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1. Introduction

In this paper we describe a. wav of representing varieties of algebras
by algebras. That is, to each variety of aleebras we assign an algebra of a
certain type, such that two varieties are rationallv equivalent if and only
if the assigned aleebras are isomorphic.

Various methods of representing varieties by other objects are known.
The earliest seems to be the clones of Philip Hall, described in [1] chapter 3.
A pretty representation of varieties bv semieroups with operators, using
braids, is due to E. C. Dale [2]. see also [6]. We mention also the algebraic
theories of Lawvere and Linton. which represent varieties by certain
enriched categories of sets ([4], [5]).

All these methiods have something in common, namelv in each case
the class of representing obiects is in a natural wav a category, and the
categories one obtains in this way are essentially the same (at least if one
only represents varieties defined by finitary operations). In fact it follows
from the results of [3] that the morphisms of representing objects correspond
precisely to set preserving functors in the opposite direction between the
varieties. That is. the category of representing objects is equivalent to the
dual of the category of represented varieties and set preserving functors
‘between these varieties. (We shall not worry unduely about the logical
difficulties inherent in talking here of a class of classes, as many wavs are
known of avoiding them.)

It turns out that if one allows varieties to have operations of countably
infinite rank, then the dual of the category of varieties and underlying set
preserving functors between varieties is equivalent to the category of a variety
of algebras. These algebras by which we represent varieties are a slight
modification of Philip Hall’s clones. We call them N,-clones.

Everything except theorem 3 in this paper carries through with only
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formal changes if one replaces 8, by any infinite cardinal number or by
the number 1. Theorem 3 works for infinite regular cardinals.

Since in Linton’s terminology an ‘‘algebraic theory’” of rank n (n a
regular cardinal) is one whose variety of algebras is definable by operations
of rank < n, our main theorem may also be formulated as: the category of
varietal algebraic theories of rank = W, 1s equivalent to the category of the
variety of WRy-clones.

2, The representation

In the following variety always means variety defined by operations of
at most countably infinite rank. To avoid nuisance with the empty algebra
we make the convention that it be included in a variety U if and only if it
occurs as intersection of non-empty subalgebras of some algebra in 9.
Thus even if one defines the variety of groups for example by right division
alone, the empty group is not allowed.

We recall the definition of rational equivalence. Let U and B be
varieties. Then a map @ from ¥ to B is equational [3] if there exist terms in
the defining operations of o, such that for each A € ¥ the sets underlying
A and @(4) are equal and the operations of @(A4) are just the operations
induced in 4 by the given W-terms. A rational equivalence is a bijective
equational map whose inverse is also equational. Examples of rational
equivalence are boolean lattices with beolean rings, and the various ways of -
defining groups by operations and laws.

By Felscher {3], the equational maps from U to B are precisely the
functors from % to B which preserve underlying sets. Mal’cev’s theorem on
rational equivalence is of course a special case of this.

Now let A be a variety of algebras. We denote by H (%) the set of
A-algebraic operations of rank §&,. The following description of H ()
suffices for our purposes.

Let X be a standard alphabet of letters pq, p,, - - -, and let F(X, %)
be the free -algebra with basis X. Then the elements of F(X, %) can be
interpreted in the well known way as algebraic operations of rank N,.
For example if @& is the variety of groups, then the element f = p,p5p, €
F(X,®) defines the algebraic operation f(4,, @, - -) = a,a5'a;, where
a,, a,, + -+ are any elements of any group 4. In general if fe F(X, ¥%);
AeU; a,,a,, - €A; then f(a,, a,, - - -) is defined as ¢(f), where ¢ is the
homomorphism from F (X, %) to A with ¢(p,) = a, for each ¢. It is important
to note that we consider this as an operation of rank §&,, even though it may
only depend on finitely many of its arguments.

We can hence identify H (W) with F(X, %) as a set. The elements
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Py, bo, - - of H(A) are the trivial operations.
If fe HA) we can apply f to F{X,¥) and form f{f,, f,, ) for
firfe, o€ F(X, ). As an operation f(f,, f,, - - *) is defined by

i ter )@y, ag, - o 0) = F{f(ar, @, ), folag, ag, -0 0), - )

Instead of f(f,, f,, * + +) we write (f f, f, - - *) and consider (- - -) as an opera-
tion of rank W, on H(A). We consider p,, ,, - -+ as nullary operations
(constants) on H (U).

DErFINITION. The Ry-clone H(U) of the variety ¥ is the algebra of
U-algebraic operations of rank N,, with algebraic structure given bv the
N,-ary operation (- - -) and the nullary operations p,, p,, - -.

H () clearly satisfies the laws

C1 (@pipy ) = 2,

C2 (p »Clxz ) = (z - 1’ 2, \)

C3 (@ gy - )nze - 0) = ( (12125 ) (Yo2y20 - *) -+ 0).
DEFINITION. An (abstract) V,-clone is an algebra defined bv an NRg-ar

operation (---) and nullary operations py, p,, -+, satisfying the Lm«
C1, C2, and C3.

THEOREM 1. Every abstract R,-clone is the Vy-clone of a variety. Two
varieties have isomorphic Wy-clones if and only if they are rationally equivalent.

Proor. If K is an abstract 8,-clone, define to each 4 € K an operation

of rank 8, on K by
frlly, kg, o) = (RRiky - o).

Denote the algebra with set K and these operations 7, bv F(K). We claim
F(K) is relatively free with basis X = {p,, p,, - - -}. Indeed, firstlv it is
clear that X generates F(K), for if 2e K then &= }.(p;, ps, - ) by Cl.
Secondly any map of X into F(K) extends to an endomorphism of F(K),
for if ¢ : X — F(K) is any map, define ¢ : F(K) - F(K) by

@(k) = fel@(P1), @(bs). - - >

for ke K. C2 and C3 give respectively that ¢|X = ¢ and that ¢ is an endo-
morphism of F(K).
Hence F(K) is the free algebra on basis X of the generated variety

QSP(F(K)).
DeriniTION. The variety of K-modules B(K) is defined to be
B(K) = OSP(F (K)).

Since we can identify F(K) with F(X, 8(K)), it is immediate from the
definitions that H(B(K)) = K as N,-clones.
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Furthermore for any varietv U, the transition from F(X, %) to
F(H(Y)) = F(X, B(H(W)) is given by replacing the defining operations
of F(X, %) by all algebraic operations of rank R, on F(X, %A). This does not
alter the rational equivalence type, and since a variety defined by at most
countably infinitary operations is already determined by its free algebra
of rank N,, A is rationally equivalent to B (H (X)).

Thus the transitions B from N, -clones to varieties and H from varieties
to Ny-clones are mutually inverse (up to rational equivalence of varieties),
so the theorem follows.

We have seen that every variety % is, up to rational equivalence, a
variety of K-modules for some (unigue up to isomorphism) {,-clone K.
K is the set of Y-algebraic operations of rank ,, so every U-algebra is given
by the action of K on a set. Compare this with the case of varieties defined
by at most unary operations. It is well known that such a variety is rationally
equivalent to a variety of T-modules for some monoid 7. In fact thisis
precisely what one obtains if one does everything for the cardinal number 1
instead of W,. Thus “1-clones’ are simply monoids.

We now come to the theorem promised in the introduction. Iet € be
the category of R,-clones and homorphisms, ¥ ar the category of varieties
and underlving set preserving functors between varieties.

THEOREM 2. B:C — ¥ ar and H : ¥V ar - ¢ are in a natural way
contravariant functors. and theu define an equivalence of the category € with
the dual category ¥ ar* of ¥ ar.

In view of the previous discussion, this theorem is essentially the
theorem of Felscher on equational maps (loc. cit.). We therefore only define
the functors, and omit the proof that they do what is required.

Suppose ¢ : K — L is a homomorphism of Rn-clones. For any L-module
A there is a natural K-module structure on A, namely for 2e K and
a,,a,, €A define k(a,, a,, - - ) to be @(k)(a;, 4y, - - *). This defines a
functor B(p) : B(L) — B(K), and by construction it preserves underlying
sets. Thus B is a contravariant functor from € to ¥ ar.

Conversely if @ : % — B is a set preserving functor of varieties, then
the map of F(X, B) into its “‘universal ¥U-algebra” (given by the front
adjunction belonging to the adjoint functor to @) gives a map
F(X, 8) - F(X, %A). This is compatible with the XR,-clone structure, so it
defines a homomorphism H(®) : H(B) — H(A). Thus H is a contravariant
functor from ¥ ar to €.

One is often only interested in varieties defined by finitary operations.
For want of a better place we insert the following theorem here, which is
an immediate consequence of theorem 2 in [7].
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TaeorEM 3. The variety U s definable by couniably many finitary
operations if and only if H(N) ¢s couniable.
3. Examples and discussion

Let 9 be a variety, and f an 9-operation of finite rank #. If we consider
/ as an operation of rank X,, we need a law or laws which say that f only
depends on » of its arguments. For » = 1 a law with this effect is

(1) f(xl’ Ly, """ Ty, Xy, Xy, ° ° ) = f(xlf Xy, "y Lpy Xpyyy, " ° ')’
for (1) says that f does not depend on what is substituted for
Zpi1, Tpye, * * *- FOr # = 0 one can use
(2) foy, 23, %5, - +) = f(@g, 24, T, )
In HY) (1) and (2) become
(1)' (ff’ljbz"'PnPle") =/,
(2)' (f P1PsPs - ) == (fP2P4Ps " )

ExaMpLE 1. Let & be the variety of groups, ¢ = H () the correspond-
ing Ro-clone. G is the Ny-clone generated by three elements m, 7, and e
subject to the relations

(3) (m prpoprpr-°) =m

(4) Eprorprpr ) =1

(3) (e prpspspy - *) = (¢ Pepabs )

(6) (mm pspypy - - ) = (m po(m papsprpr - )orbr - )
(7) (mpyip1py---)=e

(8) (mpyeprpr- ) = p1.

Indeed (3), (4), (5) state respectively that m is binary, ¢ unary, and e
constant; (6) is the associative law

m(m(xl, z2, .. .), z3’ . .) j— m(xl’ m($2, x3’ .. .), .. -);

(7) is the inverse law m(z,, i(zy, - - ), - - ) = ¢; and (8) is the identity law
m(zy, e, ) = .

ExXAMPLE 2. The R -clone G, of the variety &, of abelian groups is
obtained from G by adding the relation

(9) (m paprpr- ") = m.

The obvious epimorphism G — G, corresponds (via theorem 2) to the
inclusion of @, in ®.

https://doi.org/10.1017/51446788700005899 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700005899

6 Walter D. Neumann (6]

ExampLE 3. The N,-clone M of the variety I of monoids is generated
by two elements m and e satisfying relations (3), (5), (6), and (8). The
obvious homomorphism M -» G is injective, and corresponds to the “forget
functor” & — I which assigns to each group the underlying multiplicative
monoid.

ExaMPLE 4. The NRy-clone S containing only the elements p,, p,, - -~
corresponds to the variety © of algebras with no non-trivial operations —
that is sets. For any non-singular R,-clone K the inclusion S € K corresponds
to the underlying set functor B(K) — S.

In general it is clear that a surjective homomorphism K — L of
N -clones, since it is just an “‘addition of laws” to B(K), corresponds to an
inclusion of B(L) as a subvariety of L(K). Similarly an injective homomor-
phism K —> L corresponds to a pure forget functor from B(L) to B(K) (that
is a set preserving functor @ : Y(L) - BV(K) such that QSPD(V(L)) =
B(K)). Since the monos in € are just the injective homorphisms (this holds
in any variety), the pure forget functors are precisely the epis in ¥ ar.
However the monos in ¥#7ar turn out to be the injective functors, which
includes more than just the inclusions of subvarieties. For instance the pure
forget functor from groups to monoids is injective, since a group structure
is determined by its underlying monoid structure, so this functor is both
mono and epi in ¥ ar.

ExampLE 5. Consider the variety of semigroups which satisfy the
laws @wx = 2 and xyz = xz (these laws are equivalent to the single law
axyx = x). The corresponding R,y-clone is generated by an element m subject
to (3), (6), and

(10) (mpipr ) =H
(11) (mmpg--) = (npips- )

One verifies easily that this & -clone is isomorphic to S x S by an iso-
morphism which maps m onto the element (p,, p,) € SxS. Since product
in the category © of Y -clones corresponds to sum in the category ¥ ar,
we may denote this variety of semigroups by 8+ &.

More generally the sum U+%B in the category ¥#7ar is given by
A+B = B(HA)xH(B)). The projections of H(UA)x H(B) onto H(A)
and H(B) correspond to embeddings of A and B as subvarieties of A4-B.
Lawvere has observed ([4] p. 48) that A-+B is the variety of algebras which
split naturally as a product A X B of an N-algebra by a B-algebra. We briefly
sketch a proof.

The element (p,, p,) € H(N) X H(B) defines as above an (UA+B)-

operation which is binary, associative, and satisfies the laws zx = x and
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xyz = zz. If Cis any algebra in 4 + B, consider the relation on C defined by:
€; = €, Means ¢; == ,¢y. Lhis relation is reflexive since ¢ = ¢c, symmetric
since ¢, = c,¢; implies ¢, = €56, == €4€,€y = €;C,, and transitive since
¢; = ¢3¢, and ¢, = ¢3¢, implies ¢; = ¢36,¢; = ¢4¢;. Thus it is an equivalence,
and a little more work, using the way (p,, p,) combines with the other
(U+B)-operations, shows that it is even a congruence and that the quotient
A = C/ = is in the subvariety U of A+ B. Similarly if ¢; ~ ¢, is defined
to mean ¢, = ¢,¢,, then the quotient C/ ~ is an algebra in the subvariety B
of A+ B. The projections p : C - 4 and g : C — B give a homomorphism
p:C—>AXB by ¢) = (p(c), q()). This has an inverse given by
y(p(e1), g(cs)) = ¢165 (61, ¢3 € C), s0 it is an isomorphism.

ExaMmpLE 6. Given two N,-clones K and L, one can form the free sum
K+ L. This corresponds to the product B(K)x B(L) in the categary ¥ ar.
An example is given by the variety My of R-modules, where R is a ring
with unity. Let %, be the variety of affine R-modules (affine spaces over R)
obtained by forgetting all but the idempotent operations from the variety
of R-modules. Then Satz 1 of [8] states that

EIRR - QIRX@O)

where ©, is pointed sets (the variety defined by one constant operation).

An algebra of A X B is just a set carrying an Y-algebra structure and a
B-algebra structure, these structures being unrelated by any laws. In view
of this, it is surprising that even slightly non-trivial examples occur in
“everyday life”.

A question which arises in this connection is whether every variety can
be split as a product of product-irreducible varieties, and if so, in how far
such a splitting is unique. For a full species the obvious splitting into a
product of varieties each defined by one operation is the only splitting into
product-irreducible varieties, but no other results in this direction seem to
be known. The same question can of course be formulated for sums.

To close, we describe an amusing construction which yields varieties
which have isomorphic abstract categories, but are not rationally equiva-
lent.

Let K be an N -clone, # a positive integer, and define K to be the
N,-clone with underlying set K* and structure defined as follows

b= (pin-{-—l’ Dintes " " "5 Pintn) €K™ (1’ =01,-: '),
((gl’ T gn)(fl! Y fn)(fn+l’ T f2n) te )
= ((gihife s+ ), @afafa ) o, (Guhife ))

It is a simple calculation to show that this gives an {,-clone structure.
For any variety % denote 8(H (%)™) by A™.
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One can show that %™ is the variety of aigebras whose underlying sets
can be written canomicaily as a power A” of an %-algebra A4, and whose
homomorphisms are the maps of the form 4" — B” which are induced by
a homomorphism A — B of Y-algebras. in particular it follows that Y™
has the same underlying category as 9. ¥. W. Lawvere has pointed out in
a letter to the author that if R is a ring with unity and 3R the variety
of R-modules, then MY! is rationally equivalent to the variety Mg, of
R, -modules, where R, is the ring of #-square matrices over R.

It can happen that U™ and U™ are rationally equivalent with # = m.
However if ¥ contains finite non-singular algebras this can clearly not
happen, as the smallest non-trivial algebras in A and U™ have respectively
k" and £™ elements, for some %> 1. Hence in this case one obtains infinitely
many varieties having the same underiying category, but no two of which
are rationally equivalent.
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