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APPROXIMATION AND SPECTRAL PROPERTIES OF
PERIODIC SPLINE OPERATORS

by S. L. LEE and W. S. TANG
(Received 26th September 1989)

We consider discrete convolution operators t{ whose range is the k-dimensional space & spanned by the
translates of a single function. Examples of &% include the space of trigonometric polynomials, periodic
polynomial splines and trigonometric splines. The eigenfunctions of these operators corresponding to the
nonzero eigenvalues are independent of «, and they form an orthogonal basis for %. The limiting behaviour of
t{® as a, k— o0, is also considered. The corresponding limiting semigroups are computed explicitly.
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1. Introduction

For every positive integer k, let ¢, be an essentially bounded, measurable, complex-
valued 2z-periodic function defined on R, with Fourier series

du(x)~ Y i €™, (1.1)

where

-~

,M=2i j dux)e " dx, veZ

Let X,, be the Banach space C,, of all continuous complex-valued 2zn-periodic
functions on R, or the space L%, of all complex-valued 2n-periodic L-functions on R,
1<p< . For X,,=C,,, we further assume that ¢, is continuous. Let h:=2n/k, w:=¢™"
and suppose that ¢, ( - —jh), j=0,1,...,k—1, span a k-dimensional subspace % of X ,,.
Define T(®: =1, the identity operator on X ,,. For every positive integer o, define

QP =, x---xP, (atimes), (1.2)
the convolution of ¢, with itself « times, and for fe X,,, define

(TE2F) (x):= (¢ = f) () (1.3)

and
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k—~
(21 (x):= ; (TN GR)du(x —jh). (14)

1 l
k %o
For feC,,, t°f is also defined by (1.4).

Exampiles of ¢, and the corresponding subspace % include

(i) de la Valiée Poussin kernel

m 2
G(X) = pm(x):= Y —('"L—e‘", (1.5)

v=2m (m—V)(m+v)!

where k=2m+1 (see [1,3,14] and % is the space of trigonometric polynomials
of degree m,

(ii) uniform trigonometric B-spline 7, , which generates the space of uniform
trigonometric splines J, ([16,17]) which is studied in Section 5,

(iii) periodic polynomial B-spline b, , and % is the space of periodic polynomial
splines (see [13,15]).

Interpolation by linear combinations of translates of ¢, has been studied in [5] and
[11]. In this note we shall study the approximation and spectral properties of the
operators t® defined by (1.4). The spectral properties of t{* are studied in Section 2
where their eigenvalues and eigenvectors are obtained explicitly using the theory of
circulant matrices. The eigenfunctions of ¢ corresponding to nonzero eigenvalues are
independent of a, and they form an orthonormal basis for %. In Section 3 we study the
limiting behaviour of t®f as «,k—oco, which is similar to the iterates of positive
convolution operators [9]). The general theories of Sections 2 and 3 are applied to
periodic polynomial splines in Section 4 and to trigonometric splines in Section 5. The
resulting orthonormal periodic polynomial splines in Section 4 are the same as those
considered recently in [8]. In Section 5 we show that the corresponding set of
orthonormal trigonometric splines of degree m contains the finite section {¢”*: ~—m<v<
m} of the orthonormal Fourier system. In this case, the corresponding operator ¢\, f,
with a=0, is a discrete analogue of the convolution operator with trigonometric B-
spline kernel which was studied in [7].

2. The spectral properties of ¢\

For any positive integer a, the operators T{® and £\ defined on X,, by (1.3) and (1.4)
can be written as

(TP =5 | #E=0f@a @1

and
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N M =5 § W osOd, (22)
where
B~ B
and
WGsi=1 5 BOUR= 0l —ih. 3

For a=0, the operator t\”’ defined on C,, is given by

{; SR —h). 24

?rlv—*

') ()=

These are linear operators on X,,, and they are positive if ¢, is positive.
For every nonnegative integer a, the matrix of ¢{?: %— % with respect to the basis
{$e(- —jh):j=0,1,...,k—1} is the k x k matrix G®:=[g{* ]/k, where
gim=(TP (- —mh)) (Ih) (2.5)

for Lm=0,1,...,k—1. If a1, by (2.1),

;gom:zi J $th~0py(c—mh) di

= ¢ D(1—m)h).

Since T\’ =1, this last expression for g{*), is still valid when a=0.
Hence

g9 =@ V(I—mh) if a>0 and Lm=0,1,...,k—1. (2.6)

It can be shown easily that each G is a circulant matrix. The spectral properties of
circulant matrices are well-known (see [4, p. 73]). The eigenvalues of G are

A== Z go.0i",  j=0,1,... k-1,

L
k.

and the corresponding eigenvectors are (1,w’,...,0* )T j=0,1,... k—1. Hence the
eigenvalues of t!: &, — &, are
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k—1
M =aP=1 Y et O(—mhye”
m=0
1 %=1 .
=2 T et o™ j=01,..k=1, (2.7)
=0

with corresponding eigenfunctions

1 k—1 .
fk.jEfj:::% o' ¢+ —1h)
1=0
1 k—1 .
=— o o (- +1h), j=0,1,... k-1, 2.8)
k /=%
which are independent of a.
For f,gelL?_, let

1 7 ——

Sogyi=s- | gD
4 - N

be the inner product of f and g. We summarise some properties of A% and f; in the
following:

Theorem 2.1. For j=0,1,...,k—1,

fit- +h)=a)jfj, (2.9)

~ o ix(j+kp)
fj(x) pEZZ ¢k,]+kpe s (210)
Spfo=0 if j#l, (2.11)

1/2

» - Y . 2

150 =( 5 1esarl) o
A9 =140), (2.13)
W=7 dihhe, for azl. (2.14)

pel
Moreover,
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(i) if ¢, admits the Fourier expansion

$u(x)= T by €™, xeR,

veZ
then we have
[10=Y & jrip€V**?,  xeR, and (2.15)
peZ
1(0) > d)k j+kp Jor j=0,1,... k—1; (2.16)

pel

(ii) if ¢y is real-valued, then fy and i are real-valued, f;=f,_; and PRI ; for 20
and 1<j<k—1;
(1it) if ¢, is real-valued and even, then

fi)=f(-x), A=l o
for 0£j<£k—1 and a2 1, and
M9 =20

for 15j<k—1 and a=0.

Proof. The relation (2.9) follows from (2.8) and a change of variable. By (2.8) again,
the Fourier coefficients of f; are

1- iy -lvl
I3 %; T

which is 0 if v j(mod k), and is (ﬁk'jﬂp if v=j+kp for some peZ. Hence (2.10) holds,
and from which (2.11) and (2.12) follow. Comparing (2.7) and (2.8), we obtain (2.13).
Since @, is essentially bounded, ¢@* V=™ x ¢, is continuous with its Fourier transform

in I* for 2= 1. Hence
¢}‘a+l)(x)= Z&z:l eivx (217)
vel

where the Fourier series on the right hand side converges absolutely for every x in R.
By (2.7) and (2.17), for a2 1,

p=1y (pamar)or

l vel
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R lkl i
=Y it (k,z o ))

vel

=Z$Zj’ikp9 j=0,l,---,k—1.

pel
Hence (2.14) holds. The rest of the assertions in the theorem are easy consequences of
(2.7) and (2.8) and their proofs are omitted. O

Corollary 2.2. For j=0,1,...,k—1, let
E;=fi/lfill- (2.18)

Then {E;:j=0,1,...,k—1} is an orthonormal basis of % consisting of eigenfunctions of
.

Proposition 2.3. Suppose that for some 220,
AP0, 1=0,1,...,k—1. (2.19)

If efx): —e”"ey," for some jE{Ol . k=1}, then ¢ ;+,,=0 for every peZ\{0},
f} ¢k jep E ¢k1 ¢ﬁ+l and

t;‘p)e‘l=¢£‘tl ej

(2.20)
for every integer §=0.

( l;root;}; . Byl)thle_:I deﬁn;ticzlll4;>f T® and (2.1), TP e;=¢ ;e; for every integer 20
where ¢ ;=1). Hence by (1.4),

k—l

ti"’ej— Z @f se (i)l - —1h)

=$£ jf j*
On the other hand, t¥'f;=1%f.. Since t®: % — ¢, is injective by (2.19),
J J J
[i=2dise; (2.21)

By (2.10) and (2.21), &, 44, =0 for peZ\{0}, AP =¢%" and f;=4&, je; Hence (2.20)
holds and 1) =g{*! for every 20 by (2.13) and (2.14). Finally,

E;j=filll£ill2=x.;€if| P.s]- d
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3. Approximation properties of ¢\

Throughout this section, suppose that each ¢, is continuous, positive, 2n-periodic
with Fourier expansion

du(x) = ZZ br €™ xeR, (3.1)
such that
Fro=1, (3.2)
:im e =1, (3.3)
P11, =0 for every peZ\{0}, (3.4)
lim @, ; +4,=0 for every pe Z\{0}, and (3.5)

k—w
there exist a positive integer K and an absolutely convergent series Y ,.ob, such that
|@s.1+4p|S|b,| if k2K and p#0. (3.6)

It follows from the positivity of ¢, (3.2), (3.3) and Korovkin’s Theorem (see [2,
Proposition 1.3.10]) that

lim qAS,"j: 1 forevery jeZ. 3.7)

k~

Lemma 3.1. Let k and « be positive integers, h=2n/k, and ¢ and > be defined by
(1.2) and (2.3) respectively. Then

1t @
- & =1 3.
o _f" $P(tyde=1, (3.8)
lk—l lk—l
X Z (- —Ih)=£ Z ¢@(- +1h)y=1,and (3.9)
1=0 1=0
1 % 1 %
> f wﬁ“’(v,t)dt=£ | v, - )de=1. (3.10)

Proof. The relation (3.8) follows directly from (3.2). The first equality in (3.9) follows
by a change of variable. By (3.1), for every xe R

P =Y 8i., ™.

vel
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Hence
1 k—1 N ) 1 k-1 .
2 Z ¢}f"(x+lh)= ZM,&”" <_ Z ewlh)
k I=0 vel k 1=0
— Z 6:'” eikpx
pel
=1
by (3.2) and (3.4). Finally, (3.10) follows from (2.3), (3.8) and (3.9). O

As a result of Lemma 3.1, for every integer a =0,

T@1=1 and £°1=1. (.11)

Proposition 3.2. For a20and feX,, (feC,, if a=0),

1627 a0 < 1/ e (3.12)
Fora>1and fel},,
J N @dx= | fax a.13)

Proof. The relation (3.12) for X,,=C,, follows from (2.2) and (3.10) for the case
>0, and from (2.4) and (3.9) for a=0. For X,,=L%,, 1<p<oo, let 1/p+1/g=1. By
(2.2), Holder’s inequality and (3.10),

1/p

[(£@f) (x)|§<% jﬂ Y@ (x, 1) dt>1/" (2—; j‘" v 0| O d,)

1 n . » 1/p
=(z § v olsol dr) .
Hence by (3.10),

sz sz, § (55  veeoas)isopa

P=2m 2,

=115
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The relation (3.13) also follows from (3.10) and (2.2). O

Proposition 3.3. For every feC,,,
(PN =1 T, SR~ )= (.14

uniformly on R as k— co.

Proof. We first prove that (3.14) holds for f=e,, where e, (x)=¢* By (3.6),
Lebesgue’s Dominated Convergence Theorem and (3.5), we have

lim Z I(f;k,1+kp|= Z lim I$k,l+kp|=0' (3.15)
p#0 k-

k—w p#0

Hence for every xeR,

|(t§(0)e D (x)—ey(x) | =

eix< Z J)k, L+kp eikpx_ l)l

pel
él(zk.l—ll‘*' Z Id;k,1+kp|,
p#0

which tends to 0 as k— oo by (3.3) and (3.15). Thus

llm ”tio)el _el ”CZn =O
k— oo

It follows from this relation, the positivity of the operators (), (3.11) and Korovkin’s
Theorem that (3.14) holds for every f€C,,. O

Remarks. 1. Suppose that each ¢, is continuous, positive, 2n-periodic satisfying
(3.1), (3.2), (3.4) and

lim sup |¢(x)|=0 forevery 0<d<m.
k= 65|x|Sn

Then (3.7), Lemma 3.1, Proposition 3.2 and Proposition 3.3 are still valid.

2. For 1£p< oo, by Proposition 3.3, (3.12) and density of trigonometric polynomials in
L3,

lim ||t{°’f—f||Lg =0 for every felL3,.
k-0 *
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Theorem 34. Let {0,};>, be a nondecreasing sequence of positive integers. A
necessary and sufficient condition for {t{*f},>, to converge strongly in X ,, as k—oo for
every feX,, is that

lim d;i:‘v exists for allve Z. (3.16)
k= o
Furthermore,
lim || f#f —f||x,,=0 forall feX,, (3.17)
k— o

if and only if

lim ¢, =1,
k~+ oo

and

lim ||6f — fo||x,,=0 forall feX,, (3.18)

k-
if and only if

lim ¢, =0 for all veZ\{0}.

k=

Proof. If e,(x)=¢"*, veZ, then

(¥ e,) (x)=¢‘>:rv(1 5 ev(ih)qsk(x—jh)) (3.19)

Ej=0

by (2.1) and (1.4). Proposition 3.3 and (3.19) imply that t& e, converges strongly in X,,
as k—oo for all veZ if and only if (3.16) holds. Since {t{},,, is uniformly bounded,
the first part of Theorem 3.4 follows from the Banach-Steinhaus Theorem.

The relation (3.17) follows from Korovkin’s Theorem, since (3.19) with v=1, and
Proposition 3.3 imply that t®e,—e, strongly in X,, as k—oo if and only if
lim, ., $:kl =1

By (3.11) and (3.19), t{™e,—6, , in X,, as k—oo if and only if lim,_, ,, ¢z, =0,v#0.
Hence (3.18) holds. O

The results (3.17) and (3.18) correspond to two sgecial cases of the limit (3.16). We
now consider the general situation. Because of (3.2), |§, ,|<1 for all ve Z. Let

Orv=1—¢,, vel.
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By (3.7), lim,_, ,, & ,=0 for all ve Z. The limit (3.16) exists if

lim o6, ,:=¢&, exists, (3.20)
k=

where
Reé,eRu{+ o0} and Imé, eR, veZ.

In this case,
lim ¢, =e~%,  velZ. (3.21)

k— o0
Theorem 3.5. Let {o,},>, be a nondecreasing sequence of positive integers. If (3.20)
holds, then {tf} converges strongly in X ,, for every feX,,. In this case, for any {>0
and feX,,,

lim || (= — @, f ||y, <O, (322)
k— o

where [x] is the greatest integer less than or equal to x, and for f(x)~Y . f,e"*

O f(x):~ Y e 5, e (3.23)
vel
The operators @, { >0, form a semigroup whose infinitesimal generator A, is characterised
by
AS(x)~ Y (=&, f.)e™ (3.24)
vel

Jor every f in the domain of A,.
Proof. The first part follows from Theorem 3.4 and the above remark. Suppose

(3.20) hqlds and {>0. Since lim,_, , d?,,_v:l for all veZ and o{—1<[o,{]Z(, by
writing ¢, , =7, e, where y, ,20 and —n <6, ,<m, it is straightforward that

lim Y9 = lim 924, lim €% = lim %™,
k= k— o0 k— o0 k=0

and so

lim ¢ = lim @< =e=%.. (3.25)

k— o k—
By (3.14), (3.19) and (3.25), if e,(x)=¢€""*, ve Z, then

(D e,) (x)ve ™5 e
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strongly in X ,, as k—oo. The results (3.22) and (3.23) follow from the Banach—Steinhaus
Theorem. Relation (3.16) for the infinitesimal generator A; of ®, follows from (3.23)
(see [2]). O

Remarks. 1. For a sequence {c,} of complex numbers converging to 1, the existence
of lim, ., , cf does not imply that lim,_ k(1 —c,) =¢ exists, where ReéeRu {+ 00} and
Imé&eR. Thus for complex ¢, ,, conditions (3.16) and (3.20) are not equivalent.

2. If (j;k_v are all real (or if all ¢, are positive and even), then (3.16) and (3.20) are
equivalent. In this case, (3.20) is a necessary and sufficient condition for {t™f} to
converge strongly in X, for every feX,,.

4. Periodic polynomial splines

Let Mo=y-1,2,1/and for n=1,2,...,let M,:=M,* M,_, be the uniform B-spline of
degree n. Let k be a positive integer, h:=2n/k and for n=1,2,..., define

b, (x):=Y kM, _,(h"'(x—2nv)), xeR, 4.1)

the uniform, 2n-periodic B-spline of degree n— 1. Using the Fourier transform of M, _,,
a straightforward computation gives

b"_k(X)l=z Bn.k.v eivx, (42)
where
. [sinhv/2Y\"
b‘,,,,‘_v.-< w2 ) , velZ. (4.3)

The function b, , is an even, positive, 2n-periodic function with 5,,‘,‘_0=1, 5,,',‘.1—>1 as
k—oo (i.e. h—0), and it translates b, ,(x—jh), j=0,1,...,k—1, span the k-dimensional
space &, , of 2n-periodic polynomial splines of degree n—1 with knots at jh or (j+1)h,
Jj=0,1,...,k—1, depending on whether nis even or odd (see [15]).

Proposition 4.1. For a=1,2,...,

Yot #0,  j=0,1,...,k—1. 4.9
p

Proof. If j=0,

Z a+l _ fa+1l _1
nk,kp~—Ynk,0— 1.
p

Suppose j=1,2,...,k—1. Then
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W sin ¥ hj "(a+l)z(_l)np(a+l) 2 "(aﬂ)‘ (4.5)
e OnkujHap ™ 2 - (j+kp)h

The sum on the right of (4.5) can be expressed as

(2>"‘“+1){1+§:( 1)np(a+1)< J )n((ﬁl)}
_]h p=1 .’+kp

2 n{e+1) 1 i ( 1) pla+1) k__] n(a+1) ¢0
+ , + Y (=1 — L .
<(k—f)h> { p=2 (J—kp) }

Hence (4.4) follows from (4.5). ]

Theorem 2.1 and Proposition 4.1 show that for a=1,2,..., the operator

N1 S (S bl @8)

_1*
k;

where S, f is defined by (1.3) with §%,:=T® and b, , = ¢,, is such that s@,|s =%, , is
bijective. Hence by (2.14) and (2.8) its nonzero eigenvalues are

Tn i n{a+1)
19, ;== (S‘“”’/ 2) 30 (— 1P D/ 4 k), @7
h/2 5
with corresponding eigenvectors
1 k-1
o i=tni= Z o’'b by (- —1h), (4.8)

j=0,1,...,k—1. It follows from (2.11) and (2.12) in Theorem 2.1 that the orthogonal
relations

{(fn.j’fn.l) =0 if J¢l’ and (4_9)
17251l = /2525

hold. This was also established recently in [8]. The normalised eigenfunctions

1

En.k.j(x)EEn.j=\/Tl}f;l.j5 .I=

0,1,...,k—1 (4.10)
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furnish an orthonormal basis for the space 5; « Furthermore by (2.15) of Theorem 2.1,
we can write

__1\np LixU +kp)y( ; n
E, (=2 G ke oy, @.11)

1/2
(z,,/(j+kp)2")
Remarks. 1. It was also proved in [8] that if k is odd

e'lx 0<j<k/2
En.,-(x)—»{e,.u_k)x Kp<igh—1, (4.12)
as n—o0. This result follows immediately from (4.11). In fact (4.12) also holds if k is
even, and furthermore for j=k/2,

En.k/2(x)_'cosk7x as n—o. (4.13)

2. Since 5,,,,” satisfies (3.4), (3.5) and (3.6), the results of Section 3 hold for the operators

Sk

The operators s contain an additional parameter n which plays much the same role
as o. We shall state, without proof, results on the limiting behaviour of s as n and k
tend to infinity.

Theorem 4.2. (a) Let o, k=1,2,...,be a nondecreasing sequence of positive integers.

Then
lim ||s&f —f|x,.=0 forall feX,, (4.14)
nk—= o
if and only if
. sin 7t/k \"**
1 =1.
Jm (57
lim ||s&f—follx..=0 forall feX,, (4.15)
nk— o0

if and only if

nv/k

nk—~ o

lim <sm nv/k) ‘~0 for all v+0.
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(b) A necessary and sufficient condition for (sf) to converge strongly for any feX,,
as n,k—oo is that

lim (SN oists for all ve Z. (4.16)
nk—w TW/k
Let
sin nv/k
=1—¢ 4.17
TIV/k bk, v ( )
where

1 (nv)? 1
Then (4.16) holds if and only if lim, ,_, nu/k*=7y exists or equals co. Furthermore if
(4.16) holds, then

nv/k

nk—w

lim (s“"”/") foemunmm g (4.18)

Theorem 4.3. A necessary and sufficient condition for (s{f) to converge strongly for
any fe€X,, as n,k—co is that lim, ,_, , no, /k* =1y exists or equals co.
If y#0 or oo, then for any {>0and feX,,,

lim ||s{*0f —~ @ f||x,.=0, 4.19)

nk— o
where the limiting semigroup is given by

(@ f) (x)=Y e 6], et (4.20)

for f(x) ~Zviv eivx‘

S. Trigonometric splines

Let n, k be positive integers with n+ 1<k, h:=2n/k, and define a sequence (a, ,), ve Z,

by
. L L (1—expi(j—v)h
arvi=5— E[(———v_j ) veZ, (5.1)

where the factor whose denominator equals zero is taken to be ih. The terms of the
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sequence ¢, ,=0 if and only if v=kp+j, j=0,1,...,n,peZ, p#0. It is known (see
Schoenberg [17]), that

M (e™):=Y a, "%, xe[0,2n], (5.2)

is a piecewise polynomial function in e'* of degree n, with knots at jh, j=0,1,...,k—1,
which possesses continuous derivatives up to order n—1, and is supported on
[0,(n+ )h].

A straightforward computation shows that

an v=inei(n+l)((l/2)n—v)/2d ,
where
d,=d,y: 2—l'[ : _’)h/z, 0<v<n,
"omime (=)

the factor whose denominator equals zero is taken to be h/2. Hence

M, (%) =i" einxI2 Z d, el ==+ Dh2), (5.3)
v

Since d,=d, -, ve Z, the function
P (x):=Y d, et M-t D) x€[0,2n), (5.4)
is a real function supported on the interval [0,(n+1)h] and its restriction to each
subinterval (jh, (j+ 1)h) lies in the linear span of (sin4x)"(cos $x)" "%, v=0,1,...,n. Clearly
P, (x)=(—i)"e” "2 M ('), xe[0,2n), (5.5

and we define P,(x), xeR, by requiring it to be 2n-periodic. The function P, is called a
trigonometric B-spline degree n (see [6,16]). They satisfy the recurrence relation

nP,(x)=2sin4xP,_,(x)+2sin((n+ Dh—x)P,_,(x—h). (5.6)

Since Py(x)=0, it follows from (5.6) that P (x)=0.
We are interested in the case n=2m is an even integer, m=1,2,..., where we define

(X)) = T k(%) = Pop(x+(n+ 1)h/2)/d,,, xeR, (5.7
Then
x)=Y %,6", xeR, (5.8)
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where
fvEfm.k,v:=dv+m/dm (59)
(mY(sin (m—v)h/2 ...sin h/2) (sin(m +v)h/2...sin h/2) |v| <m
_ (m—v)!(m+v)(sin h/2....sinmh/2)? ’ =
k(m!)? sin (|v|—m)h/2sin([v| = m+ 1)h/2.._sin(|v| + m)h/2 v|>m
a(|v|—m)...(|v|+m)(sinh/2...sin mh/2)? ’ ’
The Fourier coefficients 7,=0 if and only if |v|=pk—m, pk—m+1,...,pk+m, p=
1,2,.... In particular, if k=2m+ 1, then #,=0 for {v|=Zm+1, and
. (m)? <
Smgmey ME
Therefore
“ (m!)? i
= ) v 5.10
o) vz,,, (m—=v)!(m+v)! ¢ xn(X) (510)
are the de la Vallée Poussin kernels and
1 n
(me)(X)1=£ | tm(x—0f(@®)dt,  xeR, (5.11)

the de la Vallée Poussin means for a 2zn-periodic integrable function f (see [1,3,14]). An
extension of (5.11) to convolution operators with trigonometric B-spline kernels was
studied in [7].

Let 7, ,:={seC>™ Y(R):s|qj-1j2mg+1/2m €quals a trigonometric polynomial of
degree m}. The following results follow from (5.5), (5.6) and the corresponding properties
of M, (e”) (see [17)]).

Proposition 5.1. The function <, ,€9,, is even, 2m-periodic and suppt,,=
[—m—4h,m+4ih].

Proposition 5.2. The space Z,, is a linear space of dimension k spanned by
(- —jh),j=0,1,...,k—1.

Proposition 5.3. For a=1,2,3,...,and jeZ,

Y L #0. (5.12)
P

Furthermore, for | jl <m,
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z,i.a+l _Aa+l (513)

jtkp™

Proof. The relation (5.13) follows from (5.9). Hence (5.12) holds for | ]|<m For
| j|>m, the result follows by a similar argument as Schoenberg ([17, p. 412)). O

For «=0,1,...,and fe X, .(feC;, if a=0), let
(N0 =7 T, (TS W al—ih) (5.14

where T, f is defined by (1.3) with ¢,=1,, ,. By Theorem 2.1 and Proposition 5.3, the
restriction t@,|5 —7, is bijective. It follows from (2.14) and (2.8) that the nonzero
eigenvalues of t‘“’k and the corresponding eigenfunctions are respectively

A=A =Y 221 (5.15)

]+kp’

fm =S —%Z (s —I0),  j=0,1,...,k—1. (5.16)

For convenience, we extend A%; and f,, ; to all jeZ by periodicity so that 1;,,=4; and
fi+x=fj j€Z. By (5.13) we have

M=% for |j|<m. (5.17)
Let E,, ; be the corresponding normalised eigenfunctions.

Proposition 5.4. The set {E, ; —m=<j<k—m—1} is an orthonormal basis for 7, ,.
For |j|sm, E,, j(x)=¢"".

Proof. The first part of the assertion follows from Corollary 2.2. The second part
follows from Proposition 2.3 since ¢/*e 7, , and 4, , ;>0 for |j|<m. O

Remarks. 1. The eigenfunctions E, (x) are related to the rflowers of I. J.
Schoenberg [17].
2. The operators T®, and ¢, are related to the de la Vallée Poussin operator V,,
defined in (5.11). In fact when k= 2m+1 T®)ms1=V, and TY,,. ., are products (in
the sense of composition) of V,,. Also, !9, ., f is a discrete analogue of de la Vallée
Poussin means.

It is straightforward to verify that the Fourier coefficients 1, , , satisfy (3.2) to (3.6)

for m=1. Therefore the results of Theorems 3.4 and 3.5 are applicable to the
trigonometric spline operator t% where the limits in (3.16), (3.17), (3.18) are taken as
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k— oo with m fixed. In fact, the results of Theorem 3.4 also hold for ¢©@* if the limits are
taken in such a way that m,k— oo and mh=2mm/k—0¢€[0,n]. In particular we have

Theorem 5.5. Let a,, m=1,2,3,... be a nondecreasing sequence of positive integers.

Then
lim||t&f ~f||x,.=0 forall feX,, (5.18)
if and only if
. (msin{m+ 1)h/2\*
lim{ —————""} =1 5.19
" ((m+ 1)sin mh/2> ’ (5.19)

where the limit is taken as m,k— oo and mh—0¢[0, ].
Furthermore (5.19) holds if and only if a,,=0(m) as m— 0.

Proof. The first part of tpe theorem follows by the same argument as in the proof of
(3.17) in Theorem 3.4, with ¢, , given by

: ._msin(m+ 1)h/2
™51 (m+ 1) sinmh/2’

Further, a straightforward computation gives

(m+1)(1—f,,,_,"1)=1+2msin2‘—11h—mcot%mhsing. (5.20)
Hence
1 mh _ mh
- =1=— (1=t h?). 5.21
s m+1< - cot 2)+0( ) (521)
Since
mh  mh 6 0
1— TCot—f—»l - ECOtE #0 for 8e[0,n],
(5.19) holds if and only if a,, =0(m) by (5.21). [}
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