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AN ADDITION THEOREM AND SOME PRODUCT FORMULAS
FOR THE HAHN-EXTON ¢-BESSEL FUNCTIONS

RENE F. SWARTTOUW

ABSTRACT.  In this paper a g-analogue of Gegenbauer’s addition formula for Bessel
functions is obtained by using the orthogonality relation for the ¢-Ultraspherical poly-
nomials of Rogers’. Also some product formulas and an integral representation for the
Hahn-Exton g-Bessel functions are obtained.

1. Introduction. Several possible g-analogues of the Bessel function

B 00 (_l)k(x/z)v+2k
(I.1) I = k:ZO KT +k+1)

have been considered in the literature. Best known are two related g-Bessel functions
denoted J\V(x; g) and J?(x; g) by Ismail [6], but first introduced by Jackson in a series
of papers during the years 1903-1905 (see references in [6]) and also studied by Hahn [4].
A third g-Bessel function was introduced by Hahn [5] (in a special case) and by Exton [2]
(in full). They obtained these functions as the solutions of a special basic Sturm-Liouville
equation. Later Koornwinder and Swarttouw [7] also studied this third g-Bessel function.
In the notation of Koornwinder and Swarttouw it is defined as:

xl/(ql/ﬂ;q)oo 00 (_])qu(k+l)/2x2k

1.2 J,(x;9) = ,
-2 (s4) @D =0 @ Di(g: 9k
where

(a;q)0 =1, ‘
(1.3) @k =11 —ag), k=12,...

(@ @)oo = T12(1 — ag),

when the product converges.
The main objective in this paper is the derivation of the addition formula

00 (a—lbq(]—n)/Zei'p’a~1bq(l~n)/26—i99;q)n(_a2x2)nqn(n+l)/2

=0 (@', 45 @n
(1.4) (4:9)3 - =g i)
_ 1> HJoo bXZ (1-v)/
( l/+l )2 ( ) /?;6 1 — ql/ q

X Jysk(axg!*; @)J, i (bxg"1*; ¢)Cilcos @3 4" |q),
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where a,b > 0, x > 0,Re(v) > 0,0 < ¢ < wand Ci(z; 8]q) is Rogers’ g-Ultraspherical
polynomial defined by
" (B DBy Pn—k
(1.5) Cu(z; 8lg) = — =2 . cos(n — 2k)p,
(% fla /;) (@: DK @k 4

where z = cos ¢, see [1].

Rahman [8] has derived a similar addition formula for the Jackson ¢-Bessel functions
JV(x; ) and J'P(x; q). Formula (1.4) is a g-analogue of formula [9, (2), p. 363]:

o0
w (W) = 2TW) 3 (v + K Z "], (D)2 " 4 (2)Cy (c0s ),

k=0
where w = /(Z* +z* —2zZ cos ) and C(cos ) are Gegenbauer’s Ultraspherical poly-
nomials.

In order to derive formula (1.4) we shall first derive a product formula in Section 3.

In the fourth section we will give an integral representation for this product. The results
from Sections 3 and 4 can be used to derive the addition formula (1.4), which we shall
prove in Section 5.

2. Some formulas and notations. We will always assume that 0 < g < 1. The
general g-hypergeometric series is defined by

_ l+s—r
@1 ®. [al,...,a, q z] _ i (ai,....arqk ((_l)qu(k |)/2) 2
b b T &by b g (q: 9

where the g-shifted factorial is defined by (1.3) and

(ar,...,an @k = (a1; Qi(a2; Q- - - (ar; @i

The power series, in the non-terminating case of (2.1), has radius of convergence
00, 1 or 0 according to whether r — s < 1, = 1 or > 1, respectively. The series is
called balanced or Saalschiitzianif r = s+ 1,z = gand b\by---b; = qayay - - - as.
The series is called well-poised if r = s+ 1 and its parameters satisfy the relations
qa) = axby = azby = - -+ = azq by.

In the next sections we shall need some summation and transformation formulas. We
shall list them here, but the reader is referred to [3] for further details.

The g-Gamma function is defined by [3, p. 16]:

(q;‘I)oo 1—x
2.2 () = (1 —
( ) q( ) (G:q) ( Q)

When g T 1 the g-Gamma function tends to the ordinary Gamma function.
Sears’ transformation formula for a terminating balanced 4®s 3, p. 41]:

] _ (e/af/aiq@n s g ",a,d/b,d/c
P (e,f;Q)n E d’aqlfn/e’aql—n/f

q "a,b,c

(2.3) 4@ [ o

CI»CI} )
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with def = abcq'~
A transformation formula for a terminating well-poised ,®; [1, p. 63]:

(6% @

q—n’ 62qn,ﬁl/21’/81/2/1'
G n )

(2.4) Q(I)l[ - n/B[q, 2/;3] Bq'/2,—Bq'/2, -8

2B n/2 |:

The g-Saalschiitz summation formula for a terminating balanced 3®; [3, p. 13]:

q "a,b

] _ (c/a,c/big)n
cd |7 —L e

, with cd = abg' ™"
(c,c/ab; g)n Wied=anq

(2.5). 3D, {

The Askey-Wilson integral [3, p. 140]:

[ eos il La'%—q'lg) 2m(abed; 9o
0

2.6 = ,
(2.6) h(cos ¢; a,b,c,d|q) ¢ (¢, ab,ac,ad, be,bd, cd; q)oo

where max(|q|, |al, |b], |c],|d]) < 1.
We have written h(z; a, b, ¢, d|q) = h(z;a|q) - - - h(z; d|q), where z = cos ¢ and

2.7 h(z;alq) = (ae'’,ae™"; @)oo

We will also use some easily verified identities:

(2.8) (a,—a,aq"?, —ag"*; @)n = (@5 @)y n=0,1,2,... 0roo
(2.9) (ag™"; @)n = (—a)"q""*V%(q /) a; q),

— (1Y, K k(k+l)/2 k(@ @n
2.10) @ Pt = (—1)a T
(2.11) (@ Qusk = (@ iagh; @ = (@ Pulaq"; P

n (a@; @)oo

2.12 Qoo = ———
(2.12) (aq"; q) @a),

3. A product formula. In this section we will derive a product formula for the
Hahn-Exton g-Bessel functions. Let us always assume that a, b, x are real and thata > 0,
b > 0and x > 0. Starting with (1.2) we have for Re(u,v) > —1:
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Jy(ax; ¢)J,(bx; q)
ICUKURSTIRE S (=@ gD bx g oo 2 (—b)"g" D
@D =0 @ i(g gk @G Do mm0 @ DG D

00 00 (_ 1)na2kb2(n—k)x2nq[k(k+l)+(n—k)(n7k+1 /2

= r/,u(x) Z Z

Zonse @ g DG Dni(gs Dnk
2.10) (x)i (—1)"(bx)¥1q"mD/2 1 (CIA";CI)k(q_"‘”;KI)k(l_Z u+n+l)k
P @S u G e S @@k \ b

With (2.1) the general product formula for the Hahn-Exton g-Bessel functions becomes:

Ju(ax; g)J .(bx; q)
3.1 _ K, DO q*",q‘"‘“sq @ s
PR (@ (G g+ b2 '

where
a’ b (g @)oo @)oo
(@5 Doo(q; @)oo ’

K, ,.(x) =

If we replace in (1.2) x by x(1 — g)/2, take the limit ¢ T 1 and use (2.2), we obtain
the ordinary Bessel function:

) ' B 00 (_l)k(x/2)1/+2k B
(3.2) ijy(x(l_q)/z’q)#,;)m =

J,(x).
If we replace in (3.1) a and b by a(1 — q)/2 and b(1 — q) /2 respectively, take the limit
g 7 1 and use (3.2), we find the formula [9, (2), p. 148]:

(ax/2)"(bx/2)/‘ 00 (_l)n(bx/2)2n2F‘ [7n,7nvp, la2b72}

v+l

IF'w+1) fowr I'n+p+1)n!

J(ax)J,(bx) =

’

where the hypergeometric series »F is defined by

iz (k!

JF, {a,b} ] & (apb)

with (@) = a(a+1)---(a+k—1)and (a)g = 1.

Let us choose ¢ = v. Now the ,®; in (3.1) becomes well-poised and can thus be
transformed into a balanced 4®3 by formula (2.4). After that we apply (2.3) twice: in the
first time a and d in (2.3) are chosen as ab~'g~"*)/2 and —g """ respectively; in the
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(1 n+v) /2

second time a and d are chosen as —¢” and ab™! respectively. This yields

Jo(ax; )], (bx; q)

( l)n(bx)Zn n(n+l)/2 qfn, q—n«z/
=Ry ()
O3 e, g
00 n n n(2n+v+1) /2 ,—2n—2v.
K@Y (—1)"(abx®)"q (q 5 Dn

) (@Y Dn(gs D@5 Pn

® q ’q—n—ZV’ ab—lq—(n+v)/2’a4 b —(n+v)/2
X 4@ q7n~1/+1/2 _q—n71/+l/2 _qAn v 9.9

2
a vV
q, ﬁq +n+l]

( abe)n n(2n+v+l)/2(q—2n 21/ —lbq(l n—v)/2 _a—lbq(l—n v)/2. q)
(q1/+1’q n—v g—n— 1/+l/2’__q n— V+1/2’q’q)n
q"]]

-, ab—lq—(n+1/)/2 _ab—lq—(n-w)/Z
ab— lq(l n+1/)/2 —ab— lq(l n+v) /2 _q~n v

()Z( l)n(ax)Zn n(n+l)/2(q-2n 21/ 7lbq(l n— 1/)/2 —a lbq(l n—v)/2. q)

B (ql/+l q —n—v q—n 1/+1/2’__q—n 1/+1/2’q’q)’l

L GO ab g 0 g,
o]

( q —ab lq(l n+v) /2. q)
_ v+1/2 _ _v+l)2
X o s [ g"—q".q""* —q
When we apply (2.8) and (2.9) we have found for Re(r) > —1 a product formula for the
Hahn-Exton g-Bessel function in terms of balanced 4®;’s:

= w()Z

X (ab q (n+v)/2)n (D3 [

ab~1q(l—n+u)/2’ aflbq(1~n+u)/2’ q2u+l

Jy(ax; @) ], (bx; q)

_ (@) (@ Pool@s oo
- (@ Dol Poo
y Z( l)n(ax)Zn n(n+l)/2(a—lbq(l n— 1/)/2 q(l —n+v)/2.  @Dn
"0 (CR )N

D q—n’_qv’qu+1/2’_qu+l/2
493 abAIq(l—nH/)/Z’a;lbq(lfnﬂ/)/Z’q2v+l

3.3)

9, ‘1] :
4. An integral representation. With the aid of the Askey-Wilson integral (2.6) we

can find an integral representation for a product of two g-Bessel functions. Since by (2.5)

g, qv/26i¢’qy/2e~i<,a
a~bg+=m/2 gb-1g+—n)/2 4.9

3@,

(a (l n) /2 i a bq(l—n)/Ze—igp;q)"
- (a“bq“ n)[2 g lpg(-n—0[2 gy

and since by (2.7) and (2.12)

(qv/Zeiap’qv/Zefin,a;q)k _ 1

4.1 - ,
#1) h(z;¢"/*|q) h(z; ¢'/**|q)
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we have for Re(v) > 0

/Wh(COSQO; 1, _l’ql/Z’ _ql/2‘q)(a*lbq(lfn)/2ei¢’a—lbq(l—n)/Zefi,c.’q)n dso

0 h(cos p; q"/2, —q"/2,q"+V/2, —q+D/2|q)

& (@ a bg ! T2 bg 2 gy, g
= k;) (a_]bq(l+z/—n)/2’ ab—lq(l+1/—n)/2, q; 9k
n hieosp;1,—1,q'2 —¢'?|g)dy
0 h(cos ¢; qV/2+", _qu/z,q(m)/z’ _q(u+1)/2|q)
n (q—n;q)k(a—lbq(lénﬂ/)/Z’a—lbq(]—n—y)/Z; q)nqk

& (a—lbq(l+1/—n)/2’ ab~lq(l+l/7n)/2’ q; q)k
5 27r(qk+2u+l;q)oo
(q’ _q1/+k, q1/+k+l/2’ _q1/+k+l/2, q1/+l/27 _q1/+l/2’ _q1/+l : q)
@.12) 27r(q2y+liq)oo(a—]bq(l—nﬂ/)/Z’a—lbq(l—n—l/)/2; q)n

(g, _q,/,qm/z’ _q1/+l/2’ q””/2, _q1/+l/2’ _q1/+l )

—n _ v v+1/2 _ v+l)2
X4¢3[ a"—q.q q q’q}'

ab— lq(l——n+r/)/2, a—lbq(l—n+l/)/2, q21/+l
/Wh(cos P31, —1,4'% —q' 2lg)abg!" % abg!! % i1 g),
0

X

o0

After applying (2.8) this becomes

d
h(cos g3 q"/2,—q"12,q+1)/2, —q+1/2|q) 4
v+l v,
4.2) = M(a_lbq“_"ﬂ/)/z, a*]bq(l—’lfl/}/2; D
CRRHS

. q—n’_qv,q:wl/z’__qp+l/2 ;
4573 ab—lq(l——n+1/)/2, a—lbq(l—nﬂ/)/Z, q21/+1 Iq’ q| -
When we compare (4.2) with (3.3), we see that we have found an integral representation
for a product of Hahn-Exton g-Bessel functions. Since
h(cos ¢; 1,—1,4'/%, —q'/?|q) (e¥%,e72%; )

4.3 = 5 -
( ) h(COS ©; ql//2’ _ql//z’q(l/+l)/2, ___q(l/+l)/2|q) (qt/le,')’ql/e—Zt,c; q)ao

the integral representation is:

J(ax; g)J,(bx; q)
_ (abxl)l/(ql/-#-l’ q21/; Q)oo - (eli,c’ e-lip; Q)oo
4.4) 21" q: Poo IO (gV€¥7,q"e 771 q)0g

y i (a—lbq(l_n)/?.et\p,a~lbq(l—n)/2e—i»ﬂ;q)n(_l)n(ax)ann(nH)/Z

doy,
=0 ("', q; @n

with Re(r) > 0.
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5. The additionformula. Askey and Ismail [1] proved the following orthogonality
relation

L ) WS C e 'lavd
/0 @ e % gy m(cos 3 q"|q)Calcos 3 q"|q) dp
_ 270,(2v) 1—q" (G qn

T LT+ T—g™* (g9

5.1

: 5mny

where Re(v) > 0 and where C,(cos p; (3|q) are the g-Ultraspherical polynomials of
Rogers (1.5). By (2.1) and (2.10) these polynomials can be written as a well-poised ,®;:

(B?q)n ine l: 47",5
— " ®

@a@n g gt
By (2.4) this can be transformed into a balanced 4®5:
(ﬂz;q)nﬂ_n/%q% g " B2 q", 82?31/ 2e e o
(4 Dn ’ Bq'/%,—Bq'/%,—p '

With the orthogonality relation (5.1) and the integral representation (4.4) it is natural to
look for a series expansion of the form

Cu(cos 93 6lg) = g ﬁ-‘qe’w} '

(5.2). Cu(cos ¢; Blg) =

(a—lbq(l—n)/Zeixp’ a—lbq(l—n)/Zeﬂ',’;; q)n(_l)n(ax)ann(n+l)/2
(@4 @n

o0
= > A(x)Cy(cos p; ¢
k=0

00
)
n=0

q9)

The series on the left hand side of (5.3) is a differentiable function in cos ¢ (see Ap-
pendix). Hence the Fourier series on the right hand side converges pointwise to the func-
tion on the left hand side of (5.3).

If Re(r) > 0 we find with (5.1) for Az (x)

L, +1) 1—¢"*  (g:9%
2nlyr)  1—q" (@9

_ /,, (77,6757, @)oo
Jo (quZi'p’ qxfe-2i¢; C])
00 (a-lbq(l—vn)/ZeiL;’a~lbq(lfn)/2e—i,9.’q)n(_l)n(ax)ann(rHl)/Z 4

X
r;) G+, q;9n

Ar(x) =

Ci(cos ;4" |q)
o0

For fixed non-negative integers n and k, let us first compute the integral

= [ (€7, e q)o
nk Jo (qx/eZiap’qne—%p;q)oo

. (a—lbq(l—n)/2ei,9’a—lbq(l—n)/Zefi\p;q)n

qfk’q2u+k’ ql//Zeiap’qV/Zefigo

ql/+l/2’_q1/+l/2,_q1/ d¢

9.9

X4CD3[
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When we use the g-Saalschiitz formula (2.5), we have

(aflbq(lwn)/Zeﬂp,a*lbq(lfn)/Zefiap; q)n
(a_lbqa*'/*")/z, a_lbq‘(’””)/z; Pn

_ n (q~n;q)j(q(y+l)/2ei¢,q(y+l)/26~inp;q)jq/
= (a-lbq(2+z/7n)/2’ab*lq(Z-H/—n)/Z’ q; q)j .

When we insert this in the integral using (4.1) and (4.3) it becomes

I,,'k
Qg (a bg? 2, a " bg~ 2, g,
= (a"bq(2 "*”)/2 ab- g, g g

d (9~ s Dmq"
X

mgo (g2, —q”“/ =4 G D
) h(cos‘/’;1’“1,q'/2,-q'/2|q)d¢

0 h(cos @ q"/>m, —g"/2, g0/, — g2 q)

k 21/+k

n q ;q)jqj(a lbq(Z—nﬂ/)/Z’a~lqu(n+V)/2; q)" k (C]*k 21/+k, Q)mq
- j;() (aflbq(27n+1/)/2, abflq(27n+1/)/2, q; q)j o (q1/+l/2’ _ql/+l/2’ —q",q: Qm
9 27r(q21/+m+j+l ; q)oo

(g, —gq"*™, qv+m+1+1/2, _q1/+m+1/2’ _“qV+j+l/2’ qy+1/2’ ~qz/+j+1 1 Doo

Now by formula (2.12) and formula (2.8) we can rewrite the last factor as

2v+l1. v4j+1 /2 v+l /2. v+1/2 _qz/+l/2 _ 1/+l
5 s

2m(g™" Poo(—4", q =4 Dmlg 3 9);
(g, —q", qu+l/2 _qv+1/2 _qv+l/2 l/+l/2, _qy+l : q)oo(q21/+l;q)j(q21/+j+l S Dm
»Q)oo(q Q)oo . (— q __qv+l/2,qv+j+l/2’q)m(q1/+l/2, ‘—CIVH/Z, 4qv+l;Q)j
(7% Poo(q5 @)oo (@Y DG @ '

v+l

B 27(q

When we also use definition (2.2) we find

2nl,(2
_ 2al,Q2v) (@ 'bg® "2, g g, g,

" T, + 1)
n (qvn’ qu+1/2,_q1/+l/2’_qu+l;q)jqj

= (aAlbq(an-H/)/Z abflq(27n+1/)/2’q21/+l’ q; q)j
k (q—k’ q21/+k ql/+j+|/2 q) q

m=o (@2, q; @)

X

The sum over m is a balanced 3@, and can thus be summed by (2.5). With (2.9) this
yields:

qfk q2y+k v+l /2 14— k 1/+]/2 k(v+j+1/2)
’

o (q ) )Y
3P q'/+1/2 2v+14j 9.9 (q2y+]+j’q7y k+l/2’q)k - (q21/+l+j;q)k
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This gives

27, (2v) B B 3
I, = ___q—(a lb 2 n+1/)/2’a lb —(n+1) /2. )
o+ 9 4
n (q™", qu/z, _qu+l/2, —ql/+l ; Q)jqi . (q7; 9k k(4j+1/2)

o (a—lbq(27n+v)/2, ab—lq(Z—nw)/Z, q2”+‘, q; q)j (q2u+j+l : Q)k

Because (g7/;q)x = 0 if j < k, the integral vanishes unless n > k. So we can start
summing by j = k. After a shift in the summation index and after applying identities
(2.9) and (2.11), the integral becomes

In,k
_ 27rFq(21/) (a—lbq(Z—nﬂ/)/Z
I, +1)

i q@"q v41/2 »—q —q ‘I)J+kqj+k (q_'_ ) K(v+j+k+1/2)

= (allbq(z n+1/)/2 ab— lq(2 n+1/)/2 2v+1 . q; Q)j+k (q2|/+j+k+l q)

27Trq(21/)(a (2 n+z/)/2 bq( n+v) /2. q) (q CIWI/Z,_qwlﬂ,—qwlﬂl)k
(V)I‘ w+ 1)(q2"+1,a_1bq(2 n+1/)/2’ ab— lq(2—n+u)/2. ‘I)k

(_l)qu(k+21/+2)/2 n—k (q—n—k qv+k+1/2 _qy+k+l/2 —q v+k+1 . q)Jq]

(q2y+k+1 ; CI)k = (a*lbq“(z"”*")/z,ab_lqk"(z_"“’)/z, 2u+l+2k’q, CI)j
B 27rrq(21/)(a—lbq(2—n+v)/2,a—lbq~(n+v)/2; q)n(qvn’ qv+l/2’ —qV+1/2, _qu+1;q)k

= Fq(l/)rq(’/ + 1)(‘]2V+Iy q21/+k+l , a—lbq(24n+v)/2’ ab—lq(Z—nH/)/Z; q)k

—n+k v+k+1/2 _ _v+k+1 /2 v+k+l
% (_l)qu(k+2u+2)/24q)3 [ q q q q 7 q] '

a—lbq (n+v)/2. q)

V+l/2

X

q2u+2k+l ,a- 1 bqk+(2_"+”)/2, ab—! qk+(2—n+1/)/2

This leads to

+1 1.
1 _ k+x/ u+l/2’_q:+ /2 v+

(q =G Dk, ok kkee2))2
: (=D
qy (@, vt g, q
00 (_l)n(ax)ann(n+l)/2(a—lbq(2—n+u)/2’a—lbq—(nﬂ/)/Z;q)n(q—n;q)k

>

Ar(x) =

= (qw-l’ q; q),,(a—'bq(z""*")/z, ab—lq(2~n+y)/2; Di
D q—n+k’ quH/Z, —quH/Z, _qu+k+l
493 GRrekel g1 pgk+2—n+v) /2, ab—! gkH2—nv) 219

Because (¢g7"; q)r = 0 if k > n, we can start summing at n = k. Then we shift the
summation index and apply identities (2.9) and (2.11). This yields

1— qk+v . (qu+1/2’ __qu+1/2’_ Hl’q)k

1 — ql/ (qx/+l q21/+1 q2V+k+1 q)
(— l)n(ax)Zn n(n+l)/2(a—lbq(2 n— k+z/)/2 q —(n+k+v) /2. S Dk
Z y+1+k’ q q)n(a—lbq(Z n— k+|/)/2’ ab! (2 n+k+z/)/2’ q)k

Ar(x) = (ax)Zk( 1)k k(k+1+2)/2

n

—n v+k+l /2 v+k+1 /2 v+k+]

q21/+2k+l Jab~! q(2—n+u+k)/2, a! bq(2—n+v+k)/2
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Now we apply Sears’ transformation formula (2.3), where a and d are chosen as g"***! /2

and g?*?**! respectively. Then we have
Ag(x)
1 — qk+1/ (q1/+l/2’v_q1/+l/2 _ 1/+l

_ . , 3 Dk (@) (—1)kg kD)2

1 _ qv (q1/+l q21/+l q21/+k+1 ’q)k
2)n n(l+k+v+n/2)

n v+k  v+k+] /2 vtk+1/2
’

(—a’x 9979 —q
x Z 4 g q)n 4®s GRAAH qp—1 g(1=mnth 2 g1 pg(l=nt+k) /2

¥

(Cl (2 n— k+1/)/2 lbq (n+k+v) /2. q) k(a (] ~n—k-v)/2 (lb 1 (l —n—k—v)/2. q)
(a—lbq(Z n— k+'/)/2,ab ]q(2 n+k+v)/2’q)k(a—lbq(2 n+k+1/)/2’ab lq(2 n+k+1/)/2’q)n

The last factor of the formula above can be simplified by the following identities (here
(2.9) and (2.11) are used frequently):

D (@ 'bg® "2 g)y _
(@~ 'bg?=n=km/2 gy (a~lbg k2 g,

(a—lbq—(n+k+1/)/2.,q)n+k B (a—lbq—(n+k+1/)/2.’q)n(a—lbq(n—k—v)ﬂ;q)k

ii) (ab~1g@ k2 gy, - (ab— g2 k]2, gy,
_( a*lb)k k(n—v— l)/Z(aflbqf(n-f»kﬂ/)/Z;q)n’
(a—lbq—(n+k+1/)/2;q) B 3 ,
) (abflq(2fn+k+1/)/2' C])nn =(-a lb)nq ek )/27
iV) (abflq(lfnfkfll)/z; q)n — (_l)n(abfl)ann(k-#l/)/Z(aflbq(17n+k+1/)/2; q)n

Moreover by (2.8) we have

v+1/2 _q1/+l/2 _ 1/+| 2v+1

sk @ g 1 1
(q'/“, q21/+l , q21/+k+1 : C])k ( 2v+1. Q)2k (qz/+l . q)k (qu+l : ‘1)/%

(q

v)

Applying identities i) to v) we finally have

A (x) _ ] —qk+1/ . 1 . (abxz)k k(k+1)/2
k 1— q" (qy+l ; Q)I% q

00 (_1)n(ax)2nqn(n+k+l)/2(avIbq(l-n+k+1/)/2’ bq(l n—k—v)/2. q)

<y

=0 (@, g5 n
9 4q)3 qfn’ _q1/+k’ q1/+k+l/2’ Aql/+k+l/2 0a
q21/+2k+1’ ab~ lq(lfn+x/+k)/2’ aflbq(lfn+x/+k)/2 ’ :

If we compare this last sum with the sum in the product formula (3.3), we see that they
are the same if we replace in (3.3) v and x by v + k and xg*/* respectively. Substituting
this into (5.3) we have an addition formula for the Hahn-Exton g-Bessel functions. For
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a,b>0,x>0,0< ¢ <mandRe(r) >0

i (a—lbq(l—n)/Zei,a’aflbq(l—n)/Ze—i\p; q)n(__a2x2)nqn(n+l)/2

n=0 (qy+1’ q; q)n
(54) (q’ )2 — 00 1_ v+k .
= L0 Gy y L g
(q ’ Q)OO =0 1 . q

X Jys(axg’*; q) I, (bxgt’*; q) Cilcos 3 ¢”|q).

This addition formula is a g-analogue of Gegenbauer’s addition formula [9, (2), p. 363].
In order to find this formula we will first take the limit

L (7 7 ) X (7 7 ) W
l _— e T
JTHI] ,;) (@ DG Dn—k
_ v Ok@nk

o k! (n—k)!

linll Ci(cos 0;q"|q) = - cos(n — 2k)¢
(5.5)

- cos(n — 2k)p = Cj(cos ).

Cj(cos @) are Gegenbauer’s Ultraspherical polynomials.
When we replace in (5.4) a and b by a(1 — g)/2 and b(1 — q) /2 respectively and let
g 1 1 we find with (3.2) and (5.5)

% (1—a'be?)'(1 — a~'be ) (—a’ | 4)"

2

n=0 (l/+ l)nn!

4T+ DI'v+1) & v+k
) 5 () yaa(b3) Cyeos )
k=0

The series on the left hand side can also be represented as a Bessel function. This yields
(in the notation of Watson)

w "y (w) = 2"T() i(v +K)Z7" ] (2) 27"k (2) Cilcos ),
k=0

where w = \/(Z* + 2% — 22Z c0s ).

APPENDIX
THEOREM. The series

(arlbq(lfn)/Zei\p’ a-lbq(lfn)/?.efiw; q)n(_l)n(ax)ann(nH)/Z
(@ g Dn

(A1) f:
n=0

is a differentiable function in cos .
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To prove this we shall first show the uniform convergence in ¢ of (A.1).
s 02 )
= max“—[(l —a 'bg' /Pl (1 — 7lbq(lfn)/2+je—i,c)’

*’jo

= maxl H (1 =2a""bg" "% cos  + aﬁzbzq(lf"m")’
e

< H max}(l —2a bq(lfn)/z*j(:os(p+a*2b2q(lfn)+2j)‘
j=0 ¥

— H(l +a” (l n)/2+j)
Since 0 < g < 1 we have
H (1 +a (l n)/2+j)2 < (1 + ~lb)n+l

J=In/2)

where [x] is the largest integer less than or equal to x.
If j < [n/2] we have

[n/2]-1 [n/2]1—1
H (l+a (l n)/2+1)2 H ql n+2](q(n 1)/2—j+a 'b)2

[n/2] -1
§(1+a] H ql —n+2j

<(1+a'by'q "/
Using these upper bounds we have

l(aflbq(lfn)/Zei‘p’a (l —n)/2 7:¢’q)n( 1) (ax)2n n(n+l)/2

< (a + b)2n+1a71x2nqn(n+2)/4.

Now by Cauchy’s theorem we see that (A.1) converges uniformly in ¢. Hence it is a

continuous function.
Now Bernstein’s inequality ([10, Vol. II, p. 276])

max | T'(¢)| < nmax|T(p)|,
[ #

where T(yp) is a trigonometric polynomial of the form T(p) = YF_ , cxe™?, gives us
an upper bound for each term when we differentiate (A.1) termwise. Using the same
estimates as in the proof above, it is easy to show that the sum of these derivatives also
converge uniformly in . Since that last sum is equal to the derivative of (A.1), we have

shown that (A.1) is differentiable.
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