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Abstract. For a class of robustly transitive diffeomorphisms on T* introduced by Shub
[Topologically transitive diffeomorphisms of T*. Proceedings of the Symposium on
Differential Equations and Dynamical Systems (Lecture notes in Mathematics, 206). Ed.
D. Chillingworth. Springer, Berlin, 1971, pp. 39—-40], satisfying an additional bunching
condition, we show that there exists a C2 open and C” dense subset ", 2 < r < 00, such
that any two hyperbolic points of g € &” with stable index 2 are homoclinically related. As
a consequence, every g € U” admits a unique homoclinic class associated to the hyperbolic
periodic points with index 2, and this homoclinic class coincides with the whole ambient
manifold. Moreover, every g € " admits at most one measure of maximal entropy, and
every g € U™ admits a unique measure of maximal entropy.
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1. Introduction and results

Shub introduced in [26] an example of a diffeomorphism on T which is very important in
smooth dynamics: it is the first example of a diffeomorphism which is robustly transitive
and it is not uniformly hyperbolic. Later, Mafié¢ [19] also built an example of a robustly
transitive but non-hyperbolic diffeomorphism, this time on T>. Both examples belong to
the class of partially hyperbolic diffeomorphisms, Shub’s example has center dimension 2,

https://doi.org/10.1017/etds.2024.63 Published online by Cambridge University Press


http://dx.doi.org/10.1017/etds.2024.63
mailto:chaol@cufe.edu.cn
mailto:radu.saghin@pucv.cl
mailto:yangf@wfu.edu
mailto:yangjg@impa.br
https://doi.org/10.1017/etds.2024.63

2 C. Liang et al

while Mafie’s example has center dimension 1 (for the definition of partial hyperbolicity,
see §1.1).

There are many works addressing further properties of Mafie’s examples, and there is
a fairly good understanding of their dynamics. The Shub’s example was also studied, but
mainly under the restrictive condition that the center bundle has a dominated splitting into
two one-dimensional sub-bundles. In this paper, we are interested in the general Shub’s
examples, in particular, we do not assume that the maps admit a further domination of
the center bundle. This lack of further domination makes it an interesting class of maps,
because we cannot use one-dimensional techniques; however, we will see that we may have
enough hyperbolicity within these systems to obtain a good understanding of their ergodic
properties.

In this paper, we will consider a slightly more general class than the original setting of
the Shub’s example, a precise definition is the following.

1.1. Shub class

Definition 1.1. A diffeomorphism f : M — M is called partially hyperbolic if the
tangent bundle admits a continuous Df-invariant splitting TM = E* @ E€ @ E*
such that there exist continuous functions 0 < A;(x) < A7 (x) < Aj‘(x) < Ay (x), with
As(x) < 1 < Ay (x), satisfying the following conditions:

(1) IDF V]| < Ag(x)s

2 A7 @) S IDF )Y < AF(x);

(3)  IDfF V| = Ay (),

for every x € M and unit vectors v/ € E! (x)(i = s, ¢, u).

A partially hyperbolic diffeomorphism is called dynamically coherent if there exist
invariant foliations 7 and F“ tangent to E“ = E @ E* and E“ = E€ & E“. In this
case, F° is subfoliated by the stable and central foliations F* and F°¢, while F* is
subfoliated by the unstable and center foliations F* and F°.

Let A, B be two linear Anosov automorphisms on T2 such that 1 < |Ag| < |Aa|, where
A4 and Ap are the unstable eigenvalues of A and B. Then f4 p : T2 x T? — T? x T?

faB(x,y) = (A(x), B(y))

is an Anosov automorphism, which can also be seen as a partially hyperbolic
diffeomorphism with two-dimensional center bundle, and one-dimensional stable and
unstable bundles.

Definition 1.2. Let PHy4 p be the set of partially hyperbolic diffeomorphisms isotopic to
fa.p, all of them having the same dimension (that is, one dimension) of the stable and
unstable bundle, and let PH%’ g be the connected component of PH, g containing f4 p.

It is easy to see that PH% 5 is an open set of diffeomorphisms of T*. The following
proposition is known.

PropPoOSITION 1.3. (Fisher, Potrie, and Sambarino [11]) If f ePH?4 g then fis
dynamically coherent and admits a center foliation where all central leaves are C!
two-dimensional tori, and f is center leaf conjugate to fa p.
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Definition 1.4. The Shub class SH C U, _; , 2, PH?L g 1s the set of partially hyperbolic
diffeomorphisms f of T# such that f belongs to some PH%’ p and there exists a fixed point
pr = f(ps) € T*, such that f l7<pp) is an Anosov diffeomorphism, where 7% (py) is
the (fixed) center leaf passing through p r. Also let

SH '={feSH: fisC"}, r>1.

Although this part will not be used in the proof, through analyzing the induced map on
the fundamental group, it is easy to show that f | Fopp is topological conjugate to B. Shub
proved the following.

THEOREM 1.5. (Shub [26]) SH is C! open and every f € SH is transitive.

Shub proved this result for some specific examples, but the proof can be adapted for the
Shub class of diffeomorphisms with minor modifications. In this article, we consider the
class of Shub diffeomorphisms which also satisfy some bunching conditions.

Definition 1.6. The bunched Shub class SHj, is the set of partially hyperbolic diffeomor-
phisms f € SH" which also satisfy the following bunching conditions:

(a) global bunching,

he () _ )
A T e ()
(b) stronger local bunching at the fixed center leaf ]-']Cc (pp,

As(x) < < Ay(x) forallx e T (1)

s (x) < (7 ()2 < O0F(0))* < hu(x) forall x € F(p) )

and
e () M)
AL T (g (x))?

Clearly, SH}, is a C' open set.

As(x) <

< Ay(x) forallx € f;‘(pf). 3)

Remark 1.7. The condition in equation (1) implies (see [24]) that if f is C2, then the stable
and unstable bundles are C! when restricted to the center-stable and center-unstable leaves,
and, as a consequence, the strong stable and strong unstable holonomies between the center
leaves are of class C! (when restricted to the center-stable respectively center-unstable
leaves). We will see later that, in fact, these holonomies depend continuously in the C 1
topology with respect to the points (or the center leaves) and with respect to the map f (in
the C? topology).

Remark 1.8. The condition in equation (2) is the standard 2-bunching condition, and [13]
implies that if f is C?, then }"jcc (pp, .F]Cf (py, and ]-';” (py) are of class C?2. If the central
bounds are symmetric, or AZ A = 1, then it is equivalent to the global bunching condition
in equation (1).

The condition in equation (3) gives us better regularity of the strong foliations
corresponding to the fixed Anosov leaf ]-'}( pp. In particular, if f is C3, then the strong
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stable foliation F } restricted to the center-stable manifold ]:;s (py is of class C 2 and the
strong unstable foliation F ;‘c restricted to the center-unstable manifold }"jﬁ" (py is also of

class C2 (see [24]).

1.2. Results. The homoclinic intersections between hyperbolic periodic points were
first observed by Poincaré, and, since then, they play an important role in the theory of
dynamical systems. Smale [27] used them to define homoclinic classes.

Definition 1.9. Given two hyperbolic periodic points p, g of the diffeomorphism f, with
the same stable index, we say that they are homoclinically related if their stable and
unstable manifolds intersect transversally:

W (p) h W(q) #0 and W'(q) h W*(p) # 2. “)
We say that Orb(p) and Orb(q) are homoclinically related if
W?*(Orb(p)) h W*(Orb(q)) #@ and W?*(Orb(g)) M W*(Orb(p)) #@. (5)

This is an equivalence relation between hyperbolic periodic orbits. The homoclinic class
of Orb(p), HC (Orb(p)), is the closure of the equivalence class of Orb(p).

For diffeomorphisms in the Shub class, the center bundle may not admit a dominated
splitting, which means that the diffeomorphisms may not have a dominated splitting of
index 2. If a diffeomorphism has no dominated splitting of index 2, it seems unexpected
that any two hyperbolic points of stable index 2 are homoclinically related to each other.
Indeed, the sizes of stable and unstable manifolds of the hyperbolic periodic points are
non-uniform, and the intersection in equation (5) can be empty. However, even if the
intersection is non-empty, the intersection may not be transverse, because of the lack of
domination (see [25]).

The main result of this paper is the following.

THEOREM A. For any 2 <r < oo, there exists a C? open and C" dense subset U™ C
SH), such that for any f € U", holds the following: every pair of hyperbolic periodic
points of f with stable index 2 are homoclinically related.

As a consequence, any diffeomorphism f € /" admits a unique homoclinic class
associated to the hyperbolic periodic points of index 2. Denote by p s a hyperbolic fixed
pointof f e U".

COROLLARY B. For any f € U, f admits a unique homoclinic class H(py, f) associ-
ated to the hyperbolic periodic points of index 2, and the homoclinic class coincides with
the ambient manifold.

For a continuous potential ¢ and a continuous map f, an f-invariant probability measure
w is called an equilibrium measure for the potential ¢, if

h(f) + / 6 di = Pop(®),

where Piop(¢) := sup, e aq, () (f) + [ ¢ dv}.
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The equilibrium states do not necessarily exist. Assuming entropy expansiveness,
Bowen [4] proved the equilibrium states do exist. It was shown by Liao, Viana, and
Yang [18] that any diffeomorphism away from homoclinic tangencies is entropy expansive.
Yomdin [31] (see also Buzzi [6]) proved also that for any C*° diffeomorphism, equilibrium
states always exist.

The uniqueness of equilibrium states is a more subtle problem. Recently, Climenhaga
and Thompson [9] (see also Pacifico, Yang, and Yang [23]) gave a criterion based on
Bowen property and specification. Another method used by Buzzi, Crovisier, and Sarig [7]
(see also Ben Ovadia [2, 3]) is based on the use of the homoclinic class of measures.

Definition 1.10. Suppose f is a C" diffeomorphism for some r > 1. For two ergodic
hyperbolic measures (1 and p; of f, we write ;1 < w» if and only if there exist measurable
sets A1, Ao C M with ;(A;) > 0 such that for any x; € A| and x € A5, the manifolds
W¥(x1) and W¥(x;) have a point of transverse intersection.

. . h
Here, w1, (p are homoclinically related if p1 < pup and @y < 1. We write g ~ .
The set of ergodic measures homoclinically related to a hyperbolic ergodic measure u is
called the measured homoclinic class of .

Remark 1.11. The homoclinic relation is an equivalence relation, moreover, two atomic
measures supported on two periodic orbits are homoclinically related if and only if the two
periodic orbits are hyperbolic and homoclinically related.

We have the following theorem. For a discussion on the index of hyperbolic measures,
see §§2.3 and 2.4.

THEOREM C. For any f e€U", all the hyperbolic ergodic measures of index 2
are homoclinically related. Let ¢ : T* — R be any Hélder potential function with
Max, 4 lp(x) — (¥l <logAp, where f € PH?LB, then f admits at most one
equilibrium state for the potential ¢. In particular, every f € U™ admits at most one
measure of maximal entropy.

A direct consequence of [6, 31] is the following.

COROLLARY D. Every f elU®N PH% g admits a unique equilibrium state for every
Holder potential satisfying max, yep4 [|¢(x) —@(y)|| <logrp. In particular, every
f € U admits a unique measure of maximal entropy.

For Shub’s example, some similar results were obtained under some extra assumptions.
For instance, by Newhouse and Young [21] and Carvalho and Pérez [8], with the extra
assumption that within the center foliation there exists a one-dimensional invariant
sub-foliation, and by Alvarez [1], assuming that the center bundle admits a further
dominated splitting. For other partially hyperbolic diffeomorphisms on T4, there are results
on the uniqueness of u-Gibbs states in [10, 22].

https://doi.org/10.1017/etds.2024.63 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.63

6 C. Liang et al

2. Preliminaries

2.1. Stable and unstable holonomies between center leaves. As we mentioned before,
the condition in equation (1) implies that the holonomies between the center leafs are
uniformly C!. In fact, there exists a continuity of the holonomies in the C! topology. If
y € .7-" “(x), let us denote by h" oy ]-' ; (x) —> ]-';;(y) the unstable holonomy between the
two center leaves. Since it is of class C!, the derivative Dhb}’x’y induces a continuous map
Tl]-";‘}(x) — Tl]-";'}(y).

between the unit tangent bundles Dh" o

LEMMA 2.1. Dh' | .,

x,yeT* ye ]:” (x). The same holds for the stable holonomy.

is continuous with respect to f € S?—[lz, (the C? topology) and

Remark 2.2. The continuity in Lemma 2.1 means that if f, converges to f in the C?
topology, x, converges to x in T#, and y, € }7;1 10c(Xn) converges to y, then Dh'

SnsXns Yn*
converges uniformly to Dh* The proof requires only the weaker global condition in
equation (1).

fox,yx:

Remark 2.3. Since, in our case, the stable and unstable bundles are one-dimensional, one
could approach the continuity question using the classical ordinary differential equation
(ODE) theory of the regularity of solutions with respect to the initial conditions and
parameters. We prefer to present a different proof which constructs the projectivized
holonomies as unstable foliations of the projectivization of f along the center bundle.

Proof. Let T'T* be the unit tangent bundle of T* (which can be identified with
T* x S?) with Df;, being the C! diffeomorphism induced by f. We will consider the central
unit tangent bundle Sy := UXEW S(f, x), where S(f, x) = Txl]-"; (x) is the unit circle in
E; (x). Then, Sy is a Holder submanifold of T'T4 invariant under D, f«, which is also a
Holder bundle over T*.

We claim that there exists a continuous unstable foliation on Sy and that DAY oy is
exactly the unstable holonomy for this foliation between the transversals 7! .7-' “(x) and
Tl}";.(y). We apply the standard construction of the local unstable leaves as the invariant
section of a bundle contraction map (see [13] for example), with a minor difficulty arising
from the lack of smoothness.

For any x, y € T*, we define the 7 Foyx (y) — Ef (x) as the projection parallel
to E* ; (x) @ E“ (x) The maps 77y x depend contlnuously onx,ye€ T* and f (in the C 1
topology). For x close to y, this is invertible and close to the identity, and its projectivization
T £ x,y+ 18 bi-Lipschitz with Lipschitz constant close to 1.

For 8§ > 0 and x € T%, let afy:[—6,8] — ]-'“ (x) be the length parameterization of
the local unstable manifold of f at x. Since the unstable foliation is orientable and depends
continuously in the C! topology with respect to x and £, we have that af ¢ is continuous in
x and f (in the C! topology).

For any § > 0, there exists €5 > 0 such that for any x, y such that d(x, y) < 4, we
have:

o lmEl, —1d| <es
+1

* iy is bi-Lipschitz with constant (1 + €5);
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o (I+e A7) <iz () <AF() < (1 +enf ().
e If furthermore y € }';i,a(x), then d, (f (x), £(»)) = (1 + €5) "' A, (x)d, (x, y), where
d, is the distance along the unstable leaves.
We can choose €5 independent of f in a c! neighborhood and lims_,¢ €5 = 0.
Now we will construct the bundle with the candidates for the local unstable manifolds
in Sy. Consider § > 0 (small) to be specified later. Let
<m}

B:{a:[—S,S])—HR: a(0) =0, 'Gi—t)

be the Banach space of functions ¢ bounded for the norm

o(t)
loll= sup |—

te[—48,6]

Then,
V(f):=8rxB
is a continuous (in fact, Holder) Banach bundle over Sy.

Remark 2.4. The maps o are candidates for unstable manifolds in Sy in the following
sense. For any (x, v) € Sy and o € B, we can define a section & : }"]”p’& (x) = Sy in the
following way:

G i=7py W+ 0@ () € S(f, y).

The graph of this section ¢ is a natural candidate for the local unstable manifold in
(x,v) € Sy. We construct it as a fixed point of the natural graph transformation.

Let T : V(f) — V(f) be the bundle map which fibers over Df; on Sy and is given by
Ton) (1) = (T, 1. £ © DF D) 0 13 D0+ 0 (@f, (7))
— Df(x)«(v),
Y0y = oas ).

One can check that in fact T is defined in such a way so that we have To =D f«0. Let us
check that T is a continuous bundle map on V (f), which is also a fiber contraction.

CLAIM 1. Ifo € B, then To( ) € B.
Proof. Remember that y(r) = f~! o oy r)(t), and let us denote

G(1) = (7 f(yan.foo © DF @) o7} ).
Observe that G(¢), is Lipschitz with the Lipschitz constant

+ +
MOW) _ g, k@

Lip(G(t)y) = (1 + €5)? < .
PO =+ e) =) he ()

Also,
o L )] = du(x, y(0) < (14 €)h ()™ du(f (), F @) = (1 + €)hu (1) 1].
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Then,
G0+ 0(@;, (1) = Df ()« (v)
t
G0+ 0 (@, (1) — G(1)x(v)
t

G(®)x(v) — Df(x)+(v)
t

IToll

sup
te[—4.6]

IA

sup
te[—8.8]

+
te[—5.5]

AF(x) ol (@)

Ae (x) te[—8.5] t ‘
G D)) H

IGOHWI IDf

‘ G()(v) — Df (x)(v)
; ;

<1+ )4

+

Nltl

—5.8] t
AT (x

<(1+¢)’ _L() ol + — sup

Ac (X)Au(x) Ac (x) te[—68.8]

where in the last line, we used the inequality
Iz [+l

Let us remark that if v € E;(x), then ¢ r(y(r)),fx) © Df(x) o n;’y’x(v) = Df(x)(v),
because the partially hyperbolic splitting is invariant under Df. Then,
IG(@)(v) = Df )W = 7, vy, fx) © (D (y()) — Df (x)) o ﬂfyx(v)ll
< (1 + &) Lip(Df)d (y (1), x)
(1+6)’°

< LiP(Df)W|f|-

a
IIaII i1l

a
H —II —bl.

llall ||b||H AN

Finally, we obtain the desired bound:
(1+ €)50](x) Lip(Df)(1 + €5)°n
Tol < —— ol + 7
Ae (X) Ay () Ae (X) Ay ()

CLAIM 2. Tis a fiber contraction.

Proof. We have
To(t) — Tox(t)
t
G + 01, (1) = GOx(v + 02(a L (V1)) ‘
t

[Tor —Toall

te[—4,68]

= sup
re[—8,8]
)4 C( ) up
Ae (X) te[-5.6]
Af(x)

<(+e)——|o — ol

Ac (), (x)

IA

(1+4¢

o1 L (1) — o2l (Y1) ‘
t
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Now all we have to do is to choose § small enough so that €5 is close enough to zero so
that we have

2 ()

1 S5__Ze Ml
o om®

O

Claims 1 and 2 show that we are in the conditions of the invariant section theorem from
[13], so there exists a unique bounded continuous invariant section.

From [24], we know that the unstable holonomy along center leaves is uniformly
differentiable. The projectivization of the derivative of this local holonomy will then
correspond to a bounded invariant section for the transfer operator 7, so it has to coincide
with the unique continuous invariant section constructed above. This concludes the proof
of the continuity of th;-’x, Vi with respect to the points x, y (we proved it for d(x, y) < §,
but this can be easily extended to larger distances).

If f, converges to f, then Sy, converges to Sy (this can be made explicit by projecting
E ?n to E ? parallel to E } D E 3‘( for example). One can check that the corresponding transfer
operators T, also converge to T'y. Since the invariant section is continuous with respect to

the bundle map, we obtain the continuity of Dh’}‘p%y , With respect to f. [

Remark 2.5. We gave the proof for our special setting, but the proof can be adapted
to general partially hyperbolic diffeomorphisms in higher dimensions. We used that
Df 1is Lipschitz to show that the transfer operator 7T verifies the conditions of the
invariant section theorem. The proof can be adapted for f of class C!'T¢ and the stronger
bunching condition As(x)* < A_ (x)/Af(x) < AF(x)/As (x) < Au(x)%, using the norm
loll = sup,c[_ss) lo(t)/t%|. Once one obtains the bounded invariant section for the
projectivization Df, on Sy, using the boundness of the Jacobian, one could try to obtain
the differentiability of the stable/unstable holonomy along center leaves.

2.2. Homoclinic holonomies. Let f € S’Hi and py be the fixed point such that
fl Fopp is Anosov. We will drop the index f when it is not necessary to specify
the dependence on the map f. From [13] and the bunching conditions, we know that
F(p), F“(p) and F< (p) are C? submanifolds. Assume that ¢ is a homoclinic point of
We€(p), that is, g € F“(p) N F<(p), then W¢(q) is also C? as a connected component
of the intersection of the transverse C2 submanifolds F¢( p) and F(p). We can define
the stable holonomy h‘;,’q : FS(p) — F(q) and the unstable holonomy hZ, ' F(q) —
F€(p), and they are both of class C!. Then ﬁq = hg’p o h;’q : F¢(p) — F(p)isaC!
diffeomorphism, so it induces a C° map on the unit tangent bundle 7! 7¢(p) which we
denote by szq*.

Let 9°(x) be the unit vector tangent in x € F°(p) to the stable bundle of f |rc(,) (we
fix an orientation). Since f |Fc(p) is a C 2 Anosov map on a C? surface, we have that
7 1 Fé(p) — T'F¢(p) is C'. We define the map gq : F(p) — T'F¢(p),

Dig(hy ' )" (hy ! (x))
IDhy (hyg ()05 (hg ' DI

8q(x) := Dhygu(¥’ (h; ' (x))) =
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Remark 2.6. In fact, we consider the stable foliation of f | z¢(,) inside the leaf F¢(p), we
first push it forward using the stable holonomy £, , to the leaf F*(q), and then we push it
again using the unstable holonomy hz’ » back to the leaf F°(p). Then g, (x) is in fact the
unit tangent vector in x to this new foliation.

If furthermore f € S?—[?,, then the stable and unstable holonomies along the fixed
center-stable leaf W< (p) and respectively the fixed center-unstable leaf W< (p) are C2,
so, in this case, Dﬁq* and g, are in fact cl.

If the map f’ is C? close to f, then the fixed Anosov center leaf F¢(p) and its homoclinic
center leaf F¢(g) will have continuations ]-";., (p(f")) and ]-';., (g(f")). Then we obtain

the continuations of the stable holonomy hjj g ]-';, (p(f") = FS(q(f")) and
the unstable holonomy h(’;(f,) e f;,(q(f’)) — F<,(p(f"); they are C! maps and

depend continuously in the C! topology with respect to £’ (in the C? topology). We also
have a continuation of the homoclinic holonomy /1 ¢ : _7-';, (p(f) — FS(p(f)) and

also the continuation gz, r : F5 (p(f) — T'F¢,(p(f)), which is continuous both
with respect to x € F5,(p(f’)) and with respect to f’ € S?—l% (in the C? topology).

2.3. Hyperbolic measures. Let u be an ergodic measure of a diffeomorphism f, then
by the theorem of Oseledets, for p-almost every point x € M, there exist k() € N,
real numbers Aj(p) > - - Ax(n), and an invariant splitting T, M = El) @ - - &
E¥(x) of the tangent bundle at x, depending measurably on the point, such that
lim, , +00(1/n) log |Df}(v)|| = Aj(u) for all 0 # v € EJ(x). The real numbers Aj(u)
are the Lyapunov exponents of . We say that the ergodic measure u is hyperbolic if all
the Lyapunov exponents of p are non-zero.

THEOREM 2.7. (Katok’s horseshoe theorem [14]) For any f € Diff" (M), r > 1 and any

h
hyperbolic ergodic measure |, there exists a hyperbolic periodic point p, such that |1 ~
3orb(p), Where Sor(p) is the ergodic measure supported on the orbit Orb(p).

If a diffeomorphism f admits a dominated splitting, then the Oseledet’s splitting must
be subordinated to the dominated splitting. In particular, since every f € SH is partially
hyperbolic on T#, then for any ergodic measure y of f, its biggest Lyapunov exponent is
positive (A" > 0) and its associated Oseledet’s bundle is tangent to the strong unstable
bundle E* of f. A similar result holds for the minimal Lyapunov exponent A* < 0 with
its associated Oseledet’s bundle tangent to the strong stable bundle E°. There are also
two center Lyapunov exponents (counted with multiplicity) A{ > A5 whose associated
Oseledet’s bundles are tangent to the center bundle E€ of f.

2.4. Criterion of uniqueness of equilibrium state
Definition 2.8. Let u be an ergodic hyperbolic measure of a diffeomorphism f. The stable
index of  is the number of negative Lyapunov exponents, counted with multiplicity.

PROPOSITION 2.9. Let f: M — M be a C" diffeomorphism r > 1, ¢ : M — R be a
Holder potential, and p a hyperbolic periodic point. Then there is at most one equilibrium
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state for ¢ which is homoclinically related to 80,p(p), and its support coincides with
HC(Orb(p)).

Proof. This is explained in [3, Theorem 2.4] and [7, §1.6]. See also [2] and [7,
Corollary 3.3]. O

2.5. Hyperbolicity of equilibrium states. 1f f € PH%’ - then standard results of Franks
and Manning [12, 20] imply that f is semi-conjugate to fa p, that is, there exists a
continuous surjection A : T4 — T homotopic to the identity such that f4 g oh =ho f.
By the Ledrappier—Walters variational principle [16], we have

htop(f) = htop(fA,B) = log A4 + log Ap. @)

For any invariant probability measure u of f, we say that a measurable partition & is u
adapted (sub-ordinated) to F" if the following conditions are satisfied:
e thereis rg > O such that £(x) C Br]o: ! (x) for p almost every x, where Br]o: ! (x) is a ball

of F"(x) with radius rg;

e £(x) contains an open neighborhood of x inside F*(x);
e & isincreasing, that is, for  almost every x, £(x) C f(&(f~1(x))).
The existence of such a partition was provided by [15] (see also [17, 30]). The partial
entropy of u along the expanding foliation F" is defined by

hu(f, F*y = H(f '€ 1 ).

The definition of the partial entropy does not depend on the choice of the partition.
The following two lemmas are important for our further discussion.

LEMMA 2.10. If f € PHS ,, then b, (f, F*) < log Aa.

Proof. Denote by .7-';- the center foliation of f. By Proposition 1.3, the projection map n;-
along the center foliation induces a topological Anosov homeomorphism f on the quotient
space Ti = T*/F¢, which is topological conjugate to A, so we may in fact identify T?
with T2 and f with A.

Denote by % (respectively FY%) the stable (respectively unstable) foliation of A. The
projection map n; maps each center unstable leaf 7 of f to an unstable leaf 7 of A. In
particular, JT]Cc maps every unstable leaf 7" of f to an unstable leaf 7 of A. Proposition 1.3
implies that all the hypotheses of Tahzibi and Yang [28, Theorem A] are satisfied (see also
[1, §2.5]), and this implies that 2, (f, F*) < hwp(A) =log Aa. O

The following lemma is a generalization of [1, Theorem A].

LEMMA 2.11. Let f € PH% g be a C" diffeomorphism, r > 1, and p an ergodic invariant
measure of fwith h,, () > log Aa. Then w is a hyperbolic ergodic measure of f with stable
index 2, that is, { > 0 > A5.

Proof. We will show that 1{ > 0. To prove that A5 < 0, one only needs to consider the
diffeomorphism f~! instead of diffeomorphism f.
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Suppose by contradiction that A{ < 0. The entropy formula of Ledrappier and Young
(see [5, 15]) implies that h,, (f) = h, (f, F*).

Combining with the previous lemma, we obtain that i, (f) <log As, which is a
contradiction with the hypothesis that 4, (f) > log A 4. The proof is complete. O

3. Proof of Theorem A

3.1. Definition of U" and plan of the proof. Let us define the open set " which is the
candidate for the set 4" in Theorem A. We recall that p is a fixed point for f € SH), and
the restriction of f to the center leaf F¢(p) is Anosov. Here, g is a homoclinic point of
Fe(p)if g € F(p) N F<(p). The map g, : F°(p) — T!'F¢(p) is defined by equation
(6), and represents in fact the unit tangent vector to the foliation obtained by pushing the
stable foliation of f | 7¢(,) along the homoclinic loop corresponding to g.

Definition 3.1. LetUl C SH,

U; ={f € SHy, : forall x € F°(p), there exists ¢ homoclinic to F*(p)
such that g, (x) # +0° (x)}. )

In a similar way, we define U,. LetU" = U} NUj,.

The definition of U] is given, in fact, by a transversality condition. What we ask is that
the stable foliation of f |ze(,y and its pushed forward by holonomies along homoclinic
loops are transverse.

To prove Theorem A, we will have to show the following three facts:

(1) thesetY” is C? open;

(2) theseti" is C" dense;

(3) the setU" verifies the conclusion of Theorem A, in other words, if f € U", then any
two hyperbolic periodic points of f of index 2 are homoclinically related.

Consequently, the proof of Theorem A is divided into the following three propositions.

PROPOSITION 3.2. U" is C? open.

Proof. An immediate consequence of the compactness of F“(p) and of the fact that the
stable and unstable holonomies depend continuously in the C! topology with respect to
the points (see Remark 1.7) is the following lemma.

LEMMA 3.3. Let f € SH). Then f € U] if and only if there exist q1, q2, . . . qx homo-
clinic points of F°(p) such that the image of g4, X 8q, X - - X &g, is disjoint from the

image of:tﬁsk.

However, the holonomies along the center leaves depend continuously in the C'!
topology with respect to the map f (in C? topology), so the images of 8q1 X gy X -+ X
~ ~ck . . . .
8qi and £0° depend continuously on the map f. Since these images are compact, this
concludes the C? openness of U!. The proof for U/ is similar, so U" = U NU. is C?
open. O

PROPOSITION 3.4. U" is C" dense.
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We will give the proof of the proposition in §3.2.

PROPOSITION 3.5. If f € U, then any two hyperbolic periodic points of f of index 2 are
homoclinically related.

We will give the proof of the proposition in §3.3. As we mentioned before, the proof of
these three propositions will imply Theorem A.

3.2. Proof of C" density. We will show that U] is C" dense in SH}, the proof for U] is
similar. Then U" will be C” dense as the intersection of two C” open dense sets.
The main perturbation result which we will use is the following lemma.

LEMMA 3.6. Let f € S’Hz. Let q be a homoclinic point of the fixed Anosov leaf F€(p).

Then we have the following.

(1)  For any C? family (¢7), where T € R" is a parameter, of perturbations of the
identity on T* (in other words, ¢y = Id4), supported in a neighborhood of F¢(q)
disjoint from all the other iterates fk(]-"'(q)), k € Z\ {0}, the map (T, x) —
8q(fodr), fopr (X) is Clon[=8,8]" x F(p) for some § > 0.

(2) For any xo € F(p) and any ro > 0, there exists a C™ family (¢¢)ie[—s.5) Of
(volume-preserving) perturbations of the identity on T* supported in B(yo, ro)
where yg := h’;,’q (x0) € F€(q), such that

%gq(.fo@), Fopr () |x.)=(x0.0)7 O- )
Proof. Part (1). Since F¢(p) is compact, it is enough to prove that g4( fogy). fopy (x) is C'
in (x, T') in a small neighborhood of every point (xg, 0") € F°(p) x R".

Let xo € F°(p) and denote yo = hj, ,(x0) € F°(q), y1 = f(yo) € F(f(q)), z1 =
h‘}.(q)’p(yl) e F°(p), and zg = f~!(z1) € F°(p). The f-invariance of the stable holon-
omy implies that /z, ,(y0) = zo, or hg(20) = Xo.

Let ¥, : T> — F(p) be a C* embedding, ap = ¥, (x0), bo = ¥, ' (z0). Let I5 =
[—3, 8]. There exist C2 foliations charts of F* (respectively F*) on a small neighborhood
of yp (respectively yp) inside F<*(p) (respectively F<“(p)):

cs

o 1 By x Iy = By, o (5 0) = 1dge (), @ ({y} x Is) = Fi (y) forally € By ;

Y’
c

at B;O x Is — B;g, a'(-,0) = Idze () a'({y} x Is) = Fo.(y) forally e By,

where B} denotes a small ball centered in x inside 7*(x). Define the C 2 maps

B By x Iy — BS, B (b.s) = & (1, 1) (f (Wp (D). 5):
B Buy x Is — BS, B"(a.r) = o (h% ,(Yp(@)), 1),
where B, is a small ball centered at x in T2.

We know that the support of ¢ does not intersect f*(FcS

loc(yl)) forallk > 0 and
FH(Fiat(v0)) for all I < 0. This implies that F{iy, (y1) remains a local center-stable leaf for

fr := f o¢r for all T, B%(a, -) remain parameterizations of the strong stable manifolds
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inside Fi> (i), Fla.(y1) remains inside 7*(p) and the stable holonomy between F¢(p)
and Fy (y1) is unchanged. A similar statement holds for F; % (yo).

The maps fr do change the center leaves F¢(g), we have that F°(q(fr), fr) =
f ’1(]-'1500(]—"'()11))) N Fi(F(y0)). We can in fact compute implicitly the homoclinic

stable—unstable holonomy /4 sy, 7 in a neighborhood of z¢ in the following way:

V(@) = hy(fr).pr (Up (D)) &> Y oyt Up(@) =15, o o (Wp(B))
=Y s W @) = fr O gy (F rp (D))
= p'(a,r) = ffl(ﬂs(b, s)) forsomer,s € Is
— ¢r(B“(a,r)) = f1(B5(b,s)) forsomer,s € Is.

In conclusion, denoting h7 = ¥, 0 hy(fp).f © ¥p (the map hy( ). sy in the chart v),
we have

a=hy(b) < ¢7(B%(a,r)) = f_](,BS(b, s)) forsomer,s € Is. (10)

We choose a C* chart ¥, : By, — R* (can also be volume preserving) such that:
Iﬂq (yo) = 04;
Dy (y0)(E€(q0)) = span{eq, e2};
Dy (yo)(E"(qo)) = span{es};
Dy (y0)(E®(g0)) = span{e4}.
Let E : By, X Bp, % Ig'+2 — R4,

E(a,b,r, s, T) = vyq(@r(B"(a, 1)) — g (f (B (b, 5))). (11
We have that E is C? and E (ag, bo, 0, 0, 0") = v, (yo) — ¥q (f "' (31)) = 0.

CLAIM. 0E/3(b, r, s)(ag, bo, 0, 0, 0") is invertible.

Proof. We observe that since «* is a diffeomorphism such that o* ({y} x Is) = Fj (),
we have that Da® (y, 0) - 3/9s is a non-zero vector in E¥(y). Since Df preserves E*, and
Dy (yo) takes E*®(qo) to the line generated by e4, we have that D E(ag, bg, 0, 0, 0") takes
the line generated by d/ds isomorphically to the line generated by e4.

A similar argument shows that D E (ag, by, 0, 0, 0") takes the line generated by d/dr
isomorphically to the line generated by e3 (remember that ¢o» = Idq4).

Now let us analyze the action of DE (ag, bg, 0, 0, 0") on the two-dimensional space
Ty, By, It is not hard to see that DB* (bg, 0) takes T}, By, isomorphically to E€(y;). Since
Df preserves E€ and D, (yo) takes E€(go) to the plane generated by e; and e, we have
that D E (ao, by, 0, 0, 0") takes T}, Bp, isomorphically to the plane generated by ey and e;.
This concludes the proof of the claim. O

Now let us finish the proof of the first part of the lemma. The implicit function
theorem gives us the existence of a C? function H : By, x Ig’ — By, x 182, H@a,T)=
(h(a,T),r(a,T),s(a, T)) such that E(a, h(a, T),r(a, T),s(a, T), T) = 0 (eventually
by making smaller the balls and the intervals). Then the map h7(a) = h(a, T)is C 2 in both
variables, which means that fzq( ). fr (x) is C? in both variables, and then g, fogy). fopr (X)
is C! in both variables. This finishes the proof of the first part.

https://doi.org/10.1017/etds.2024.63 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.63

Shub’s example revisited 15

Part (2). We will use the same notation from part (1). Let p : R* — [0, 00) be a smooth
bump function supported on a small ball centered at the origin, and constantly equal to one
near the origin. The family ¢, : T* — T* is defined as

¢ =, o (Rp x Idg2) o ¥,

where R; is the rotation of angle 7 in R?. Assume that the support of p is small enough
so that the support of ¢; is inside B(yg, ro) and disjoint of all the other iterates of W¢(g).
From part (1), we have

E(a,b,r,s5,1) = Ry x IR Wy (B“ (@, r))) =Yg (f ' (B° (b, $))). (12)

We will compute DE (ag, by, 0, 0, t). Observe that L, := DE(ao, bo, 0,0, t) |Tb0 By,
Ty, Bp,— span{ey, ez} and Ly := DE(ao, by, 0,0, 1) |spanfs/as}: span{d/ds}— span{es}
are isomorphisms independent of . Since D(R,; x Idg2) keeps e3 invariant, we have that
also L, := DE(ag, bo, 0, 0, t) |span{a/ar): span{d/dr} — span{es} is also an isomorphism
independent of ¢, and

oE

—— (ap, by, 0,0,t) = L L L.
8(b’r’s)(ao 0 ) b X Ly X Ly

From equation (12), we can compute
DE(a()? b07 0’ 07 t) |TaOBa0= Rt o La : Ta()B(l() - Span{€1, 62}7

where L, := DE/(ay, by, 0, 0, 0) |TaoBao: TuyBay, — span{ej, e2} is an isomorphism.
From the implicit function theorem, we deduce that

Dhy(ap) = L' o R, o L,. (13)
Define g : By, x Is — T!,
Dhy(a)(v’(a))
| DA (@) (vS (@)l

where D 3 L(a), is the diffeomorphism induced by Dy 3 I(a) on the unit tangent bundles
and v¥(a) = Dlﬂ;l(a)(f)s(l/fp (@))). In other words, g(-, ¢) is in fact the map g4 (rog,), fog
seen in the chart v/, which identifies W¢(p) with T2 and the unit tangent spaces to W¢(p)
with T, To prove equation (9), it is enough to show that

g(a, 1) := DY, (@uZq(fop).fop, (W (@) =

0
Eg(a, 1) |(a,t)=(a(),0)5’é 0,

which in turns is equivalent to the fact that Dhg(ag)(v®(ag)) and /9t Dh,(ap) (v® (ag))|:=o
are not collinear. Using equation (13), we obtain Dhg(ag)(v*(ag)) = L;l o L,(v’(ag))
and /9t Dh, (ap) (V¥ (ag)) |r=0= L;l 0 Ry /2 o L, (v*(ap)), which are clearly non-collinear
since L, and L; are isomorphisms while v*(ag) is non-zero. This finishes the proof of
part (2). O

Now let us prove Proposition 3.4.
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Proof of Proposition 3.4. Let f € SH;. We need to find maps in U] arbitrarily C” close
to f. Since the C*> maps are dense in the C” maps in the C” topology (even inside the
volume preserving class), we can assume that f is C°.

Choose g1, 2, g3 homoclinic points of F¢(p) such that the orbits of the homoclinic
leaves F¢(g;) are mutually disjoint, i € {1, 2, 3}.

For any x € F°(p) and any 1 <i <3, there exists ry; > 0 such that if y; :=
hY 4 (X) € F€(gi), then the ball B(y;, ry,;) is disjoint from F¢(p), from all the iterates
fFR¥(Fe(g:)) for all k # 0, and from all the iterates of F¢ (gj), j #1i. Applying Lemma 3.6
part (2), we obtain the family of perturbations ¢, ; such that the derivative of g, rop,
with respect to ¢ in (x, 0) does not vanish. By the continuity of the derivative, there exists
a neighborhood U, ; of x such that (9/01)g,;, fogy; 1S NON-ZEro on ﬁx,i x {0}.

Let Uy = ﬂ?zl U,.;. By compactness of F(p), there exist finitely many x!, x%, . ..
xX e F¢(p) such that 7¢(p) = UK, U,;.

Let us fix some notation. Denote

with Ty = (1) )1<j<x € IX,i € {1,2,3)and T/ = (] )1<i<3 € I3, j € {1,2,... K}.
Forevery 1 <i <3, welet¢; : ™ x 1K - T4 given by

$iC T = 02,0, 0 -0pk k. forall Ty € 5. (14)
We define ¢, F : T* x 13K — T4,

OC,T)=¢7() :=¢1(-, T1) 0o 92 (-, T) 0 ¢3(-, T3),
F(,T)=Fr():= fogr.

The maps ¢;, ¢, and F have the following properties:
(1)  ¢;, ¢, and F are of class C*° on (x, T);
(2) ¢; is a small perturbation of the identity on a small neighborhood of F€(g;), in
particular, it leaves the other homoclinic orbits of F“(g;) unchanged for j # i;
(3) Fr is equal to f on a neighborhood of F¢(p), so it does not change F°(p) and the
function v°.
Let V; = ¢, ' (U,)), where ¥, : T> — F*(p) is the C* embedding. For every 1 <
i < 3,define g; : T x I°K — T,

gi(x, T) = Dl/fgl(x)*gqi(fr)’fr Wp(x)).

In other words, g; (-, T') is again the map g, (7, fr seen in the chart v/, which identifies
F€(p) with T2 and the unit tangent spaces T'! F¢(p) with T!. Lemma 3.6 part (1) tells
us that g; is C I with respect to (x,T) € T2 x 13K (maybe for a smaller interval I).
Furthermore,
98 Ty £0 forall(v,T) € V; x (OFK, forall 1 < j < K 15
atj(x’)# orall (x, T) € V; x {0}°%, forall1 < j < K. (15)
1
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However, because for [ # i, the perturbation ¢; does not touch the orbit of F(g;), we have

a .
ijl.(x, T)=0 forall (x,T), foralll #1i, foralll < j < K. (16)
a1

Define G : T? x 13X — T3
Gx,T)=(g1(x,T), g2(x, T), g3(x, T)). (17)

Again, G is C! in (x, T) € T? x I*X. Equations (15) and (16) tell us that for every
1 < j < K, we have

3
3G dg; dg; _
det (aTj(x, T)) — det <3f]l.(x, T)) -T1 a—gj’.(x, T)#£0 forall (x,T) € V; x {0PK.

i=1 "%

From the compactness of V' j and the C ! continuity of G with respect to 7, there exists
J C I with 0 € J such that, forall 1 < j < K, we have

3G
det (ﬁ(x, T)) £0 forall (x,T) e V; x J3K, (18)

and since every point from T? is inside some V;, we conclude that G has maximal rank at
every point in T2 x J3X .

Remember that v* : T — T! is the C' map given by v*(x) = Dy, (x),0° (¥ (x)).
Let A:={(x,T) e T?> x J3X : G(x,T) € {—v*(x), v’ (x)}*} and B = m»(A), where 7>
is the projection from T2 x J3K on the T component in J3X .

A simple consequence of the above definitions is the fact thatif T ¢ B, then fr € U] .
To finish the proof of the density of U, we have to find T arbitrarily close to 0NK such
that 7 ¢ B. We will prove in fact that B has Lebesgue measure zero in J3X

It is enough to show this for B; = m(A;), where A; = {(x,T) e T? x J3K .
G(x, T) = v*(x)3}, the other combinations of +v® work similarly. Let H(x,T) =
G(x,T) — v*(x)3, this is a C! map from T2 x J3K o T5. Equation (18) tells us that
H has maximal rank equal to 3 at every point (v° is independent of T), so H~!(0%)
is a C! submanifold of codimension 3 (or dimension 3K — 1) inside T2 x J3X. Since
72 [ g-1(03): H~1(0%) — J3¥ is a C! map, Sard’s theorem tells us that the image B; has
Lebesgue measure zero.

This implies that we can find arbitrarily small T ¢ B, which finishes the proof of the
C’ density of U . O

3.3. Proof of Proposition 3.5

Proof. We first remark that, because of the transitivity of the homoclinic relation, it is
enough to show that every hyperbolic periodic point of index 2 of f € U” is homoclinically
related to the fixed point p of the hyperbolic fixed leaf F<(p).

Let x be a hyperbolic point of f € U" of index 2. Let v*(x) be the unit tangent vector
to the weak unstable direction inside 7 F°(x). The strong unstable manifold " (x) must
accumulate on the fixed hyperbolic leaf F¢(p), so there exists a sequence of homoclinic
points p, € F*(x) N Fj (F(p)) such that lim, o pp = po € F¢(p). If for some p,
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we have that DhY pn*(f)” (x)) # :i:Dh;',’ pn*(f)s (hi;;,n (pn))), then the two-dimensional
unstable manifold of x, W (x), intersects F(p,) ina C I curve locally transverse to the
weak stable foliation inside F¢(p,,) (which is then pushed forward by the stable holonomy
of the weak stable foliation in F“(p)). Since the two-dimensional global stable manifold
of p, W%(p), is dense inside the weak stable foliation of F¢(p, ), we obtain a transverse
homoclinic intersection from x to p.
Suppose that W*(x) N W¥(p) = #. The above argument implies that
1

Dhy , (") = £Dh3, , (0°(h), , (pn))) foralln e N.
Since f € U", there exists a homoclinic point g of F¢(p) such that g, (po) # £0*(po) €
T'Fe(p). Let qp := h%, 4 (po), consider the strong unstable holonomy hioe @ Fioe(P0) =
Fion(qo), and let g, := hy, (pn) € Fi.(q0). Then, g, — qo. The lack of homoclinic
relations between x and p implies that also

Dh, (3") = £Dh, (5 (h,, (qx))) foralln € N.

Since h% = hzn 0 © h% o WE obtain that

- -1

-~ 1 ~
Dh;’»qn*(vs (h;,qn (qn))) = iDh’;’m‘]n* °© Dh;’Prt*(vs (h;apn (pn)))

Using the continuity of v* and of DA®*, we can pass to the limit and obtain that

~ —1 -
Dh3, . (0* (), 4 (90))) = £Dh, ;. (V" (po)),

or g4(po) = £v°(po), which is a contradiction.
The proof of the intersection of the global stable manifold of x with the global unstable
manifold of p is similar. This concludes the proof. U

Now, as we explained in §3.1, the proof of Theorem A is concluded by this last
proposition.

4. Proof of Corollary B

We have to show that for any f € U”, the transverse homoclinic intersections of the
invariant manifolds of the fixed hyperbolic point p s are dense in T*. The proof uses the
same ideas from the proof of Proposition 3.5.

Let f €U”, and p be the hyperbolic fixed point of f (for simplicity, we will drop
the index f in the following arguments). Let U be an open set in T*. Since W*(p) N
W (F¢(p)) is dense in T*, choose x € W*(p) N W*(F¢(p)) such that B(x,8) C U
for some § > 0. If Dh;,x*(f)s(hfc’p(x))) ¢ T, W"(p), then clearly there is a transverse
homoclinic intersection between W¥(p) and W*(p) arbitrarily close to x.

Suppose that v := Dh;,x*(f)s (hfc’p(x))) € T, W*(p). Then there exists a subsequence
nx — oo and (po, vo) € T'F(p) such that Dfy*(x, v) — (po, 7°(po)). There exists a
homoclinic point g of 7¢(p) such that g, (po) # £v*(po) € T F¢(p). We consider again
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u

the strong unstable holonomy Ay : Fi> (po) — Fio.(qo) and let gi := hy, (f"(x)) €
FE5 (qo), where g := h;‘,,q (po). We have that

loc

DI, ., (5* (%, , (40))) # £DhY (7" (po)).

and by continuity, for all k large enough, we have

D} (0" (), (@1) # DM 1) (S ().

Iterating by f~"* and denoting f " (qx) = xx — x, we obtain
1

Dhj o (0° (), 4 (x0))) # £DRY (57 ().

Since Dh" preserves T W"(p), we obtain that thy’Xk*(f)S (thk’p(xk))) ¢ Ty, W*(p), with
xr € W*(p) N WS(F°(p)), and this implies again that arbitrarily close to x; (and thus
close to x), there are transverse homoclinic intersection between W*(p) and W*(p). This

finishes the proof.

5. Proof of Theorem C
Remember that ¢ : T* — R is a Holder potential satisfying sup(¢) — inf(¢) < log Ap.
For simplicity, we may assume

0 <inf¢p <sup¢ <logrp. (19)

First, by the variation principle, there is a sequence of ergodic measures w, of f such
that

lim sup Ay, = hiop(f) > log A4 +log Ap,

the last inequality comes from equation (7).
Again, by the variation principle, the pressure of the function ¢ is

Piop(¢) > lim sup <hun + / ¢ dpL,,) > lim sup hy, > log Ag +log Ap,

where the last inequality comes from the assumption that ¢ > 0 in equation (19).
Thus, for any ergodic measure p with pressure sufficiently large, that is,

e + / 6 di > Pop(d) + ([ ¢ du — log x3>, 20)
we have
hy > Pop(¢p) —log Ap > log Aa.

As a consequence of Lemma 2.11, u is a hyperbolic measure with stable index 2. By
Lemma 2.7, u is homoclinically related to the atomic measure supported on a hyperbolic
periodic point O. Since f € U, by Theorem A, all the hyperbolic periodic orbits with
stable index 2 are homoclinically related, and as a consequence of Remark 1.11, all the
hyperbolic ergodic measures with stable index 2 are homoclinically related. In particular,
all the ergodic measures satisfying equation (20) are homoclinically related.
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Thus, all equilibrium states for the Holder potential ¢ are homoclinically related, if
they do exist. By Proposition 2.9, there exists at most one equilibrium state. The proof is
complete.
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