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1. Introduction. In a previous paper (2), I discussed conditions in order 
that a holomorphic function f(w) be a Laplace transform of a function F(t) 
such that, for some a, F{t)e~at G 1/(0, oo). These conditions involved (a) the 
behaviour of integral transforms of the values of the function on a vertical 
line w = const, and (b) conditions involving the order of magnitude of the 
function at infinity. The present article discusses the corresponding question 
for Laplace transforms of distributions. 

Such Laplace transforms are discussed by L. Schwartz (5). The notation 
and terminology in this article follow that of Schwartz's treatise (4) and of 
(5) except that whereas in (5) the expression "Laplace transform" is used for 
two-sided transforms, in the present paper it is used in what is equivalent to 
its classical sense, as the transform of a distribution with support in (0, oo). 
A discussion of conditions for Laplace transforms of functions based on a 
discussion of special integral transforms (the first Cesâro means) occurs in 
(1); this imposes stronger conditions than here, for example requiring both 
stronger inequalities at infinity and boundedness of norms over Lv{ — ̂ , oo). 

It turns out that the function-theoretic conditions of type (a) are sufficient 
by themselves to ensure that / (w) be a Laplace transform of a distribution of 
the type ©' to which the Schwartz theory of Fourier transforms applies. Con
ditions of type (a) which involve boundedness of norms of integral transforms 
over Lp(0, oo ) have the role of governing the order of the distribution and 
consequently, in the situation of (2), are essential in order to ensure that 
these distributions are ordinary functions. It appears also that it is possible 
to determine the exact half-plane in which the function is a Laplace transform 
in the sense of the theory of distributions—the analogue of the half-plane of 
absolute convergence in the classical theory. 

I wish to thank the California Institute of Technology for my appointment 
to a vis.ting professorship, during the tenure of which this research was carried 
out, and also to thank the National Science Foundation of the U.S.A. by whose 
grant GP-4070 the work was in part supported. 

2. Function-theoretic conditions. If Tt is a distribution with support 
in (0, oo ), we shall say that a holomorphic function f(w) is the Laplace trans
form of T for Re w > c if, for every u > c, V(27r) Tte~ut is in ©', and has 
f(u + iv), considered as a function of v, as its Fourier transform. (Notation 
regarding spaces of distributions and of test functions is as in Schwartz's 
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treatise (4).) I t is easy to see (and is proved, with more precise results, in 
(5)) t h a t if Te~~ut is in © ' for a given value of u, then it lies in © ' for any 
larger u. 

T H E O R E M 1. Let f(w) be holomorphic for Re w > c and continuous for 
Kew^c. In order that f(w) be the Laplace transform of a distribution it is 
necessary and sufficient that the following conditions hold: 

(a) for every b > 0, there is an As such that \f(w)\ < Aseh^ throughout 
the half-plane Re w > c; 

(b) for some m, \f{c + iv)\ = 0(\v\m) as \v\ —» °° and w~mf{w) is holomorphic 
in Re w > c; 

(c) for every b > 0, f(u) = 0(eôu) as u —» oo. 

T h e necessity of these conditions is easily proved ; in fact it is easy to show 
t h a t iîf(w) is a Laplace transform, it mus t satisfy a condition \f(w)\ < A \w\m. 

In (4) it is shown t h a t (b) mus t hold uniformly for any compact set of c in 
the domain in which f(w) is a Laplace transform. T h e conditions (a) and (c) 
improve on the conditions laid down in (2) for the case of Laplace t rans
forms of functions, and this answers a problem posed a t the end of (2) for 
such transforms. 

In order to prove sufficiency, we first observe t h a t if 

(1) Qm+*(u, t) = ^ - . r*" 0 0 { M ewt dw, 

then Qm+2(c, t) is a continuous function of / which lies in L{ — <»,<») and 
has (2ir)~*f(c + iv)/(c + iv)m+2 as its Fourier transform, and t h a t corre
spondingly D t

m+2 Qm+2(c, t) has f(w) as Laplace transform for Re w = c. I t 
remains to prove the existence of Qm+<L{u, t) and its independence of u for 
u > c. 

For any positive e let 

g(w) = e~*wf(w)(w - c + l)~m = e~*wh(w). 

T h e n g(w) is bounded on the line u — c and on the pa r t of the real axis with 
2 i > c, and for any b > 0 it satisfies the inequali ty g(w) < A 8 exp(b\w\2) for 
all sufficiently large \w\ th roughout the half-plane. I t follows from a version 
of the Phragmén-Lindelôf theorem (3, I I I , 6, § 3 , No. 325) t h a t g(w) is 
bounded throughout the half-plane. Now \h(w)\ < Ae*lwl th roughout the half-
plane, and h(w) is bounded on the line Re w = c, so t h a t by another form 
of the Phragmén-Lindelôf principle (3, I I I , 6, § 3 , No. 326) it is bounded 
throughout the half-plane, i.e. \f(w)\ < \A(w — c + l)m\ th roughout the 
half-plane. 

T h e integral in (1) is therefore absolutely convergent for any non-zero 
u > c, and by Cauchy ' s theorem it is independent of u for u > 0: we can 
therefore write Qm+i{t) for Qm+2(u,t). Qm+2(t) is bounded. Now Qm+2{u,t) = 
0{eut) as u —* oo and so, since it is independent of u, it follows t h a t the suppor t 
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of Qm+2(t) is in (0, oo). Now if <j> is any function of 3) we have for u > 0 

//27r) Jf(u + iv)4>(v) dv = „ 2 , J (« + iv)m+2$(v) dv J <2w+2 W<? ~(u+iv)tdt 

= ^ 0 J&H-IW ^^r + 2 ff(v)e-*'-t9tdt 

4> denotes the Fourier transform of <t>. We conclude t h a t / ( ^ + iv) is \Z(2w) 
times the Fourier transform of e~utQ{t) where Q{t) = Dm+2Qm+2{t), that is,/(w) 
is the Laplace transform of <2(0-

3. The domain of absolute convergence. Let T = Tt be a distribution 
such that for some real a the distribution 7^ e-a* is either in @' or in £/Z,P. 

Necessary and sufficient conditions that this be so are, for ©', that there be 
a function q(t) which is continuous and 0(tk) at infinity and such that Tt e~at 

is the nth derivative of q(t), or, in the case of 5D'z, P, that Tt e~at be the sum 
of derivatives of functions of Lv (4, II, p. 57, Chap. VI, théorème XXV). If 
Tt e~at = Dnq(t), then for any <j> 6 © and any £ > a. 

(Te~c\ <t>) = (Te-at,e-(c-aU$(t)) 

= (-1)" fq(t) Dn[e-{M)'</>(!)] dt 

= ( ~ i r Z ( * ) Ja(t)[-(c - a)s]e-(c-aUDn-s<t>(t) dt 

= Ç ( * ) ( ' - a)sj<l>(t)Dn-s[e-(c-aUq(t)]dt 

= Z J\(t)Dnhs{t) dt 

where, for a constant CSf 

(2) *,(/) = Cs f (t - u)se~{c-a)uq(u) du. 

If Te~at G ©' and has its support in (0, oo), then q(t) is a polynomial, of 
degree n — 1 at most, in ( — oo, 0) and by subtracting this polynomial from 
q(t) we see that we can suppose q(t) zero for negative t. In this case the 
functions hs(t) are all continuous and of polynomial order at infinity when
ever c > a, and so we have 

(3) Ter6t = DnQ(t) 

with Q(t) continuous and of polynomial order at infinity if c > a. If c > a, 
e~(e~a)tq(t) £ Lv for any p > 1, and consequently Tte~ct is a sum of a finite 
number of derivatives of functions of Lv and so is in *£)'L p. 
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On the other hand, if we take c = 0 in the formulae above, then hs(t) is a 
constant multiple of tT *eatq(t), which is bounded by an expression 

A f (t-u)Teauukdu <Aeat f (/ - u)ru 
Jo Jo 

kdu 

<A'tk+r+1eat 

so that 

(4) T = DnH(t) 

where H(t) = eatr(t) with r(t) of polynomial order at infinity and support 
in (0, œ ). 

Now suppose that, for some a, Tte~at is in £)'L p for a p > 1, and so is a 
sum of terms Drqr{t), qr G Lp, and that the support of T is in (0, <»). 
r = 7\ + T2l where T\ is the distribution derived by replacing each qr by 
the function equal to qr over (0, °° ) and zero elsewhere. If Q Ç 2) and the 
support of 0 is in (0, °o ), (T, </>) = (Ti, 0) while if the support of <£ is disjoint 
to (0, œ), ( r , </>) = (Ti, </>) = 0. It follows that the support of T2 is concen
trated at zero; that is, T can be written 

(5) Te~at = DrqT(t) + T2 

with gr functions of Lv with supports in (0, œ ) and with 7̂ 2 a distribution 
concentrated at 0. 

If c > a, and m is any number not less than the largest r in the sum in 
(4), we can show that Drqr is a sum of terms of the form 

Dmhm,r,s{m > r > s), hm,T)S(t) = Cm,r,s J (t - u)m r+sqr(u)e~ (c—a)u du. 

hm,r,s(t) is of polynomial order at infinity, and it is therefore clear that if 
Te~at G &'L P, then Te~ct Ç ©' for all c > a and so is in 35^ g for any c > a 
and any q > 1. 

We now consider the distribution 7% = eatDrqr(t). For any </> G 3 \ m > r, 

provided that 

<7\, *>= ( - l ) r Jqr(t)D
r(ealcl>(t)) 

= Ç Cs,r jqT(t)e"D'<l>(t) 

= ( - 1 ) * fett,pT(t)irtl>(t)dt, 

?a'pr(t) =*£Kr.,.m f (/ - uT-S<lr{uyU du 
s */0 
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with suitable constants K. Since tm se at Ç L(0, oo), the integrands in the 
above sum are in 1/(0, oo); and we conclude that we can write 

(6) eatDrqr(t) = Dmeathr{t) 

for any m > r, with &r G Lp( — <*>, oo ) and with support in (0, oo). 
In order to investigate conditions under which a holomorphic function /(w) 

is a transform of a distribution of these types, we consider summation formulae 
for the inversion formula for Fourier transforms involving / and kernels 
k(v, X) where 

k(v, x) = —r2-3 J K(t, xy'dt. 
V ( 2 T ) J-

We suppose throughout all that follows that k{v, X) and K(t, X) are in 
Lp( — oo, oo ) for all £ > 1 and all X, and that at least some of the following 
conditions hold: 

{CO 

\K(t, X)| dt is bounded for all X, 
-co 

JCO 

e~bt\K(t, X)| dt is bounded for all X (b real). 

B. &(y, X) —> 1 as X —> oo, boundedly over every compact (or weakly in 
Lp over any finite interval). 

C. For every 5 > 0, 

l \K(t,\)\dt-*0 as X-> oo. 
Zl>5 

Given a function /(c + iv), we write 

^ Xfn; x) = - J / (* + W) ^ - _ ^ , , . ,ne
(c+iv)xdv 

(c + iv) 

for what is effectively a summation formula for the inverse Laplace transform 
oif(c + iv)/(c + iv)p. 

If <j>(t) is any function of © and/(c + iv) is the Fourier transform of Tt e~ct, 

! 
f(c + iv)4>{v)dv = V(27r) (Te~ct, <j>(t)) 

= V(2T) <r, <re,«(0> 

= (-l)V(2x) (ir[H(t)]e-e,J(tj<U 

= v
/(2x) rfl"(/)D"[e"c'«(Ô] «ft. 
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In particular, if k(v, X) is in ©, then this gives 

(7) F(c, X, »; x) = | - fff(0c_<!,jS:(f - x, X) «ft. 

The functions of © are weakly dense in LP ( — œ, oo ), for any p > 1, in 
the weak topology imposed by the set of functionals corresponding to func
tions which are 0(e~ct) as / —» oo, and so this formula extends to all functions 
k of the class considered provided that c > a. 

It is easy to show that, if A(0) holds, then the map 

f-*g with g(x) = J K(t-x, X)/(0 & 

is a bounded set of maps of Lp( — °° , °° ) to L2,( — oo f oo ) and consequently 
also of Lp(0, œ) to Lp(0, œ) for any /> > 1. 

THEOREM 2. Let A(0) Ao/d. If f(w) is the Laplace transform of Tt, where 
Tt e~~at G ©', and is of order n in ©' for some a, then, for all c > a, the norms 
of the functions e~cxF(c, X, n, x) in the spaces 1/(0, oo ) (and indeed in 
Lv( — oo, oo)) are bounded for any p > 1. If A(b) holds for all real b} then the 
norms of e~bxF(cf X, n, x) are bounded for all c > a and b > a. 

The last part follows on noticing that 

e-bxF(c, X, »,*) = - - (H(t) e-hte{c-h){x-l)K(t ~ x, X) dt 

and that if A(c — b) holds, then the maps in (4) with K(x) replaced by 
e~{<y~b)xK(x) are a bounded set of maps from LP to itself. 

A converse theorem is as follows. 

THEOREM 3. Let A(b) hold for all real b, and let B hold. For c > 0, let f(w) 
satisfy the conditions of Theorem 1, for some m} and let e~bxF(c, \,nm,x) form 
a bounded set of elements of Lp(0, oo), for some real b < c. Then f(w) is the 
Laplace transform of a distribution Tt such that Tte~ut is in ©' C\ T)Lpf for 
all u > b. 

Note that it follows from Theorems 1 and 2 that if the conditions of Theorem 
1 hold, then e~cxF(c, X, m + 2, x) form a bounded set of functions in IP\ and 
on combining the present theorem with these theorems, that if the hypotheses 
of this theorem hold for any n and m they must hold with m < n + 2. The 
interest of the theorem, supplementing Theorem 1, is that if k is the Weierstrass 
kernel or any other kernel for which A (b) holds for all b, then the infimum 
of the values of b for which e~bxF(c, X, n; x) is bounded in Lp(0, °° ) gives the 
left-hand abscissa of the half-plane of absolute convergence of the Laplace 
transform formula for f(w). 

https://doi.org/10.4153/CJM-1966-130-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1966-130-6


LAPLACE TRANSFORMATIONS OF DISTRIBUTIONS 1331 

Under the hypotheses of Theorem 3 it follows, since any bounded set in 
Lp(0, oo ) is weakly compact, that there is a g £ LP which is a weak limiting 
point of e~*xF{c, X, n, x) and such that {tme~wt, e~bxF(c, X, n, /)) has (tme~wt, g(t)) 
as limit point for any w with Re w > 0. By putting H(t) = ebtg(t) and &(«/) 
for the Laplace transform of Hit), we get that if Re w > c, then 

J»oo 

tme~wtH(t) dt 
o 

is a limiting point of 

1 l) 2w J [w- ic + iv)]m+1(c + iv)nClV 

and so, because of the conditions on k, is equal to 

, n » «L r+iœ m dz = ( d \mf(w) 
{ ' 2 « Jc_ i œ (w - z)m+1zn \dw) wn -

It follows that 

h(w) = !$• + P^iw), 
w 

where Pm-\(w) is a polynomial in w of order m — 1 at most, and so 

f(w) = wnh(w) + wnPm^{w), 

if w > c, which is the Laplace transform of DnHit) plus a polynomial. The 
polynomial is the Laplace transform of a distribution of finite order whose 
support is concentrated at / = 0. Because f(w), h(w), and Pm_i(w) are holo-
morphic for u > b,f(w) has the form found here for u > b, and this concludes 
the proof. 

If c < 0, the theorem remains valid with the additional assumption that 
f(w) has an »-fold zero at w = 0. 

4. Conditions relating only to the values of / on a single line. We 
shall show finally that all complex function-theoretic conditions on / can be 
eliminated from the hypotheses, and that we can obtain our results by con
sidering only integral transforms of the values of / on a single line, provided 
that we work with norms over ( — » , <»). 

THEOREM 4. Let a > 0 and let A(0) hold. Then in order that f(w) be, on 
Rew = a, the Laplace transform of a distribution T which is such that 
Te~at

 (Z^'LP ip > 1), it is necessary that (a) there be an m such that the 
norms of e~czFic, \n,x) are bounded in X for any n > m. 

If, in addition, C holds, then it is also necessary that (b) the norms of 
e~axF(a, X, n, x) in Lpi — <=o, 0) tend to 0 as X —> oo. 

If, in addition, B holds, then those conditions are sufficient. 
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Necessity. If Te~at 6 Q'LPI then by (4) and (5) there is an r such that 

T = Drh(t) + T2 

where T2 is a distribution concentrated at 0 and e~ath(t) = g(t) £ Lp(0, °o ) 
with A (2) zero for t < 0. If / is the Laplace transform of J1, we have 

f(w) = wmH(w) + P(w) 

where H(w) is the Laplace transform of h(t) and P(w) is a polynomial of 
degree d, say. Let m = max(r, d + 1). If n > w, 

w-nf(w) = w~nP{w) + w~nH(w). 

The first term on the left is the sum of multiples of w~s, s > 1; and since 
w~s is, throughout Re w > 0, the Laplace transform of Z5-1/^ > its contribu
tion to the norms of 7^(a, X, n, x)e~ax satisfies (a) and (b), because of Theorems 
1 and 2 of (2). w~nH(w) is the Laplace transform of the convolution 

n\ f (/ - u)n-\(u) du = eat f (t - M ) " " 1 ^ ^ ^ ^ ) dw. 
Jo Jo 

The integral here is the convolution of a function of L with one of Lp, so 
is in LP. Because of the theorems cited, the contribution of H(w) therefore 
also obeys conditions (a) and, under hypothesis C, (b). 

On the other hand, suppose that conditions (a) and (b) hold and that k 
obeys B. Then, by (1, Theorem 5), w~nf(w) is the Laplace transform of a 
function H(t) which is such that H(t)e~at £ Lp(0, oo), and f(w) is then the 
Laplace transform of DnH(t), and clearly e~atDnH{t) € T/Lp. 

REFERENCES 

1. H. Berens and P. L. Butzer, Uber die Darstellung vektorwertigen holomorpher Funktionen 
durch Laplace-Integrale, Math. Ann., 158 (1965), 269-283. 

2. J. L. B. Cooper, The representation of functions as Laplace Transforms, Math. Ann., 159 
(1965), 223-233. 

3. G. Polya and G. Szegô, Aufgaben und Lehrsàtze aus der Analysis, Vol. 1 (Berlin, 1925). 
4. L. Schwartz, Théorie des distributions, Vol. 11 (Paris, 1951). 
5. Transformation de Laplace des distributions, Medd. Lunds Mat. Sem. Supplementband 

(1952), 196-206. 

University of Toronto 

https://doi.org/10.4153/CJM-1966-130-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1966-130-6

