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1. Introduction. The purpose of this paper is twofold. In [6] Tomiuk gives a representa-
tion theorem for a topologically simple right complemented algebra that is also an annihilator
algebra. We strengthen this and then give a converse, so as to characterise right complemented
algebras among respectively primitive Banach algebras and primitive annihilator Banach
algebras. Our second aim is to investigate the relationship between the different annihilator
conditions—Ileft annihilator, right annihilator, annihilator, and dual—when imposed on a
complemented algebra. Tomiuk [6] has already shown that a right complemented semi-
simple algebra that is a left annihilator algebra is an annihilator algebra; further, a topologically
simple bi-complemented algebra that is also an annihilator algebra is dual. We show that for

a topologically simple right complemented algebra all four annihilator conditions are equi-
valent. Further, for a semi-simple Banach algebra the first three are equivalent provided it is

right complemented, and if it is also left complemented, then they are equivalent to duality.

This work was done while the author was a research student at Edinburgh University
under the supervision of Professor F. F. Bonsall, whom she would like to thank for his
encouragement.

Notation. This is mostly consistent with [4]; however, we follow [1] in denoting by
S,, S, the left and right annihilators, respectively, of a subset S of an algebra. The two nota-
tions cl( ) and — will denote closure. The following set notations are adopted: (i) if A, B
are subsets of an algebra, then AB = {ab:acA,beB}; (ii)if S is asubspace of a linear space V
and T is a set of operators on V, then TS = {ts:¢eT, seS}; (iii) if a — T, is a representation
of an algebra and A is a subset of the algebra, then T, = {T,:acA}.

2. Definitions and preliminary lemmas. Let A be a complex Banach algebra and let R
denote the set of all closed right ideals of A. Following [6] we say that A is a right comple-
mented algebra if there is a mapping p: R — R? of R onto itself that has the following pro-
perties:

C;: RnR? =(0) (ReR),
C;: R+RP=A (ReR),
C;: (R?H”=R (ReR),
C,: if RicR,, then R{>R} (R,R,eR).

The mapping p is called a right complementor on A. Analogously, we define a left comple-
mentor and a left complemented algebra. An algebra that is both left complemented and right

complemented is said to be bi-complemented.
A Banach algebra is a left annihilator algebra if, for any closed right ideal R of the algebra,

https://doi.org/10.1017/50017089500000501 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500000501

ON COMPLEMENTED AND ANNIHILATOR ALGEBRAS 39

R, = (0) if and only if R is the whole algebra. A right annihilator algebrais defined analogously.
An annihilator algebra is an algebra that is both a left annihilator and a right annihilator
algebra. The algebra is dual if, for every closed right (or left) ideal R (or L), (R,), =R (or
(Lr)l = L)

LEMMA 1. In the definition of a right complementor, C5 may be replaced by
C;:(R?» >R  (ReR).

Proof. RPOR =A=R?@RP. Hence one inclusion between R and R?? will give
equality.

Note. 1t is natural to ask whether C, can be replaced by cl(R+R?) = A, This is not
possible, as will be demonstrated by the author in a subsequent paper.

LeMMA 2. Let A be a Banach algebra and p a mapping of R into itself that satisfies C5, C,.
If {R;:2e A} is a family of closed right ideals of A, then

O R} = [cl (; R)J".

Proof. Write I=)R%, and J=cl(3R,). Then, for each 4, R > I and so, by Cj and
A A

C,, we have I? o R{? o R,. Therefore, since I” is closed, I? > J; thus JP 21?7 > 1.
Conversely, J o R;; therefore, J? = R} and hence J? =« I. Combining the two inclusions,
we have equality.

LEMMA 3. Let A be a right complemented algebra such that A, = (0). Then acaA for all
ainA.

Proof. Let aeA and R = aA. Then g has a unique decomposition a = a, +a,, where
a,€R, and a,eR?. Now, for anybin A, a,b = ab—ab. However, a, be R and ab, a,beR.

Thus a, be RAR? = (0). Therefore, a,4 = (0) and, by hypothesis, @, = 0 and aeR = gA.

LeMMA 4. Every non-zero closed left ideal of a semi-simple right complemented algebra
A contains a minimal left ideal.

Proof. From Lemma 2 in [6] it can be seen that, if M is any maximal modular right ideal
of A, there exists a minimal idempotent e that satisfies M = (1 —e)A, M? = eA. Now suppose
that L is a left ideal of A that does not contain a minimal left ideal. Let M be as above;
then Ae is a minimal left ideal. Now, since, for each u in A, Aeu is either minimal or zero (see
the proof of Lemma 2.1.11 in [4]), we have AeL = (0). Thus L c (Ae),. However, if ae(Ae),,
then ea = 0 and 50 a = (1 —e)a; therefore ae(l1—e)A =M. Thus L =« M. It follows that L
is contained in every maximal modular right ideal of A and hence, by the semi-simplicity of A,
it is zero,

CoROLLARY. Every minimal-closed left ideal of A is minimal.

3. Representation theorems for a primitive Banach algebra. In this section A will denote a
primitive Banach algebra with a right complementor p. From Lemma 5 in [6] we see that A
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has a dense socle. Since, in particular, it has minimal one-sided ideals, the discussion in §5
of Chapter 2 of [4] is relevant. Let L = Ae be a minimal left ideal and e a fixed minimal
idempotent in A. Then the left regular representation a — T, of A on L is faithful, continuous,
and strictly dense. Further, the image of the socle of A is the set of all elements of finite rank
in T,. Using this, together with the density of the socle, we see that A is topologically simple.
The following proposition is implicit in [6].

PROPOSITION 1. For any closed right ideal R of A and any closed subspace S of L,
RAL=RL=RL; SA={acA:aLcS}.

Proof. Itis clear that RL < RnL and, since the latter is closed, we have RL<R L.
Conversely, if xe RnL, then x = xe and so xe RL. The first part of the proposition follows.

Since S c L, we have S = Se; therefore SANL o Se.Ae=S.eAe=5.Ce=S. Now,
if ze§XhL, then z =limz,, where z,eSA. Therefore z = ze =lim(z,e)ecl (SANL) < S.
Thus SANL = S; since S = Se, the reverse inclusion is clear and thus we have equality.
Therefore SA .L = S, from which the second part follows.

Now for any closed right ideal R of A denote by S(R) the closed subspace RL of L; for
any closed subspace S of L denote by J(S) the closed right ideal SA of A. Then, from the
corollary to Lemma 10 in [6), it is clear that the map S is one-to-one. Also, from the above
proposition, we can see that S maps the set of all closed right ideals of A onto the set of all
closed subspaces of L. It is now easy to verify that J is the inverse map of S. Now as in
Lemma 6 of [6] it can be seen that the map p defined on the closed subspaces of L by

§? = S([J(S))

satisfies the hypotheses of Theorem 1 of [2]. Thus, if L is infinite dimensional, an inner pro-
duct may be induced in L so that (i) for any closed subspace S of L, S* = S?, or equivalently,
for any closed right ideal R of A, (RL)* = R?L; (ii) L, endowed with the inner product, is a
Hilbert space and the resulting norm is equivalent to the given norm. It is clear that the inner
product can be varied by any positive real multiplicative constant, and thus we may assume
that it is chosen so that (e, ) = 1.

Notice that, since A is primitive, the condition that L be infinite-dimensional is equivalent
to the condition that A itself be infinite-dimensional.

THEOREM 1. Let A be an infinite-dimensional primitive Banach algebra, and let p be a right
complementor on A. Then A has a faithful, continuous, strictly dense representation a— T, on
a Hilbert space H. The representation has the following properties:

(i) For any ReR, R? = {aeA: T,H1 TH}.

(ii) The socle of A consists of all elements of A whose images are of finite rank on H. Its
image is generated by the set of all operators of the form x ® y, where x ranges through H and
y ranges through a subspace H, of H.

(iii) Hy is dense in H.

(iv) IfEis any orthogonal projection on H and a€ A, then there is an element b in A satisfying
ET,=T,
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Proof. Let L = Ae be a given minimal left ideal of A and let ( , ) be the inner product
induced in L as in the above discussion. Let H denote the resultant Hilbert space and let
a— T, be the representation of A on H corresponding to the left regular representation of A
on L. Since A is semi-simple and L is minimal, a — T, is continuous and faithful and strictly
dense. Theorem 2.4.12 in [4] gives (ii). Let R be any closed right ideal of A. Then, if aeR?,
aL = R°L = (RL)! and so T,H + TgH. Conversely, if T,H 1 Tg H, then L = (RL)* = R’L;
therefore J([aL]) = J(RPL) = R?; thus aeR?. This completes the proof of (i).

It is clearly sufficient to prove the remainder of the theorem for A an algebra of operators
on a Hilbert space H. A will be the closure of a set of operators of finite rank on H (since the
socle is dense) with respect to a norm || || that majorises the operator norm | |. Let E be any
orthogonal projection on H, and let S be its range. Let R= {acA:aqH = S}; then
R’ = {aecA:aH c S*}. Now, for any a in A, a = a,+a,, where a, €R, a,eR?; therefore,
for all hin H, ah = a, h+a, h, where a, heS, a,heS*. But also ah = Eah+(1— E)ah, where
EaheS, (1—E)aheS. Tt follows that Eah = a, h. Since this holds for all 4 in H, we have
Ea=a,cA.

We show finally that H, is dense in H. If the contrary holds, then there is a non-zero
element x of H that is orthogonal to H,. Therefore, if g, is any element of A of finite rank,
then a,x = 0. However, if ae A, there is a sequence {a,} of elements of finite rank such that
|la,—a| - 0; therefore [a,,—al —0, and hence ax=0. It follows that x =0, and this
contradiction establishes (iii).

Note. That the dimension restriction here is necessary can easily be deduced from a
counterexample in [2]. By introducing a concept of continuity of a complementor (a property
that is found to be automatic in the infinite-dimensional case) the restriction can be relaxed.
The author hopes to do this in a later paper.

THEOREM 2. Let A be as in Theorem 1. Then, if A is also known to be a left annihilator
algebra, the image T, of A contains all operators of finite rank on H.

Proof. Let x be any non-zero element of H and let S be the set of elements that are
orthogonal to x. Let R = {aeA:T,H < S}. Then it is clear that R is a proper closed right
ideal of A, and so, by hypothesis, R, is non-zero. By Lemma 4, this will contain a minimal
left ideal L,. L, will be {ae4: T, =u @ v, u varying through H, v a fixed non-zero element
of H}. We show that v is a scalar multiple of x. Let A€S; then, since S = Tx H,

u® v)h=(hvu=0;

this holds for all 4 in H. It follows that (h, v) =0 for all 4 in S, and hence veS*. Thus
AxeH, for some non-zero 4 in C, and, therefore, xe H;. Thus H, = H.

Notice that this theorem together with Theorem 1 gives a slightly strengthened form of the
representation theorem (Theorem 7) of [6]. We now establish a converse to these two theorems.

THEOREM 3. Let H be any Hilbert space and A a strictly dense subalgebra of the algebra
K(H) of all compact operators on H; suppose that A is a Banach algebra under a norm | ||.
Then A is right complemented if EA < A for any orthogonal projection E on H. If, further, A
contains all operators of finite rank on H, then A is an annihilator algebra.
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Proof. A contains minimal one-sided ideals, and so, from Theorem 2.4.14 in [4], | |
majorises the operator norm | |. Now for any closed right ideal R of A define R” to be
{acA:qH < (RH)'}. We show first that this is closed. Suppose that a,€R? and that {a,}
converges to a in A. Then ||g,—a|| =0, and so |a,—a| — 0; therefore, since a,H1 RH, we
have gH L RH and hence ae RP. Thus p maps the set of all closed right ideals of A into itself.
Also it is clear that p satisfies C, and C,. Again

R?? = {geA:aH < (R°H)*} > {acA:aH c RH} o R,

and so Cj; holds too.

It is clear that [cl(R+ R?)]H contains RH and (RH)* and is therefore the whole of H.
Thus, since elements of finite rank are dense in A and using Theorem 2.4.18 in [4], we have
cl(R+RP?) = A. Thus to establish C, we need only show that R+ R? is closed. We notice
first that, if E is any orthogonal projection on H, then there exists a scalar constant k such that,
forallain A, || Ea|| £ kllall. This is a simple consequence of the closed graph theorem and

the fact that || (| majorises | |. Now let {a,+b,} be a Cauchy sequence in R+R? that
converges to cin A (a,€R, b,€ R?). Let E be the orthogonal projection of H onto RH. Then

| Ea,+ Eb,— Ec| £ k| a,+b,—c|| »0. However, for all 4in H, Ea,h = a,h and Eb,h = 0;
therefore Ea, = a, and Eb, =0. Thus ||a,—Ec| — 0. Since a,eR for all n and R is closed,
we have EceR. Now it follows that {b,} must also be Cauchy and, since b,eR?, which is
closed, {b,} converges to an element d of R?. Thus ¢ = Ec+deR+RP. Therefore R+R”
is closed and C, follows. Hence, by Lemma 1, p is a right complementor.

If A contains all operators of finite rank on H, then, from Theorem 2.8.23 in [4], A is an
annihilator algebra.

The following corollary is of more practical use in establishing that a given algebra is
right complemented.

COROLLARY. A is also right complemented if the condition on orthogonal projections on H
is replaced by the following: There is a scalar constant k such that || Ea| < k| a| (aeA) for
each orthogonal projection E of finite rank on H.

Proof. Define R? as before. Then it is again clear that || || majorises the operator norm
and hence that R? is closed. Also C;, Cj, C, hold with unchanged proofs as does the fact
that cl(R+R?) = A.

Now suppose that R is a closed right ideal of A that is the topological sum of a family
{R;:1€A} of minimal right ideals of A. We show that R+R?” is closed. For simplicity
assume that k > 1, which can clearly be done. Let {a,+b,} be a Cauchy sequence in R+ R’
and let its limit be ¢ (¢, R, b,eR?). Now, given any ¢ > 0, there exists a,,€ ) R, such that

)

|l @, .—a,ll <e&f2k. There exist indices A(l,n),...,A(r,n) (r=r(n,e)) of A such that
@, . €R;1,m+. ..+ Ry, . Also, since {a,+b,} converges to c, there is some N such that
lla,+b,—c| <elk foralln> N. Let E,, be the orthogonal projection of H onto

(Ryimt- -+ Ry ) (H);

then E, , is of finite rank. Also a,, = E, ,a,, and consequently
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&
” a,,—'E,,‘2 a, ”é "a,,—a,,,e “+ " En,a an—En,n ay,e " é 2—8];+i<8'

Now let F be the orthogonal projection onto any other finite-dimensional subspace of RH
and denote by FUE, , the orthogonal projection of H onto (FH+ E, ;H); notice that FUE, ,
is also of finite rank. Then

” (FUEn,e)an_an ” = ” En,e an+(FUEn,a)(l _En,e)an —a, ”

SE,a~a,+kI(1-E, Ja,ll < e(1+k). M
Also, writing 0, ,, for E, ,UE, ., we have
I Qnml@n—) | =l Quml@st+b,—c)l| & for n>N. 2

Now, taking F to be E,, , in (1) and using (2), we have

” a,—ay ” é ” Qn,m ay—0an ” + ” Qn,m a,—a, ” + " Qn,m(an—c) " + ” Qn,m(am_c) ”
S2e(1+k)+2¢ (n,m > N).

Thus {a,} is Cauchy and, as before, converges to an element a of R. Then {b,} is also Cauchy
and converges to b in R?. Therefore ¢ = a+b and so is contained in R+ R?. This completes
the proof that R+ RP is closed and therefore establishes C,. C; now follows from Lemma 1.

We complete the proof by showing that every closed right ideal R of A is equal to the
topological sum of all the minimal right ideals that it contains. Let R be any closed right
ideal of A and {R;:Ae A} the family of all those minimal right ideals of A that are contained
in R. Let R’ be cI(}_R;). Then we have shown that C,, C,, C; hold for R’. Let a be any

A

element of R; then we may write a = b+4-c¢, where beR’, ceR'?, Also, from Lemma 2,
R’?=(\R;. Since R>R’, beR and thus ceR n([)R}). Let E be any one-dimensional
i a

projection of H onto a subspace of RH. Then EA consists of elements of rank one whose
range is contained in RH. Therefore FA < R and so FA =R, for some 4 in A. Since
ceR}, cH < (R;H)! = (EAH)* = (EH)*; thus cH is orthogonal to every one-dimensional
subspace of RH. Therefore, since ceR, ¢ =0 for all 2 in H and so ¢ =0. Therefore
a=>beR’, and hence R = R’. Since the reverse inclusion is clear, we have R = R’. This
completes the proof that A is right complemented.

4. Relationships between annihilator conditions. Let A be an infinite-dimensional primitive
Banach algebra (norm || |) with a right complementor p. Let L = Ae be a given minimal
left ideal and let a — T, be the representation of A on H obtained in Theorem 1 (H is a Hilbert
space whose elements are those of L and whose norm | | is equivalent on L to || ||). Then

H,={yeH:x ® yeT, for some, and hence all, x in H}.
Now for any y in H, define
Iyl* =llall, where T,=xQ@y.
Notice that, if xeH, then T, =x® e.

https://doi.org/10.1017/50017089500000501 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500000501

44 FREDA E. ALEXANDER

LemMA 5. H, is a Banach space with respect to the norm | ||*. On H,, | ||* majorises
both || || and| |.

Proof. Consider the minimal right ideal R ={a: T, = e ® y, yeH,} of A. The mapping
y—a, T,=e@® y clearly defines an algebraic equivalence between H, and R. Also, by the
definition of || ||*, it is an isometry. However, since R is minimal, it is closed. Therefore
it is clear that Hy, with the norm || | *, is a Banach space.

For any x in Hy, (x ® x)(x ® x) = (x, x)(x ® x). Therefore

| xS |x@x|=|(x@e)e®@x)|  (since (e,€) = 1)
<|x®e|.[e®@x|= x| [ x]*.
Hence | x| £[| x||*. Since the norms | |, | || are equivalent on H, this also proves that
I Il is majorised by || ||* on H,.

THEOREM 4. If A is a primitive Banach algebra with a right complementor p, then the
following are equivalent:
(i) A is a left annihilator algebra;
(ii) A is a right annihilator algebra;
(iii) A is an annihilator algebra;
(iv) A is dual.

Proof. (i) = (ii): If A is finite-dimensional, then the result is clear, since A will certainly
be an annihilator algebra (any minimal left ideal L of A is homeomorphic to the Hilbert
space C", and, by using the argument of the last part of the proof of Theorem 1, it can be seen
that the image of A under its left regular representation on L contains all operators of finite
rank on L). The remaining case follows from Theorems 2 and 3.

(ii) = (iii): Again we have only to consider the infinite-dimensional case. We show first
that no proper closed subspace S of H, (closure with respect to || [|*) can be dense in H.
Let L' ={aeA:TyH, = S}; then L’ is a closed left ideal of A. Also L' is proper; for, if
xeH, but x¢8S, then there exists a in A such that T, = x ® x and hence a¢L’. Therefore,
by hypothesis, there is a non-empty closed right ideal R of A that annihilates L’. Then, for
all i, 0" in H, (Ty g b, 1) = (0); i.e. (Tgh, Ty*h')=(0). However, for anysin S, i’ @ se T,
and thus we have (Tg 4,S) = (0). If S is dense in H, we deduce from this that Tg # = (0) and,
since A is arbitrary in H, Ty H =(0), which is the required contradiction.

Now consider the identity mapping 7 from the normed linear space (Hy, || ||*) onto the
normed linear space (H,, | [)). Denote these spaces by X,, X, respectively. Then, since H,
is | |-dense in H, we have just shown that, if S is any proper closed subspace of X,, then I(S)
is not dense in X,. Now suppose that T is any maximal closed subspace of X,. Then, since
| I* majorises || |l, 7~ *(T) is closed. If it is not maximal closed, then it is strictly contained
in a proper closed subspace M of X;. I(M) o T and, by the maximality of T, is dense in X,.
This contradiction shows that I~!(T) is maximal closed. Conversely, suppose that S is a
maximal closed subspace of X;. I(S) is not dense in X, and so it is contained in a proper
closed subspace N of X,. I™!(N) is closed and contains S. Therefore, by the maximality of
S, it must either be S or X,. Since the latter is impossible, N being proper, we have I "!(N) = S
and thus I(S) is closed. By the same argument it can be shown that I(S) cannot be strictly
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contained in any other proper closed subspace of X, and is therefore maximal closed. Now,
from Lemma B in [3], I is a homeomorphism. Since H, is complete with respect to {| || *
and dense in H with respect to || ||, we have Hy = H. Thus, by Theorem 2, A is an annihilator
algebra.

(iii) = (iv): By Lemma 3, a€dA for all g in A. Then, by the proof of Theorem 2.8.27
in [4], we see that A is dual.

The remaining implications are automatic.

We can extend much of Theorem 4 to the semi-simple case. We note first that, if A is a
semi-simple right complemented algebra, then A is the direct topological sum of its family of
minimal closed two-sided ideals, each of which is a topologically simple right complemented
algebra (Theorem 4 in [6]).

THEOREM 5. Let A be a semi-simple Banach algebra with a right complementor p. Then
the following are equivalent:
(i) A is a left annihilator algebra.
(ii) A is a right annihilator algebra.
(iii) A is an annihilator algebra.
(iv) Every closed right ideal of A is an annihilator ideal.

Proof. (i) = (iii): Let {I,:Ae A} be the family of all minimal closed two-sided ideals of
A. Then each I, is a topologically simple, semi-simple right complemented algebra, and,
from the proof of Theorem 8 in [1], it is also a left annihilator algebra. Then, from Theorem 4,
I, is an annihilator algebra. Now, from Theorem 2.8.29 in [4], A is an annihilator algebra.

(i) = (iii): This can be established by a proof analogous to the above with right annihi-
lator replacing left annihilator throughout.

(iii) = (iv): By Theorem 4, each I, is dual and, by Lemma 3, a€ A for all ain A. Then,
by the proof of Theorem 2.8.29 in [4], it can be seen that every closed right ideal of A is an
annihilator ideal.

This completes the proof, since (iv) = (i) is automatic.

As a corollary we obtain a generalisation of Theorem 9 of [6).

CoOROLLARY. If A satisfies the conditions of the theorem and also some left complementor
can be defined on A, then A is dual.

Proof. Immediate from the analogue for a left complemented algebra of Lemma 3 and
Theorem 2.8.29 in [4].
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