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A BOREL MAXIMAL COFINITARY GROUP
HAIM HOROWITZ, AND SAHARON SHELAH

Abstract. We construct a Borel maximal cofinitary group.

§1. Introduction. The study of mad families and their relatives occupies a central
place in modern set theory. As the straightforward way to construct such families
involves the axiom of choice, questions on the definability of such families naturally
arise. The following classical result is due to Mathias:

THEOREM [4]. There are no analytic mad families.

In recent years, there has been considerable interest in the definability of several
relatives of mad families, such as maximal eventually different families and maximal
cofinitary groups. A family 7 C »® is a maximal eventually different family if
f#g¢€F— f(n)+# g(n) for large enough n, and F is maximal with respect to
this property. The following result was recently discovered by the authors:

THEOREM [2]. Assuming ZF, there exists a Borel maximal eventually different
Sfamily.

As for maximal cofinitary groups (see Definition 2.1), several consistency results
were established on the definability of such groups, for example, the following results
by Kastermans and by Fischer, Friedman, and Toernquist:

THEOREM [3]. There is a H}-maximal cofinitary group in L.

THEOREM [1]. b = ¢ = X, is consistent with the existence of a maximal cofinitary
group with a T} —definable set of generators.

Our main goal in this paper is to establish the existence of a Borel maximal
cofinitary group in ZF. We intend to improve the current results in a subsequent
paper, and prove the existence of closed MED families and MCGs.

A remark post-refereeing: Long time has passed since this paper was first uploaded
to arXiv in October 2016. During this time, several noteworthy developments have
taken place. In 2021, Schrittesser was able to improve the construction of this paper
to obtain in [7] a maximal cofinitary group definable by a X0 formula for some
natural 7 (it should be mentioned that we never tried to pinpoint the exact Borel
complexity of the group in our paper). In the subsequent paper [5] from 2022,
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2 HAIM HOROWITZ AND SAHARON SHELAH

Mejak and Schrittesser were able to further improve the result and obtain a X9
maximal cofinitary group. Their construction results in a freely generated MCG,
and so by a classical result in descriptive set theory, this is the minimal possible
complexity among freely generated MCGs. For further references about the history
of this and related topics, we refer the reader to [5-7].

§2. The main theorem.

DerFNITION 2.1. G C S, is a maximal cofinitary group if G is a subgroup of S,
{n: f(n) =n}| < Wyforevery Id # f € G.and G is maximal with respect to these
properties.

THEOREM 2.2 (ZF). There exists a Borel maximal cofinitary group.

The rest of the paper will be dedicated for the proof of the above theorem. It will
be enough to prove the existence of a Borel maximal cofinitary group in Sym(U)
where U is an arbitrary set of cardinality Xy.

Convention: Given two sequences # and v, we write # < v when # is an initial
segment of v.

DEerINITION 2.3. The following objects will remain fixed throughout the proof:

a. T =22,

b. i = (u, : p € T) is a sequence of pairwise disjoint sets such that U = U{u,, :
p €T} C H(XNy) (will be chosen in Claim 2.4).

C. <. is a linear order of H (Rg) of order type w such that givenn.v € T.n <, v
iff Ig(n) < Ig(v) orlg(n) = 1g(v) A <pex v.

d. Foreveryn € T.Z{|u,| : v <s n} < |uy].

e. Borel functions B=Byand B_| = Bal such that B : Sym(U) — 2¢ is injective
with a Borelimage, and B_; : 2? — Sym(U) satisfiesB(f) =5 — B_1(5) = f.

f. Let Ay ={f € Sym(U): f has a finite number of fixed points}, A is
obviously Borel.

g {fpn:ve2e (P)} generate the group K, (defined below) considered as a
subgroup of Sym(u,).

Cram 2.4. There exists a sequence (u,, f ,. A, : p € T) such that:

fﬂ = (fp.v ve T[g(/)))'
. fpv € Sym(u,) has no fixed points.
Ay, = (A, :v € Tyy(,)). We shall denote U A, by A,
V€Tl (p)
. Apy Cu, CHWX) and Z{|uy| :n <. p} < |A4,y].
1 7& V) € Tlg(p) — AP>"1 N A[,JQ =0
If p 2t and w=w(....x,.... )y is a non-trivial group term of length < n
then:
Lo w(eeo. f v oo Jvean € Sym(u,) has no fixed points.

2. (w( > fp.va )veZ” (vgznAp.v)) N veUz"Ap'V =0.

g {fpw v € Ty} generate the group K, (whose set of elements is u,) which is
considered as a group of permutations of u,,.

o

e

- o &
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A BOREL MAXIMAL COFINITARY GROUP 3

PrOOF. We choose (u,, . A4,) by <.-induction on p as follows: Arriving at p,
we choose the following objects:

1

1 . . | 0
a. n, such that Z{|u,| : v <. p}2 g(p)+7 n! and let nj = 21gl()p)'

b. Let H), be the group generated freely by {x,, : v € Ty}

c. In H, we can find (y,, : n < @) which freely generate a subgroup (we can do
it explicitly, for example, if a and b freely generate a group, then (a”b" : n < )
are as required), wlog for w; and w; as in Claim 2.4(f) and n; < n, we have
W1Yp,my 7& W2Yp.n,-

Now choose 4}, C {p,, 1 n < w} forv € 2%6) such that v; # v, — All)",1 N

p.y

Al :(Z)andng <|4!

PV pvie
d. Let A, ={w:w=w(...x,,.... )VGng

n

) is a group word of length < Ig(p)}.

(p

As H), is free, it’s residually finite, hence there is a finite group K, and an

epimorphism ¢, : H, — K, such that ¢, | (( U )A/l”,) UA,U{wa :w €A, A
ve2lglp) T
ac U( )AL.V}) is injective (note that there is no use of the axiom of choice as
ve2lelp

we can argue in a model of the form L[A]). WLOG K, C H(X) and K, is disjoint
to U{u, 1 v <, p}.
We now define the following objects:

b. A,y ={¢y(a):a e 4,,}.
c. Forv € 2% let f,, : u, — u, be multiplication by ¢, (x,,) from the left.

It’snow easy to verify that (u[,,/[p,f_/,) areasrequired,soU =U{u, : p e T}. -

DEFINITION AND CLAIM 2.5. A.a.  Given f € Sym(U),letg = F;(f) be g5s):
where for v € 2%, g7 is the permutation of U defined by: g, [ u, = f /,.v”g(,,)
(recall that  is a partition of U and each f,, belongs to Sym(u,,). therefore
g is well-defined and belongs to Sym(U)).

b.  Let Gy be the subgroup of Sym(U) generated by {gF :v € 2°} (which
includes {F1(f): f € Sym(U)}).

c. Let /; be the ideal on U generated by the sets v C U satisfying the following
property:

(%), For some p = p, € 2, for every n, there is at most one pair (a. v) such
thatve T.acevnu,and pnNv=p [ n.

c(1). Note that I is indeed a proper ideal: Suppose that vy, ..., v, are as above
and let py. ... p, witness (x),, (i =0, ..., n). Choose k such that 2F > n + 1
and choose 7 € 2% \{pi I 'k :i <n}.Foreachi < n, thereis k(i) < k such
that # N p; = p; | k(i). For each i < n, let n(i) be the length v such that
(a.v) witness (x),, for k(i). Choose n’ above # such that Ig(n') > n(i) for
every i, then u,, N (ignv,-) = 0.

. LetKy ={f €Sym(U): fix(f) € I} where fix(f) = {x: f(x) = x}.
e. ForneT,abeu,. n=Ig(n) <w and let yop = ((fyp,,, lass) 1<
I, = 1(x)) such that: -
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4 HAIM HOROWITZ AND SAHARON SHELAH

Pabil € 2",

ia,hAl 6{1,71}. )

b = (f'7~pa,b.0)la.b40 (f”’pa.b.l(*)fl )Ia.b./(*) 1 (a)

l,» = [(*) is minimal under 1-3, y,; is <,-minimal under this require-
ment.

5.0 F {141 = Pabi F Pabitl-
By Claim 2.4(g) and Definition 2.3(c), v, is always well-defined.

el o e

B. There are Borel functions By |, By », etc. with domain Sym(U) such that:
a. Bii(f) € {0.1} and By 1 (f) = 0iff | fix (/)] < .
b. Lettingn; = B(f),Bia2(f ) E {0, l}andBlz(f) = 1iff By ;(f) = 0 and for
infinitely many n, £ (4! ) € U{u, : p <. m | n} (where Ay 1, 1s defined
in Claim 2.4(c).
c. B13(f) € wsuchthatif B;(f) = Bj2(f) = 0 then for every By 3(f) < n.
f”(A;/“ yn) CU{uy,:p<.m [ n}
d. B14(f) S {0,1} and B14(f) =1 iff B, 1(f) B]z(f) =0 and {laf(a :
a € v, and By 3(f) < n} is unbounded, where v, := {a € A C uy
f(a) S Ll,“ In}-
€. B]s(f) € w such that: IfB14(f) = Blz(f) = Bll(f) = 0 then B15(f) is
a bound of {/, ;(,) : @ € v, and By 3(f) < n}.
f. Bis(f) € {0.1} such that: Byg(f) = 1iff By1(f) = Bi2(f) = Bra(f) =
0 and for every m there exists n > m such that: There are a; # a; € v,
such that for some I, I < min{l,, r(a,)lay.f(ar)}+ Pay.f(ay)d 7 Pa.f(ay)s @0
Pay.f(ay)s 1= Pay p(ay)s [ M-
g. Bi;(f) is a sequence (a, = a,(f) : n € Big(f)) such that if Bi¢(f) =1
then:
1. a, € v,.
- Big(f) € [0]”.
Ay flan) = 1(x) = Bro(f).
(Pan.f(an)1e - 1 € B1g(f')) are pairwise incomparable.
. For every I < I, the following sequence is constant: (T V(pan (
Pa.fla)) 1 <k €Big(f)).
h. Byi(f) is a sequence (A, = A,(f) : n € Bos(f)) such that if B (f) =
Bi2(f) =B14(f) = Bis(f) = 0 then:
1. Bya(f) € [w]?.
2. 4, C 45, (recalling that #; = B(f)).
3. Ly ja) = l* —B23(f) forn € Box(f)anda € 4,.
4. (i l< 1) = (ig p(a)s : | < 1) (recalling Definition 2.5(e)) for every n €
Bz_z(f) anda € A4,,.

5. & (lf)( 7 < “‘U’"‘ where B, 5(f)(n) € w \ {0}. Bo3(f)(n) < |v,| and v, is
2.3

defined in 2.5(B)(d).

6. Boun(f) = pi = (p) 11 <L) = (pu sy : 1 <L) for every n € Byo(f)
anda € A4,,.

7. (TV(p] < pJ") :n < m € Bys(f))is constantly Brs;(f).

= A N NI )

I A

an)
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A BOREL MAXIMAL COFINITARY GROUP 5

i. Byg(f) €{0.1}is Liff By 1(f) = Bi2(f) = Bi4(f) = Bis(f) =0 and in
(h)(7). Bys; = false for some [ < I,.

j- By(f) €{0.1} is 0 iff Byi(f) =Bi2(f) =Bra(f) =Bis(f) =0 and
Bys(f) =0

Proor. By the proof of Ramsey’s theorem and the arguments which are implicit
in the proof of Claim 2.7. Note that while the statement “there exists an infinite
homogeneous set” is analytic, we can Borel-compute that homogeneous set. See the
proof of Claim 6 in [2] for more details. -

DEFINITION AND CLAIM 2.6.  a. 1. Let Hj be the set of f € Sym(U) such that:

a Bii(f)=0.
B IfBi2(f) = Bia(f) =Bis(f) = 0then B, ((f) = 1.

a.2. Hs is Borel.

b. For f € Sym(U) let G, be the set of g € Sym(U) such that:
1. If f ¢ Hj then Gr= {F (f)}
2. If f € Hjthen G be the set of g such that for some (B,;yl,nz,d,l_), E,d_, e, v)

we have:

B C w is infinite.
n =B(f)€2?andn € 2°.
a=(a,:n € B).
If ne B then a,,eA:“rn:

/
pgz,,Aﬂl In.p by Am Fn)'

E.b=(b,:neB)andv = (v, :n € B).v, € T.suchthatforeachn € B. b, =
f(a,)and b, €uy,,.c =(c,:n€B),d=(d,:ne B)ande = (e, :n € B)
are such that b,.c, € u,, and e, € u, ,.

. Foreveryn € B, g(a,) = f(a,) = b,.

. Foreveryn € B, g(b,) = Fi(f)(a,) = e,.

. For every n € B we have ¢, = F|(f) ' (f(a,)) and g(c,) = F1(f)(f(a,)) =
d,.

. If b € U is not covered by clauses F-H, then g(b) = F|(f)(b).

. g has no fixed points.

. One of the following holds:

a. For every n€ B, 1 | n <. vy lg(nanvy,) > max{lg(v,,) :m € BNn}
hence (v, N7y : n € B) is <-increasing.

b. For every n€ B, v, =n | n and [(a,, f(a,).n) is increasing (see
Definition 2.5(e)).

c. For every n € B, v, =n | n and in addition, /(a,, f(a,).n) = [, for
eVery n. i, r(q,)s = U for [ <. and for some /.. < /., the elements of
(Pan.fan) 1w * L < l+) are pairwise incomparable.

Cow>

pgznA’?lf"‘Pg”’“ im (recall that we denote

T Q

WHH

CLam 2.7. If f € Hs then there exists g € Sym(U) such that for some

(B.i.n2.a.b.v), g and (B.yy. 12, a.b.v) are as required in Claim 2.6(c)(2) (and
therefore, there are also (¢.d.é) as required there). Moreover, g is unique once
(B.n1.1m2.a.b. V) is fixed.
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6 HAIM HOROWITZ AND SAHARON SHELAH

RemaRrRk 2.7A. In Claim 2.9 we need g to be Borel-computable from f, which
is indeed the case by the discussion in the proof of Claim 2.5 and by the proof of
Claim 6 in [2].

PrOOF. f € H3,s0B1(f)=0.

We shall first observe that if g is defined as above, then g is a permutation of U
with no fixed points. It’s also easy to see that g is unique once (B.#1.%2.a.b.v) has
been chosen. Therefore, it’s enough to find (B, %1, 75, a. b, v) as required.

Case I (B1,(f) = 1). For infinitely many n, f”(A;1 ) €U{u, i p <o [n}. In
this case, let By = {n : there is a € 4 |, such that fla) ¢ U{u, : p <.m | n}.
and for every n € By, let a, be the <,-first element in A,’“[n witnessing that
n € By. Let b, = f(a,) and let v, € T be the sequence for which b, € u,,. Apply
Ramsey’s theorem (we don’t need the axiom of choice, as we can argue in some
L[A]) to get an infinite set B C By such that ¢;; [ [B]F is constant for every
(k1) € {(2,1),(2.2),(2,4).(3.1),(3.3)}, where for n; < np < nj3:

a) ca1(n.my) = TV (Ig(v1) < lg(n)).

b) c2a(ni.ny) =TV (v, € {vy :n < my}).

¢) cai(ny.ny.nz) = TV(Ig(Vay Nuy) > vi)).

d) e33(n1.m2) = vy, (Ig(va, Nvny)) € {0, 1.undefined}.

We shall prove now that (/g(v,) : n € B) has an infinite increasing subsequence:
Choose an increasing sequence n(i) € B by induction on i such that j <i —
Ig(vy(j)) < Ig(v,q)). Arriving at stage i = j + 1. suppose that there is no such
n(i). then {f(a,) :n € B\ n(j)} € U{u, :Ig(p) <Ig(v,;))}. hence { f(a,) :n €
B\ n(j)} is finite. Similarly, {v, : n € B\ n(j)} is finite, and therefore, there are
ny <ny € B\ n(j) such that v, =v,, and f(a,) = f(as,). As [ is injective,
an, = ay,. and by the choice of the a,, a,, € uy, s, and a,, € uy, 14, -

This is a contradiction, as uy, 1,, Ny, 1n, = 0.

Therefore, there is an infinite B’ C B such that (/g(v,) : n € B’) isincreasing, and
wlog B’ = B.

Now we shall note that if n; < n, < n3 are from B, then Ig (v, N vyy) > Ig(vy,):

By the choice of B, ¢31(n1.ns. n3) is constant for n; < ny < ns, so it suffices to
show that ¢3 | [B]® = true. Let ny = min(B) and k = Ig(v,,) + 1. The sequence
(va | k :n € B\ {n})is infinite, hence there are n, < n3 € B\ {n;} such that v,, |
k = vy, | k. Therefore, Ig(v,,) < k < Ig(vs, Nvy,). and as c3; is constant on [B]*,
we’re done.

For n < k € B such that k is the successor of n in B, let #, = v, N v;. Suppose
now thatn < k < [ aresuccessor elementsin B, then /g (i) = lg(vi Nv;) > lg(v,) >
lg(vy, Nvi) = Ig(n,). and n,. i < vi. therefore, n,, is a proper initial segment of
and 7, == U e 2¢ 1If n < k € B are successor elements, then Ig(n;) > lg(v,)

—~ e~~~

(by a previous claim), therefore, v, N (7" \ v,) is disjoint to 7, hence v, N7y = v, N
v = 1. Therefore, if n < k € B then v, N, 1s a proper initial segment of v; N7,
and 7, = g (vy N 12).

It’s now easy to verify that (B.#1.#,.a. b, v) and g are as required.

Case II (B1,(f) =0 and n; stands for Bi3(f)). There is ny such that for every
ny <n, f"(A:“ [,,) CWu,:p <.m [ n}.

https://doi.org/10.1017/js1.2023.94 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2023.94

A BOREL MAXIMAL COFINITARY GROUP 7

For each n, recall that v, = {a € A:“ tn C Unyin : f(a) € uy1n}. v, satisfies
1Ay 10 \vnl S E{|uy| :v <o i [ n}. and as Z{[uy| 1 v <. [ n} < |4, it fol-
lows that Z{|u,| : v <, 11 | n} < |v,|. Recall also that for a € v,. as f(a) € uy, .
by Definition 2.5(e). y, r(,) is well-defined.

We now consider three subcases:

Case IIA (Bi4(f) = 1). The set of 1, (4), for a € v, and ny < n is unbounded.
In this case, we find an infinite B C [n;.®) and a, € v, for each n € B such that
(lan.f(an).,n :n € B)isincreasing. Now let 77, := #; and define b, v and g as described

in Definition 2.6. It’s easy to verify that (B.#1. 72, . b.7) are as required.

Case IIB (B14(f) = 0and By g(f) = 1). Case IIA doesn’t hold, but B ¢(f) = 1 and
there is an infinite B C [n1. ), L. < [, (see below) and (a, € v, : n € B) (given by
Bis(f). Bao(f) and By 7(f). respectively) such that:

a. Ly fay) =l and L, = Byo(f) < L.
b. iy, rans =1 for I <.
c. If n€ Bandm € BN n. then p,, f(am)ive € Pay.f(

an)-[**'

In this case we deﬁne_l_), v and g as in Definition 2.6 and we let #, := 5. It’s easy
to see that (B, #,.#,. a.bv) are as required.

Remark: By a routine Ramsey-type argument, it’s easy to prove thatif B ¢( /) = 1
then the values of By 7(f).Byo(f) are well-defined and Borel-computable so the
above conditions hold.

Case IIC (B14(f) = Bis(f) =0). =II4 A ~IIB. We shall first prove that B, {(f).
Boo(f). Ba3(f). (Baan(f):m€Ban(f)) and (Bys;(f) 1< Bas(f)) are well-
define and Borel computable.

Let /(x) be the supremum of the /(a. f(a)) where ny <n and a cuv,
(I(*) <w by =24). We can find /(x*) < [(*) such that B :={n € B : v, =
{a €wvy,:1l(a, f(a)) =1(+x)} has at least /(’:) elements} is infinite. Next, we
can find i,(/) € {1,— 1} for [ < [(*+) such that B, :{n € By : v,» = {a € v, :

[vn |

/(\ )ia,f(@,, =i,(I)} has at least o108 elements} is infinite. For each n € B,
1<l (% *
there are pno..... Pui(s)1 € Tn such that v,3 ={a €vpa: A pyrys = Pui}

1< (%)

has at least ; [on ] elements. By Ramsey’s theorem, there is an infinite subset

(**)21(**)211/(**)
B3 C B; such that for each I < [(*x), the sequence (TV (p,; < pps) : m < n € B;)
is constant. Therefore, were done showing that the above Borel functions are
well-defined.

Now if B ((f) = 1 then we finish as in the previous case (this time we'’re in the
situation of Definition 2.6(b)(2)(K)(c)). If B (( /) = 0. then we get a contradiction
to the assumption that f € Hj, therefore we’re done. -

Cram2.8. Ifw(xo. ... , Xk, 1) Is a reduced non-trivial group word, fo, ..., fr,..1 €
Hj are pairwise distinct. g € Gy, (1 €10,....kus—1}). g = gv*l where v; € 29\
{B(f): feHs}, | =kuu,....ku —1 and (v : ke <1< k.) is without repetition,
then w(go. k+1) € Sym(U) has a finite number of fixed points.

Notation: For I < k... let v; := B(f7).
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PrOOF. Assume towards contradiction that w(xy, ..., xg,_1) = x/i((’:;i?) L xl'c((%é
{fosees fro1} and {go..... gk, 1} form a counterexample, where i(/) € {- 1,1},
k(l) <k, and k(1) =k(I+1) = =(i(l) =—i(l + 1)) for every I <m. WLOG
m = Ig(w) is minimal among the various counterexamples. Let C = {a € U :
w(go. ... &k, 1)(a) = a}, this set is infinite by our present assumption. For ¢ € C,

define b..; by induction on / < m as follows:

1. bc,o =C.
2. bery1 = g/iill))(bc,l)-

Notational warning: The letter ¢ with additional indices will be used to denote
the elements of sequences of the form ¢ from Definition 2.6(b)(2).

For all but finitely many ¢ € C, (b.; : 1 < m) is without repetition by the
minimality of m, so wlog this is true for every ¢ € C.

For every ¢ € C, let p.; € T be such that b.; € u, ,. and let /;[c] be such that
Peiyic) <« peu for every [ < m. We can choose /i[c] such that one of the following
holds:

L. hle] > 0and peye1 # Peiyel-

2. Zl [C] = 0and Pem-1 7é Pco-

3. Pc0 == Pem-1-

We may assume wlog that (/i[c] : ¢ € C) is constant and that actually /;[c] = 0

for every ¢ € C. In order to see that we can assume the second part, for j < m let

Wi (X0 e s Xpy1) = x]';(({;ll)) x]’;((?)x,i((:f:l)) x;(((JJ)) then w;(go. .... &gk, 1) € Sym(U)

is a conjugate of w(gy. ... gk, 1). The set of fixed points of w; (go. ... . gk, 1) includes
{b.;j : ¢ € C}. and therefore it’s infinite.

For c € C, (bc._/H bg__j+1, vesbem1.bc,s .. bc,j—l) and w; (g(), ,gk*,l) satisfy the
same properties that (b.o. ..., bem1) and w(go. ..., g, 1) satisfy. Therefore, if (/1[c] :
¢ € C)isconstantly j > 0, then by conjugating and moving to w;(go. ... . gk, 1). we
may assume that (/;[c] : ¢ € C) is constantly 0.

Let L[c] < m be the maximal such that p.o = -+ = pep(e1. S0 wWlog h[c] =/, for
everyc € C.Forl <k, lety; be B(f;)if ] < ky, and v; if | € [k, k,) (we might
also denote it by p; in this case). As f; € Hs for [ <;,..and p; ¢ {B(f) : f € H3}
for I € [kux. k). it follows that [} < k. <DL <k, — n., #* N1y Therefore, (11 :
[ < k,) is without repetition.

Now let #,,; be defined as follows:

1. If I < kyx. let 72, be 175 from Definition 2.6(b)(2) for f; and g;.

2. Ifl e [k**,k*), let Mg =NJ-

Let j(*) < w be such that:

a. (g1 1 j(*) : I < k) is without repetition.

b If 1 # mau, then gy () # sy 17 (+) (b < k).

. Iy # mopy then iy, 17 () # mp2ay 17 () (b < ko).

d. j(*) > 3m. k..

e. j(x) > n(l;. ) forevery I} < I, < k... where n(l1, ) is defined as follows:

1. Ifky <. b, letn(l;, ) =0.
2.If [} <kus OF L <kys let (v}:ne€ By) and (v2:n € By) be as in
Definition 2.6(b)(2) for (f4,.714,) and (f4,.71.,). respectively. If there is
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no v, such that v} £ 5, and no v} such that v2 £ . let n(l;. 1) =0.
Otherwise, there is at most one n € By such that v} £ 5, and v} <, and
there is at most one m € B such that v2, £ 5, and v2, < 1, If there are
v} and v2, as above, let n(ly, 1) = lg(v}) + lg(v,zj) + 1. If there is v, as above
but no v2 as above, let n(/;, ) = lg(v}) + 1, and similarly for the dual case.
f. j(*) > m(l). L) forevery I} < I, < k.. where m(l;, ) is defined as follows: Let
(vl :n € By)and (v2 : m € B,) be as in Definition 2.6(b)(2) for (/4,.71,,) and
(f1,.m1,). respectively. As 1714, # 1. [{v):n € Bi} N {vZ :m € By} <Ry,
let s(/1, 1) be the supremum of the length of members in this intersection and
let m(l1. ) = s(l1.h) + 1.

We may assume wlog that /g(p.s,() > j(x) for every ¢ € C. We now consider
two possible cases (wlog TV ((p.; : [ < m) is constant) is the same for all ¢ € C):

Case I. For every ¢ € C, (p.; : | < m) is not constant.
In this case, for each such ¢ € C. h[c] <m — 1 and b, ,[¢) € u,,, =

o ‘
Now (be (e beyjer1) € g,’(((fz[[i]])) and as pe (] # Pepfer+1. necessarily k (h[c]) < k..

By the definition of /i[c] and the fact that p.; ] = peiye). necessarily pe e <«

Pebylc]+1-
For each [ <m — 1, if Ig(p.;) < Ig(pesy1). then either gy or g];b) is as in

= upc.lz[c] :

Definition 2.5(2)(b), so letting n = Ig(p.;). (pes. pesi1) here correspond to (17 |
n,v,) there, and there are (a’,b'.c'.d' e') = (al,b!.c!.d!,e’) in our case that
correspond to (a,,b,.c,.d,.e,) in Definition 2.6(2)(b). In the rest of the proof
we shall denote those sequences by (a’, b/, ¢!, d’.e'), as the identity of the relevant

¢ € C should be clear. In addition, one of the following holds:

Similarly, for / < m — 1, if Ig(p.;) > Ig(p.;41) then the above is true modulo the
fact that now (p.;, pes41) correspond to (v,, 71 | n) and one of the following holds:

1. i(/) =1 and g;(ill))(bl) =e!
2.i(l) =—1and g]’(ill))(bl) =a

Therefore, if / = b[c] then lg(p.;) < Ig(pcsi1). so the first option above holds,
and therefore p.; is an initial segment of #7; 4 ().

Ifl =m—1, then lg(pem 1) > lg(peo) = lg(pem) and therefore p. is an initial
segment of 77y x(,,_1). It follows that p.o = pe.p,c is an initial segment of 7y 1, [7) N
1 k(m-1)- Recalling that lg(p.o) = Ig(pesyer) > j(+) and that (g1, [ j(+) 1 1 < k.) is
without repetition, it follows that k(m — 1) = k(h[c]).

We shall now prove that if l[c] < m — 1 then h[c] = m — 2. Let (a2l], p2lel )
be as above for / = b[c]. 50 b1 = b2, and as k(h[c]) = k(m - 1), we get
be b1 = b2) = b1 In order to show that />[c] = m — 2. it suffices to show that
b = b, 1 (as the sequence of the b ;s is without repetition). which follows from
the fact that p.o <« pesm_i-
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As we assume that the word w is reduced, and as k(m — 2) = k(L[c]) = k(m - 1),
necessarily i (m —2) = i(m — 1). We may assume wlog that i(m —2) = i(m —1) = 1
(the proof for i(m — 2) = i(m — 1) =—1is similar, as we can replace w by a conjugate
of its inverse).

Let w' =w'(go.....8k,1) := gllc(('; 33)) g/i((%)), by the above considerations

and as b"™'=b., . it follows that ™! =g, H(b""') = gl’('r':l ]1 (b1 =
i(m-1)

gk(nH)(b( m-1) = beo. We also know that gk(('m 2>(w (be0)) = Grm-2) (W' (beg)) is
“higher” than w’(b.g). Therefore, gl’f(m 2)) (W (be0)) = g(may(w'(beg)) = b2 =
b™-1. It also follows that w’(b.o) = a”* = a™ . Therefore, w’(e" ') = a™ .

We shall now prove that if / < m — 2 then b,/ = (gjku))i(l)(b‘*l)‘ Assume that
for some / < m — 2. gy (bes) # g " (bes) and we shall derive a contradiction. Let
(a™2.b™2,...) be as before for g, 2). S0 (bem-2.beo) = (a2, e™?).

Case I(a). k(I) =k(m-2) =k(m—1). As the b.;s are without repetition, if
0<l<m=—2, then by & {bems.beo} = {a™2.e"?} ={a'.e'}. and of course,
bey ¢ {b'.c'.d'} (as it is a “lower” element). Therefore, gi(;)(be;) = g (bes).

a contradiction. If / = 0, then g]’((':z 11)>(bc.m,1) = begand (bey1.bco) = (b1, ™),
If i(0) = i(m — 1), then by conjugating gk(0)- We get a shorter word with infinitely
many fixed points, contradicting our assumption on the minimality of m.

Ifi(0) = i(m — 1) = 1, then we derive a contradiction as in the case of 0 < /.

Case 1(b): k(I) # k(m —2) = k(m —1). In this case. we know that g;(;) almost
coincides with g; . with the exception of at most {a'.b!.c!.d! e Let Pe =
Peo =+ = Pem-2. then necessarily p. < Vign 1) = M1 s(m-1) (85 gk(_1) MOVES Dy
to a lower u, (namely u,, ), p. plays the role of #; | n in Definition 2.6 for Sk(m-1))-
By our assumption, lg(p.) > j(*) and (51, | j(x) : [ < k(%)) is without repetition,
therefore 7y 4y I Ig(pe) # pe. 50 pe £ 1 k(- Therefore, when we consider f () and
M k() in Deﬁmtlon 2.6(b)(2), then p. has the form v, for some n. By the choice of
J (%), it’s then impossible to have p. < #; 4(, 1). a contradiction.

Therefore, a”? = w'(go. ... gk, 1)(e"?) = w'(go. ... gho 1) (beo) = W' (g7 . ...
gy Mbeo) =w'gy....gn | )(e™2). In the notation of the Claim and Definition
6(b)(2).

Fi(f(m2)(a™?) = e™?, therefore, by composing with w’, we obtain a word
composed of permutation of u,_, , (in the sense of Claim 2.4(f)) that fixes e 2 €
u,,, . therefore, m — 3 = 0 (or else we get a contradiction by Claim 2.4(f)).

It follows that w(go. ... €k, 1) = &k(m 2)8k(m- 2>gk ) and gk 0 (em2) = g"-2 Now,
obviously pem2 < 1 k(m-2): SO Pem2 £ Miko) = Vk( By the definition. g

uPcm—Z = f/’r.m—Z-Vk(()) Mg (pe.m-2) # fﬂc.m—Z-ﬂc.m—Z' Also F] (fk(m—Z)) r u/’c.m—Z = g;k(,,,,z) r

Up, s = S perapems- Therefore, we get the following: a2 = gii%))(em’z) =

<g:k(0) )i(O) (eWFZ) - (f/IL'.m—Z’vk(O) Mg (/’(‘,m—Z) )i(O) (eWFz) and em72 = Fl (fk<m*2))(am72) =
S e 2pem(@™2). In conclusion, we get a contradiction to Claim 2.4(f), as we have
a short non-trivial word that fixes " 2.
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Case II. (p.;:l<m) is constant for every ¢ € C (so blc]=m—1). Let

Pc = Pco0 = = Pem-1- If g/lc((l[)) (bczl) = (g\zkk(/))i(l)(bul) for every I <m, then

we get a contradiction to Claim 2.4(f). Therefore, for every ¢ € C. the set

ve={l<m: g/'(((ll)) (bey) # (g;‘k(l))i(l)(b(,_l)} is nonempty. Without loss of generality,

v. doesn’t depend on ¢, and we shall denote it by v. For every [ € v, if i(/) =1
then (bes.besi1) € {(a'. '), (0", e"). (c'.d")}, if i(l)=—1 then (b.s.bess1) €
{('.a"). (e b").(d". )}

We shall now prove that for some k < k... k(I) = k for every [ € v. Suppose not,
then for some /1 < I, € v, k(I;) # k(L,). By the choice of j(x), each of the following
options in impossible: pe;, < 71y A per, <Nty Pety <Ny A Pety LMk Pety T
Mg, A Pesy, < s, OF pery £ N1ay A pes, L 1s,- Therefore we get a contradiction. It
follows that {k(/) : I € v} is singleton, and we shall denote its only member by
k < k.

Note that if /; € v, [, € v is the successor of [y inv, [y +1 < b, and ¢ € C then
bey 41 # bey, (recall that (b, : I < m) is without repetition). We shall now arrive at
a contradiction by examining the following three possible cases (in the rest of the
proof, we refer to /() from Definition 2.5(A)(e) as “the distance between a and b”,
and similarly for any pair of members from some u,)):

Case II (a). g is as in Definition 6(b)(2)(K)(a). In this case, for every [ € v, the
only possibilities for (b, b. ;1) are either of the form (¢, d) or (d, ¢) (and not both,
as we don’t allow repetition). As the distance between ¢ and d is at most 2, we get a
word made of f,,s of length < m + 1 that fixes ¢, contradicting Claim 2.4(f).

Case II (b). gy is as in Definition 6(b)(2)(K)(c). Pick ¢ € C such that Ig(p.) is
also greater than m + [, where I, is as in Definition 2.6(b)(2)(K)(c) for g;. As the
sequence (b.; : [ < m) is without repetition, necessarily 1 < |v| < 3.

If |v| = 3, then necessarily the sequences (a. b, e) or (e. b, a) occurin (b.; : [ < m),
as well as (c,d) or (d.c). As the distance between « and e is 1 and the distance
between ¢ and d is < 2, we get a contradiction as before.

Suppose that |v| = 2. If the sequence (a. b, e) appears in (b.; : [ < m). we get a
contradiction as above. If (a. ¢) (or (e,a)) and (c.d) (or (d. c)) appear, we also get
a contradiction as above. If (a.b)/(b,a) and (c,d)/(d. c) appear, as the distance
between @ and b is /., we get a word made of f,,s of length < m + /(x) fixing ¢, a
contradiction to Claim 2.4(f). Finally, if |v| = 1 we get a contradiction similarly.

Case II (c). g is as in Definition 2.6(b)(2)(K)(b). As in the previous case, where the
only non-trivial difference is when either |v| € {1,2} and the sequence (@, b)/(b, a)
appears in (b.; : [ < m), but not as a subsequence of (a, b, e)/(e, b, a). If for some
¢ this is not the case, then we finish as before, so suppose that it’s the case for
every ¢ € C. As the distance between ¢ and d is < 2, suppose wlog that |v| =1,
k = k(m —1) (by conjugating) and the sequence (b.; : [ < m) ends with ¢ and
starts with b or vice versa. Therefore, every ¢ € C is of the form a” or b" (where

n € B and Bis as in Definition 2.6(b)(2) for g;) and either g]i((%)) g,i(”gz)(a”) =p"
(0) i(m-2)

or gli(()) & (b™) = a”", so the distance between a” and b" is < m — 1. As C is
infinite, the distance between ¢” and b" is < m — 1 for infinitely many n € B. This is
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a contradiction to the assumption from Definition 2.6(b)(2)(K)(b) that the distance
between a” and b” is increasing.
This completes the proof of Claim 2.8. .

CrAM 2.9. There exists a Borel function By : UY — UY such that for every
f €Bi.By(f) € Gy.

PrOOF. As in [2], and we comment on the main point in the proof of
Claim 2.7. o

DEFINITION 2.10. Let G be the subgroup of Sym(U) generated by {B4(f) : f €
H3} U{gy v €22 \{B(f): f € H3}t}.

Cram 2.11. G is a maximal cofinitary group.

Proor. G is cofinitary by Claim 2.8, so it’s enough to prove maximality.
Assume towards contradiction that H is a counterexample and let /. € H \ G, so
B;(f.) € G, and we shall denote /* = B4(f).

Casel. f . € Hs.Inthiscase, by Definition 2.6, {a, : n € B} C eq(f+, f*) := X (see
thee relevant notation in Definition 2.6), hence it’s infinite. Therefore, f,'f* | X
is the identity, but /' f* € H and H is cofinitary, therefore f.' f* = Id so f, =
f* € G. acontradiction.

CaseIl. f. ¢ H3. By the definition of H3. B} ((f.) = 0. so the sequences By ; (1) =
(An = An(f*) ‘ne Bzz(f*))’/)_g = (pn,i ni< Z*) = (pa,f*(a)ii 1< l*) andi = (il :
I<l,)= (ia_ﬂa),, 1<) (n €Brs(fy).a € A,) are well-defined, and forevery / <

L, (pns i n € Baa(f4)) is <-increasing, so v, := U( )pnA/ € 2% is well-defined.
n€By o (f«

Letg = (gfo)io e (g;‘l 71)"1**1 € G1(we may assume that it’s a reduced product). Let
wy ={l<l,:(3f; € Hy)(vy =B(f,))} and w, = I, \ w;. For / < I, define g, as
follows:

1. If] € wy, let g; = B4(f)).

2. Ifl € wy, let g =g

Letg' = gé(()) . -g[’fljl*l). By the definition of G, gy, ....g/,.1 € G, hence g’ € G.

Again by Definition 2.6, if / € w; then g = F|(f;) mod I, and g'=
Fi(f1)! mod I,. Now suppose that g(a) # g’(a). then there is a minimal / < /,
such that (g7)" ... (g2)"(a) # (g0)"” ... (&) (a). Let v, = dif (g}.g/). then
a€(gl.. g;'fll’l))’1 (v7). In order to show that (g/° ...gffll’l))’l (v7) € I it suffices to
observe that for i € w;, functions of the form g;, g;l map elements of /; to elements
of I, therefore it follow that g = g’ mod I. 1t suffices to show that eq(f..g) ¢ I;.
as it will then follow that eq(f..g’) ¢ I, so f.'¢’ = Id on an I —positive set,
hence on an infinite set. As f,'g’ € H and H is cofinitary, f.'g’ = Id. an therefore
f+« =g € G, acontradiction.

So let n € Bosr(f.) and a € 4, = A,(f,), and observe that f,(a) = g(a).

Indeed, by the definition of B,(f,). for every such a, f.(a)= ((f,;‘i W”O) .

( fy-1 ))(a) (where 7 is as in the definition of By (f.)). It’s now easy to verify
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that the last expression equals g(a). It’s also easy to verify that U( )An ¢ I,
n€ByH (f«

therefore we’re done. -
Cram 2.12. G is Borel.

Proor. It suffices to prove the following subclaim:

Subclaim: There exists a Borel function Bs with domain Sym(U) such that if
g € G then Bs(g) = (g0.g1.....gn) such that G ="g = g g, ...g/#" for some
(i0s oo i) € {— 1, 1}mHL,

Proof: By the definition of G. if g € G then there are m. fo..... fm € A (possibly
with repetition) and i, .... i, € {~ 1.1} such that g = g ... glm where each g; is
either of the form By(f;) for f; € H; (in this case. let v; := B(f;)) or g for
v €29\ {B(f): f € Hs}.

Now if n is greater than m!, then for some u C 2" such that |u| < m!< 2 for
every p € 2"\ u we have:

a. Forevery !/ <m, g/ [u, = f[,,‘,l Mg (p)-

b. g [ u, can be represented as f;"vO gp) fim € Sym(u,).

P-Vm flg(ﬂ)
d. By Claim 2.4(f). the above representation of g [ u,, is unique.

Therefore, from g we can Borel-compute ((v; [n:n < w):i<m) hence
(Vi i< Wl)

As Hs is Borel and B is injective, the sets {B(f): f € H3} and 2\ {B(f) :
f € Hs} are Borel. Now if v; € 2° \ {B(f) : f € H3}, we can Borel compute g; =
gr- Ifvi € {B(f): f € H3}. then v; = B(f;) and we can Borel-compute f; (by
applying B_; from Definition 2.3(e)) hence B4(f;). -
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