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Abstract. We study the Stickelberger element of a cyclic extension of global fields of prime

power degree. Assuming that S contains an almost splitting place, we show that the
Stickelberger element is contained in a power of the relative augmentation ideal whose expo-
nent is at least as large as Gross’s prediction. This generalizes the work of Tate (see Section 4)

on a refinement of Gross’s conjecture in the cyclic case. We also present an example for which
Tate’s prediction does not hold.

Mathematics Subject Classification (2002). 11S42.

Key words. class numbers, Gross’s conjecture, special values of Abelian L-functions,
Stickelberger elements.

1. Introduction

Suppose L=K is an Abelian extension of global fields with Galois group G. Let S be a

finite nonempty set of places of K which contains all Archimedean places and places

ramified in L, and make a suitable choice of a finite nonempty set T of places of K so

that T is disjoint from S and that US;T, the collection of S-units in K that are

congruent to 1 modulo v for all v2T, is torsion free.

For a complex character w2 Ĝ ¼ Hom ðG;C
�
Þ, the S-T modified L-function is

defined as

LS;Tðs; wÞ ¼
Y
v =2S

ð1� wðgvÞNv�sÞ
�1

Y
v2T

ð1� wðgvÞNv1�sÞ

where gv 2 G is the Frobenius element for v and ReðsÞ > 1. The Stickelberger element

yS;T is the unique element in C½G� that satisfies

wðyS;TÞ ¼ LS;Tð0; wÞ

for all w 2 Ĝ, where w is regarded as a C-algebra homomorphism from C½G� to C,

extended by linearity. In [1], Deligne and Ribet proved that yS;T is in Z½G�. From

now on we will write y for yS;T if no confusion arises.
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Suppose H is a subgroup of G with fixed field E. We define the augmentation ideal

IH relative to H to be the kernel of the natural map Z½G� ! Z½G=H�. When H ¼ G,

I :¼ IG is the usual augmentation ideal of Z½G�, and in general IH is the Z½G�-ideal

generated by the image of the augmentation ideal of Z½H� via the natural embedding

Z½H� ,!Z½G�.

PROPOSITION 1. Suppose jSj5 2. Then, the following are equivalent.

ð1Þ y 2 IH.

ð2Þ wðyÞ ¼ 0 for all characters w of G whose kernels contain H.

ð3Þ For each cyclic subextension E 0=K of E=K, there is a place in S that splits

completely in E 0.

Proof. Let r be the number of places in S that split completely in E. Then for each

w 2 Ĝ whose kernel is H, the order of zero of LS;Tðs; wÞ at s ¼ 0 is r� 1 or r

depending on whether w is trivial or not (see [3, Proposition I.3.4]). Also, the natural
map Z½G� ! Z½G=H� sends y for the extension L=K to y for the extension E=K (see

[3, Proposition IV.1.8]). Therefore (3) is equivalent to LS;Tð0; wÞ ¼ 0 for all characters
w of G=H (which is (2)), which in turn is equivalent to (1). &

From now on, we assume that jSj5 2 and that S contains a place v which splits

completely in E. Let r be the number of places in S that split completely in E. In

[2, p. 195], Gross makes a remark that he expects that y always belongs to I r�1H ,

and that y belongs to I rH if jSj5 rþ 1. The following proposition shows that

enlarging S by unramified primes does not affect the truth of this conjecture.

PROPOSITION 2. Suppose S contains a non-Archimedean place v which is

unramified in L. Let S1 ¼ Snfvg. Then yS;T 2 Z½G�yS1;T, and if v splits completely in E,

then yS;T 2 IHyS1;T.
Proof. Let gv 2 G be the Frobenius automorphism corresponding to v. Then

yS;T ¼ ð1� gvÞyS1;T, and if v splits completely in E, then gv 2 H, hence

1� gv 2 IH. &

In this paper, we consider the case when G is a cyclic group of order lm where l is a

prime number and m5 2, and H is a nontrivial subgroup of G. In this case, we say

that a place v of K is an ‘almost splitting’ place if its decomposition group is of order

l. Assuming S contains an almost splitting place, we prove that Gross’s expectation

holds. Furthermore we observe that there is an extra vanishing phenomenon which

happens in many cases (see Theorem 6). This generalizes Tate’s work on a refinement

of Gross’s conjecture under the present assumptions. Also using the techniques

developed in Sections 2 and 3, we see that Tate’s prediction may not hold if S does

not contain a nonsplitting prime (see Section 5). Tate’s work is described in Section 4

for the convenience of the reader.
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2. The Cyclic Group Ring

Let G be a cyclic group of order lm. Pick a generator s of G and for each

i ¼ 0; . . . ;m, set Gi :¼ hsl
i

i. We have ½G : Gi� ¼ l i, and Ii :¼ IGi
is the principal ideal

of Z½G� which is generated by s l i � 1.

Let us choose a faithful character wm of G, and for each i ¼ 0; . . . ;m� 1 we define

wi :¼ wl
m�i

m . Let zi :¼ wiðsÞ for i ¼ 1; . . . ;m (so zi is a primitive l
ith root of unity), and

li :¼ zi � 1 2 Z½zi�:
We may view Z½G� as a subring of

Qm
i¼ 0 Z½zi� by identifying s with ð1; z1;

z2; . . . ; zmÞ. With respect to this embedding, the natural map Z½G� ! Z½G=Gi� is

the projection.

ða0; . . . ; amÞ 7! ða0; . . . ; aiÞ

onto the first iþ 1 components. Therefore an element a ¼ ða0; . . . ; amÞ is contained
in Ii if and only if a is in the image of Z½G� and a0 ¼ � � � ¼ ai ¼ 0.
Since the Z½G�-ideal Ii is generated by s l i � 1, the Z½G�-ideal I ki is generated by

ðs l i � 1Þk. Moreover, the following lemma holds.

LEMMA 3. For each i ¼ 0; . . . ;m� 1 and k5 1, the multiplication by s l i � 1

defines an isomorphism from Iki to I kþ1i .

Proof. The multiplication by s l i � 1 is clearly surjective. On the other hand,

s l i � 1 ¼ ð0; . . . ; 0; l1; l2; . . . ; lm�iÞ in
Qm

i¼0 Z½zi�. Now the injectivity follows as

elements of I ki have their first iþ 1 components equal 0 and s l i � 1 has its last

m� i components nonzero. &

The next theorem is the key for analyzing yS;T when S contains an almost splitting
place.

THEOREM 4. Suppose a ¼ ð0; . . . ; 0; amÞ is an element of
Qm

i¼ 0 Z½zi�. Then for each
integer k5 1 and i ¼ 0; . . . ;m� 1, a 2 I ki if and only if l1l

k�1
m�i j am in Z½zm�.

Proof. First we prove the equivalence for k ¼ 1. In that case, the latter condition

is independent of i, and Im�1 ¼ Ii \ fða0; . . . ; amÞ j aj ¼ 0 for 04 j4m� 1g which

implies that the first condition is also independent of i. Therefore we may assume

i ¼ m� 1.

Im�1 is generated by sl
m�1

� 1 whose image in
Qm

i¼0 Z½zi� is ð0; . . . ; 0; l1Þ. Therefore
a is in Im�1 if and only if there exists an element b ¼ ðb0; . . . ; bmÞ 2 Z½G� that satisfies

bml1 ¼ am. Now this condition is clearly equivalent to l1 jam as the map

wm : Z½G� ! Z½zm� is surjective.
The case k5 2 follows easily from the case k ¼ 1 together with Lemma 3. &

3. Comparison of the Zeta Functions

In this section, we investigate the case where L=K is an extension of global fields,

with Galois group G as in Section 2. Suppose S ¼ fv0; . . . ; vng. For each
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j ¼ 0; . . . ; n, let Gvj be the decomposition group of vj and let l
mj ¼ ½G : Gvj �. Without

loss of generality, we may assume that 04m04m14 � � � 4mn. When mn ¼ m, vn
splits completely in L and so y ¼ 0. We consider the next case mn ¼ m� 1, in other

words vn is an almost splitting place.

Remark. If K is a number field, then y ¼ 0 unless l ¼ 2, K is totally real and L is

totally complex, as the Archimedean places of S split in L if those conditions are not

satisfied. If y 6¼ 0, then the Archimedean places of S almost split in L, hence in the

number field case we may assume that S always contains an almost splitting

place.

Theorem 4 can be translated in the style of [2, Lemma 6.1] to the following

lemma.

LEMMA 5. Assume y 2 Im�1. Then for 04 i4m� 1 and for k5 1, the following

are equivalent:

ð1Þ y 2 I ki
ð2Þ the lm-valuation of LS;Tð0; wmÞ is greater than or equal to lm�1 þ ðk� 1Þl i

ð3Þ the l-valuation of
Q

w LS;Tð0; wÞ is greater than or equal to lm�1 þ ðk� 1Þl i, where

the product is taken over the faithful characters of G.

Proof. If we write y ¼ ð0; . . . ; 0; ymÞ, then ym ¼ wmðyÞ ¼ LS;Tð0; wmÞ. Therefore,Q
w LS;Tð0; wÞ is the norm of ym from QðzmÞ to Q.

l is totally ramified in Z½zm� and ðlmÞ is the unique prime ideal of Z½zm� above l.
Therefore the l-valuation of the norm of ym is equal to the ðlmÞ-valuation of ym,
and in Z½zm� the ideal ðlm�iÞ is equal to ðl

½QðzmÞ:Qðzm�iÞ�
m Þ ¼ ðll

i

mÞ, as it is totally ramified

in QðzmÞ. Now the lemma follows from Theorem 4. &

Let F be the fixed field of Gm�1. The product in part (3) of Lemma 5 can be expres-

sed as

lim
s!0

zL;S;TðsÞ
zF;S;TðsÞ

� �
:

GalðL=FÞ is cyclic of order l, and in that case Gross used the class number formula

to prove that the above limit is divisible by ljSðF Þj�1 in [2, Section 6]. Note that

jSðF Þj ¼ jSðLÞj ¼
Pn

j¼0 l
mj .

Fix i in f0; . . . ;m� 1g, and let r be the number of places of S whose decomposition

group is contained in Gi. In other words, r is the number of places vj in S that satisfies

mj 5 i. We also define N to be the largest integer less than or equal to

1þ l�iðjSðF Þj � 1� lm�1Þ ¼ 1� l�i þ
Pn�1

j¼ 0 l
mj�i. We obtain the following theorem

as a simple consequence of Lemma 5.
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THEOREM 6. In the situation described above, y is contained in INi . Moreover,

N ¼ r� 1 if and only if the decomposition group of each place of S other than the almost

splitting place is Gi, and otherwise N5 r.

4. Tate’s Refinement of Gross’s Conjecture

We present Tate’s work in this section—this section is a summary of [4]. We continue

to assume that G is cyclic of order lm and that S contains an almost splitting place.

Consider the case H ¼ G, or equivalently i ¼ 0. Pick a faithful character w of G,
and as in Section 2, set li :¼ wðsl

m�i

Þ � 1, and l :¼ lm. In that case I ¼ I0 is the usual

augmentation ideal, and as we have shown in Section 3,

(1) if a is in Im�1, then a is in I k if and only if the l-valuation of wðaÞ is greater than
or equal to lm�1 þ k� 1

(2) y 2 IN, where N ¼
Pn�1

j¼ 0 l
mj ¼

P
v2S½G : Gv� � lm�1.

Gross’s conjecture implies y 2 I n, and we have N5 n with equality if and only if the

n places in S other than the almost splitting place do not split at all.

Tate’s idea is that there should be a congruence

y � �hR ðmod INþ1Þ

where h is the S-T class number of K, R is the determinant of an ðn� nÞ-matrix,

and the sign is determined by the analogous classical formula as in [2]. He takes

R :¼ det 14i; j4nð fjðuiÞ � 1Þ, where fj : K
�
vj
�! Gvj is the local reciprocity law

homomorphism, and where fuig is a Z-basis for the group US;T of S-T units of K.

For each i, there are integers aij, determined mod lm�mj , hence mod l, such that

fjðuiÞ ¼ sl
mj aij . Then wð fjðuiÞÞ ¼ ð1þ lmj

Þ
aij � 1þ aijlmj

ðmod ll
mjþ1

Þ and hence

wðRÞ � ðdet aijÞl
M

ðmod lMþ1
Þ, where M ¼

Pn
j¼1 l

mj ¼ Nþ lm�1 � lm0 . From this it

is easy to see that wðRÞðmod lMþ1
Þ is independent of the choice of basis for US;T

and of the choice of place v0 2 S with the least splitting in L.

Tate makes a remark that if m0 ¼ 0 (so that R 2 IN), then he has obtained a fair

amount of numerical evidence for his conjectural congruence relation, which is

stronger than Gross’s in general. On the other hand, when m0 > 0, the congruence

relation boils down to the statement: m0 > 0 implies y 2 INþ1, as l m0 divides h in that

case. He asks if this statement is always true. In the next section we construct

an example in which m0 > 0 and y =2 INþ1, providing a negative answer to Tate’s

question.

5. An Example

Let us take K to be a rational function field FqðtÞ with q 6�1 ðmod l Þ, and take L to be

the constant field extension of K of degree l m. Then L=K is cyclic and unramified

everywhere. We choose S and T so that all the places of S have degrees divisible
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by l, and that T only contains places whose residue fields do not contain a primitive

lth root of 1. The assumption on S is equivalent to the condition m0 > 0.

Pick a place v of degree 1, and set S 0 ¼ S [ fvg. We first prove that yS 0;T =2 IN
0þ1

where N 0 ¼
P

v2S 0 ½G : Gv� � lm�1. We remind the reader that F is the unique sub-

extension of L=K with ½L : F � ¼ l. The discussion near the end of Section 3 shows

that yS 0;T is in IN
0þ1

G if and only if the Stickelberger element yS 0ðFÞ;TðFÞ for the

extension L=F is in I jS
0j. Using Gross’s result in [2, Section 6], we see that

yS 0ðFÞ;TðF Þ is not contained in I jS
0j if

(1) the S 0-class number of F and L are both prime to l

(2) F does not contain a primitive lth root of 1

(3) none of the residue fields of TðLÞ contain a primitive lth root of 1.

As S 0 contains a place v of degree 1, Gv ¼ G and the S 0-class number of F and L

are both 1. Neither L (and hence F ) nor the residue fields of TðLÞ contain a

primitive lth root of unity – the lth cyclotomic polynomial has degree l� 1,

therefore if k2=k1 is a field extension of degree some power of l such that k2
contains a primitive lth root of 1, then this root is in fact contained in k1. So

we conclude that yS 0;T =2 IN
0þ1.

One has yS 0;T ¼ ð1� gvÞyS;T, and Lemma 3 implies that yS;T 2 INþ1 if and only

if yS 0;T 2 IN
0þ1 where N ¼

P
v2S½G : Gv� � lm�1 ¼ N 0 � 1. Therefore yS;T =2 INþ1,

providing a negative answer to Tate’s question.

Remarks. (1) When L=K is a constant field extension of global function fields,

everything can be made explicit. Therefore, in the above example one can check that

yS;T does not belong to INþ1 by direct computation.

(2) The above example suggests a possible remedy of Tate’s refinement in the gen-

eral case. Namely, pick a nonsplitting place v which is not in S [ T (possible by

Tchebotarev density theorem), and set S 0 ¼ S [ fvg. By Lemma 3, there is a unique

element k 2 IN=INþ1 such that ð1� gvÞk ¼ hS 0;TRS 0;T 2 INþ1=INþ2, and k is indepen-
dent of the choice of the nonsplitting place v. The congruence relation

yS;T � kðmod INþ1Þ is equivalent to Tate’s statement for yS 0;T, and we may take it

as a suitable generalization of Gross’s conjecture.
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