (1,1, ..., 1) and level I'|(Np), for some integer
N prime to p.

REMARK 1.3. We can handle the case where o, /B, has arbitrary ramification
provided there is an integral model, not necessarily having any moduli
interpretation, of the Hilbert modular variety of level I7(Np™) (for m > 1)
such that the forgetful map to level I'|(Np) is flat.

In the last two sections of the paper, we apply our results to prove certain cases
of the strong Artin conjecture over totally real fields. We first prove modularity
of certain Galois representations mod 5 following Taylor [42]. Combining these
results with Theorem 1.2, we prove new icosahedral cases of the strong Artin
conjecture over F' (generalizing the main theorem of Taylor in [42] to F while
removing conditions at 3 and 5 given there).

THEOREM 1.4. Let F be a totally real field in which 5 is unramified. Let
p : Gal(Q/F) — GL,(C)

be a totally odd and continuous representation satisfying the following
conditions:

e p is totally odd;
e p has the projective image As;

e forevery place p of F above 5, the projective image of the decomposition group
at p has order 2.

Then, there exists a holomorphic Hilbert cuspidal eigenform f of weight 1
such that p arises from f in the sense of Rogawski and Tunnell, and the Artin
L-function L(p, s) is entire.
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After the first version of this article was submitted to Arxiv, Pilloni and Stroh
[30] announced an unconditional proof of the strong Artin conjecture for degree
two totally odd Galois representations over F'.

1.5. Notation. Let p be a prime number. Let L/Q be a totally real field of
degree g > 1 in which p is unramified, O, its ring of integers, and 0, its different
ideal. For a prime ideal p of O, dividing p, let k, = O, /p, a finite field of order
p’e. Let « be a finite field containing an isomorphic copy of all k, and generated
by their images. We identify «, with a subfield of « once and for all. Let Q. be the
fraction field of W (x). We fix embeddings Q, C Q‘]‘f C @p. Let v, be the p-adic

valuation on @p so that v, (p) = 1.
Let S = {p|p} be the set of prime ideals of O, dividing p. Let

B = Emb(L, ch) = ]_[peg Bp»

where B, = {8 € B: 7' (pW(x)) = p}, for every prime ideal p dividing p. If
t|(p) is an ideal, we define By = U, IB,. We also set t* = (p)/t.

Let o denote the Frobenius automorphism of Q,, lifting x — x” on «. It acts
onB via 8 — o o §, and transitively on each B,. For § C B, we let S =B — §,
and £(S) = {0 ! o B: B € S}, the left shift of S. Similarly, define the right shift
of S, denoted r(S). We denote by |S| the cardinality of S. The decomposition

OL ®z W(k) = @D W),

BeB

where W (k)4 is W («) with the O, -action given by f, induces a decomposition,

M =P m;.

BeB

on any O; ®z W («)-module M.
Let N > 4 be an integer prime to p. Throughout the paper, we will fix a finite
extension K of Q, with residue field kg, and ring of integers O.

1.6. The Hilbert modular variety of level I'1(N) N I(p). We denote by X
the Hilbert modular scheme of level 'y (N) over Spec(Og), and by Y the Hilbert
modular scheme over Spec(Og) of level I''(N) N Iy(p). The base extensions
of X and Y to Spec(K) are denoted by Xk and Y, respectively. The connected
components of X and Y are both in natural bijection with the set of strict ideal
class group cl; . For a representative (a, a*) of c/;", we denote the corresponding
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connected component of X (respectively, Y) by X, (respectively, Y,). We apply
the same convention to other variants of X and Y appearing in this paper. Let
X and Y be, respectively, the special fibres of X and Y, X and ) the formal
completions of X and Y along their special fibres, and X,;; and )4, the associated
rigid analytic generic fibres over K. By abuse of notation, we always denote by
7 the natural forgetful projection from level 17 (N) N I(p) to I'1(N) in various
settings, for example, 7w : Y — X, 7w : Q) — X, 7w : Dy = Xiip-

Let A" be the universal abelian scheme over X, and ¢ : X — A" be the
unit section. We put w = e*§2 qmv,x. This is a locally free (Ox ®z O)-module
of rank 1, so that we have a canonical decomposition @ = @gepwp according to
the natural action of O, on w. For any k = (kg)sep € Z%, we put

®k,
(,()& = ®[;E[Ba)ﬁ b

We still denote by w, ws and * their pull-backs to Y via 7 or the corresponding
sheaves in the formal or rigid analytic settings.

We choose toroidal compactifications X and Y based on a common fixed choice
of rational polyhedral cone decompositions. We still denote by 7 the natural map
Y — X.There is a semi-abelian scheme A over X extending the universal abelian
scheme A", We denote by X and Qj the corresponding formal completions along
the special fibres, and by .’fng X 2 and erlg Y 2" the associated rigid analytic
spaces. For any k € ZB, the line bundle o* on X (respectively, on Y) extends to a
line bundle over X (respectively, Y), still denoted by ¥, by using the semi-abelian
scheme A over X (respectively, Y).

Let %ff; be the ordinary locus of X, that is, the quasi-compact admissible open
subdomain of X,;,, where the rigid semi-abelian scheme A*" has good ordinary
reduction or specializes to the cusps, and X3¢ = X3¢ N X,;,. Similarly, let
be the locus of 7! (%Ofd) where the finite flat subgroup H is of multiplicative
type, and let 9P erlg be the union of 2)"“‘ together with the locus of ang with

rig
reduction to unramified cusps.

1.7. The Hilbert modular variety of level I1(Np). Recall our fixed choice
of K, a finite extension of (Q,. We assume that K contains the pth roots of unity.
Let Zx be the Hilbert modular variety of level I'1(Np) over Spec(K), that is,
the scheme that represents the functor attaching to a K-scheme S, the set of
isomorphic classes of the 4-tuples, (A, A, iy, P), where

e A is an abelian scheme of dimension g over S with real multiplication by O, ;

e L: A — AYisaprime-to-p polarization compatible with the action of O ;
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o iy Uy Qg Dzl < A[N] is an O;-equivariant closed immersion of group
schemes;

e P : S — A[p]isasection of the finite flat group scheme A[p] of order p, such
that the O, -subgroup generated by P is a free (O, /p)-module of rank one.

We will often use the abbreviation A = (A, A, iy), and denote an S-valued point
of Zx simply by (A, P). Let H = (P) be the O -subgroup of A[p] generated
by P. We have a canonical decomposition H = ]_[peS H{[p] corresponding to the
decomposition O, /p = ]_[p s Or/p. We denote by P, the image of P under the
natural projection H — H|[p]. Then P, is a generator of H[p] as O -module, and
we have P =[], Pp. Let

a:Zxg —> Yg

be the map given by (A, P) — (A, (P)). The map « is finite étale of degree
HpeS(pfp —D.

We choose the same rational polyhedral cone decomposition as that of Y to
construct a toroidal compactification Zx of Zg. The morphism « extends to a
finite flat map o : Zx — Y. For any k = (kg)pen € ZF, we define w* on Zx to
be the pullback of w on Y under . 3

For uniformity of notation, we will denote Z¥', the rigid analytification of
ZK, by Sﬁg. We will continue to denote by « : Srig = Z“,“(“ — 17,'2" = @rig the
analytification of « : Zx — Yi. We set 3;’1‘; = Ot_l(@fg). The analytification
of the sheaf w* on Srig will be denoted by the same symbol.

1.8. An integral model of Zx. We will need the integral model of Zy over
Ok defined in [26]. Let H C A""[p] be the universal isotropic (O, /p)-cyclic
subgroup over Y. We have a canonical decomposition H = ]_[,J s H[pl, where
each H[p] = Spec(Opyyy)) is a scheme of one-dimensional (O, /p)-vector spaces
over Y. By Raynaud’s classification of such group schemes [32, 1.4.1], there exist
invertible sheaves L4 over Y, for each 8 € By, together with Oy-linear morphisms
Ag: L3 — Loogand Ty : Loo5 — L7 such that Ag o Iy and I'y o Ay are both
multiplication by p, and the Oy-algebra Oy, is isomorphic to

Syme, (@pealp) /(1 — A LE" 2 B € By).

In fact, L is the direct summand of the augmentation ideal Jy,) C Opyip), where
(O /p)* acts via the Teichmiiller character xz : (O /p)* — W(kg)*. Now we
consider the closed subscheme H’[p] of H[p] defined by the equation

(®perds — D(®pee Ly "™ ).

https://doi.org/10.1017/fms.2014.12 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2014.12

P. L. Kassaei, S. Sasaki, and Y. Tian 8

Explicitly, let U = Spec(R) be an affine open subset of ¥ such that

Hiplly = Spec(R)[Ty : B € By1/ (Tf — YoopToop : B € By),

with yg € R, for § € B,,. Then, we have

H'[plly = Spec(RIT; : B € B, 1) / T}~ YousToops [ T4 = [] s

BeBy BeBy

From this local description, we see that H'[p] is a finite flat scheme over Y of rank
p’» — 1. Weset H' := [], H'lpl.

PROPOSITION 1.9 ([26], 5.1.5, 2.3.3). The Y-scheme H' — Y represents the
Sfunctor which associates to each Y-scheme S, the set of (O /p)-generators of
H xy § in the sense of Drinfeld, Katz, and Mazur [21, 1.10]. Consequently,
the scheme H' is an integral model of Z over Ok, which is finite flat of degree
[Toes(p’» — 1) over Y.

In what follows, we will define Z := H’, and call « the natural map Z — Y.
For any k as above, we let * denote the pullback of w* on Y undera : Z — Y it
is an integral model for the restriction to Zx of the sheaf w* defined above on Z K-

We let 3 denote the formal completion of Z along its special fibre, and 3,
its associated rigid generic fibre. Therefore, 3, is the quasi-compact admissible

open subdomain of Srig where the universal HBAV has good reduction.

1.10. Atkin—Lehner automorphisms. We first define these automorphisms
over Y. Let S be an Og-scheme, and consider an S-valued point Q of Y
corresponding to (A, H) = (A, iy, A, H). We have a canonical decomposition
H =[], Hlgl. For any p € S, we put

wp(Q) = (A/HIpl, H'),

where A/ H [p] denotes the quotient of A by H[p] along with its induce PEL data
(as defined in [15, Section 2.1]), and H' = ]_[q H'[q], with H'[p] = A[p]/H [p]
and H'[q] = H[q], under the identification (A/H[p])[q] = Alq] for q # p. The
automorphisms w, for p € S commute with each other. For any 7' C S, we define
wr = [],; wy, and w = wg. In view of

w’(Q) = (1"[ wi) (Q) = (A, %, piy, H),

pes
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we see that each wr is automorphism on Y. The automorphisms wr extend
naturally to the chosen toroidal compactification Y. We still denote by wr the
automorphisms induced on Y Y, if)rig, etc.

We now turn to Zg. Let us fix an element ¢, which is an O, -generator of
G, ® Dzl)[p]. We define an automorphism w, on Zk for p € S as follows. Let
x = (A, P) be a point of Zx with values in a K-scheme S. For each p € S, the
prime-to- p polarization X induces a perfect O, -linear Weil pairing

(- )p: Alp]l x Alp] = (G,, ® 0, )[p].

Let ¢, : A — A’ = A/H[p] be the canonical isogeny, and let qASp A= A/Alp]
be the canonical isogeny with kernel A[p]/H[p]. Since H[p] is (automatically)
isotropic, the Weil pairing (-, -),, induces a perfect duality pairing

(-, g, : Ker(gy) x Ker(dy) = (G,, @ 0. D)p].

We define w, (x) = (A’, Q) = (A', X, i}y, Q), where A" and i, are respectively the
induced polarization and I'|(N)-structure on A’, and Q = ]_[qeS Q4 € A'[pI(S)
is given as follows. For q # p, we put

Qq = Py € A'lq] = Alp],

and Q,, is the unique point of Ker(qsp)(S) such that (P, Qp)g, = &p.

We see easily that wy, and w, commute for p, q € S, so that wr =[], w, is
well defined for any 7' C S. We let w = wg. Note that w2(A, A, iy, P) = (A, A,
pin, —P), since

{(Pps Oplg, (Qyp, Polg, =1

for any p € S. Since a certain power of w? is the identity, it follows that
each wr is an automorphism. The automorphism wr extends to the toroidal
compactification Z k. Via the natural projection « : Zx — Yi, the automorphisms
wr on Zg and Yg are compatible.

2. Preliminaries on the geometry of Y

In this section, we prove some results on the geometry of the special fibre of Y,
which will be useful in the analytic continuation process of later sections (see
Theorem 7.1).

2.1. Directional degrees and valuations. We recall the notions of directional
degrees introduced in [29, 43], and directional valuations defined in [15], and

https://doi.org/10.1017/fms.2014.12 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2014.12

P. L. Kassaei, S. Sasaki, and Y. Tian 10

discuss the relationship between the two notions. Let Q = (A, H) be a rigid
point of ijrig defined over a finite extension K’/ K.

Case 1. A has good reduction over Ok.. Then A and H can be defined over
Ok'. Let wy be the module of invariant differential 1-forms of H. We have
a canonical decomposition wy = Dy wn s, Where each wy g is a torsion
Ok-module generated by one element. So there exists ag € Ok such that
wup = Ok /(ag). We set

degg(Q) = degz(H) = v,(ag) € QN [0, 1].

Case 2. A has semi-stable reduction over Ok.. Then we have a canonical
decomposition H >~ HpeS H{[p] of group schemes over K'. Recall that A[p] has
a unique maximal O;-subgroup, denoted by A[p]*, which extends to a group
scheme over O of multiplicative type. We put, for all 8 € B,,,

1 if Hipl = Alpl*,

di =
8 Q) 0 otherwise.

We get therefore a parameterization of @ﬁg by the partial degrees [15, 29, 43]:

deg = (degy)pen : Vrig — [0, 11°.

For an ideal t of O, dividing (p), we have B = B, | [ B, and a decomposition
of rigid analytic spaces

erig - @rig = ]_[ (@rig - @rig)b

(p)ctcOL

where (Q:)rig — 2sig)¢ consists of points Q € i)rig — 2, with degﬂ(Q) = 1 for
B € Biand degg(Q) = 0 for B € Bys.
Using the additivity of partial degrees [43, 3.6], we have

1 —degys(Q) ifpeB,

: 2.1.1)
deg,(Q) it ¢ By

degy(w, (Q)) =

forany Q € @ﬂg andp € S.

DEFINITION 2.2. For Q € @rig and p € S, we define deg,(Q) = Zﬂemp degs(Q).

If I ={I, C [0, f,]:p € S}is amultiset of intervals indexed by S and V C ),
is an admissible open subset, we define

VI={Q eV :deg,(Q) € I,,Vp €S},

https://doi.org/10.1017/fms.2014.12 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2014.12

Modularity lifting results in parallel weight one: the tamely ramified case 11

which is an admissible open subset of V. Also, we put deg(Q) = ZpeS deg,(Q)
for Q € @rig, and, for an interval I C [0, g], we define

Vil = {0 € Vg : deg(Q) € 1}

We now discuss the relation to partial valuations vg(Q) defined in [15,
Section 4.2], using the mod-p geometry of 2),,. The valuations and partial
degrees are related as follows:

vs(Q) = 1 — deg,(Q).

REMARK 2.3. In this paper, we have decided to use the partial degrees which
are more intrinsically defined in terms of the subgroup H. Since we refer often
to the results of [15], and [19], the reader should be mindful of the slight
change in the notation. In those references, intervals are formed using directional
valuations rather than directional degrees. The two notions are simply related
by interchanging / with I obtained by replacing any interval I, = [a, b], with
I;,U " :=1[f, — b, f, — a] (similarly, for open, half-open intervals).

24. Mod-p geometry: stratifications. Recall first Goren and Oort’s
stratification on X defined in [14]. For each BeB,lethg e rx, wfﬂoﬁ ® a)gl)
be the Bth partial Hasse invariant, and let Zg C X be the closed subscheme
defined by the vanishing of A4. For any subset © C B, we put Z, = ﬂﬂer Zg,
and W, = Z, — Urgr/ Z .. Each W, is a locally closed reduced subvariety of X,

equidimensional of codimension |z|, and {W, T € B} form a stratification of X.
For any point Q € X, we put

7(Q) = {B € B: hs(Q) = 0}. (2.4.1)

Then, we have Q € W, if and only if 7(Q) = 7.

Similarly, Goren and Kassaei [15] defined a stratification on Y. Following
loc. cit., we say that a pair (¢, ) of subsets of B is admissible if £(¢¢) C 7. For
each admissible pair, they defined a locally closed subset W, , equidimensional
of codimension |¢| + || — g in Y. They proved that, if Z,, denotes the closure
of W, in Y, then

Zyy = U Wy
(@".n")2(e.m)

where (¢, n") = (¢, n) means that ¢’ O ¢ and ' D n [15, 2.5.1]. Then,

{W,, : (¢, n) admissible}
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form a stratification of Y [15, 2.5.2]. By [loc. cit. 2.6.4], we have

W)= |J W (2.4.2)
eNnCrt
TC(eNmU(pNn°)

The relationship between Goren and Kassaei’s stratification and the directional
degrees can be explained as follows [15, Theorem 4.3.1]. Let sp : Qs — Y
denote the specialization map. For a rigid point Q € 9),;,, We put

0(0) = {B € B, deg, 1.4(Q) € (0, 11}, n(Q) = {B € B, deg,(Q) € [0, 1)}.
(2.4.3)

The pair ((p_(@), 77_(@)) is always admissible, and 0= sp(Q) lies in W, , if and
only if (¢(Q), n(Q)) = (¢, n). Hence, the strata {W,, ,} correspond bijectively to
the faces of the hypercube [0, 1]%: for any stratum W, ,, we have

sp (W) = {Q € Drig : (9(0), 1(0)) = (¢, M)} = Vg,

where a C [0, 1]% is the face consisting of (xg)gep € [0, 1% with x5 = 1 for B €
n°, xg =0for B € £(¢), and xg € (0, 1) for B € nNL(p), and P,,a = degfl(a).
Note that the codimension of W,,, in Y is equal to the dimension of a.

Let T C S, and let w; be the Atkin—Lehner automorphism on Y defined earlier.
The above description of the stratification in terms of directional degrees shows
that

wr(Wy.) = Wyro.ns (2.4.4)

where (¢’, ") = wr (¢, n) is an admissible pair whose p-component is given by

((p/ 77/) — (”(77;3)’ z((@p)) lfp € T:
PP (@p, Mp) ifpe¢T.

DEFINITION 2.5. For a stratum W, of Y, the generic part of W, is defined
to be
WEN = 17 (Wyny) N W, .

LEMMA 2.6. For each admissible pair (¢, n), W' is an open dense subset of
Wy Moreover, if ¢ N\ n° # V), the complement of WES' in W, , is a divisor.

Proof. By (2.4.2), we have WE = {Q € W, : hy(Q) # 0, forall B € ¢° Nn°}.

Therefore, if ¢ N n¢ # @, the complement of WES) s the locus where at least one
of the sections {m*(hg)|B € ¢ N n°} vanishes. O
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Consider now codimension-0 strata of Y. They correspond to vertex points of
[0, 11%. For a vertex point x = (xz) € {0, 1}, we denote by W, = W,,_,, the
stratum of codimension 0 attached to x, where

=(BeB:x, 1, =1), n=[(peBix,=0).
Then, by [15, 4.3.1], we have

sp (W) U Dsig — V)¢ if x = x, for some t[(p);

deg™'(x) =
deg™ (x) sp~! (W) otherwise.

(2.6.1)

Here, x, is the vertex point whose Sth component is 1 if 8 € B¢, and 0 otherwise.
For a subset T C S, let wr (x) be the vertex point whose S-component is equal to
1 — xg for B € UyerB,, and to x4 otherwise. It is clear that wy (Wy) = Wy, ().

DEFINITION 2.7. Let x € [0, 118, and T C S. We say that x is T -ordinary if, for
every prime ideal p € T', we have either x, = 1 for all B € By, or x; = 0 for all
B € B,. If T = {p} consists of only one element, we also say that x is p-ordinary.

PROPOSITION 2.8. Let x be a vertex point of [0, 11%, and W, the corresponding
stratum of Y. Let T be the set of all primes p € S such that x is not p-ordinary.
Then, the open dense subset

WEn U (W)

of Wy has a complement of codimension 2.

Proof. Let WP = W, — W Then, the complement of W2 U w (WgT( o) in
W, equals
WP Nwr (W ).

By Lemma 2.6, the closed subschemes WP and W," wr o OF Wy are divisors. To
prove the claim, it is enough to show that no irreducible component of WP

coincides with an irreducible component of w; ' (W,” ()
Let Z, be the closure of W, in Y. In the notation of [15, 2.5.1], we have

Zy = Z‘ﬂgﬂi = U Wo.n-

(1) 2 (Px0x)

From the proof of Lemma 2.6, the Zariski closure of W in Z, is given by the
vanishing of at least one of the sections

{m*(hg) : B € o, N}
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on Z,. Similarly, using Definition 2.5, we see that the Zariski closure of
wy! (W, () In Z, is defined by the vanishing of at least one of the sections

{wr™(hg) : B € rr(n)° N Lr ()}

onZ,.

LEMMA 2.9. Let the notation be as in Proposition 2.8. The closure in Z, of each
irreducible component of WP passes through a point in Wy p.

We assume this Lemma for the moment, and finish the proof of 2.8 as follows.
Let Q be a point in Wg g N Z, with residue field k5. By Stamm’s theorem [40],
we have an isomorphism

o~

Oy = «gllxp, yp : B € Bll/(xpYp) pe.

where xg, yp are specifically defined local parameters. Similarly, we can write

Oy ) = Kollx}, Vs : B € BI/ (X)) pes,

such that w;(x;z) = yg, and wy (y/;) =xgforall B € £r(¢)Nrr(n)(C UperB,),
as in [15, 2.7.2]. It follows from [15, 2.5.2](4) that

0,5 = kgllzs : B € B,
where z5 = x5 if B ¢ n,, and z5 = ys otherwise.

By Lemma 2.9 above, to complete the proof of 2.8, we just need to show that,
for each g8 € @; N g, and each B’ € rr(n,)° N £r(p,)¢, the closed subschemes
defined by 7*(hg) and wim*(hg) in Spec((”)\zha) have no common irreducible
components. -

The Key Lemma 2.8.1 in [15] implies that, for all B € ¢7 N 5}, we have

*(hg) = uxg + vy’ (2.9.1)

o~ lop
in the local ring @7@, where u and v are units in (/9\7@. Specializing to the local
ring O, 5, we obtain
m*(hg) = uzg + vz’
Similarly, for all 8" € £7(¢,)° N rr(n,)°,

'

T[*(hﬂr) = M/x‘;; + v/(y;,loﬁ,)p,
in the local ring Oy ,,, ), With u” and v’ being units in Oy ,,, ). This implies that

wrr*(hp) = wp)yp + wi ) (Xo-10p)" (2.9.2)
= wi()zg + wi () (2e-105)", (2.9.3)
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in the local ring O, 5. Comparing Equations 2.9.1 and 2.9.3, and noting that

(@S N 0%) N (Lr(@)° N rr(n)) = 0,

it is now immediate to see that 7*(h4) and w7 (7*(hg)) cut out two irreducible
and distinct divisors in Spec(O,, 5). Now it remains to prove Lemma 2.9. O

Proof of Lemma 2.9. Let C be an irreducible component of WP, and let C beits
closure in Z,. Since Z, is smooth [15, 2.5.2.](4), there exists a unique irreducible
component D of Z, containing C. By [15, 2.6.4](1), (D) is an irreducible
component of
7(Zy) =7(Zy,.n,) = Zy,rm, -
Since 7 is proper, 7(C) is an irreducible component of Z ., - In particular,
7(C) intersects Wg. On the other hand, since C C |J Begenne Z. N7~ (Zg), there

is By € ¢ Ny such that C C w7'(Zg,))- Let
E :=C N Zp_(4),B—(f0}-

Since C is a divisor in Zyr,» and Zg_ gy 5 (4,) 18 purely two-dimensional, every
connected component of E has dimension one.
By [15,2.6.16],if Q € Zg_ig,)B-(8,)> then T (w (Q)) 2 B — {By}. It follows that

7(E) C W N7 (C),

which is a finite set, say {?1, ..., P.}. Therefore,
Ec|Ja'(P)N Zs gy ip0)-
i=1

By [15, 2.6.12], each 7' (P;) N Zg_(p)5-10) 15 homeomorphic to A'. Since E
is purely gle—dimensional, it follows tIEt there is a point P € {Py, ..., P,}, such
that 7 7' (P) N Zg_(5,).8-15) C E. Let Q be the unique point in

77,'71(?) — JTil(F) N Z]B—[ﬁo}ﬂ—{ﬂo} = 7'[71(?) N Z]B.]B-

Since E is Zariski closed in Y, we deduce that E e ENWgg C cn Wpp. O

3. Geometric Hilbert modular forms

For k € Z&, the space of geometric Hilbert modular forms of level I'1(Np) and
weight k is defined as

M(T(Np); K) := H(Zk, o*) = H*(Zg, o),
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where the last equality is because of the classical Koecher principle [31, 4.9].
We will denote the subspace of cusp forms by S;(I7(Np); K). The space of
overconvergent Hilbert modular forms of level I'1(Np) and weight k over K is

MUI(Np): K) = Tim H'(V, o),

Vo3

where )V runs through the strict neighborhoods of 3;’1{; in Srig. We will denote the
subspace of cusp forms by S,j (I(Np); K).

We have a natural injection M, (I'(Np); K) < M (I(Np); K) sending
cusp forms to cusp forms. Both the source and the target of this injection are
equipped with an action of Hecke operators, and the injection is compatible
with the Hecke action. The overconvergent modular forms in the image of
M, (I (Np); K) are called classical.

We also define the space of geometric Hilbert modular forms of level I (N) N
Iy(p) and weight k as

M (I''(N) N Th(p); K) := H(Yg, o),

with the subspace of cusp forms denoted by S, (I1(N)NI,(p); K). Similarly, one
can define the space of overconvergent Hilbert modular forms of level I'1(N) N
Iy(p) and weight k as

MUII(N) N Ty(p); K) = lim HO(V, oY),

yyord
VD&ZJ,{g

yyord

where V runs through the strict neighborhoods of 27 in if)rig. The subspace of

cusp forms is denoted by Sg (IN(N)N Ih(p); K). When k corresponds to parallel
weight k, we replace k with k in the above notation.

REMARK 3.1. Geometric Hilbert modular forms are not exactly automorphic
forms for Res; ,oGL, ;. Inlevel I'} (M), these automorphic forms can be identified
as the space of geometric Hilbert modular forms invariant under the natural
action of OLX’jL/Oi,l!M (induced by a natural action on A = (A, X, i) via the
polarization A). Here, O, " denotes the group of totally positive units of L, and
Oy .1.m the group of units congruent to 1 mod M. See [22, Remark 1.11.8] for
more details.

In the second part of this paper, where applications to the Artin conjecture
are discussed, we will be working with spaces of automorphic forms for
Res;,gGL, . The results of the first part of the paper will be applied via
the above identification.
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3.2. Theoperators Ur. LetT C S,andsett:= ]_[p or b We will describe the
action of the Ur-operators. Let Z ,T< be the étale cover of Zx which classifies triples
(A, P, D) over K-schemes, where (A, P) is classified by Zx, and D C A[t] is
a closed finite flat O -subgroup which is an O, /t module, free of rank one as
abelian fppf-sheaves, and such that (P) N D = 0. Let Z,@ denote the toroidal
compactification of Z%, obtained using our fixed choice of collection of cone
decompositions. Let ng‘g denote the associated rigid analytic variety. There are
two finite flat morphisms

Ty,Ts 2,7 Srrig — 3rig7 3.2.1)

defined by m, 7(A, P, D) = (A, P) and m (A, P, D) = (A/D, P) on the

noncuspidal part, where P is the image of P in A/D.

_ We have the same setup over Y, that is, for every T C S, arigid analytic variety
rTig defined over K, and two finite flat morphisms

T 7or - Dy = Diies (32.2)

defined similarly. See [19, Section 4] for details. When T = {p} is a singleton,
we write ng for Sgg, and @Eg for Qj]gg, and denote m; 7, 7, 7, respectively, with
Tip, Tap. If T =B, we use 3;’; for SrTig, and ijﬁg) for erTlg and denote 7, 1, 7 7,
respectively, with 7y ,,, 75 ,.

Recall the standard construction of Hecke correspondences on the space of
overconvergent forms explained in Definition 2.19 of [20]. Let T C S, and let
V), and V), be admissible opens of Srig such that 77~ } V) C ;. (V). We define
an operator

Ur : *(V2) = o (V),

via the formula
1
Ur(f) = m(ﬂl,T)*(res(Pr*”z*,T(f))), (3.2.3)

where res is restriction from 7, } (V) to 7 } M), (m1.7)s is the trace map
associated with the finite flat map 7, 7, and pr* : 7} ;* — 7} @k is a morphism
of sheaves on ngig, which at (A, P, D) is induced by pr* : £2,,p — §2, coming
from the natural projection pr : A — A/D.If f is a bounded section of w* over
Vs, then Uz (f) is also bounded over )}, and we have the estimation

\Ur(P)ly, < preerfe| fly,. (3.2.4)

When T = {p} is a singleton, we denote Uy by U,,.
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For0 <r < 1,let 34,0g — 1, g1 = @' (Dsglg — 1, g]) (Definition 2.2). Then,
as r € Q goes to 0, the 3,,[g — r, g] form a basis of strict neighborhoods of

3;’:; By [19, Section 5], and considering Remark 2.3, for r close to O, there exists
0 < r’ < r such that

711 Gglg — 7, 8D C 1y Buiglg — 7/, gD

Taking sections of w*, we get a completely continuous operator U; on
MZ(FI (Np); K) by formula (3.2.3). It is immediate to see that the operators Ur
for T C S commute with each other, and Uy is the composite of all the U, with
p € T. We put also U, = Us, the composition of all the U,.

3.3. The operators wy. Forany U C S[ig’ and any T C S, define

wr : A U) > Hwi' U)),

by wr(f) = prrw;(f). As usual, we set w, = wy,, and w = ws. The w,
operators commute with each other, and the operator wr is the composite of all
w, forpeT.

3.4. Nebentypus character. Letp € S, and let O, denote the ring of integers
of L,. For any point P of A[p], we can write P = P? x P,, where PP € A[p/p]
and P, € A[p]. Let f € M,;(F] (Np); K). We denote by ¢, ; : (O/p)* — C;;
the character given by

J(A, PP jP) =y s (J)f(A, P),
forall j € (Or/p)*, and we call it the nebentypus character of f at p. Sometimes,
it is convenient to view also v,  as a character of (’)Zp via the natural reduction
map OLP — OL/]J

4. Statement of the main result

In what follows, the Artin reciprocity map is normalized so that any uniformizer
is sent to an arithmetic Frobenius. The following is the main classicality result of
this work.

THEOREM 4.1. Let N > 4 be an integer not divisible by a prime p # 2. Consider
a collection of elements of MZ (IN(Np); K) of parallel weight k,

{fr:T CS},
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which are all Hecke eigenforms. Let v, 1 denote the nebentypus character of fr
at p. Assume that we are given a collection of Hecke characters of finite order
for L,

{xr : T < S}
Assume that the following conditions hold.

(1) Fix p € S. Then, either for all p ¢ T C S, the conductor of xrup/Xr IS
pnr for some nr|N, or forallp € T C'S, xrup/xr = 1. We say that the
collection of characters is ramified at p in the first case and unramified at p
in the second case. Furthermore, in all cases, we have

-1
Vor = Yprup) = (XTU{p}/XT)|o;p,

where in the last equality xrupy/ X7 is considered as a character of Aj /L*
via class field theory.

(2) Each fr is normalized.

(3) IfT C S, andp &€ T, then, for any ideal m C Oy prime to pN, we have
c(fr.m) = (Xrupy/ Xr) (W) (frupy, m).

@) c(fr,q) = 0for all prime ideals q|N.

5) c(fr,p) #O0forall T CS.

6) Ifp € T C Sand xrupy/xr =1, then c(fr, p) # c(frugp), P)-

Then, all the fr are classical.

The proof of this theorem is divided into three steps. In Section 5, we establish
a general analytic continuation result (Theorem 5.8) for an arbitrary finite slope
overconvergent form. Then we apply this to each fr as in Theorem 4.1, and show
that, after analytic continuation, the various Atkin—Lehren involutions of f7 can
be glued together to a form defined over a very large area. This will be done in
Section 6, in particular Theorem 6.12. Finally, we prove in Theorem 7.1 that the
glued form extends automatically to the whole Hilbert modular variety; hence it
is classical.

5. Analytic continuation

5.1. Admissible domains of :’Brig. For a multiset of intervals / as in
Definition 2.2, set _ _

3rig£ = a_l(@rigi)-
For any admissible open subset W C Srig, define WI =WnN Brigg .
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5.2. Canonical locus of Goren and Kassaei. Forp € S, we put

_ [0 € Dip s pdeg,1,4(Q) + degy(Q) > 1for B e By} if £, > 1,
P10 € Dy : degy(Q) > 0 for B € By) if f, =1.

Following [15], we put

Vcan = ﬂ Vrv

pesS

This is a slight enlargement of the canonical locus defined by Goren and Kassaei
in [15]. Note that the definition here of V., is slightly different from that in loc.
cit. only at primes p with f, = 1.

LEMMA 5.3 (Goren and Kassaei). Let f € M;(Fl(Np); K) such that U,(f) =
ay f with a, € (C; for each p|p. Then f extends analytically to a section of w*
over ' V).

This lemma is essentially proved in [15]. To extend f along the direction
of primes of degree 1, one uses Lubin and Katz’s classical theory of canonical
subgroups for one-dimensional formal groups. For the extension of f along other
directions, one can find a detailed proof for forms of level I5(p) N I'1(N) in
[43, Proposition 4.14]. The same arguments work in the 'y (N p)-case with Ve,
replaced by a ™' (V.an).

DEFINITION 5.4. Let W, , be a Goren and Kassaei stratum of Y. For p € S,
we say that W, , is not étale at p if (¢,, n,) # (¥, B,); equivalently, for every
0=(AH) e W,.,, the p-component H [p] of the finite group scheme H is not
étale. We say that W,, ,, is nowhere étale if W, ,, is not étale at any p € S.

The nowhere-étale strata have a characterization in terms of partial
degrees: a stratum W, , is nowhere étale if and only if we have deg,(Q) =
ZﬂeBp degy(Q) > 0, for every Q € sp_l(WW,) and every p € S.

DEFINITION 5.5. Let W, , be a stratum of codimension 1. Then, £(¢) Nn = {Bo},
where B is the unique element of B such that degg (Q) € (0, 1) for one (hence,
for all) rigid point Q € sp~'(W,,,). We say that W, , is bad if deg, .5, (0) =0
for one (hence, for all) Q € sp~'(W,,,); otherwise, we say that W, , is good. In
particular, if o o By = By, that is the prime p, € S with 8 € B,,, has degree one,
then W, , is good.
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DEFINITION 5.6. (i) Let W = W, , be a nowhere-étale stratum of codimension O
or 1. We will define an admissible open subset (W#")" of )4, as follows.

(Case 1) codim(W) = 0. We put [We"['= sp~!(We™"), where W&" is the
generic part of W introduced in Definition 2.5.

(Case 2) codim(W) = 1. Let B, be as in Definition 5.5, py € S be such that
Bo € By,, and n,, = n N B,,.
(Case 2a) W is good. In this case, we put |We[' = sp~! (Wen),

(Case 2b) W is bad and n,, = B,,, or, equivalently, for any rigid point Q
in sp~! (W), we have degy(Q) = O forall B € By, — {Bo}. In this
case, we have W = We" and we set

foo—1

1
werr=1{0e sp_l(W) : degﬁO(Q) € Z F’ 1

i=1

(Case 2c) W is bad and n,, # B, , or, equivalently, there exists an integer
1 < j < fp, such that deg,i 5 (Q) = 0 for 1 < i < j and
deg, +1,5,(Q) = 1 for any rigid point Q = (A, H) € sp~H(W).
We set §; := >/_, 1/p, and define
IWE = (Q € sp™ (WE) : degg, (D) < 3,

Y(A, H, D) € 7, 1 (Q)),
where 7y ,: ij;’: — @rig is defined in (3.2.2).

(i1) We define an admissible domain of Qj)rig as follows:

> = U Jweenp (5.6.1)

codim(W)=0,1

where W runs though all the nowhere-étale strata of codimension 0 and 1.

REMARK 5.7. The definition of JW#"[' in Case 2(c) will be justified by
Proposition 5.15 below.

We can now state the main result of this section.
THEOREM 5.8. Let [ € M,;(Fl (Np); K) be a simultaneous eigenform for the

operators {U, : p € B} with non-zero eigenvalues. Then, f extends analytically
to a section of w* over a='(X).
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This theorem is an immediate consequence of the following.

PROPOSITION 5.9. Assume that p > 3. Then the image of X under the Hecke
correspondence U, is contained in the canonical locus V., that is, we have

7D C 7y V),

where ; , : ijii’;) — Qj)rigfori = 1, 2 are the maps defined in (3.2.2).
Indeed, let f be a finite slope eigenform of level I7(Np) as in Theorem 5.8,
and let A, # O be the eigenvalue of U,. By Lemma 5.3, f extends to a bounded
section of w* over o~ (V). Proposition 5.9 implies that f extends to o~ !(X)
using the functional equation f = f U,(f). The boundedness of f over a™'(X)
follows from the estimation (3.2.4).
To prove Proposition 5.9, we need some preparation.

5.10. Directional Hodge heights. Let A € X,;, be a rigid point, that is, an
HBAV defined over the ring of integers O of a finite extension K’/ K . We denote
by A, its base change over Ok /p. For each 8 € B, let hy € I'(X, Qg—loﬂ ® Q;l)
be the Sth partial Hasse invariant, and /15(A,) its evaluation at A,,. Using a basis of
@4/0,,» We may represent hg(A,) as an element of O/ p. In [43, 4.6], we defined
the Bth directional Hodge height of A, denoted by wgz(A), as the truncated p-adic
valuation of /4(A,). This is a well-defined rational number in the interval [0, 1].
We may extend the definition of wg(A) to whole Z%rig by setting wg(A) = 0if A is
arigid point in .’;Erig — Xiig- In [15, 4.2], the same notion is defined under the name
of valuations on X4, and the notation vg is used instead of wg. The following
Lemma will play a crucial role in the proof of Proposition 5.9.

LEMMA 5.11 (Goren and Kassaei). Let Q = (A, H) € ii)rig be a rigid point.
Then, for each B € B, we have

wg(A) = min{p deg,- z(H), 1 —degg(H)}.
Moreover, the equality holds if p deg,-1,5(H) # 1 — degg(H).
Proof. Note that,if § ¢ <p(§) Nn(Q), then the statement is obvious using (2.4.3).

For the remaining cases, the statement follows directly from Goren and Kassaei’s

‘Key Lemma’ in [15]. For another proof, see also [43, 4.5]. I
Proof of Proposition 5.9. Let w, ,, w5 p : @;’2 — @rig be as in (3.2.2). To prove
Proposition 5.9, it suffices to show that, for every rigid point Q = (A, H) of
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XY C Qj)rig, we have nzyp(nlfll,)(Q) C Vean. Note that
nfll,(Q):{(A, H, D): D C A[p] is free of rank one over O, /p and D N H # 0}.

By the definition of V,,,, we have to show that, if (A, H, D) € n[[l,(Q), and B8 €
B, C B such that f, # 1, then we have p deg,;(Alpl/ D) +deg, . ;(Alpl/D) > 1;
equivalently, for all (A, H, D) and B as above, we must show that

p degy(D) 4 deg, 4(D) < p, (5.11.1)
since degﬂ(é[p]/D) =1- degﬂ(D) for B € B. L]

LEMMA 5.12. Let Q = (A, H) be a rigid point of erig whose specialization Q
is generic in the sense of Definition 2.5. Let (A, H, D) € nlf[],(Q), peS and
B € B,.
(1) We have
Jp—1
degy(H) + degy(D) <
i=0

1

l

In particular, we have degg(D) < 1 ifdegz(H) > Z;fifl #, and degg(D) <
Pt L ifdegy(H) = 1.

i=1 F’
() Ifdeg,(H) = 1, then deg, 1,,(D) = 0.
(3) Ifdeg, 1.,(H) = 0 and deg,(D) < 1, then deg, 1.,(D) = 0.

Proof. The second part of (1) is clearly a consequence of the first part. Suppose
that (A, H, D) are defined over O, where K'/K is a finite extension. Consider
the homomorphism D[p] — A[p]/H[p] of finite flat group schemes of one-
dimensional [, -vector spaces, which is generically an isomorphism. By
Raynaud’s theory, one gets [43, 3.7]

fo—1 Sp—1
Z pr_l—i degg[oﬁ(D) < Z pfp—l—i degaioﬂ(A/H).
i=0 i=0
Statement (i) follows from the fact that degy(A /H) =1 — degy (H) for all

y € B.

For statement (2), the assumption on degg(H) implies that 8 ¢ n(0) (by
(2.4.3)), whence B & ¢(Q) N n(Q). Since the specialization Q of Q is generic,
it follows that wg(A) = 0. Applying Lemma 5.11 to (A, D), we get
deg,-1,5(D) = 0in view of deg,(D) < 1.
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For (3), the assumption on deg,-1,,(H) implies that 8 ¢ (p(@). The rest of the
argument is the same as in part (2). O

We assume that Q = (4, H) € |W&"['C X, where W = W, , is a nowhere-
étale stratum of codimension O or 1. Let (A, H, D) € 7, :,(Q) be a rigid point of

Y\ (P)
Dsix above Q.
LEMMA 5.13. Using the above notation, let p € S be such that deg,(H) €
{0,1}, for all B € B,. Then, we have degz(D) = 0 for all B € B, unless
degy(H) = 1 and deg, ;(H) = 0, in which case we have

1 ey
— <degy(D) < ) —
P i=1

In particular, (5.11.1) holds for every B € B,

Proof. By Lemma 5.12(2), if deg,.;(H) = 1, then deg, (D) = 0. We now prove
that deg;(D) = 0 if degz(H) = 0. The assumption that W, , is nowhere étale
implies that deg,(H) cannot be 0 for all 8 € B,. There exists an integer n > 1
such that deg,,i,,(H) = 0for0 <i <n—1anddeg,.z(H) = 1. Lemma 5.12(2)
implies that deggn_loﬂ(D) = 0. If n = 1, then we are done; if n > 2, then it
follows from repeated application of Lemma 5.12(3) that deg,:,,(D) = 0 for
0<i<n-2.

It follows from the above that deg,(D) = 0 except if deg,(H) = 1 and
deg,.s(H) = 0. Then, deg,(D) < Zifil 1/p' follows from Lemma 5.12(1). It
remains to show that deg,(D) > 1/p. By Lemma 5.11, we get wyos(A) = 1.
Applying the same lemma to (A, D), we obtain

I = Woos(A) > min{l — deg,,(D), pdeg,(D))}.

Since deg,,(D) = 0 by the first part of the proof, it follows that deg,(D) >
1/p. O

We now come back to the proof of Proposition 5.9. By the discussion above, it
suffices to check (5.11.1) for all 8 € B. Assume first that codim(W) = 0. In this
case, Lemma 5.13 applies to every prime p € S. Hence, (5.11.1) holds for every
B € B.

Assume now that codim(W) = 1. Let be the unique element of B with
degy (H) € (0, 1), and let po € S be such that gy € By,,. Letp € S. If p # po, then
degy(H) € {0, 1} for B € B,. By Lemma 5.13, relation (5.11.1) holds for g € B,,.
Consider now the case p = po. We can assume that f,, > 1. We distinguish two
cases.
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(a) Assume that deg,-1,5 (H) = deg,z (H) = 1. We deduce first from
Lemma 5.12 (respectively, parts (1) and (2)) that deg,-i,,(D) < 1, and
degg (D) = 0. This implies that relation (5.11.1) is satisfied for § = oo By, Bo.
For the rest of the g the result follows from an argument exactly as in the proof
of Lemma 5.13.

(b) Assume that deg, -1z (H) = 0 and deg,, .z (H) = 1. Lemma 5.12(2) implies
that degy (D) = 0. Applying Lemma 5.12(3), we further find that deg, 1.5 (D) =
0. This gives relation (5.11.1) for B = o~! o By, Bo. For the rest of the B, we
could use an argument similar to the proof of Lemma 5.13, if we prove that
degy(D) = 0 if degz(H) = 0. One can find an £ > 1 such that deg,: z(H) = 0
for 0 < i < £ —1, and deg,.z(H) # 0. If the latter value is 1, the proof of
loc. cit works. If not, then o o B = B, whence deg,,5(D) = 0 # 1. Successive
application of Lemma 5.12(3) gives the desired result.

Now, we assume that W is bad; that is, degaoﬂo(H ) = 0. Note that in this case,
for any D as above, we have degy (D) < 1 (by Lemma 5.12(1) in case 2b, and
by definition in case 2c). We have the following two cases.

(c) deg,-1.4,(H) = 1. First, the same arguments as in the proof of Lemma 5.13
show that degg (D) = 0 whenever degz(H) = 0, and one verifies easily (5.11.1)
for B # 0% 0 By, 07" o fo, fo. By Lemma 5.12(2), we have deg, 4 (D) = 0,
which implies (5.11.1) for 8 = 02 o By. One verifies (5.11.1) for B = B, since
deg, .5, (D) = 0 (owing to deg, ., (H) = 0), and degg (D) < 1 (by definition of
(Wey), It remains to deal with 8 = o ~! o B. Using Lemma 5.11, we have

wg, (A) = 1 — degy, (H) > min{pdeg, 1,4, (D), | — degy, (D)}.

Relation (5.11.1) is trivially true if pdeg,-iz (D) < 1 — degy (D). Assume
then that pdeg,-i.4, (D) > 1 — degg (D). In this case, we have degg (D) =
I — wg,(A) = degy (H). By Lemma 5.12(i), we have degg (D) = degg (H) <
(1/2) Zifi‘(’)_l 1/p', and deg,-1,4 (D) < Zlf:}_l 1/p'. Hence, we get

fpofl
3 ; 3p
Pdegafloﬂo(D) +degﬁ0(D) < E IZO: l/p < m < p.

Note that we used p > 3 in the last step. This verifies (5.11.1) for 8 = o~! o B,.
(d) deg,-1,45,(H) = 0. Since deg, (D) < 1, the proof of Lemma 5.13, as
modified in part (b) above, allows us to verify (5.11.1) for B # o~ o By, fo.
In the course of doing so, we prove that degz(D) = 0 whenever degz(H) = 0.
In particular, we have deg,-i.5 (D) = deg, .z (D) = 0. Since deg, (D) < I, we
conclude that (5.11.1) holds for 8 = o~! o By, By as well.
The proof of Proposition 5.9 is now complete. O
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The following lemma will be used to prove certain connectedness results in the
next section. It also justifies the definition of (W&")" in Case 2c¢ of Definition 5.6.

LEMMA 5.14. Let W be a bad stratum of codimension 1 as in Case 2(c) of
Definition 5.6, By € B, j € Zs,, and let §; be as defined there. Let Q =
(A, H) € sp~' (W& be a rigid point, (A, H, D) € T[;;(Q). Then, we have

(1) degy (D) = 3, if degy (H) > 8;;
(2) degy, (D) = degy, (H), if degy, (H) < 8;;

(3) deg,, (D) > 8;, if degy, (H) = 5.

Proof. We will prove this lemma using Breuil-Kisin modules. Let K'/K be a
finite extension with ramification index e and residue field " such that (A, H)
and D can be defined over O. Let &, = «'[[u]], and let ¢ : &, — &, be the
Frobenius endomorphism.

Let py € S with By € B,,,. Since the lemma concerns only the p-divisible group
A[pg°], to simplify the notation, we may assume that p is inertin F. Let (91, ¢) be
the contravariant Breuil-Kisin module of A[p] as considered in [43, Section 3].
Recall that the action of O; on A[p] induces a canonical decomposition 9T =
Djep Mg, where Ny is a free &;-module of rank two on which Oy acts via
B : O, > W(k) — «’. The Frobenius semi-linear endomorphism ¢ on 9t
sends M, -1,5 to M for B € B. By the main theorem of Kisin modules, the O, -
equivariant quotient A[p] — A[p]/H corresponds to an O -equivariant Kisin
submodule £ = P, £5 € M such that, for each B € B, both £45 and M/ Ly
are both free &,-module of rank one. For each B, we choose a basis (eg, f5) for
M, over &, such that £4 is generated by ez. Then the endomorphism ¢ is given
by

ag b
P (€105, Fr10p) = (€p, f )< 4 ﬁ),
B B Br 1B 0 dﬁ

with ag, bg, dg € &,. By abuse of notation, we denote by v, the valuation on &,
normalized by v, (1) = 1/e. We list the properties of ag, bg, dg as follows.

e By [43, Lemma 3.9], we have v, (dg) = degg(H), and v, (ag) = degz(Alpl/H)
=1 —degz(H).

o Ifdegy(H) = 0, thatis dy € &7, then we may assume that by = 0 and dg = 1
up to replacing f5 by ¢ (f,-1,4).

o If QO € sp~!(We™), then U, (bsitiop,) = 0 by [43, Lemma 3.12].
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o The fact that degg (H) € (0, 1) implies that v, (bg,) = 0, since the cokernel of
the linearized map 1 ® ¢ : @*(M,-1,5) — My is free of rank one over &, /u’
(see [43, 3.10)).

Let D C A[p] be an Of-stable subgroup scheme such that (A, H, D) € n[}
(A, H), and let N = P;5 N © M be the Kisin submodule corresponding to
A[pl/D. Assume that M-8 = Gi(€s-105, + Yo-topfo-108,). Since Ny-144, is
stable under ¢#, the variable y,-1,4, has to satisfy the following equation:

ps2 ps! Z pi-! pitl pel
Ao=lopy " Ay 3+loﬁoal30 Ao-topy "+ " Uy oﬂoba" 1oﬁ0da—’ ~208, " da’goﬁo

g=2 g—1_pt—1

p® _ p
x ya"oﬁo - d07|°ﬁ0 T d(rﬂe“oﬁo Bo ya’]oﬁo'
Note that the constant term has valuation

g—2

v, (aa,,oﬁo.-.aé’ gy ﬂo ) Zp’ 'a —deg, -5 (H)),

and the coefficient of y” has valuation

71)3

Up (dff*l o dogg+10ﬁ0 ) Z pl 1deg<7 Oﬁo(H)

_ g71 1 1 p p1+]
Let Clﬂ" - Z‘—O Ao—topy """ o*’Oﬁoba i- 'oﬂoda*’ 20y dagoﬁo
of y”_, o> And let j and §; be as defined in the lemma. We distinguish three cases.

(1) If degg (H) > §&;, we have

denote the coefficient

g—1
vp(cpg) = Up(ao“oﬁg te 0 g+loﬁ0bgo )
-1

=" p (1 — deg, i, (H)).
1

oy

i

By the method of the Newton polygon, all the p#-solutions of y,-1,5, have
valuation

1
Uy (Votop,) = ;(1 — degﬁO(H)).

Since p(e,- toy T Yo~ 'Oﬂo Oﬂo) - (aﬁo + bﬂo Vo loﬁo)eﬂn +y floﬂodﬂofﬂm a detailed
computation shows that

min{vp(aﬁo + bﬁoyf:—loﬂo)a vp(y:—loﬁodﬁo)} = vp(aﬁo + bﬁoy:—loﬁo)
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Since g, is a direct summand of My as S,-module, it must be generated by
(eg, + (y(’:_loﬁo/(a,g0 + bﬁoy:_loﬂn))fﬁo). Hence, by [43, Lemma 3.9], we have

degg (D) =1 — degy (A[p]l/D) =

deg(mﬂo/(l &® w)w*(ma‘loﬁo))
1 —v,(ag, +bgy,-i4) =9,

a~1opy

forall D C A[p] with D # H.
(2) If degy, (H) < 4, then we have

_ ps—i—3 ps—i—2 ps—i-l ps~!
Vu(Cpe) = Vi \Go-topy " o2 Doiei-vopy Do—s-opy 4
§—j-2

i=1

= Y P71 —deg, 1.5 (H)) + p* degy, (H).

Hence, all the p#-solutions of y,-1,4, have valuation

1 1/1 1
U (o-top) = (1 = degy, () + (; Foot - degﬂo(m) .
Hence, we have

minfv, (ag, + bﬂoyé)—loﬂo)’ vp(y:—loﬁodﬂ())}

= UP(aﬁo + bﬁoy:floﬁo) =1- degﬂo(H)-

As in Case (1) above, 1, is generated by (eg, + (yé’_loﬁo/(a,go + bﬂoy:_loﬁo))fﬁo),
and

degﬂo(D) =1- UP(aﬁo + bﬁoyp

-1op,) = degg (H)
forall D C A[p] with H # D.
(3) If degy, (H) = 4, then
. i1 i i+ g—1
Up(Cpe) 2 min {”P (aﬂ"°ﬂo g byt g, 'dtf%ﬂo)}
g—j=2

= Z p' (1 —deg, i,5 (H)) + p*~'(8)),
i=1

and all the p#-solutions of y,-1,4, have valuation

1
Vp (Votopy) < ;(1 —8;).
Hence, we have

degﬁo(A[p]/D) = min{vp(aﬁo + bﬂoy(f—loﬁo)a vp(yf;—loﬁodﬂo)} < 1 - 6]7
and thus degg (D) = §; for all D. This finishes the proof of the lemma.
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PROPOSITION 5.15. Let W, ,, be a bad stratum of codimension 1 as in Case 2(c)
of Definition 5.6, By € B, j € Z>,, and let §; be as defined there. Then the
following hold.

(1) We have
IWET' S {Q € (WED) - degy, (Q) € (0,8,) U (5, D).

(2) Let Q € wee be a closed point. Then ]ij’,;‘[’ ﬂsp“(@) is geometrically
connected.

Proof. Part (1) is an immediate consequence of Lemma 5.14 and the definition
of (Wf;)/. By Stamm’s theorem [40] (see also [15, Theorem 2.4.1]), we have an
isomorphism

Oy .5 = Okllxgys Ypy» 225 -+ 5 2611/ (X Y5, — P)-

Let G = Spf(@@@). Then, the rigid generic fiber (in the sense of Berthelot)
S = G, is identified with sp”(@) C @rig. According to [43, Proposition 4.8],
we have deg, (H) = min{l, v,(ys,(Q))} for every rigid point O = (A, H) € S.
Let T be the inverse image of S via the map m; ,, : Qj];’: — ijn-g. Thenn|r: T — S
is a finite étale morphism of rigid analytic spaces. Let g be an analytic function
on T such that degg (D) = min{l, v,(g(Q"))} for any rigid point Q" = (A, H,
D) e T € 9. By the definition of IWE[', we have

rig *

ens 1y — clglzlpl
WS Nsp™ (Q) = S¥=71,

SN

in the notation of Lemma 5.16 below. Moreover, Lemma 5.14 implies that the
assumptions in Lemma 5.16 are satisfied with u = yg and a = b = §;. Hence,
the proposition follows immediately from Lemma 5.16. O

LEMMA 5.16. Let G be the formal scheme

6 = Spf(Okllu, v, 22, . .., 2411/ (uv — p)),

and let § = Gy be the associated rigid analytic space. Let m : T — S be a
finite étale morphism of rigid analytic spaces. Let g be an analytic function on T.
Assume that there exist a, b € Q.o with a € (0, 1) such that we have

(a) 1g| < |pl” on w=" (SPI=ISIPT), where

SIS = (Q e S |pl < (@) < IpI),
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(b) |g| = |p|” on w1 (SIPI<lI=<Ipl®y
(c) |gl > |pI° on w1 (SIPI<lul<ly

Then, the admissible open subdomain

S’ — 10 e §:1g(0) = IpltY Q' e n ' (0))

of S is geometrically connected.

Proof. Forevery integer N > 2, let Sy denote the affinoid subdomain of S defined
by 1pI"V < Jul < |pIVV and || < [p|"N for2 < i < d. Since {Sy : N > 3)
form an admissible open covering of S, it suffices to show that S}ffDW "= Sy N
Slei>1P" s geometrically connected for N sufficiently large.

Let A = Okllu, v, z2,...,2411/(uv — p). Up to replacing K by a finite

extension, we may assume that there exists @ € Ok with || = |p|/N. We
put
Ay = Aluy, vy, 22N, -+ -5 2an) /(U — DUy, v — T Uy,
22— TNy 2d — DLN),

and &y = Spf(Ay). Then Gy is an admissible formal scheme over O, and
Gnrig = Sy. Up to replacing N by a multiple, we may assume that a = m/N,
b =n/N withm,n € Zz; and 1 < m < N — 1. Let Sy be the p-adic
completion of the maximal Og-flat closed subscheme of the admissible blow-up
Proj(An[X:, X»]/(X uy — X,o™ ")) of Sy along the ideal I = (uy, @™ !). By
Raynaud’s theory, the natural map Sy — Gy induces an isomorphism on rigid
generic fibers. Let Lly ; be the open formal scheme of S ~ defined by X, # 0,
and let tly , be that defined by X, # 0. Then 4, ,, (respectively, i, ,;,) is the
admissible open subset of Xy ;. defined by |p|'"""" < |u| < |p|* (respectively,
Ipl* < |ul < |p|YM). Then x, = X,/X,; and x; = X,/X, are respectively
defined on 4y ; and Ly ,, and x, = xfl on YUy N Uy, We have uy = o™ 'x,
on Uy, and vy = #xl on Ly ,. Then, the special fiber of @N, denoted by

S ~.0, 1S geometrically reduced, and it consists of three geometrically irreducible
components, Cy, Co,, and Cy, which are all smooth of dimension d and defined
respectively by x, = 0, x; = 0 (that is, x, = 00), and uy = vy = 0. Let Uy ;
for i = 1, 2 denote the open subset of SN o corresponding to 4y ;. Then we have
Uy —SNO_C andUNz—SNo—Co

Let ‘IN be the normalization of & y in T. Then TEN is a formal model of Ty :=
7 (& N.rig)» and  extends to a finite map 7 : T N = S n of formal schemes. We
put Uy; = 7~ '(Uy,;). Consider the rigid analytic function § = g/@". We have
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|g]l < 1 on Yy, by Condition (a). Hence, g descends to a global section on
Uy 1. Let V1 be the reduced special fiber of Uy i, and let g denote the image
of gin I"'(Vy 1, (’)VN‘I) by reduction. Let Z C Vy ; denote the closed subscheme
defined by the vanishing of g. Note that (Z) is the subdomain of Yy such that
lgl < |p|” by our construction of Z and Condition (c). Therefore, we have

S — &y s — 1((2)) = By — 7(2)).

By [2, Proposition 4.3], S}ﬁgm " is geometrically connected if and only if Sy o —
7 (Z) is geometrically connected. Since m is finite, 7 (Z) is a closed subscheme
of Uy,;. By Condition (b), 7 (Z) has no intersection with Cy (since (Cyp) is the
admissible open of Xy, defined by |p|'"""" < |u| < |p|*). Thus 7(Z) is a
closed subset contained in Uy ; — Cyp = C; — Cy — C. Since C; — Cp — C 18
smooth and irreducible of dimension d, 7 (Z) must have dimension < d. Hence,
§N,O —m(Z) is geometrically connected. This finishes the proof of the lemma. [

6. Gluing

Let A be a Hilbert-Blumenthal abelian variety. For any point P of A[p] and
p €S, write P = PP x P,, where P € A[p/y] and P, € A[p]. Throughout this
section, for a point of Zg, we will replace our usual notation of (A, P) by (A,
P,), where P, is as above, and A = (A, P?). For a point Q of A of finite order,
we denote by (Q) the O, -module generated by Q inside A.

We begin by introducing some auxiliary varieties. Let us fix n|N, an ideal of
Oy, as well as an O -generator ¢, of (G,, ® ;")[n]. Recall the choice of ¢, in
Section 1.10. For a Hilbert-Blumenthal abelian variety A, consider the Oy -linear
Weil pairing (—, —),, : A[n] x A[n] - (G, ® 0;")[n].

Let Z% be the scheme which classifies tuples (A, Py, Py, Q) over K-schemes,
where (A, P,) is classified by Zg, and Py, O are points of maximal order in A[n]
satisfying (P,) = (Py) N A[n], where Py is the point giving the level N structure
included in the notation A, and such that (P,, Q,)n = &,.. Let Sﬁg denote the
toroidal compactification of Zj obtained using our fixed choice of collection of
cone decompositions, with the same notation used for the associated rigid analytic
variety.

Given p € S, let Z%E be the scheme which classifies tuples (A, Py, Oy, Pn.,
Q.) over K-schemes, where (A, P,, P, Q) is classified by Z%, and Q, is a
point of maximal order in A[p] such that (P,, Q,), = {,. Let 32; denote the

toroidal compactification of Z%n with the same notation used for the associated
rigid analytic variety.
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For any j, € O, /p, there is a finite flat morphism
zp.n -
anJp 3r1 - 3r1g’

defined by 73, (A, Py, Qp, Pa, @n) = (A/(jp Py + Qy), Py, Pa, Q) on the
noncuspidal part, where overline denotes image in the quotient. We also define
et dnp = g

via n],p(é, Py, Qp, P, On) = (é, P,, P,, Q,). Similarly, for any j, € O,/n,
we define _ _
7-[2,1'" : Bﬁg - 3rig»

by T2, j (é’ Ppa PI‘H Qn) = (é/(]npn + Qn)a Fp) We also define

T - 33% - 3riga

via nl,n(é, Py, Py, Q) = (é, Py). Finally, we define

n
Wy : 1?)rlg - 1‘3ng’

given by sending (A, Py, Pa, Qu) t0 (A/(Py), Qp, P, Qu), for any choice of a
point of maximal order Q, € A[p] satisfying (P, Q) = &p.

DEFINITION 6.1. Let p € S. We define T} to be the interval (Zf" "1/p, 1) if
fy>1,and (0, ) if f, = 1.

DEFINITION 6.2. Recall @\;g\gl

is an admissible open in @rig whose points are those Q@ = (A, C) such that
l7(0)NB ol < 1, for all p, where 7(Q) is defined in (2.4.1). We define f')‘-r‘<1 =

rig
_] |T\<1
(@ng .

which was introduced in [19, Section 5]. It

The following lemma is crucial for the gluing process and was essentially
proved in [19].

LEMMA 6.3. Let I be a multiset of intervals as in Definition 2.2, such that I,, = I[j
Jor some p|p.

(1) If (A, P) € a”'(X1), then, for any nonzero point Q,, of Alp], we have

(A, P* x Q,) e a /(Z]).
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pn

(2) Forall j, € O /p, we have the following inclusion inside Sgg :

—1_ -1 -1 -1 1 -1
T, mae (X)) Cmy ) myaa (X).

Proof. The first statement follows directly from [19, Lemma 5.9, Corollary 7.9]
(keeping in mind Remark 2.3). The second statement follows from Propo-
sition 5.9. [

In the following, we will prove two connectivity results which are essential
for the gluing process. Given U C 2., I C [0, 1], and B € B, we define an
admissible open subset of U/,

Ul = {0 €U : degy(Q) € I}.

We first prove a preliminary result which follows directly from the study of the

geometry of Y (the special fiber of ¥) conducted in [15]. For W C Y, we denote
its Zariski closure by W<,

LEMMA 6.4. Let W, , be a stratum in Y, and let (¢', n") be another admissible
pair with 9" 2 ¢, n' 2 1.

(1) Let W be an irreducible component of W, ,. There exists an irreducible
component V of Wy, such that V.C W¢.

(2) Let V be an irreducible component of W, .. There exists an irreducible
component W of W, , such that V.C W¢.

Proof. Part (2) is immediate: since V. .C W, ,, C W< . it follows that V' lies

inside an irreducible component of W(;fn.

For part (1), we argue as follows. Let W be an irreducible component of W,, ,,.
By [15, Theorem 2.6.13], W< contains a point in Wy . Since Wy lies inside
every closed stratum, it follows that W< intersects V<, where V is an irreducible
component of W, /. By part (2) of the lemma, there is an irreducible component
W, of W, , such that V C W{'. The nonsingularity of the strata implies that no two
distinct irreducible components of W(/f,’,7 meet, and, hence, we must have W; = W.
This ends the proof. O

The following general definition includes, as examples, two regions in ijﬁg for
which we want to prove connectivity results.

DEFINITION 6.5. Assume that for any nowhere-étale stratum W,, of Y of
codimension 0 or 1, we are given a Zariski open dense subset Wg’n Cc W,,, and
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an admissible open subset Ry,, C sp‘l(Wgﬂ). Given such a collection R, we
define

E'RI = U wavn,

(@.m)

where (¢, n) runs over all admissible pairs with W, , nowhere étale and of
codimension 0 or 1. For any irreducible component W C W, ,, we set

W =W, Nw,
Ry: =Rw,, N spH(W).
We assume that the following conditions hold.

(1) If W C W,, is an irreducible component of a nowhere-étale stratum of
codimension 0, then Ry = sp~'(W?).

(2) Let V.C W, , be an irreducible component of a nowhere-€étale stratum of
codimension 1, and let £(p) N n = {B} C B,. Then, if n, :=n N B, # B,,
we have

Rv(0,8)5 = sp~ (V°)(0, 8)g,
Ry (e, g =sp~ (VO)(e, Dy,

forsome 0 < €, 8 < 1. If n, = B,, then we only require the second condition.

(3) Let V be as in (2), Q € Ry, and O = sp(Q). Then, sp~'(Q) N Ry is
connected, and deg, takes values arbitrarily close to 0 and 1 on it (if n, = B,,,
we only require that deg, can take values arbitrarily close to 1).

LEMMA 6.6. Fix p € S. Assume that the collection 'R is as in Definition 6.5.

(1) Let Q € YXr N sp’l(WW,), where W, , is a nowhere-étale stratum of
codimension 0. Then, there is a connected subset C C X' which contains
Q, and such that C N sp~ (W, ,up)) # 9, for any B & n,.

2) Let Q € Yr N sp’l(WW,), where W, , is a nowhere-étale stratum of
codimension 0 such that ¢, # B,. Then, there is a connected subset C C X
which contains Q, and such that C N\ sp™ (W,up).,) # @, for any B & ¢,.

(3) Let Q € YXr N sp’l(WW,), where W, , is a nowhere-étale stratum of
codimension 1 such that n, # B, (respectively, ¢, # B,). Then, there is
a connected C C Xg containing Q, such that C N sp™'(W,_is0p1.0) # 0
(respectively, C N sp~! (Won—ip1) # 9), where {B} = £(¢) N 1.
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The lemma immediately implies the following.

COROLLARY 6.7. Let ‘R be as in Definition 6.5. Every connected component
of Xr intersects sp~' (W) as well as sp~'(Wyp). Furthermore, given p € S,
every connected component of Xy intersects sp’l(Ww,), where W, , is any
codimension-1 stratum satisfying ¢, = Bq, ng = ¥, for ¢ # p, and n, = B,,
lpp| = 1 (respectively, ¢, = B, |n,] = 1).

Proof of Lemma 6.6. We begin by proving (1). Let W; be an irreducible
component of W, , containing 0. By Definition 6.5, Q € sp~L(W)). By
Lemma 6.4 there is an irreducible component V of W, ,,s which lies inside
Wi!, and an irreducible component of W,_(,0s). 4015, say Wa, such that V lies
inside W3'. Note that 8 € n° C £(¢), and hence W, has codimension 0. We set
U =W, UV UW,. Then, 5
vy-u=|]Jz
VA

where Z runs over all irreducible components of all closed codimension-0 strata
different from W’ and Wy'.

It follows that U is Zariski open in Y. Hence, so is U := W)U VOU WY In
particular, for any rational 0 < € < 1, the region

U°le, 115 = sp~ (W) Usp™ ' (VO)[e, 11

is quasi-compact (noting that degg is 1 on sp~'(W;) and 0 on sp~!(W,), and in
(0, 1) on sp~'(V)). Note that U°[1, 1] = sp~'(W}) is connected since W/ is
dense in W;. We claim that U[e, 1] g is connected as well. Assume not. Then, it
must have a connected component D which does not intersect U°[1, 1] . Since D
is quasi-compact, we can use the maximum modulus principle to deduce that

D C U'e, €lg, ()

for some €y < 1. Let P € D with specialization P.Let A:= sp~! (P)[e, 1) . Since
P € W, ,u. we deduce by Stamm’s theorem, presented in [15, Theorem 2.4.1],
that

sp'(P) = {(x,)ye 1 v(x,) = 0¥y € B—{B);0 < w(xp) < 1},

where, for any R € sp~'(P), we have degg(R) = 1 —vp(Q) = 1 — v(x5(R))
by Remark 2.3. Therefore, A is a connected subset which contains P and lies
entirely in U e, 1] g. It follows that A C D, which contradicts (1), as degﬂ takes
values arbitrarily close to 1 on .A. Now, taking ¢ as in part (2) of Definition 6.5
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(and remembering that Q € sp~!(W?)), we find that C = U°e, 1] g serves as the
desired connected subset.

Part (2) of the lemma can be proven exactly as above. We now turn to part
(3) of the lemma. Let V be an irreducible component of W, , which contains 0.
As above, let W, be an irreducible component of W, ,_s; whose Zariski closure
contains V. Repeating the above argument, we find that, for an appropriate choice
of €, U%e, 115 :=sp ' (W)Usp~ ' (V9)[e, 1)4 is connected and lies entirely inside
R s. By Assumptions (2) and (3) in Definition 6.5, sp‘l(a) N R 5 is connected
and deg, takes values arbitrarily close to 1 on it. Since sp~'(Q) C sp~'(V?), it
follows that sp~'(Q) N Ry intersects U°[e, 1]5. This shows that Q lies in C,
the connected component of Ry containing U°[e, 1] g» which clearly intersects
sp~ (W, —(o0p))- The other statement in part (3) of the lemma can be proved in
exactly the same way. O

PROPOSITION 6.8. Let X be the region defined in Definition 5.6. Fix p € S.

(1) Every connected component of X contains sp~ (W), where W is an
irreducible component of Wy 4, as well as sp~' (V), where V is an irreducible
component of Wg ), for some B € B,,.

(2) Let Ty, T, C S. Every connected component of w;ll (X) Nwy, \(X) intersects

a region of the form Q:)‘ritg‘gl I, where I is a multiset of intervals satisfying

I, = I} given in Definition 6.1.

Proof. We consider the following two choices for R := {Ry} as in Definition 6.5:
for the first one, we take

W), o =W and  Ry,,: = (W)Y, 6.8.1)
so that ¥ = X; the second choice for R: = {Ry} is given by

Wg,n: — le (Wgen ) N w—l(Wgen

wry (@.1) 5 (0, n))

Rw,,: = wnl((Wgen(w n)) ) N szl((Wgen(w n)) ):

e.n

(6.8.2)

so that Xz = wr, '2)n wy, (Z’ ). Here, we refer to Subsection 2.4 for the notation
W,.,. To prove the pr0p0s1t10n, we first need to show that the two collections R
presented above satisfy the conditions given in Definition 6.5. This will be done
in Lemma 6.9. Assume this is the case for the rest of this proof. Then, applying
Corollary 6.7 to the first choice of R (6.8.1), we find that every connected
component of X intersects sp~!(Wg ) as well as sp*I(WB,{,g}), for some B € B,.
Since sp~'(Wgy) C X N V.u, it follows that every connected component of X
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contains a connected component of sp~!(Wg ). Nonsingularity of strata implies
that every connected component of sp~' (W) is of the form sp~'(W), where
W is an irreducible component of Wy 4. An exactly similar argument, using the
fact that sp’l(WB,{,g}) C X N Veun, proves the second statement in part (1) of the
lemma.

For part (2) of the lemma, we use the second choice of R (6.8.2). By
Corollary 6.7, every connected component of X intersects sp~'(W,,,), where
W, , is a codimension-1 stratum satisfying ¢, = B, n, = ¥, for ¢ # p, and
lop| = 1, n, = B,,. To prove part (2) of the lemma, it is enough to show that

sp~ ! (W,,,) N T C D', (1)

where [ is a multiset of intervals with I, = I{, and I; = {ny}, with an integer
nq €10, fyl, forall g # p. By [15, Corollary 2.3.4], on W,, ,,, we have 7, = @, and
|7,| = 1, which implies that sp~' (W,,,) C Q:)'rfg‘gl Let I be the smallest multiset
of intervals satisfying (7). By the definition of partial degrees on sp~' (W, ), it
follows that, for q # p, I, must be a singleton consisting of an integer in [0, f;].

Finally, it follows from the definition of X' that I, = H;. O

LEMMA 6.9. The two choices of R given in the proof of Proposition 6.8 satisfy
Conditions (1)—(3) given in Definition 6.5.

Proof. Let R be the first choice (6.8.1) in the proof of 6.8. Condition (1) of
Definition 6.5 is direct from the definition of Ry,, = W3S [" in Definition 5.6.
For Condition (2), we distinguish the cases of W,, ,,.

o If W, , is a stratum of codimension 1 as in Case 2(a) of Definition 5.6, we have
]ij,;‘[’ =]WES[. We may take any €, 6 € (0, 1).

e If W, , is in Case 2(b) of Definition 5.6, we take € = Y pl (and there is no
need for §).

o If W, , is in Case 2(c) of Definition 5.6, it follows from Proposition 5.15(1) that
we can take § = € = §;.

For Condition (3), we prove first that sp~'(Q) N Rw,, = sp~H(Q)N IWen is
connected for any nowhere-étale codimension-1 stratum W, ,,. For W, ,, in Case
2(a) of 5.6, we have sp~'(Q) N IWEr = sp~'(Q), which is clearly connected. If
W,y is in Case 2(b), we have

fo—1
_ — 1
P~ @ N IWET = 57 (@) (Z e 1)
B

i=1
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with £(¢) N n = {B}, which is also clearly connected. For W, ,, in Case 2(c), the
connectedness of sp‘l(a) N ]Wfﬁ;[/ was proved in Proposition 5.15. The second
half of (3) is clear by Lemma 5.14.

Consider now the second choice of R (6.8.2) in the proof of 6.8. Condition
(1) is direct from the definition of ]Wg"'“[’ for codimension-0 stratum W, ,. For
Condition (2), by 2.1.1 and the dlscussmn for the first collection of R, we may
take § = 1/p and € = 1 — 1/ p regardless of the cases of W, ,. For Condition (3),
the only nontrivial part is to prove the connectness of

sp7' (@) N R, = sp™ (@) Ny AWE 1) Nwi AWET 1)
=10 esp (@) wr (Q) €IWE [ wr(Q)

gen

€l wr (¢, n>[ }

foreach Q € Wl =wpg (Wge"(w ) N wy, (Wge"((p ) Where W,, . is a stratum of
codimension 1. Let £(¢) N = {B} and p € S such that B € B,. We have several
cases.

e p ¢ Ty and p ¢ T,. In this case, the stratum Wle (o.n and Wsz(w,n) are in
the same case as classified in Definition 5.6. If 0 = (A, H) € sp’l(a) and
wr,(Q) = (A;, H;) for i = 1,2, then we have a canonical isomorphism of
p-divisible groups

A[p™] = Ay [p™] = Ap[p™]. (6.9.1)
If both Wy, (»y and W,,(, , are both in Case 2(a), then sp~'(Q) N Rw,, =
~1(Q), which is clearly connected. If both of them are in Case 2(b), we have

fo—1
_ — 1
sp~' (Q) NRy,, =sp ' (0Q) ( E o 1) ,
B

i=1

which is also connected. If both strata are in Case 2(c), using the isomorphisms
(6.9.1), we see easily that, for Q € sp~'(Q), wr, (Q) € ]W,f](w pl andwr, (Q) €

]Wge"«o [ hold if and only if O € JWE[". Hence, we get

sp~'(Q) N R, =sp~(Q)NIWET,
which is connected by Proposition 5.15.
e p e T and p € 7,. We have then
sp”! Q)N Rw,.,
=w,' (sp‘l(wp(Q)) Nwpl o AWS ) Nwrl, AWED [/)) :

WT(p.n)
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As u)‘1 is an isomorphism sp~'(Q) N RWM is connected if and only if

sp~! (wp(Q)) Nwy' o) (]Wf,ern(w 2N wy- wmAWES 1) is. We conclude thus
by the previous case.

e p lies in one of 7| and T;, but not in the other. In this case, exactly one of
Wur o and Wy, . is bad in the sense of Definition 5.5. We may assume
thus that Wy, (., s bad and that W, () is good. We have then

sp~'(Q) N Ry, =sp (Q) Nwz' AW, 1)
wy! (sp~' (wr, (@) NIWE" ).

As wy !is an isomorphism, the connectivity of sp~'(Q) N Ry, follows from
Proposition 5.15. 0

Forany S C S, let Xs = (Jycs wr ).

LEMMA 6.10. Let p € S C S, and let n be an ideal of Oy prime to p. The
following hold true.

(1) Every connected component of o™ (Xs) contains a~'(sp~'(W)), where W is

an irreducible component of Wy g C Y.

(2) Every connected component of ia‘l (XN w, Y(Xy)) intersects a region of
the form n[:l(f)gg‘gll) = nlf‘]la‘l@)‘rggll), where 1 is a multiset of intervals

satisfying I, = I} given in Definition 6.1.

Proof. Since « and m; , are finite flat maps, it is enough to prove the statements
with all instances of 7 i a~!' removed. For part (1), by Proposition 6.8 and
in view of the definition of X, it is enough to prove that, given T, T, C S
with 7, = T; U {p} for some p € S, every connected component D of wr, ()
intersects w;}l(ZJ). As wy, is an automorphism, we have D = w;zl(D’), where
D’ is a connected component of X. It is, therefore, enough to show that
w, (D) intersects X. By Proposition 6.8, D’ contains sp~'(V), where V is an
irreducible component of Wy () for some g € B,. Therefore, w,'(D’) contains
sp‘l(w; '(V)) which intersects X, as w, '(V) is an irreducible component of
w, '(Wg (5)), easily seen to be a nowhere-étale stratum of codimension 1.
For part (2), we write

ZsNw, ' (Zg) = U wi (2) N wr ().

N, 1S
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By Proposition 6.8, every connected component of every term appearing in the
union above intersects a region of the form Qj‘ritg‘g] I, where [ is a multiset of
intervals satisfying /, = I} This proves the result. 0

LEMMA 6.11. Let n be an ideal of Oy prime to p, and letp € S. Let W be any of
a™ ! (Zs), @ w, (Z), SLfg‘glLfor any I. Then, 7, , (W) = ;W) =7, ; (W)
forall j, € Op/n.

Proof. All of these regions are defined via the p-divisible group of the HBAYV,
and dividing by a subgroup of A[n] leaves that p-divisible group unchanged,
as pmn. O

Consider a collection {fr : T C S} of elements of M;(Fl (Np); K), as in
Theorem 4.1. Then, by Theorem 5.8, each fr extends analytically to o' (X).

THEOREM 6.12. Let the notation be as above. Each fr extends from a~'(X) to

a'(Zs) = Jwr' (@ '(2)).

TcS

Proof. We will assume below that the collection of characters is ramified at all
p € S (as explained in Condition (1) in the statement of Theorem 4.1). The case
where the collection of characters is unramified at all p € S is proved in [19], and
the intermediate cases can be proved by a straightforward mixing of the argument
in [19] and the argument below.

By symmetry, it is enough to prove the theorem for fj. We prove by induction
that, if S C S, then all elements of Fg := {fr : T € S — S} can be extended
to a~!(Xs). We have already proven this for § = ¢, and we need to prove it for
S = S. Assuming that this claim holds for § C S, we show that it holds for SU{p},
wherep € S — S.

As in the proof of [4, Theorem 10.1], we would ideally like to glue fr
and wy(frup) to extend fr from o '(Xs) to o ' (Zsyy)). However, two
complications arise. First, it turns out that w,( fryp)) is no longer equal to fr,
since, unlike the classical case, the characters y; will have conductor away from
p (essentially due to the existence of totally positive units). This necessitates
the introduction of the auxiliary variety Sﬁg over which a candidate for the
replacement of fry, lives. Second, unlike in the elliptic case, the fr are not
defined over the entire nonordinary locus, and this causes complications in the
gluing process in that the overlap regions will have several connected components
that need to be controlled. This issue can be resolved using our detailed study of
the connectivity properties of certain regions on 2), in Section 6. For this to
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work, it is crucial that our analytic continuation result, Theorem 5.8, provides a
‘big enough’ domain of automatic analytic continuation for the f7.

For any fractional ideal a of O;, we consider a cusp Ta, of :”’;rig which
belongs to the connected component Srig,a of f’)rig, where the polarization module
is isomorphic to (a, at) as a module with a notion of positivity:

Taa = (Gn®0;)/" . [5,)),

the notation being as at the beginning of this section. We assume that the subgroup
generated by the level Np structure is the image of (G, ®Dzl )[pN]. Let n* denote
a generator of the sheaf w* on the base of Ta,. Letp ¢ T D S be as above. For
any choice of a, we write

frTag) = Y axwa’nt,

ge(aht

Jrup(Taq) = Z bewq*n",

ge(a Dt

recalling that they are both normalized in the sense that ¢(Oy, fr) = ¢(Oy,
Sfruy) = 1. By [39, (2.23)], we have a; ) = c((§)a, fr), and similarly for bgq).

For simplicity of notation, let us denote x7u/xr by ¥, and put O, = O,,.
By the assumptions stated in Theorem 4.1, and since the collection of characters
is assumed ramified at p, ¥ has conductor pny for some integral ideal ny|N, and
Yrp = w;d{p},p = llf‘1|@; mod 1 + pO, is a nontrivial character of (O /p)*;
we denote these common characters by v,,. We set n := ny, and let v, be the
character of (O, /n)* which is obtained as ¥ ~! lpx mod Iy, (1+ godam). Let o
(respectively, s,) denote the U,-eigenvalues of fr (respectively, frug))-

Letc, e p'a”! —a'and ¢, € n7'a™! — |, qn~'a”! (where g runs over

prime ideals) be such that Tag = (Taq, g, [¢a], g°) is a cusp on SE; Fix an

isomorphism O /p x Oy /n — p~'n~'a~!/a~! such that its restriction to Oy /p
(respectively, to O, /n) is given by multiplication by ¢, (respectively, by c,), and
denote its inverse by

(to, ) :p 'n a7/ at - Op/p x Op/n.

LEMMA 6.13. Let the notation be as above. We have the following.
(1) Forany € € (p~'n"ta™h)* — Uaginp (gp~'n"ta™h)*, we have
ag(pna) = Cry (1, (5)) Yn (10 (8)) be (pnar),
where C is independent of §.

(2) Ggpna) = Tplsnay Depna) = Spbecna forall§ € (n~'a™)™.
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Proof. Let m be a fractional ideal of L prime to pn (the conductor of ¥).
By the weak approximation theorem, there is A, € A; such that the ideal
generated by A, equals m, and such that, for every prime ideal q|pn, we have
(Am)q = 1 mod ¢g°%®™_In this proof, we will view ¥ as a character of A} /L*.
In particular, we have ¥ (m) = ¥ (A,,) for any m prime to pn, and any choice of
A as above.

By assumptions, (&)pna is prime to pn, and the assumptions in the statement of
Theorem 4.1 tell us that

ag(pna) = c((E)pna, fr) = ¥ (Agpna)c((E)Pna, frup) = ¥ (Aepna)bs (pna).

So, to prove (1), it is enough to show that, for any &, & as in part (1) of the
lemma, we have 1//,3(tp(é/)tp(&‘)*')wn(tn(é/)tn(é)*‘) = W(Age-1y), noting that
Le-1 makes sense, as € ~'£’ is prime to pn by the choices.

For every place v of L, let i, : L* — L C Aj be the natural inclusion. We
can write

W (hee ) =¥ Qeen(E)'E) = Wlox (ip((EN) Ny oy (4 ((8)7'8))
= ¥, (€)' mod 1+ pO,p) ¥, ' ()76 mod My (1 4 4”1 Oy)),

where we have used that (£')7!& is totally positive and, hence, ¥| LegR
((¢)7'€) = 1. To end the proof of part (1), we use #,(§)t,(§)~" = &'&7!
mod p (which implies that ¥, (7,(§)t,(6)™") = ¥, ('€ mod 1 + pO,)), as
well as a similar statement at n.

Part (2) is immediate, since fr and fry,) are U,-eigenforms with eigenvalues
T, Sp, rESpectively. |

Let f =7 (fr) and g := D, Lo,/ ¥a (G)Pr7s; (fru), which are
both defined on 7 o~ (Z5) = 7, (Zs) (Lemma 6.11).

LEMMA 6.14. We have the following equality over m; o~ (X5) C Sgs:

S G, () = CWEL ) W) (05, () — 5,77,(8)).
Jp€(OL/p)*
where W (.) denotes the Gauss sum.

Proof. By Proposition 5.9, both sides are defined over n[én[}la—'(zs). By
definitions, we have, for terms appearing on the right-hand side of the equation,

primy s (Frop)(Ta®) = pr* fropm (G, @07/ < g% L g &l >, (&)

.ll n k
= Z bé(na)(ﬁ ' (E>q§’77~

ée(n‘la‘1)+
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priy 5 s (froe)(Ta’) = pr fropm (G, ®0.') /< q" g7, gLl >, [5))

= Z bé(pna)é".{ntn(%‘)qén7
Ee(p—ln—la—l)Jr

Similarly, for the terms on the left-hand side of the equation, we can write
Py 5 W (F)(Ta®) = pr' fr (G ®0,)/< g% g™ g " > [5,])
= Z e pnay P S g 0t

ée(p*ln”a’l)*

Using the above calculations, Lemma 6.13, and the fact that the U,-eigenvalues
of the fr are all assumed zero for q|N, it follows easily that the two sides of the
desired equation have the same g-expansion at the cusp Ta’. To prove the lemma,
it is enough to show that every connected component of 7, ;nf (X)) C SHg
contains such a cusp. Every such connected component maps surjectively to a
connected component of a~!(Xy), since 7, , and 7y, are finite flat. The claim
now follows from part (1) of Lemma 6.10. I

We continue the proof of Theorem 6.12. By the induction assumption, fr
extends to X, and wy ( frugp)) extends to wgl(ES). By Lemma 6.11,

h = NpoM®ry f — Cyp(=DW @)Wy ) ™ wy(g)

is defined over nlfi(Es N w;'(Z‘S)). By Assumption (1) in Theorem 4.1, i has
(nontrivial) character ¥/, at p.

In what follows, we will use the shorthand notation A for the data (A, Py,
Q.). Let I be any multiset of intervals as in Definition 2.2 such that I, = H*
and YIS'T € T Let (A, P, Qy) € mm RS D = 7y, nzn(s';g‘ﬂl)
(Lemma 6.11). We write

Nijo®)ry f (A Qp) = pr'f(A/(Py), 0y)
= D PrSA/GPy+ Qy) O)

Jp€(OL/p)*

== D> (P f(A/Gp Py + Qp). Py)
Jp€(OL/p)* -

=Y (=1) Y (s (A, Py, Q)
Jjn€(OL/p)* -

= Co(Pr'g(A/(Qy), Py) = 5p8(A, Py)),
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where Cy = Cyr, (— D)W (Y)W (") 7", In the first equality, we have used the
fact that U, (f) = r, f, and, in the last equality, we have used Lemma 6.14. We
must note that, by Lemma 6.3, all the terms in the above calculation are well
defined.

It follows that, if R = (A, Py, Q) € 7, 7,

23D, we have

h(4, Qq) = pr f(A/(Py), 0,) — Cospg (4. Py).

For j, € (O./p)*, let Jp denote its inverse. Lemma 6.3 implies that both
points Ry = (A, jyP, — Qp, Py) and R, = (A, Py — j,Qp, Q) belong to

! (S‘ri’g'g' I). Applying the above equality to R, and R,, we deduce that

S
h(A, Py) =V, (jp)h(A, Qp),

A(S\rggl I). Since v, is nontrivial, it follows that

pTL
h = 0 on n;,i(?,gf‘g). Choosing I as in part (2) of Lemma 6.10 allows
us to deduce that &~ = 0 on the bigger domain 7, ya~'(Zs N w;l(Z‘S)) =

e (s N w,'(Zs)) (Lemma 6.11). Therefore, Np,q(p)r,f defined on

—1

for any (A, Py, Qp) € 7y,

7, . (Zs) and Cow,(g) defined on w, 7,0 (Zs) glue to extend f to
e (X5 U w;l(Es)) = 15 00 (Zsup))- Since f = primy, (fr), it follows
that f7 can be analytically extended to &' (Xsy(y)). This end the proof. O

7. Further analytic continuation

The aim of this section is to show that the overconvergent modular forms
obtained in previous sections can be further analytically continued to the entire
Hilbert modular variety; that is, they are classical.

THEOREM 7.1. Let f be an overconvergent Hilbert modular form of level
Iy (Np) and weight k. Assume that f extends analytically to o =" (Xs), where

Y5 = U wil (D).

TcS

Then, f is classical.

Using Theorems 6.12 and 7.1, one immediately deduces Theorem 4.1. In the
following, we prove Theorem 7.1.

LEMMA 7.2 (Rigid Koecher principle). Let V be an admissible formal scheme
over Ok, and F a locally free Oy-module of finite rank. Let Vs, be the rigid
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generic fiber of V, and let F, be the rigid analytification of #. Suppose that the
special fiber Vyy of V satisfies the S,-condition. If Uy C 'V, is an open subset with
complement of codimension > 2, then the natural restriction map

HO(Vnga fng) _> HO(SP (UO) rlg)

is an isomorphism.

This lemma is a classical result in rigid analytic geometry. For a proof,
see [43, A.3].

Proof of Theorem 7.1. Let a, (ar) be the push-forward of the sheaf @* on 3 via
the finite flat map o : 3ng — erlg For any admissible open subset U C 2_)ng, we
can identify H%(a~'(U), o*) with H*(U, o, (w*)). By the rigid GAGA, we just
need to prove that £, which is a priori a section of o, @* defined over X, extends
analytically to erig- If T C Sisasubset, weputt(T) = ]_[peT pand t(T) = (p)/t.
We have w'(deg™' (1)) = deg™' (L.(y)), where 1.5, € [0, 1]¥ is the vector with
B-component equal to 1 if 8 € By ) = Uyer)By, and O otherwise. Since X
contains deg™' (1) by definition, the region Ures wr '(deg™'(1)) is contained in
Xs. As Q). together with {wy ! (deg_l (1)) : T c S} form an admissible cover of

@riga it suffices to show that f can be extended analytically to ). The existence
of an integral model 3 of Zx finite flat over ) implies that the sheaf o, ()
over )y, is the rigidification of the locally free Oy-module w* R0y ®:(O3).
Therefore, by the rigid Koecher principle 7.2, it suffices to show that there exists
a closed subset V. C Y of codimension > 2, such that X5 contains the tube
sp (Y = V).

For p € S, let w, be the automorphism of [0, 1% given by a + b with
bg =1—ag for B € B, and by = ag otherwise. For a subset S C S, we define wy
to be the composite of the w, with p € §, and w = wg. Let x be a vertex point of
the hypercube [0, 1]%, and let W, be the corresponding stratum of codimension
0. We define

Ty={peS:x53=0,VB € B,},
={peS:x=1VYBeB,},
T, =B\(Th,UT).

It is immediate that both W, (., and W, ;. ) are nowhere étale (see 5.4 for this

notion). Therefore, by definition, X' contains sp™" (W, ") U W, . )); hence,
X5 contains the admissible open w;, (sp‘l(Wug)eT"( ) U wr i sp!( W )5
which equals

gen gen
(w (W Q))UwToUTz( wTOUTZ(J»)))
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Note that wy, (W”en ) U wTOUTZ(Wgen )) is an open subset of W,. We denote

wr, (X wryuT, (X

by V, its complement in W,, and by V, the closed closure of V, in Y. By
Proposition 2.8, V, has codimension > 2 in W,, so V, has codimension > 2in Y.

Letabe an edge of [0, 1]%, and W, the correspondlng stratum of codimension 1.
There exists a unique By € B such that a consists of the points a = (ag) € [0, 11®
with ag, € (0, 1) and ag € {0, 1} for B # By. Let Sy C S be such that ag = 0
for all B € B,, and py € S with B, € py. Then both W, @ and W, ) are
nowhere étale. Hence, by definition, X5 contains the subset

Wa = wg AWS [ Uw, AW @)

ws, (a)

SoUlpg) (@

Note that W, C sp~'(W,). We denote by Wng ) the reduced closed subscheme

associated with the complement of Wug)zn(a) in Wy @- Then W;‘;g(a) has
codimension > 1 in Wy @). We put

_ -1 sing smg
Va = wg (W, 7)) U wSOU{Po}( Wosootpo @)
so that
_ -1 gen —1 ge

Wa = Va = wg (Wil oy Nw, (Wl o)
Note that exactly one of Wy, @) and Wy, @ 1s @ good codimension-1 stratum
in the sense of Definition 5.5. Hence, one has (W[ =]We"[ for either
W = Wyg@ or W = Wy ,,@ by Definition 5.6. It follows immediately
that sp~' (W, — Va_) C W,. We let V, be the closure of V, in Y. Since W, has
codimension 1in Y, V has codimension > 2 in Y. Finally, we set

v=[UV. u(UVa>U< U W),
X a codim(W)>2

where x runs through all the vertexes of [0, 1]%, a though all the edges, and
W through all the strata of codimension > 2. This is a closed subset of ¥
of codimension 2. By the discussion above, we see that Xg contains the tube
sp~' (Y — V). This finishes the proof of Theorem 7.1. O

8. Residual modularity

Let F be a totally real field (on which we will put various conditions). In this
section, we prove that certain mod-p representations of Gr = Gal(Q/F) are
modular.

8.1. Modularity of icosahedral mod-5 representations of Gr. We begin
with a lemma.
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LEMMA 8.2. Let F be a totally real field. Suppose thatp : Gr — GLy(Fs) is a
continuous representation of G = Gal(Q/ F) satisfying the following:

e p is totally odd,
e D has projective image As,

Then, there is a finite soluble totally real extension F C M C Q and an elliptic
curve E over M satisfying the following conditions:

e pps:Gy = Gal(@/M) — Aut(E[5]) is equivalent to a twist of p|g,, by some
character,

® Drs: Gal(@/M(Q)) — Aut(E[3]) is absolutely irreducible,

e E has good ordinary reduction at every place of M above 3, and potentially
good ordinary reduction at every place of M above 5.

Proof. Suppose that [F(¢s) : F] = 4. Then the mod-5 cyclotomic character
€:Gal(F(¢s)/F) — (Z/57)* is an isomorphism. Let F| be the unique quadratic
extension F(+/5) in F (¢s) of F corresponding to the index-2 subgroup of
(Z/57)".

Following Taylor [42], since the kernel of the projection SL,(Fs) — PSL,(Fs)
is {£1}, the obstruction for lifting Gal(f/F) — PSL,(Fs) to SL,(IF5) lies in
H*(Gal(F/F), {&1}) = Br(F)[2], and we shall ‘annihilate’ the obstruction by
quadratic base-changes. Since F'(¢s) is totally ramified at 5, so is F;. Hence the
image in the local Brauer group of the obstruction at every place of F; at 5 is
trivial. One may and will choose F; to be a totally real quadratic extension of
F such that all the places of F not dividing 5, at which local images of the
obstruction are nontrivial, remain prime; and every place of F above 5 splits
completely. Let L be the bi-quadratic extension F; F;, of F.

Suppose that [F(¢5) : F] = 2. Choose a totally real quadratic extension F; of
F in which every finite place of F' not dividing 5, at which local images of the
obstruction are nontrivial, splits completely, while every place above 5 remains
prime. Choose a quadratic extension F, of F as above. Let L = F| F;.

In either case, the restriction to Gal(F(¢s)/L) of the mod-5 cyclotomic
character defines an isomorphism to the order-2 subgroup {£1} of (Z/57Z)*.

The image of the obstruction for Gal(f/ L) — PSL,(IF5) to SL,(F5) therefore
lies in H*(Gal(F /L), {#1}), and it has local image trivial everywhere except at
the infinite places of L.

Since the kernel of the square (Z/5Z)* — {£1} is {Z=1}, the obstruction, for
lifting the cyclotomic character Gal(f/ L) — {£1} to a character Gal(f/ L) —
(Z/57Z)* whose square is the cyclotomotic character, lies in H*(Gal(F/L),
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{£1}). Evidently, the image of the obstruction in H 2(Gal(f/ L), {£1}) is trivial
everywhere except at the infinite places of L.

Hence, there is no obstruction for lifting projp : Gal(F/L) — As to p, :
Gal(F/L) — GL,(Zs) with its determinant mod-5 cyclotomic character.

Choose, by class-field theory, a finite soluble totally real extension L’ of L such
that p; is trivial when restricted to the decomposition group of every place in L'
above 3 and 5. The construction follows from class field theory; see Lemma 2.2
in [42] of ‘Chevalley’s lemma’, for example. Let M be the Galois closure of L’
over F (note that M is soluble over F'), and let p,, denote the restriction of p, to
Gal(Q/M).

As in Section 1 of [38], let Y5, /M (respectively, X5, /M) denote the twist
of the (respectively, compactified) modular curve Y5 (respectively, Xs) with full
level-5 structure. As proved in Lemma 1.1 of [38], the ‘twist’ cohomology class is
in fact trivial, and therefore X5, ~ Xs and Y3, is isomorphic over M to a Zariski
open subset of the projective line. In particular, Y5, has infinitely many rational
points.

Let Y3, 0(3) denote the degree four cover over Y5, which parameterizes
the isomorphism classes (E, ¢s, C) of elliptic curves E equipped with an
isomorphism ¢s : E[5] >~ p,, taking the Weil pairing on E[5] to € : A%p,, — us,
and a finite flat subgroup scheme C C E[3] of order 3.

Let Y5, spit(3) denote the étale cover over Y5, which parameterizes the
isomorphism classes (E, ¢s, C, D), where (E, ¢s) is as in Y3, , and where (C,
D) is an unordered pair of finite flat subgroup schemes of E[3] of order 3 which
intersect trivially. Then, it follows from Lemma 12 in [35] that Y5, «i(3) and
Y5,,.0(3) have only finitely many rational points.

For every prime p of M above 3 (respectively, 5), the elliptic curve y* = x* +
x? — x (respectively, a twist of the CM elliptic curve y> = x* + x) defines an
element of Y5, (M,) with good ordinary reduction, and we let U/, C Y;,(M,)
denote a (nonempty) open neighbourhood, for the 3-adic (5-adic) topology, of the
point, consisting of elliptic curves with good (respectively, potentially) ordinary
reduction at p.

By the Hilbert irreducibility theorem (Theorem 1.3 in [12]; see also
Theorem 3.5.7 in [37]), we may then find a rational point in Y5, (M) which lies in
U, for every p above 15 and does not lie in the images of Y, ¢(3)(M) — Y5, (M)
and Y5, i (3)(M) — Y5, (M). The elliptic curve over M corresponding to the
rational point is what we are looking for. O

THEOREM 8.3. Let F be a totally real field. Let p : G — GLi(E) be a
continuous representation of the absolute Galois group Gr = Gal(Q/F) of F
which satisfies the following conditions:
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e p is totally odd;
e D has projective image As.

Then p is modular.

Proof. This can be proved exactly as in [36, Section 2]. Choose an elliptic curve
E over a finite soluble totally real extension M of F as in the preceding lemma.
Replace M by its finite totally real soluble extension, if necessary, to assume that
the mod-3 representation 0 5 is unramified at every prime of M above 3. As
argued in the proof of Theorem 3.5.5 in [23], one can do this with the absolute
irreducibility of P 3|ga @, m) Intact.

By the Langlands—Tunnell theorem, there exists a weight-1 cuspidal Hilbert
eigenform f; which gives rise to p ;. By 3-adic Hida theory, we may find a
cuspidal Hilbert eigenform f, of weight 2 and of level prime to 3, ordinary at
every prime of M above 3, which gives rise to p ;. As E is ordinary at 3, f,
renders pg3 : Gy — GL(TZE) ‘strongly residually modular’ in the sense of
Kisin [23], and it follows from Theorem 3.5.5 in [23] that T3 E is modular. By
Falting’s isogeny theorem, E is therefore modular. As p; 5 is modular, p|g,, is
modular. It then follows from Theorem 3.2.1 of [3] that p is modular. I

REMARK 8.4. When the first draft of this paper was written, our theorems about
modularity of mod-5 representations of Gal(F/F) came with conditions at 5;
they also appeared in our main theorem about the strong Artin conjecture. At that
time, [3] was not written up, and, in order to establish modularity of the mod-5
representation r of the absolute Galois group of a totally real field L with the
image of proj(r) being As (for example p, in the proof of the lemma above),
it was necessary to assume that either r is distinguished (with a view to making
appeal to Ramakrishna/Taylor lifting argument), or the kernel of proj(r) does not
fix L(¢s) (with a view to using the Khare—Wintenberger ‘finiteness of deformation
rings’ argument to lift » to a characteristic zero lifting that is modular). The
main theorem of Barnet-Lamb, Gee, and Geraghty [3] completely solves this
inconvenience for us.

9. Hida theory and A-adic companion forms

9.1. Hilbert modular forms. Let L be a totally real field. In the following,
we will define Hilbert modular forms as true automorphic forms for the group
Res; oGL, r. See Remark 3.1 for the relationship between these forms and the
geometric Hilbert modular forms defined in Section 3.1.

As before, O, denotes the integers of L, and 0, the different of L. Let A; =
A% x Lo denote the adeles of L. By oo, we shall also mean the product of the
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infinite primes of L. For an ideal M of Oy, let L,; denote the strict ray class field
of conductor Moo.

Let U;(M) denote the open compact subgroup of matrices (Z Z)

GL, (O, ®y, ’2) such that c = 0 mod M, and d = 1 mod M. Let C,_ denote the
strict ray class group mod Moo; thatis, A /L* (A7 N U (M))LL*. Let p be a
rational prime, and fix an algebraic closure @1, and an isomorphism @p — C.

If k € Z, let S ,=1(U;(M); C) denote the C-vector space, in the sense of
Hida [16], of parallel weight k = Y.y, (r.») kT cusp forms of level U, (M).

Let S (U (M)) (respectively, S;(U;(M); R) for a ring R C @p) denote the
subspace of forms f in Sy ,—;(U;(V); C) whose Fourier coefficients c(n, f) € Z
(respectively, R) for all integral ideals n of ;. These spaces come equipped with
action of C; y via the diamond operators q + (q) for a prime q t M, T, for
a prime q { M, and U, for a prime q|M. Let h (M) denote the sub-Z-algebra
of End(S,(U,(M))) generated over Z by all these operators. For a prime q 1 M,
define S, by (N0 ) *(q).

Fix an integer N prime to p. For the ring O of integers of a finite extension K
of Q,, let e denote Hida’s idempotent [16, Section 3] of ordinary forms. We set

hp(N) = lime(hy(Np") @z O).

r

We have a natural map (induced by the diamond operators)

(): CLape SHMCp vy = AS /L (AT N UINP®))LL™ — h(N)*,

r

9.1.1)
where by A7” N U;(Np™) we mean the set of elements in A7™ N U;(N) which
are 1 at every prime p of L above p.

We let Torg y,~ (respectively, Fr; y,~) denote the torsion subgroup
(respectively, a maximal Z, free subgroup of rank 1 4+ § with § = 0 if the
Leopoldt conjecture holds) of C; y,~, and let Ao denote the completed group
algebra over O of Fr; y,~. Note that h%(N) is a Ap-module via ( ). In [16],
Hida proves that 1% (N) is a torsion free module of finite type over Ae.

We denote by

Art: AY/LXLE* — Gal(L/L)™
the (global) Artin map, normalized compatibly with the local Artin maps

which takes uniformizers to arithmetic Frobenius elements. By abuse of
notation, we shall let Art also denote the induced homomorphism C; yp~ —

Gal(Ly (pp<)/L).

https://doi.org/10.1017/fms.2014.12 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2014.12

Modularity lifting results in parallel weight one: the tamely ramified case 51

Let € denote the cyclotomic character
€:Gal(Ly(uy=)/L) > 25— Q.
We will let €°"° denote the character
G, = Gal(L/L) — Gal(L/L)™ — Cp npx <> O[CpLypx]* = Ao[Tory yp=]*.
Note that q — §, extends to a homomorphism
S: AolTor, ype] — hp(N)*.

If m is a maximal ideal of h% (N) with residue field k(m), there is (see Taylor
[41], Carayol [7], Wiles [44], and Rogawski and Tunnell [33]) a continuous
representation

Pm : G = GLy(k(m)),

such that, for all prime ideals q not dividing N p, the representation is unramified
at q and trp, (Froby) = T,.

Let I be a finite extension of the field of fractions of Ao, and O the integral
closure of Ay in £. We call a Ap-algebra homomorphism

Fy: h%(N) — Ok

a A-adic eigenform (‘H’ for Hida). If the unique maximal ideal m C h% (N) above
ker Fy is non-Eisenstein, that is, p,, is absolutely irreducible, it follows from
results of Nyssen [25] and Rouquier [34] that there is a continuous representation

pry : Gr — GLy(h% (N) ) 25 GLy(Ox).

which is unramified for all primes q { Np, and satisfies trpp, (Froby) = Ty, and
detpr, = S o el° Moreover, it follow from work of Wiles [44] that, for every

plp,
* *
pFH|Dp ~ 0 ¢p )

where ¢, is the unramified character of the decomposition group D, at p sending
Frob, to F(U,), and the product of the diagonal characters is (Fgo §) o €| Dy-

9.2. A-adic companion forms. Let F be a totally real field with ring of
integers Op. Let Sp be the set of prime ideals of Op above p. Assume
that p is unramified in F. In the following, we construct a finite totally real
soluble extension L of F and 2°:! overconvergent Hilbert modular forms on
Res;,oGL, ;. whose various twists by characters of finite order give rise to the
Galois representation in question.
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THEOREM 9.3. Let O be the ring of integers of a sufficiently large finite extension
of Q,, with maximal ideal m. Let p : Gal(F/F) — GL,(O) be a continuous
representation satisfying the following.

e p is unramified at only finitely many places of F;

o ifp & (p mod m), there exists a cuspidal Hilbert modular eigenform f such
that py is potentially Barsotti-Tate and nearly ordinary at every place of F
above p and such that p , >~ p;

e 0 is absolutely irreducible when restricted to Gal(f/ F(p));

e for every place py of F above p, the restriction of p to the decomposition group
at p is the direct sum of characters oy, and By, such that the images of the
inertia subgroup at p, are both finite, and a,, /By, 71 mod m.

Then, there exists a finite totally real soluble extension L of F in which every
prime of F above p splits completely, a finite set S of finite places of L prime to
p satisfying the following conditions:

e for any subset T of places of L above p, there is a character
xr : Gal(F/L) — O~
and a A-adic eigenform for L
Fur : h(N) = Ok,

where N is an integer prime to p and divisible by all the places in S, Ox is
the integral closure of Ao in a finite extension K of Frac(Ap), fogether with a
height-one prime o of Ox such that

— (pryy mod ©7) = plou/Ly ® X7 -

— Let p be a place of L dividing p, and py denote the place of F induced by p
so that L, = F,,. Let a, and B, denote the characters of Gal(L,/L,)
corresponding to «,, and P,,. Then a,/xr (respectively, B,/xr) is
unramified if p € T (respectively, if p ¢ T ), and we have

(ap/xr)(Froby) ifpeT,

Fyur (U, dpr) =
(Fu,r(Up) mod pr) (By/xr)(Frob,) ifp ¢ T,

where Frob, € Gal(L,/L,) denotes a Frobenius element.
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Proof. As in the proof of [23, Theorem 3.5.5], we may and will choose L to be a
finite totally real soluble extension of F such that

e cvery prime p of F above p splits completely in L,

o if p = PlGaiF/1)» then py is totally odd, and is ramified precisely at a finite set
S of finite places of L and possibly at places above p; at every place in S, the
image of the inertia subgroups is unipotent,

e p, = (p, mod m) is unramified outside p and is absolutely irreducible when
restricted to L(¢,),

e there exists a cuspidal automorphic representation g = BC(f) of GL,(A.)
such that p, ~ p, and g is nearly ordinary at every place of L above p and is
special at every place in S.

By class field theory, one can choose a character x7 : Gal(F /L) — O such
that, if p is a place of L dividing p, then x7|;, = s, forp € T and x|, = Byls,
forp & T. Let S}" be the set of primes p|p such that «, /B, is unramified. We can
and do arrange so that the characters yr satisfy xr = XT-sur for all T. In other
words, lfp (S Szr — T, then XT = XTU{p}-

Let pr = o ® XT_I and p; = (pr mod m). Since pr is p-distinguished,
we may appeal to the Ramakrishna/Taylor lifting argument (see Gee’s proof of
Theorem 3.4 of [13]) to construct a potentially Barsotti-Tate p-ordinary lifting

or of p; such that
Srlo. * ok
Prip, =\ or )

where ¢ is an unramified lifting of («, / xr mod m) if p € T and (B, / xr mod m)
if p ¢ T. It is indeed strongly residually modular in the sense of Kisin, since
the twist of p, by the Teichmuller lifting of ), defines a modular lifting of o,
and (since py is ordinary) it follows from Jarvis’s level lowering result [17] and
the Fontaine—Laffaille theory that the twist is ordinary and Barsotti—Tate at every
place of L above p. It then follows from Theorem 3.5.5 of [23] that there exists
a p-ordinary Hilbert modular form g7 whose associated Galois representation is
isomorphic to p7.

Let m; denote the maximal ideal of h% (N) corresponding to p,, ; in other
words, 0, ~pr and (U, mod mz) = (a,/ x7)(Frob,) forp € T and (U, mod my)
= (By/xr)(Froby,) forp & T.

It follows from Section 5 of [36] that there exists a finite extension /C of
Frac(Ap), a A-adic eigenform Fy 7 : h% (N)m; = Ox and a height-one prime
gr of Ok such that (pg,, mod gpr) is isomorphic to pr, (Fu,r(Uy) mod gpr) =
(ap/x7)(Froby) for p in T, and (Fyr(Up) mod pr) = (B,/xr)(Frob,), for
peT. O
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For every T C S, we define fr = (Fur mod gr). It is clear that the f7 are
p-adic ordinary eigenforms of parallel weight one, and it is standard that they are
indeed overconvergent.

LEMMA 9.4. The assumptions stated in Theorem 4.1 hold for the collection of
eigenforms { fr : T C S}, and the collection of Hecke characters {xr : T C S.}.

Proof. Recall that, by construction, pr = plgaz/;) @ Xr ' is the Galois
representation associated to fr for T C S;. Let N be an integer prime to p
and divisible by the prime-to-p part of the conductor of py forall T C S;.

We fix T C S, and p € S, — T. Then, the conductor of xru,/xr divides pN.
Indeed, assume first that «, /8, is unramified. By the construction of the x7 in
the proof of Theorem 9.3, we have xrupy/xr = 1, as desired. Now, assume that
o,/ By is ramified. For q € S, — {p}, let O, denote the ring of integers of L,. Then
we have xruplox = Xxrloy, viewed as characters of A /L* via class field theory,
because, by construction, they are either both ap| o or both |y . Similarly, we
see that (XTU{p)/XT)|c9; = (ozp/,Bp)|O; # 1. Since «, /B, is tamely ramified, it
follows that xry(y/xr has conductor pnr, for some nz|N.

Let ¢, r : O — O be the nebentypus character of fr at p, and let

WT N AZ/LX —> (jLvaoo Q) h(()j(N)X ﬁ) Ox

denote the Diamond character of fr, where ( ) is defined in (9.1.1). Then one has
Yor =¥r ! |o;- We will view ¥ equivalently as a continuous character of G
via class field theory. Then the determinant of pr is equal to ¥y, since fr has
parallel weight one. From the shape of p at p, it follows that

l1’T|O; = (O(p,BpX;ZNO; = (%/ﬂpﬂo;,

where the second equality used XT|o; = ﬁplo; since p ¢ T. Similarly,
we have Yryplor = (By/ap)loy. It follows that ¥r|px = (WTu{p}|o;)_l =
(Xruw)/ 7)o - Therefore, we have

Wp_,lr = Y Tutp) = (XTu{p}/XT)|O;

As the conductor of (xru/xr) divides pN, we see that all the fr are of level
I'i(pN), and the first assumption on in Theorem 4.1 is satisfied.

Let [ be a prime ideal of O, not dividing Np. Comparing tr(pr(Frob;)) and
tr(prugpy (Froby)), it follows that c(fr, ) = (xrug/xr)(De(frup), D. On the
other hand, comparing the determinants of o7 (Froby) and pry (Frob), we get
Ur /Wy = (XTU{p}/XT)z- Using these facts, and the formula for the Hecke
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operators Ty in terms of 7y and Wy (for a positive integer r), it is easy to see
that

c(fr, m) = (Xrugy/ xr) (M) (frupy, D

for any ideal m C O, which is prime to Np. If q| p is a prime ideal different from
p, then comparing c(q, fr) and c(q, fru) implies that the above relation also
holds for m = ¢, and hence for all m prime to pN.

Also, using a standard trick, we can assume that c(fr, q) = O0forall T C S, and
all q|N. This would require increasing N, but does not require changing the prime
ideal factors of N. Finally, the formula for c(p, f7) shows that it is nonzero, and
the assumption on the distinguishability of p implies that c(p, fr) # c(p, frup)
if /B, 1is unramified. 0

10. Modularity of Artin representations
THEOREM 10.1. Let F be a totally real field in which 5 is unramified. Let
p:Gr=Gal(Q/F) - GL,(C)
be a continuous representation satisfying the following conditions:
e p is totally odd,
e p has projective image isomorphic to As,

e forevery place p of F above 5, the projective image of the decomposition group
at p has order 2.

Then, there exists a holomorphic Hilbert cuspidal eigenform f of parallel
weight 1 such that p arises from f in the sense of Rogawski and Tunnell, and,
hence, the Artin L-function L(p, s) is entire.

Proof. Since p is an Artin representation, it has finite image and hence ramifies
at only finitely many places of F; if we choose an isomorphism ¢ : Q5 — C, so
is p, := "' o p. Conjugate p, if necessary to assume that the image of p, lies in
GL,(Zs), and let p, denote the residual representation G — GL,(Fs).

While Im (proj p,) reduces mod 5 to Im (proj p,), Im (proj p,) =~ As is simple,
and, hence, Im (proj p,) =~ Im (proj p,). In particular, Im (proj p,) is isomorphic to
PSL,(Fs5). Because of the assumption on the order of the projective image of the
decomposition group D, at p above 5, p,|p, is a direct sum of characters «;, and
By, and the image of Im (proj p,|p,) = Im («,/B,) assumes a cyclic subgroup of
order 2 in PSL,(IF5). Furthermore, the image of the wild inertia subgroup at p
above 5 cannot have order 2, hence 1, that is, o,/ 8, is tamely ramified at p.
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By Theorems 8.3 and 9.3, there is a finite soluble totally real field extension L
of F, and 25! overconvergent cusp eigenforms { fr}rcs, and 21! characters xr
of Gal(F /L) of finite order such that p;, = Pl Ga@/r) ® x7'. By Theorem 4.1,
the fr are indeed classical cusp eigenforms. Untwisting, o[, arises from a
classical weight-one form on Res;,oGL, ;. By automorphic descent, it follows
that p, arises from a classical weight-one form on Resp;oGL; p. O
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