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This paper shows that if the errors in a multiple regression model are heavy-tailed,
the ordinary least squares (OLS) estimators for the regression coefficients are tail-
dependent. The tail dependence arises, because the OLS estimators are stochastic
linear combinations of heavy-tailed random variables. Moreover, tail dependence
also exists between the fitted sum of squares (FSS) and the residual sum of squares
(RSS), because they are stochastic quadratic combinations of heavy-tailed random
variables.

1. INTRODUCTION

Financial data are often heavy-tailed. For instance, Jansen and de Vries (1991)
investigate the tail behavior of stock returns and find tail index estimates consistent
with a finite variance, but with infinite higher moments. The heavy-tailed nature of
financial data can distort statistical analysis, especially in small samples. Mikosch
and de Vries (2013) show that in an ordinary least squares (OLS) regression—
an econometric method often applied to financial data—the estimator for the
regression coefficient is heavy-tailed if the errors are heavy-tailed. As a follow-up
study, we explore the joint tail behavior of the OLS estimators. In particular, we
establish that the OLS estimators in a multiple regression model with heavy-tailed
errors are tail-dependent.

This study contributes to the literature of regression analysis with heavy-tailed
data. There are two streams of literature dealing with heavy-tails in regression: one
stream aims at finding more robust, or more efficient, estimation methods than
OLS, and the other aims at characterizing the behavior of the OLS estimator(s)
when the errors are heavy-tailed.

The first stream of literature addresses the concern of efficiency loss of the
OLS estimator when applied to severely heavy-tailed data with infinite variance.
Blattberg and Sargent (1971) examine the performance of the minimum sum of
absolute errors (MSAE) estimator and a class of best linear unbiased estimators
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in a regression model with stable Paretian distributed errors. They find that the
turning point in efficiency lies at a tail index of approximately 1.5: for lower values
of the tail index, the MSAE estimator performs considerably better than the OLS
estimator, while the OLS estimator performs only slightly better for higher values
of the tail index. Others have studied the OLS estimator in terms of robustness. For
example, He et al. (1990) investigate the robustness of regression estimators by
means of their “tail performance.” They show that when the errors follow heavy-
tailed distributions, the tail performance of the OLS estimator does not depend
on the sample size and is effectively as worse as with a single observation only.
By contrast, the MSAE, or least absolute deviations, estimator and least median
of squares estimators have considerably better tail performance and are therefore
also not expected to exhibit tail dependence.

The second stream of literature aims at describing the (tail) behavior of the OLS
estimators under heavy-tailed errors. Mikosch and de Vries (2013) is the only study
to provide small sample analytical results on the distribution of the OLS estimator
when the errors follow heavy-tailed distributions. Specifically, they find that the
OLS estimator is heavy-tailed in the case of a simple linear regression model with
additive or multiplicative errors. Consequently, approximations prescribed by the
central limit theorem do not suffice in small samples. Our study fits into the second
stream of literature. Compared to Mikosch and de Vries (2013), we go beyond the
simple regression model and study the tail dependence among the OLS estimators
in a multiple regression model with heavy-tailed errors. Furthermore, we study
the tail dependence between the regression fitted sum of squares (FSS) and the
residual sum of squares (RSS).

To establish the theoretical result in this study, we express the OLS estimators for
the regression coefficients as stochastically weighted sums of the errors. van Oordt
(2013) shows that positive deterministic linear combinations of positive heavy-
tailed random variables exhibit tail dependence. We extend this result in three
ways: (i) allowing for real-valued weights, (ii) allowing for stochastic weights, and
(iii) allowing for real-valued heavy-tailed random variables, of which the second
extension is the most technically involved one. The tail dependence between the
OLS estimators then follows from this extended result. Furthermore, the FSS and
the RSS are stochastically weighted sums of squares and cross products of the
errors. Consequently, their tail dependence can be established in a similar way.

In Section 2, we will define the multiple regression model and present the main
result on the tail dependence between the OLS estimators and that between the FSS
and the RSS. Section 3 illustrates the theoretical results by means of a simulation
study. Proofs are deferred to Section 4.

2. THEORY
2.1. Model Setup

Consider the multiple regression model
YIZXl,tﬂl+"'+Xk.tﬂk+nfﬂ fOl‘t:l,Z,..,n, (1)
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under the conditions that (i) {n,};_, is an identically and independently dis-
tributed (i.i.d) sequence of random variables, and (i) {(Xy, ..., Xk )}/, is an
i.i.d. sequence of k-dimensional random vectors containing explanatory variables,
independent of the error sequence {,}!_,. We assume that 7, follows a heavy-tailed
distribution, i.e., its distribution function is regularly varying. More specifically, a
random variable, or its distribution function F, is said to be regularly varying with
tail index « > 0 if there exists p, g > 0 with p+ ¢ = 1 and a slowly varying function
L such that, as x — 00,

F(—x)+1—F(x) ~x"*L(x),

. F(—x) . 1—-F(x) 2)
Iim ——— =g, im——=p
x—oo F(—x)+1—F(x) x—oo F(—x)+1—F(x)

Here, a slowly varying function L is defined by having the property L(Ax) ~ L(x)
as x — oo, for any A > 0 (see Bingham, Goldie, and Teugels, 1989). Condition
(2) is referred to as a tail balance condition. Note that this assumption on F is
semiparametric in the sense that it does not impose any restrictions on the moderate
levels of the distribution. We do not restrict the range of «: when o < 1, n; does
not have a finite mean.

Denote the vectors Y = (Y1, ..., Y, Xi = Xi 1, Xi2, - Xin)s 1 = (01,02, - - -
), B=(B1,B2, ..., B, and the matrix X = (X1, X5, ...,X;). The OLS estimator
for B is then given by B =XX)"'X'Y = B+ (X'X)"'X'n. Observe that the
difference between the OLS estimator and the corresponding true value is a
stochastic linear corpbination of n. For example, if k = 2, we can write ﬁl =
B+ Z?:l Cmyand B = B + 22;1 Dyn;, where

X X3 =X 2 XX
t— P
Z;'l:l Xlz,j 2;1:1 X%,j - (Z;l=1 Xl,jXZ.j)
X 2 XT = X 2 XX,
= 5.
S X X5~ (T X1,Xa,)
Here, {(C,, DI)}L is an identically distributed, but not independent, sequence of
random vectors. Consequently, we omit subscripts and write (C, D) whenever only
the distribution of (C;, D;) is involved.

We aim at calculating the tail dependence between the OLS estimators. We
define tail dependence between any two random variables Z; and Z; as

bz = P2 > Q,2)|2 > Qu(Z)),

3)

t

where Q,(Z) = inf{l : Fz(l) > u} denotes the quantile of a random variable Z at
probability level u. Similarly, we define multivariate tail dependence between Z;
and the other random variables as

hz = imP(Z > Qu(Z)| 2> Qu(Z) Vi #1),
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where Z_; is a shorthand notation for denoting all random variables Z,...,Z,
except Z;.

2.2. Tail Dependence Between the OLS Estimators

Consider model (1) with k = 2. We then have the following result for the tail
dependence between the OLS estimators.

THEOREM 1. Assume that the errors {n;},_, in model (1), for k =2, follow
a heavy-tailed distribution—as defined in (2)—with p,q > 0 and tail index a. In
addition, assume that the weights (C, D) satisfy E|C|*™¢,E|D|*"¢ < oo, for some
€ > 0, where (C, D) is defined as in (3). Then, the tail dependence between the OLS
estimators for B1 and B, is given by

 PE@anp=0)(CH*) + gEIsenp<op (CT)Y)
Bi.B2 — PE(CH)® +gE(C—)
PELsenic=0 (DY) + gEMunic<o) (D))
PEDH)* +gE(D~)*

A

; C))

where 1, is the indicator function, CT :=max{C,0}, C :=max{-C,0}, the
variables DV and D™ are defined similarly, and A is the event

_|1eE - PE(CH)* +qgE(C)*

~ LDl T pEMD*)* +gE(D)

Mathematically, Theorem | can be interpreted as showing that stochastically
weighted sums of regularly varying random variables are tail-dependent. This also
follows directly from the multivariate version of Breiman’s lemma (see Proposition
A.1 in Basrak, Davis, and Mikosch, 2002). Our result, however, is more specific
in that we have an explicit formula relating the level of tail dependence to the
distribution of the regressors. With the explicit formula, one can estimate the tail
dependence using the observed regressors (see Section 3 below). Following (4), the
level of tail dependence is determined by the tail index, ¢, and the joint distribution
of the stochastic weights (C,D). We resort to a simulation study in Section 3 to
illustrate the effect of these determinants.

One high-level condition required in Theorem 1 is E|C|*t¢,E|D|*™¢ < co. In
Proposition | below, we provide sufficient conditions on the distribution of the
regressors which guarantee such a requirement.

PROPOSITION 1. Assume that the following conditions are satisfied:

1. Fori=1,2, either.
a. the common marginal distribution of X; , satisfies that, for some y >
0, and xy > 0, such that, for all x < xy,

2u

7,C>

P(1X;, | < x) <cx?,
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or

b. the common density function of X;, is bounded in the neighborhood of zero
and n > 2q.

2. There exist some c; > 0, y; > 2a, and 0 < x; < 1 such that, for all 0 < x < x;,

2
(27:1 Xp,;X 1,,~)

_ Y1
Zn P Zn 0 >1—x| <cx?.
Jj=11,j £aj=172,j

Then, there exists some € > 0 such that E|C,|*"¢ < oo and E|D,|*™¢ < 0.

We remark that the first condition in Proposition | is a requirement on the
marginal distribution of the regressors. It is similar to the condition in Lemma 3.6
of Mikosch and de Vries (2013). Note that for financial data, condition 1(b) may
not be likely to hold (see, e.g., Han, Cho, and Phillips, 2011). The second condition
in Proposition | requires that the probability of having two linearly dependent
regressors is sufficiently low. Finally, as an example, these conditions hold when
the regressors (Xl, X0, ,) follow a bivariate normal distribution with correlation
parameter |p| < 1 and n > 4o + 2. Proofs for Proposition 1 and the example are
postponed to Section 4.

In the general case with k regressors, we may still write B; = B; + W@p,
where the vector W = (W, ,...,W,,) is a function of the regressor matrix X.
The weights {(Wy ., Wa, ..., W, f)}:l:1 form an identically distributed, but not
independent, sequence of k-dimensional random vectors. Therefore, we omit the
time subscripts and continue to write (W, W,, ..., W;). Consequently, we have the
following extension of Theorem 1.

THEOREM 2. Assume that the errors {n;})_, in (1) follow a heavy-tailed
distribution—as defined in (2)—with p,q > 0 and tail index a. In addition, assume
that the weights (W1, Wa, ..., W) satisfy E(|W;|*T¢) < oo, for some € > 0, for
i=1,...,k Denote, for z=1,2,

5z~~~~~,/§k
C By, O Wer o Wi > 0 (W) )+ GE sy O (W oo, Wi < O}(W))®)
PEW) +qEW, )

)

Jj=z

where the events A; . and B} ; are given by

p (W)
A,-yzz{jzargmax = ! — },
- =ik PE(W)" +qEW,)®

q(w)*

B- = {: 1 o o
VTR P E (W 1 gE (W)
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.....

2.3. Tail Dependence Between the FSS and the RSS

In regression analysis, two important quantities are the FSS and the RSS. These
quantities are often used to test the explanatory power of the regression model
via the F-test. That is, to test 81 = --- = B = 0 in the regression model given by
(1). For example, under the assumption that the errors {n,}?_, in (1) are normally
distributed, the F-statistic is defined as

(Xﬁ)/<X/§) "k Fon—n
(R

where the terms (X,é)/ (Xﬁ) and (Y—Xﬁ)/ (Y—XB) are the FSS and the RSS,

respectively. Under the null hypothesis §; = --- = B¢ = 0, we can write the FSS
and the RSS as
FSS=n'Sn, RSS=y (I—%)n, with =X (x'X)"'X. (5)

Similar to the OLS estimators, the FSS and the RSS are weighted quadratic
combinations of the errors, where the weights are contained in X. Denote the
tth diagonal element of X as L,. Then, {L,};_, are identically distributed random
variables. We omit the subscripts and use L whenever only the distribution of L
is involved. In the following theorem, we show that the FSS and the RSS are tail-
dependent when the errors are heavy-tailed.

THEOREM 3. Assume that the errors {n;};_, in (1) follow a heavy-tailed
distribution with p,q > 0 and tail index «. Then, under the null hypothesis B, =
-+« = By =0, the tail dependence between the FSS and the RSS is given by
E(IsL*%) E(L,c(1—L)*?)

E (L2/?) E((1-L)*"?)

AFSS,RSS =

and B is the event
La/2 E (La/Z)
B= .
{(1 —? E (1 —L)“/z)}

We have two remarks about Theorem 3. First, for a given o, Agss rss is solely
determined by the distribution of L—the distribution of a diagonal element of X.
In regression analysis, a diagonal element of X is known as the leverage of an
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observation and indicates to what extent the observation “determines” the OLS
estimate. Note that 0 < L, < 1, which guarantees the existence of all moments of
L. Therefore, no moment condition is needed in Theorem 3.

Second, under normally distributed errors, the FSS and the RSS are independent.
By contrast, we show that under heavy-tailed errors, the two are at least tail-
dependent. Consequently, the F-statistic may not follow an F-distribution, if
errors are heavy-tailed. Nevertheless, if the regressors are deterministic and the
errors are in the class of multivariate elliptical distributions, the F-statistic still
follows an F-distribution (see, e.g., Qin and Wan, 2004). Multivariate elliptical
distributions include heavy-tailed distributions, such as the Cauchy distribution
and the multivariate Student ¢ distribution (recall the Gaussian scale mixture
representation; see Breusch, Robertson, and Welsh, 1997), but do not include the
i.i.d. case we are considering.

Although the null hypothesis in Theorem 3 appears to be specific, the same
conclusion is valid for a broader null where only a subset of the coefficients are set
to zero, i.e., a nested model test. Write X = [X©, XD and 8 = [(8D)7, (BT,
where the first term with -© contains the first ky dimensions and the second
term with -() contains the other k — ko dimensions. Suppose we are testing the
null that the first ko dimensions of the coefficients are zero, i.e., B© = O,.
By the Frisch-Waugh-Lovell theorem, the OLS estimator for 8 is the same
as the OLS estimator obtained when regressing M;Y on M X© where M, =
I — XD XM (xDy)=1(XxD)T Moreover, the residuals in both regressions are
the same. Hence, testing B¥ = 0y, in the full model is equivalent to testing the
explanatory power in the regression after eliminating the impact of XV, Therefore,
the same conclusion as in Theorem 3 holds.

3. SIMULATION STUDY

The main results in Section 2 show that the tail dependence between the OLS
estimators depends on the tail index o and the joint distribution of the regressors.
Here, we perform a simulation study to validate this result and demonstrate to what
extent these determinants affect the level of tail dependence.

3.1. Bivariate Tail Dependence Between the OLS Estimators
We simulate data from the regression model
Yi=Xi.,+X,+n, fort=1,2,...,n, (6)

n .. . . . .
where { (XL,,XZ ,)} —p are i.i.d observations drawn from a bivariate normal dis-

tribution with mean zero, standard deviation 1/5, and correlation p. In addition,
{n"_, is an i.i.d. sequence of errors, independent of {(XL,,XZ,)}:!:I. For the
heavy-tailed case, we draw these errors from a Student ¢ distribution with mean
zero and « degrees of freedom. In this model, we have that 8; = 8, = 1. Under

these conditions, the regression model (6) satisfies the conditions of Theorems 1
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and 3, because the Student ¢ distribution with o degrees of freedom is regularly
varying with tail index o and p = g = 0.5 due to its symmetry. To compare with
the heavy-tailed case, we also draw errors from a standard normal distribution. In
all simulation studies, we consider the regression model with n € {25, 50, 100, 200}
and repeat the simulation m times for each n.

Figure 1 shows the scatter plots of the (transformed) OLS estimators under the
heavy-tailed and normally distributed errors in the left and right panels, respec-
tively. For the sake of comparison, we transform the estimates to having uniform
marginal distributions using the empirical distribution functions estimated from the
m runs. The top two plots show the result of m = 2,000 runs. We observe that the
dependence structure of the OLS estimators under heavy-tailed errors is different
from that under normally distributed errors: observations are more concentrated
along the outer diagonals, suggesting the presence of tail dependence in the case of
heavy-tailed errors and the potential tail independence under normally distributed
errors. In order to further demonstrate the tail dependence structure in the right
tails, in the two bottom plots, we show the results of m = 10,000 runs with zooming
in to the joint tail regions when both transformed estimators are above 0.95. Under
(tail) independence, one would expect to find 10,000 0.05 % 0.05 = 25 such pairs
in this area. We observe that under the heavy-tailed errors, there are 152 such
pairs in this region, about five times more than the expected number under (tail)
independence. However, under the normally distributed errors, there are 32 such
pairs, close to the expected number.

Subsequently, we evaluate the tail dependence between the OLS estimators
by two methods. The first method involves estimating the tail dependence from
simulated regressors using the result in Theorem 1. Note that under the distribution
of {n;};_, specified above, we simplify the tail dependence in Theorem 1 to

_ E (H{D>0} (C+)a | C< D)

)”51,52 - E(C+)a >

)

because C and D are symmetrically and identically distributed. Based on (7),
we can estimate the tail dependence by its empirical analog using the observed
regressors as

oo n Yiloeolicen (€F)° ®)
L) 2 i1 lici<m)

With the m simulation runs, we obtain m estimates of A by From these estimates,

we calculate the mean and standard deviation of A 4.4, and report it in Table 1 as
the lower entry for each given set of parameters («,n, p). For the case p = 0, we
consider a wider range of values for « from 1 to 5. In this case, we draw the errors
from the standard Student 7(«) distribution. Notice that, for & = 1, the errors have
no finite mean, and for = 2, the errors have no finite variance. For the other cases
where p # 0, we only consider « > 2, because it is often assumed in regression
models that the errors have a finite variance. In these cases, we draw the errors from
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FIGURE 1. Scatter plot displaying marginally transformed B1. B Notes: the top two figures are
obtained by transforming the OLS estimators B1 and B, to have marginal uniform distributions, using
m = 2,000 runs of model (6), n = 25, and p = 0 with errors following the standard Student (1)
distribution (left) and the standard normal distribution (right). The bottom two figures are displaying
the tail regions obtained under the same conditions except that m = 10,000 runs have been used.

the standard Student ¢ distribution with o degrees of freedom and unit variance.
This choice facilitates a better comparison across different values of «. Note that
in this simulation study, we refrain from estimating « and consider « to be known
in (8). In practice, one needs to estimate o from the observations {Y;};_,, which
may potentially inflate the variance of the estimator.

As a second method, we use a nonparametric estimator from multivariate
extreme value theory to estimate the tail dependence. Note that the m simulation
runs result in m pairs of estimates (B1, Bo). Therefore, we can use a nonparametric
estimator for the tail dependence between ﬂ1 and ,32 as follows:

A pim—k) 2 p (m—k)
S (B> B By BY)

I; 5, (m.k) = p : ©)
where ,31.(1) < ,3;2) < ... < ﬁl.(’”) are the order statistics of the m estimates
Bits---sBim, for i = 1,2, and k is an intermediate sequence such that k/m — 0

as (k,m) — oo. For each given set of parameters («,n, p), we report the estimate

I 4, in Table 1 as the upper entry. All estimates in Table 1 are obtained by fixing

m = 1,000,000 and k = 1,000.
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TABLE 1. Tail dependence estimates: / B o and the mean and standard deviation

of 4.,
p=0
a=1 a=2 a=3 a=4 a=>5
n=25 0.28 0.18 0.09 0.04 0.03
0.30 (0.19) 0.20(0.21) 0.15(0.22) 0.12(0.23) 0.11(0.25)
n=>50 0.31 0.19 0.11 0.04 0.01
0.30(0.13) 0.19(0.14) 0.13(0.14) 0.10(0.15) 0.08 (0.16)
n =100 0.32 0.17 0.09 0.02 0.01
0.29 (0.09) 0.19 (0.10) 0.12(0.10) 0.09 (0.10) 0.07 (0.10)
n =200 0.32 0.17 0.07 0.01 0.00
0.29 (0.07) 0.18 (0.07) 0.07 (0.12) 0.08 (0.07) 0.06 (0.07)
p=09 p=03
a=2.01 a=3 a=>5 a=2.01 a=3 a=>5
n=25 0.00 0.00 0.00 0.09 0.05 0.01
0.01 (0.01) 0.00 (0.01) 0.00 (0.00) 0.11 (0.14) 0.07 (0.13) 0.04 (0.14)
n=>50 0.01 0.00 0.00 0.08 0.03 0.00
0.01 (0.01) 0.00 (0.00) 0.00 (0.00) 0.11 (0.09) 0.06 (0.08) 0.03 (0.08)
n =100 0.01 0.00 0.00 0.09 0.04 0.00
0.00 (0.01) 0.00 (0.00) 0.00 (0.00) 0.10 (0.06) 0.06 (0.05) 0.02(0.04)
n =200 0.00 0.00 0.00 0.10 0.03 0.00
0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.10 (0.04) 0.06 (0.03) 0.02(0.03)
p=-03 p=-09
a=2.01 a=3 a=>5 o =2.01 a=3 a=>5
n=25 0.27 0.16 0.07 0.70 0.68 0.55
0.32(0.27) 0.26 (0.31) 0.21(0.37) 0.73 (0.41) 0.70 (0.51) 0.67 (0.64)
n=>50 0.30 0.18 0.05 0.70 0.63 0.50
0.30 (0.19) 0.24 (0.22) 0.17 (0.27) 0.72 (0.29) 0.69 (0.38) 0.65(0.53)
n =100 0.28 0.16 0.04 0.72 0.62 0.48
0.30(0.13) 0.23(0.15) 0.15(0.19) 0.72 (0.21) 0.68 (0.28) 0.63 (0.43)
n =200 0.27 0.15 0.04 0.69 0.61 0.48
0.30 (0.09) 0.22(0.11) 0.14(0.13) 0.72 (0.15) 0.67 (0.21) 0.61(0.33)

Note: For each set of parameters («,n, p), the upper entry presents an estimate of / B @ in (9)

and the lower entry presents the mean and standard deviation of X i (in parentheses) obtained

from (8).

lal§2
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We have the following observations from the simulation. First, the result in
Theorem 1 is in line with the simulations. The average of A 4.4, coincides closely
with ] for most combinations of «, p, and n. Some differences occur between

the two estlmators s 4, and ; by for high values of «: for example, for ¢ =5,

n > 25, and p = 0, the average of A b and 1; b differ in excess of 50%. This
result might be a consequence of the ﬁxed ch01ce of k in the estimator /; b1 hr

Second, for given o and p, the mean of )w _, 1s generally invariant as n

increases. For given n and p, both I; B and A .o decrease as « increases. As
« increases, the Student ¢ dlstrlbutlon with degrees of freedom becomes more
similar to the normal distribution. Consequently, tail dependence between the
OLS estimators decreases as the tail of the errors becomes lighter. Table 1 also
illustrates that more negative correlation corresponds to higher tail dependence
between the OLS estimators. This is due to the increase in P(C > 0,D > 0) as p
decreases.

Finally, we remark that the standard deviation of A 4.4, can be relatively high for
small n. This suggests that one should be cautious when applying the estimator in
(8) for regress1ons with limited number of observations. In addition, the standard
deviation of )“1 b increases as the correlation p decreases, but is relatively
insensitive to the level of o except in the case p = —0.9.

3.2. Tail Dependence Between the FSS and the RSS

Similar to the previous subsection, we estimate the tail dependence between the
FSS and the RSS from the simulated regression model. We use an estimator based
on Theorem 3 and a nonparametric estimator, denoted as )A»FSS,RSS and Ipss rss,
respectively. These estimators are constructed in a similar way as A brp,and s 5.
We omit the details.

Table 2 displays the tail dependence estimates )A»pss,Rss and [Igss rss under
model (6), with m = 10,000,000 and k£ = 1,000. We only present the results for
n = 25, since results for other values of n remain qualitatively the same.' The
average of ):FSS,RSS and Ipss rss coincide closely except for the highest value
of «. Furthermore, we observe that the tail dependence between the FSS and
the RSS decreases as « increases. In contrast with the results in Table 1, the
level of tail dependence between the FSS and the RSS does not depend on the
correlation between the regressors, p. In addition, the tail dependence between
the FSS and the RSS is stronger than the tail dependence between the OLS
estimators in the base case p = 0. This can partly be explained by the fact
that the quadratic forms of the FSS and the RSS are more heavy-tailed, with
tail index «/2, and by the fact that the weights L, and (1 — L,) are always
nonnegative.

I The results are available upon request.
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TABLE 2. Tail dependence estimates between the FSS and the RSS: /Irss rss and

AFSS,RSS
p=0 oa=3
a=2.01 a=3 a=>5 p=09 p=03 p=-03 p=-09
n=25 0.63 0.48 0.23 0.48 0.47 0.49 0.47

0.62 (0.05) 0.49 (0.06) 0.31(0.07) 0.49 (0.06) 0.49 (0.06) 0.49 (0.06) 0.49 (0.06)

Note: For each set of parameters («,n, p), the upper entry presents an estimate of /rss rss and the
lower entry presents the mean and standard deviation of Agss rss (in parentheses).

4. PROOFS

To calculate the tail dependence between the OLS estimators, we will analyze the
joint probability that the estimators exceed high thresholds. Since the estimators
Bi, ..., pBx are stochastically weighted sums of regularly varying errors, we start
by analyzing nonstochastic linear combinations of regularly varying random
variables.

4.1. Extension of the Feller Theorem

Theorem 4 provides an approximation to the joint probability that two real-valued
linear combinations of real-valued regularly varying random variables exceed high
thresholds.

THEOREM 4. Let 01,12, ..., 0, be real-valued regularly varying random vari-
ables. Assume that they are independent. In addition, assume that c;,d; are real-
valued coefficients, for i = 1,2, ...,n. In addition, assume that f — K as x — 00,
with k > 0. Then, it holds that, as x — 00,

P (Zcmi > X, Zd,-n,- > y) ’\’ZH{C,' > 0,d; > 0}P (n,- > g\/ dz>
i=1 i=1

; i i
i=1

n x
+3 e < 0.d; < O)P (ni <=A dl> . a0)

i=1 v
The relation in (10) has a similar interpretation as the Feller theorem (see Feller,
1971, p.278); forhighx and y, the events {Y »_, c;n; > x} and {)_+_, din; > y} occur
simultaneously solely due to a sufficiently extreme value of one of the 7y, ...,n,
if their corresponding coefficients have the same sign.
As a corollary of Theorem 4, we consider the joint tail probability of k linear
combinations of n real-valued regularly varying random variables.

COROLLARY 1. Let 01,12, ...,n, be real-valued regularly varying random
variables. Assume that they are independent. In addition, assume that wy ;, ..., Wy
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are real-valued coefficients, fori = 1,2, ...,n. In addition, assume that ’% — kjas
J

x1 — 0o, with k; > 0, for j=2,...,k. Then, it holds that, as x; — oo,

n n
P(Zwl,mi>x1 oo Zwk,mi>xk>
i=1 i=1
n k X
NZH{WIJ>0»~~~awk,i>O}P(ni>\/ < >
1 Wy i

z=1

n k
X
+Z]I{w1,,< <0,...,wr; <O}P <7]i < /\W—Z>
i=1 z=1

z,0

To prove Theorem 4, we first deal with n nonnegative regularly varying random
variables in Lemma 1. In addition, this lemma does not require the assumption of
independence. Instead, it only requires the weaker assumption that each pair of
random variables are either independent or satisfying PP (77,- >0, nj > 0) =0.

LEMMA 1. Let 0,2, ...,n, be nonnegative regularly varying random vari-
ables. Assume that, for all 1 <i < n, n; is independent of {n; : P(n; > 0,n; > 0) >
0)}. In addition, assume that c;,d; are real-valued coefficients, fori=1,2,...,n. In
addition, assume that f — Kk as x — oo, withk > 0. Then, it holds that, as x — o0,

P (Zcini >x Y dmi > y> ~ Y Ife; > 0.d; > O)P (m > fv dl) (11)

i=1 i=1 i=1 !

IF Y I{c; > 0,d; > 0} =0, the above relation should be read as

P (icmi > X, idmi > y) =0 <iﬂ"(ni > x)) .
i=1 i=1 i=1

Proof of Lemma 1. We prove Lemma | by mathematical induction. We start by
proving the Lemma for n = 2. Here, we only deal with ¢; < 0and ¢,,d;,d, > 0. The
other cases, including the case Ziz:] {c; > 0,d; > 0} = 0, are similar or simpler.
We handle the joint probability on the left-hand side of (11) by providing its upper
and lower bounds using set manipulation.

Note that, for any 0 < § < 1/2, we have that

ox X
{cim +comp > x, dim +dony >y} D {m <— > (149 (—vl)},
—C1 ¢ dy
12)

X
{cimi+canp > x, diny +dony >y} C {772 > (1-9) <6—le>}
2 2

https://doi.org/10.1017/50266466621000311 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466621000311

286 JOCHEM OORSCHOT AND CHEN ZHOU
3y X
U{m>—, 7]2>—}. (13)
d] (6]

From (12), we get that the lower bound on the joint probability is

5x X
Pcini+conp > x, diny +danp > y) =P (m <—, m>(1+9) (—Vl».
—C ¢ dy

If P(n > 0,17, > 0) =0, we have that

Sx by X
Pl <2 msa+o)(Zvi))=p(n>a+sn(Zvy)),
—c1 o d o
and if ; and 5, are independent, we have
ox X y
Plm<—m>0+8)|—V -
—C1 C d2

=IE”<771 < 8—x>IE”<nz > (1+5)<1v1)).
—c o d

Note that IP’(m < _‘3—2‘1) — 1 as x — oo. By first letting x — oo and then letting
§ — 0, we have that

.. Plaim 4 > x, dini+danp > y)
liminf

> 1.
e P(n>2v )

From (13), we get that the upper bound on the joint probability is

Plcim +com > x, dimi +danp > y)

)
<P(m>a-0(=vI))+P(m>2m>2). (14)
0 dy 2

If n, and n, are independent, the last term on the right-hand side of (14) is then
P(nl > 2—’|) ]P’(nz > é), which is of higher order than the first term as x — oco.

IfP(n; > 0, n, > 0) =0, then the last term on the right-hand side of (14) is zero.
Therefore, by letting 6 — 0, we have that

. P(cim +com > x, dim +danp > y)
imsup <1

X—=>00 P(n2> ilez) B

2

Combining the upper and lower bounds gives the result for n = 2.

Assuming that the lemma holds for n — 1 nonnegative regularly varying random
variables, we prove that it also holds for n. First, we deal with the case Z:‘l=1 c; >
0,d; > 0} # 0. Then, there is at least one positive pair (c;,d;). Without loss of
generality (w.l.o.g.), assume that c¢,,d, > 0. Note that, for any 0 < § < 1/2, we
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have that

n n n—1 n—1
{Zcini > X, Zdiﬂi > )’} 2 {Zciﬂi > X, Zdﬂ?i >y}

i=1 i=1 i=1 i=1

n—1
Uinn>(1+8)(cn dl) chm> —dx, Zdlm> Sy} 15)

n

and

{Xn:cini > X, Xn:dﬂli > J’}

i=1 i=1

n—1 n—1
c {Zcmi >x(1-8). Y dm; >y(1—8>}U{nn > (1—6)(Cn dl)}

i=1 i=1

n—1 n—1
X
U({Zcm[>8xor de[>8y}ﬁ{nn>5(c—/\dl)}>. (16)
i=1 i=1 n n

By (15), we have that

P (i Cini > X, idﬂ?i > )’>
i=1 i

+1P’<n,,>(1+8)< > Zc,n,> —8x, Zdln,> 8y>
n—1 — X y

-P i >x, ) dini>y,n, > 1+8)| —Vv-=
(ZCTI > X Z ni >y, > 1+ )<C d))

i=1 i=1 n n

= H] +H2—H3.

If Zf;ll I{c; > 0,d; > 0} > 0, we apply the induction hypothesis on [; to get that

I
liminf ! = 1.

A ll]I{c, > 0,d; >0}IP’(77, > X j_l)

Denote I,y = {n; : P(n, > 0,n; > 0) > 0}. Since n, is independent of (1);,i € Iinq)
and P(n, > 0,n; > 0) =0, for i € I, ;, it follows that

L=P|n,>0+8 i > —6 dm; )
2 n>(+)<c >ch> x, Y dimi> =8y

i€ling i€ling
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n—1

—P<nn>(l+8)<—\/—>> Zc,n,> —4x, Zdn,> &y,

C
n i€ling i€ling

which leads to

. I -
liminf > (1+8)7*

(> (3va)

The term I; is of a higher order than Zl'.’zl P(n; > x): the proof follows a similar way
as handling I, by splitting variables into the set /;,; and its complement. Combining
all three terms and further taking § — 0, we obtain the lower bound that

liminf P cimi > x, Y dini > y)
S s 0,d; > O)P (ni > Ly %)

> 1.

For the upper bound, we get from (16) that

P (icini > X, idﬂ?i > y)
n—1
< (Zc,r], > x(1=19), Zd n; > y(l —8))

i=1 i=1

)
n—1 X
({Zc,n,>8xor Zdn,>8y} {nn>8<a/\;—n)}>

=1L+ 1L, +1Ls.

The proof follows a similar way as handling the lower bound: the term L, can
be handled using the induction hypothesis. The term L, can be handled using
the regular variation. Finally, similar to I3, the L3 term is of a higher order than
> P(n; > x). Combining the three terms together and further taking § — 0, we
obtain the upper bound as

]P) ’.1_ cini > X, }-1_ d[ i>
limsup (217] n thl n )’) < 1
w0 S Ter > 0,dy > 0P (> £ v )

The combination of the lower and upper bounds yields the result for n.

If Zl'.‘:_ll I{c; > 0,d; > 0} =0, the proof is similar and simpler, because the terms
I, and L; are of a higher order than ) ', P(n; > x).

Next, we handle the statement regarding the case ) ., I{c; > 0,d; > 0} = 0 by
mathematical induction. The proof for n = 2 is trivial. Assume that the result holds
forn—1.

https://doi.org/10.1017/50266466621000311 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466621000311

TAIL DEPENDENCE OF OLS 289

If all ¢; and all d; are nonpositive, the result for n holds trivially. Suppose at least
one c; or d; is positive. w.l.o.g., assume that ¢, > 0 and d,, < 0. Notice that

{Zcmi>x, dei>y}
i=1 i=1
n—1 n—1 X n—1
c{Zcm»x(l—ax Zdﬂli>)’}U{77n> 1-8=, de»y}
e 4
i=1 i=1 i=1
n—1 X
U cini>0x, n,>06—¢.
Sz s 252 |

i=1
The statement is proved for n provided that the probability of each set on the right-
hand side is of a higher order than ) ._, P(n; > x). The first set can be handled

by the induction hypothesis. The second and third sets can be handled again by
splitting the variables into the set I;,; and its complement. [ ]

To prove Theorem 4, we separate the positive and negative parts of a real-
valued regularly varying random variable and “absorb” the negative part into the
corresponding coefficient. The result then follows by Lemma 1.

Proof of Theorem 4. W.l.o.g., consider the case that n = 2 and let r)i+ =

max {n;,0} and n; = max{—»;,0}. In addition, let ¢; = —¢; and z; = —d;. By
definition, it holds that ]P’(r;;r >0, n; > 0) =0. In addition, by definition, it holds
that

cm+cm =cnf +eny +cany +eam;,
dini+dony = dinf +zny +dony +20m;

Since the random variables {1}, 7,75, 75 } satisfy the conditions of Lemma 1, the
theorem is proved by applying the lemma. [ ]

4.2. Proofs of Theorems 1 and 2

We can apply the results in Section 4.1 to the OLS estimators by a conditioning
argument. Denoting P(...|X) by P(...), we have that

CimE IF’(Bl—,Bl > 0Oy (31—,31), B — B2 > Qu</§2_/32)>

As s
Prba ™ 1—u

In the Appendix, we show that we may interchange the limit and the expectation,
which leads to

=R lim@@l_ﬁl >Q”(’él_ﬁl>’ /§2—,32>Qu(/§2—/32)>

u—1 1—u

A

Br.Ba a7)
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Then, the “conditional tail dependence,” the term within the expectation in (17),
can be calculated with the aid of Theorem 4.
We start with obtaining an approximation for P (’7: >0, (ﬁl - ,31>)—the prob-

ability which needs to be dealt with after we apply Theorem 4 to the conditional
tail dependence. To obtain the required approximation, we need to deal with the
unconditional marginal distribution of ,31 — f1. For that purpose, we state here
Lemma 3.4 of Mikosch and de Vries (2013), which extends Breiman’s result (see
Proposition 3 in Breiman, 1965) to a multivariate regularly varying random vector
& and another random vector ¢ of the same dimension. We define a random vector
& =(&,...,&;) tobe multivariate regularly varying with index & > 0 if there exists
a Radon measure @ on R4 \ (—€, €)4, for some € > 0, such that for every Borel set
E C R?\ (—¢,¢)¢ satisfying that 4 (3E) =0,

P (¢ € xE)
m ———— =
x>0 P(|&] > x)

w(E),

with the homogeneity condition w(xE) = x~*u(E), see Theorem 6.1 in Resnick
(2007). A special case of multivariate regular variation of £ is when &, ...,&,; are
independent regularly varying random variables (Resnick, 2007, Sect. 6.5.1).

LEMMA 2. Assume that £ is multivariate regularly varying in R? with index
o > 0 and is independent of the random vector ¢. Furthermore, it holds that
E|¢|¥t€ < oo, for some € > 0, where | - | denotes any given norm on R?. Then,
the scalar product & = &'¢ is regularly varying with index a. Moreover, if & has
independent components, then as x — 00,

d d
Py > x) ~P(|&] > x) (Z TR + Zr;]E(;;)“) , with
i=1 i=1
. . PE>x) P(§; < —x)
ri=1lim—"— r, = lim —.
oo P(El >0 oo P>E] > )

We now present an approximation for P(n, > Q, (,31 — B1)) in the following
lemma.

LEMMA 3. Let {n;};_, be a sequence of real-valued regularly varying i.i.d. ran-
dom variables satisfying p,q > 0. Assume that {C,},_, is a sequence of identically
distributed real-valued random variables independent of {n,}]_,. Furthermore,
assume that C; satisfies E|C;|*T¢ < oo, for some € > 0. Then, it holds as u — 1,

p(—uw

P B Cin; ~ = —,
>0 Z i an(C;’) +nq]E(Ct)

j=1

(18)
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~ g(1—u)
npE (C,J“)a +ngE (Ct_)a '

Pln<—-0u|> Cu

j=1

(18)

Proof of Lemma 3. Define || := max(|n,|). By regular variation of n, and
t

the tail balance condition (2), we have that, as x — o0,

n
P(Inloo > x) ~nP (In;| > x) ~ ;P(nt >X).

Recall that, by definition, P (ZLI Con > O, (Z}‘:l cjr,j)) — 1 — u. Equation (18)
follows immediately from Lemma 2 and the tail balance condition. [ ]

Using Lemma 3, we can now prove Theorem 1.

Proof of Theorem 1. We start by deriving the conditional tail dependence
between the OLS estimators, which is the limit appearing in (17).
First, we show that Q, (81 — B1)/Q.(B2 — B2) = k > 0 as u — 1, with

(o e <D:>“)‘”“.

- \PE(CH)" +4¢E(C)"

From Lemma 3, we get that, as u — 1,

P(n > 0u(Bi —,31)) PE(D})" +4E(D;)"
P(n>0uf—pn)  PE(C) +4E(C)T

The statement thus follows from the fact that 1 has a regularly varying tail.
We can then take x = Q,, <;§] — ﬂl) andy=0Q, (,32 — ,32> in Theorem 4 to obtain
that, asu — 1,

P(Bi—B1>0u(Bi—B1). Bo—B> Qu(B— B2 + -
( ( 1)—u ( )) - lﬁ/ﬁlu—i_lﬁ?u’ (19)

where M| and M, are given by

M = iﬂ(q >0,D, > 0)
t=1
Qu (,31 - ,31> . Qu (32 - ﬂz)

x | P >— 2 | AP >— 7z ,
Nt C, Nt D,

n
M; = "I(C, <0.D, <0)

t=1
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e m<Qu(/§;—,31> R 77;<Qu</§;_ﬁ2>

We first handle the term M;F. Note that P(n, > 0, (8 — 8))) = P(n: > Qu(Bj — B)
for j = 1,2. Therefore, by Lemma 3 and the regular variation of n,, we have, as

u—1,

~ Qu Bl _,31 _ o

P|n > ( ) ~ p(la e, — if C, > 0,
G npE (C?') +ngE (C,)

. 0. (B~ B> — D

Pl n > ( ) ~ p(la WDy — it D; > 0.
D, npE (D) +ngE (D)

The indicator functions in the expression of M, allow us to consider only
C; > 0 and D; > 0. Furthermore, note that the limit of the minimum of two
convergent sequences is equal to the minimum of the two limits of the sequences.
Consequently, we have that

M} _ z": Plip,>0) (C,Jr)a Plic,>0) (D:r)a Mt

lim —— = —= A = —
— npE (CF)" +ngE(Cr)"  npE (D))" +ngE (D;)

u—11—u

Similarly, we have that

11m
u—1 1—u

S IO S T -
B ( c* ) +ngE(C°) " npE (D) +ngE (D))"

By relation (19), we have that

. ]f”(/él —B1 >0, (,31 —,31>, Br— B> Qu (/% —/32))

u—1 1—u

=M"+M".

It follows that the unconditional tail dependence between the OLS estimators
is given by E (MJr +M‘). Since {(C;,Dy)}}_, are identically distributed random
vectors, we obtain that

Plip0 (CF)* N Plic-0) (DF)*
PE(CH)  +4qE(C)* pE(DS)" +4qE(D;)”

]E(M*):IE( )::E(MMM;).

qlip,<0) (C7)" N qlic,<0) (D;)"
PE(CH)  +4qE(C7)* pE(Df)" +4qE (D)

O,) =E(M; AM;).

By the law of total expectation, we obtain the right-hand side of (4), which yields
the theorem by (17). [ |

IE(M‘):IE(

https://doi.org/10.1017/50266466621000311 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466621000311

TAIL DEPENDENCE OF OLS 293

The proof of Theorem 2 follows similar steps as that of Theorem 1 and is
therefore omitted.

4.3. Proof of Theorem 3

Recall from (5) that under the null hypothesis 8 = 0, the FSS and the RSS can be
written as ' X and i’ (I — £) n, respectively, where & = X (X/X)_] X'. Therefore,
the tail dependence between the FSS and the RSS is given by

. P =n>0u(nEn),nA=)n> Qu(nd-2)n))
AFSS,RSS = il_lf} - )

We shall interchange the expectation and the limit. Because ¥ contains bounded
entries only, the justification of the interchanging can be obtained in a similar
manner as in the situation of (17) (see the Appendix). Consequently, we get that

u—1 1—u

AFSS,RSS =E(limp(n Zn > Qu(n'En).n' A=2)n> 0uln (I—E)n))).
(20)

Note that under the P measure, the matrix ¥ can be regarded as nonstochastic. In
regression analysis, the elements on the diagonal of X, Ly, reflect the “leverage”
of observation Y; and satisfy 0 < L, < 1, whereas the elements on the off-diagonal,
Ly, satisfy —1/2 < L; < 1/2, fort # .

In the proof, we use the fact that for the cross products n,n; with t # j, both the
left and right tails are regularly varying with tail index o (Embrechts and Goldie,
1980), whereas the squared terms n? are regularly varying with tail index o /2.

Proof of Theorem 3. For any x > 0, define the following sets:

Ao() = > Lun; >x} and A; (x) = {Z(l —Lo)n; > x},

t=1 t=1

By(x) = {3t <j, s.t.2L,mm; > x} and By (x) = {31 < j, s.t. —2Lynm; > x},

n
Co(x) = ZLrﬂhz +22Ltjnmj > x ¢ and
=1

t<j

Ci) =1 > (I=Lyn} =Y 2Ly, > x
=1

t<j

We study the probability of these sets under the measure P.
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First, we handle the sets A;(x), for i = 0, 1. From the Feller theorem, we have
that

m o) w2y PAIG) »
X—)OO ]P)(r] > X) ZL —>oo ]P’(r] > X) Z(l L)™' (21)

Here, in the denominators, we use the fact that P(n?> > x) = P(»> > x) due to
independence between the error terms and the regressors.

Next, we handle the sets B;(x), fori =0, 1. Note that By(x) = UKJ. {ZL,jn,nj > x}
and B, (x) =, _; {2L,nm; < —x}. For any t < j, since |n,;| has a lower tail index
than r/f, we get that, as x — o0, I@’(ZLU- |77,77j| > x) = 0(113’(77,2 > x)), which implies
that, for bothi =0, 1,

P(B;(x))

lim —— =0. 22
xggo [P)(r]rz > X) (22)

Finally, we handle the sets C;(x), for i = 0, 1. Note that, for any 0 < € < 1/2,

. € €
A()(X(l +E)) ﬂBl <mx> C CO(X) C AO (X(l _6)) UB() (mx>
Hence, we get the upper bound for ]fD(Co (x)) as
B(Co(x) Botx(1 =)+ B (B0 (7))
lims < limsup
x—>00 P(’It2 X) X—00 P(U,Z > x)

= —e)*“/ZZLz/Z,
=1

where, in the last step, we apply (21), (22), and the fact that ]P’(nl2 > Xx)is a
regularly varying function with index —a/2. Similarly, we have the lower bound
for P(Cy(x)) as

B(Co(x) By +€) B (B (i) )

liminf ————— > limsup
x—)oo I[D(n X) X—00 P(ntz > X)

=(+e) )y Ly

t=1

By taking € — 0, the upper and lower bounds coincide, which yields the limit of
]P’(Co (x)). A limit result for ]P’(C 1(x)) can also be obtained in a similar way. We
present both limit results as follows:

. P(Cox)) a2, PC®) N, ap
Jm ey ZL nd lim 21:(1 L)*.
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By taking expectation on both sides of the two limit relations, we get that

P(C, P(C
im —0@) b 7e2) and lim PEOD g gy,
=00 P(n7 > x) —o P(n7 > x)
Recall that Co(x) = {1’ Zn > x}, from the properties of regularly varying function,
we get that, as u — 1,

. Qu(n 77) o/2 a . Qu(r’ (I 2)77) a/2 %
i g~ (EED)T and fim =2, g = (A L)
which further yields

2
’ /2 o
0.(/'Tn) _( (L) ) 23

1m =
=10, (n'(I = X)n) E(1—L)*/?)

We are now ready to calculate the limit inside the expectation in (20). Choose
specific values x = Q,(n'Xn) and y = Q,(n'(I — £)n). Using the notation of the
C; sets, we can write the set in the numerator as Co(x) () C1(y). Similar to the way
we handled C; individually, for any 0 < € < 1, we can get an upper bound of this
set as

Co ()1 € (Ao (1 —enJBs (n(n—;l)/zx»
ﬂ(Al(ya - Jn <—1)/2 ))

Clearly, the upper bound can be expanded as the union set of four sets in the form
of Ag[A1, Bo[ A1, Ao () B1, and By ) B;. Under the [P measure, the limit relation
(22) ensures that the probability of the last three sets involving B; sets tends to zero
faster than 1 —u as u — 1. Hence, we only need to handle the first set in the form
of A() mAl .

The limit in (23) shows that x/y converges to a positive constant as u — 1. Since
{n, ' | are n i.i.d. heavy-tailed random variables, we can apply Lemma 1 to the

series {n, *_1» which leads to an upper bound for P (Co(x) N Ci (y)) as

B(Co)NCi(n) <1im P (Ao (x(1 =€) A (v(1 —€)))

limsup

u—1 1—u Tu—1 1—u
i TR (> 00 )
u—1 l—u
Ly? (1—Ly)*?

a/2
— ZnIE(m/Z) AE( D 2

Similarly, to obtain a lower bound for P (Co ®NGCG (y)), we use the fact that

cao e st )
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¢ €
N (Al o +e)()Bs (—n(n_ 5 /zy))

= (Aot +en A1 61 +e) )
€ € ¢
g (B‘ (n(n— 1)/2x> Ut <n<n— 072’ >> |

Under the P measure, the probability of the set B; (rt(rLf—U/Zx> UBo (n(nf—l)/zy)
tends to zero faster than 1 — u as u — 1, which yields that

limint L(QWNCO) | o P +eN A6 +0)
u—1 1—u u—1 1—u
n LOt/Z (1 _L )a/2
— —a/2 1t 1t
_(1 +3) ; nE La/2) I’ZE((I _L)a/2)7

(25)

where the last step is derived in a similar way as for the upper bound. Combining
(24) and (25), together with taking € — 0, we obtain that

o n /2 _ a/2
hmP(co(xmclcy)) -y Ly (1—Ly)

i1 1—u nE(L*/2) " nE((1 — L)*/2)"

t=1

The theorem follows from taking expectation on both sides of this limit rela-
tion, combined with interchanging the expectation and the limit, justified in the
Appendix. ]

4.4. Proof of Proposition 1
2
(Zh 1 X,%1,))

Proof of PI‘OpOSitiOH 1. Since 1 — Z"XZ—")(?
j=171,j ~j=1"2,j

> 0, we can write |C;| as

X1, Xp Y1 X1,
n ) 2 n 2
j=1%1 j=1X1j 2 j=1%5
|CT| = 2
n
1 (Zj=| Xz,jxl,j)
- n 2 n 2
L= X1 Mm%
Xl X, (max<j<n X2 ;1 37 1X1 1 X1l +Z,’-':1IX1,]-\
n 2 n 2 n 2 n 2 n 2
< Ty =1 X1 =1 % R VDY e

= 2
(Z_}Ll Xz,le,j)

- n 2 n 2
Y X1 = Xy

2
(Z}l:l XX, )

l— =" 1
n 2 n 2
=1 X1 L1 X5

https://doi.org/10.1017/50266466621000311 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466621000311

TAIL DEPENDENCE OF OLS 297
Since Y7 X7, = n(X X107 > 50 X104+ 1X0.4)%, we get that, for any
0<K<1,

2

2
(Z'Ll Xo,;X Lj)

- = Két
2 2
D Xi i X

G172 > Ky xi; |1
j=1
Therefore, to prove E|C;|**¢ < 400, we only need to verify that EC, “T9/* <
+00.
By the Cauchy—Schwarz inequality, we get that

e —2(a+e)

n
EC; " <E| Y X}, E|1
j=1

2
(Z}ll Xo,X Lj)
Z;:l X12, J Zjnzl X%, J

By Lemma 3.6 in Mikosch and de Vries (2013), Condition 1 implies that
E (Z;:lxlz,j) < +oo.

2\ —2(ate)
" Xa X1
Finally, we show that Condition 2 implies that E [ 1 — % <
Y1 X1 21 X5

+00. Since
; 2
(Zj:l X5,X Lj)

2
o0 (Z'.’:lxzijl,j)
- / P
1

Z;l:l X12,j Z;l:l X%,j

—2(a+€)

E

N
> 1—x 2@t+9 |dx,

Condition 2 implies that, for x > xl_z(‘”e),

2
(Z,'Ll X2;X 1,/‘)

1 S
> 1 —x 2+o <cix 2(ate) |

Y1

Targ > 1, we obtain

Since y; > 2w, by choosing € sufficiently small such that

that B (1 (T X2%1,))

-3 2 n 2
DXy X

2 —2(a+€)
) < +4o00. Proposition | thus follows.

As an example, we verify that if the regressors (Xl,,,Xzy,) follow a bivariate
normal distribution with correlation parameter |p| < 1, then the two sufficient
conditions hold. Condition 1(b) regarding the marginal distribution holds trivially.
We only check that Condition 2 holds.
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W.lo.g., we assume that marginal normal distribution has both mean zero
and unit variance. Hotelling (1953) provides the density function of the sample
(Z?:]XZJXU)Z

correlation coefficient R,,, where Rﬁ =iy S
t=11,1 £=t=12,1

as follows:
. 0) n—2 I'm—1)
n(rp) =——=——

S = A Tn—1/2)

F(1/2,1/2,n=1/2;(1+ pr)/2),

(1= p2)=DI2(] — 2y0=H72(] _ ppy=n=1/2

where F(.,.,.;.) is the Gaussian hypergeometric function. Condition 2 can be
rewritten as there exists x; such that, for all x < x,

X

/gn(l—z,p)dzfclxy‘ andf gn(z—1,p)dz < cx",
0 0

for some ¢; > 0 and y; > 2a. This condition is met if g,(x — 1, p) < ¢;y1x"1~! and
gn(1—x,p) < c;y1x1~! for x sufficiently close to zero.

Notice that, as x — 0, g,(x— 1, p) = O(x""/2) and g, (1 — x, p) = O(x"~9/2),
Hence, the inequality holds for y; — 1 < %. Therefore, Condition 2 holds if n >
4o +2. [ ]

5. CONCLUSION

In this paper, we study the tail dependence between OLS estimators for the
regression coefficients when the error terms in the regression are heavy-tailed.
We show the presence of tail dependence and provide an explicit formula relating
the level of tail dependence to the distribution of the regressors. We also show
that the FSS and the RSS are tail-dependent by providing an explicit formula for
calculating the level of tail dependence. Simulation studies confirm our theoretical
findings.

In practice, the error terms in a regression may possess heavy tails, for instance,
when regressing a heavy-tailed dependent variable, such as a financial variable,
on a set of thin-tailed independent variables. If, in addition, the number of
observations is low, then the OLS estimators for the regression coefficients can
be heavy-tailed and tail-dependent. That means if the estimator for one coefficient
deviates largely from its true value, the estimator for another coefficient may
also deviate from its true value substantially. A practitioner has to be cautious in
interpreting the significance of the results from such a regression.

APPENDIX

Interchanging the Expectation and the Limit

We show that we may interchange the expectation and the limit in (17). The proof follows
similar steps as in the proof of Breiman’s lemma (see Breiman, 1965).
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In particular, we will show that

uli_r)nl ]P)(,él —B1>0u (31 —ﬂ11>_7fz—ﬂ2 > Ou (32_ﬁ2)>
—E| lim B(Bi—p1>0u(hi—51) Br—Br> 0u(Br—52))

u—1 1—u

Recall that n = (31, ...,n,), define C = (Cy,...,Cy)’, and let ||.|| denote the euclidean
norm. We have

P(ﬁl —B1 > Qu (31 —/31),32 —B2>Qu (32—132))
I—u
B(Bi— 1> 0u(Br —B1). = B2 > QuBr— b)) ICIHe 2 1/(1 —w)

1—u

B(Bi—B1 > Qu(hr— B fa— B2 > QuiPa— B ) HIICIIH < 1/(1—w))

1—u

+E

=1 +1;.

We first handle /{. Note that the conditional probability P(---) is bounded by 1. Therefore,
asu— 1,

I <E(IICIEHIICIe = 1/(1—w)) — 0,

because E|C|*T€ < oo implies that E||C||*1€ < oo for sufficiently small €.

To deal with the second term, 13, we will find an integrable function dominating its
integrand such that we can apply the dominated convergence theorem. First, by applying
the Cauchy—Schwarz inequality to C'n = 31 — B1, we obtain

B(A—p1=Cu(Bi=p1).fo=po> Qu(B= 1)) _B(ICIINI > 0u (1 - 1))

1—u 1—u

(26)
Since ||n|| possesses a tail index « (see, e.g., Lemma 3.4 in Mikosch and de Vries (2013)),

Lemma 3 implies that IP’<||r;|| >0y <,4§1 —/31)) = O(1 —u) as u — 1. Therefore, there
exists K > 0 such that for u close enough to 1,

Bt = Qu(fr—1)) _ E(iCHmI = 0u (B - 1))

L-u ~ Pl = 0u(Bi-51)) =

Note that on the event {||C||*+€ < 1/(1 —u)}, we have Oy (31 —,31) JIICI = coasu— 1.
Therefore, by Potter’s bounds for regularly varying functions (Potter, 1942), we have that
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on the event {||C||%t€ < 1/(1 —u)}, for any § > 0, as u is close enough to 1,
B(1Ciimil > 0u (A1 —£1))
P (linll > 0u (B1 - 51))
We obtain by combining (26)—(28) that, as u is close enough to 1,
Ifl)</§1 —B1>Qu (ﬁ1 —131),32—/32 > Qu (Bz—ﬁz))
1—u

= K +8)l[Cl*max (1%, 11C11 7).

= a+)llcl®max (j1clP,11cl17). (28)

Hence, by choosing § sufficiently small, we have that the integrand in Ig is bounded by the

integrable function K (1 + §)||C||% max (| |C| |5, [|C| |_8). The statement for interchanging
the limit and the expectation follows from applying the dominated convergence theorem.
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