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ON THE DIFFERENCE PROPERTY OF THE CLASS 
OF POINTWISE DISCONTINUOUS FUNCTIONS AND 

OF SOME RELATED CLASSES 

M. LACZKOVICH 

1. Introduction. Let R denote the set of real numbers. For/:R —> R and 
h G R, the difference function A// is defined by 

àhf(x) = f(x + h) -f(x) (x G R). 

The function H:R —» R is called additive if it satisfies Cauchy's 
equation 

H(x + y) = H(x) + H{y) for every x, >> G R. 

Let ^ be a class of real valued functions defined on R. ^ is said to have 
the difference property if, for every function/R -» R satisfying A/7/ G , ^ 
for every h G R, there exists an additive function / / such that / — H G 

It was conjectured by P. Erdos that the class of continuous functions 
has the difference property. This conjecture was proved by N. G. de Bruijn 
in [1], where the difference property of several other classes was verified as 
well. (For other references, see [6].) 

In this paper we are going to investigate the classes of real functions 
having bounded oscillation on a set everywhere dense in R. Let co(/ x) 
denote the oscillation of /a t x. For every K ^ 0, we shall denote by CK the 
class of those funct ions/R —» R for which {x G R; CO(/ X) = K] is 
everywhere dense in R. 

T h e n / G Q if and only if / is continuous at the points of an everywhere 
dense set i.e., if / i s pointwise discontinuous ( [5], p. 105). If/ G C^ then 
{x G R; co(/, x) < K + €} is everywhere dense and open for € > 0 and 
hence {x G R; CO ( / x) = i^} is an everywhere dense G§ set. Since the 
intersection of countable many everywhere dense G§ sets is likewise 
everywhere dense, it follows that 

(i) Q - n CK and 

(ii) / e C*,, g G C^2 implies/ + g G C^1 + ^ ( # b ^ â 0). 

Our main purpose is to prove the following theorems. 

THEOREM 1. The class CQ has the difference property. 
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THEOREM 2. If K > 0 and iff'.R —> R satisfies A// G CKfor every h G R, 
f/*e« //zer^ /s <2M additive function H such that j — H G C3^. 

Let a denote the greatest lower bound of those positive numbers X for 
which A// G C^(/z G R) implies/ — / / G C\^ for some additive // . By 
Theorem 2, a ^ 3. On the other hand, we shall prove in the next section 
that a ^ 1.5. This implies, in particular, that for K > OC -̂ does not have 
the difference property. We do not know the exact value of a. It is very 
likely that either a = 1.5 or a = 3 holds. 

Theorem 2 might suggest that the class U ^ > 0 C ^ has the difference 
property. However, this is not the case. Let Ji denote the class of those 
functions / :R -^ R which are bounded on some interval. 

An example given by de Bruijn shows that no class between the class of 
bounded functions and Ji can have the difference property. We shall 
discuss this example, together with some other classes not having the 
difference property in Section 4. 

The proof of Theorems 1 and 2, making use of the results of Section 2, 
will be given in Section 3. 

2. An example and some preliminary results. Suppose |A//(x) | ^ 1 
holds for every h and x. Then diam R(f) = 1 and hence co(f x) = 1 for 
every x G R. NOW suppose that, for every h G R, |A//(x) | = 1 holds on R 
except for at most finitely many x G R. Our next theorem shows that in 
this case co(f x) > 1 can hold for every x G R. 

THEOREM 3. There exists a function / :R —» R such that 

(i) {x G R; \Ahf(x) | > 1} is finite for every h G R; 

(ii) co (f x) = 3 for every x G R. 

Proof Let Q denote the set of rationals and let {rn}™=\ be an enumer­
ation of Q. Since R is a linear space over the field 

Q ( V 2 ) = {r + V2s; r, s G Q} 
we can select a basis U c R such that every x G R has a unique 
representation of form 

x = 2J ax(u) • U where ax(u) G Q(yT) 

for every w G [/ and only a finite number of ax(w)'s is different from zero. 
We can suppose 1 G U. NOW we put 

V2Q={V2r;r e Q), 

^ = {* G * \ ( Q U V2Q); a.v(l) = '* + rmy/2, k > w}, 

B = {x <= * \ (Q u V2Q); M l ) = /•* + /-«V^, k â w} 
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and define 

/ ( * ) 

0 if i G Q 
1 if X G A 
2 if x G B 
3ifx G V2Q\{0}. 

Then / i s well-defined and (ii) is fulfilled. In order to prove (i) we show 
first that (Q + h) n B is finite for every /z G R. (A" + h stands for {JC + h\ 
x e *}.) In fact, if ah(\) = rk + r w \ / 2 then r e Q, r + h (E B 
implies 

r + rk ^ {rur2, . . . , rw} 

and hence 

| (Q + h) n £| = m. 

This implies that Q n (5 + /z) = [ (Q - /z) n 5] + A is finite for every /z 
as well. We can see in the same way that ( \ /2Q + h) n A and \ /2Q n 
(^ + h) are finite for every h e R. Since 

KQ + A) n v^QI ^ U 

we obtain that the set 

Vh = [(Q + h) n B] u [Q n (B + h)] u [V2Q n (A + h)] 

u [ ( V2Q + h) n ^] u [ (Q + h) n V^Q] 

u [Q n (V2Q + A)] 

is finite. Now x + /z £ K/7 implies Ajf (x) = —1, 0 or 1 which proves 

(i). 

COROLLARY 4. If K > 0 then the class CK does not have the difference 
property. Moreover, there exists a function f.R —» R such that A// G C& 
for every h e R #/7<i there is no additive function H with 

f - H G U Q . 
L<1.5/C 

Proof. We can suppose K = 2. If /denotes the function constructed in 
Theorem 3 then A// G C2 for every h. If / / is additive and g = / — H G 
Q then 

H =f- g Œ C L + 3 <=^ . 

By a well-known theorem, this implies that H is linear. Therefore/ = g 
+ / / G Q from which, according to (ii) of Theorem 3, it follows that 
L â 3. 

Our next theorem shows that the constant 3 in (ii) of Theorem 3 is the 
best possible. In the sequel, / and J will denote non-degenerate 
intervals. 
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If/ is defined on /, then we denote 

I(f>c) = {x e I; f(x) >c) (c e R). 

The definition of / ( / < c), / ( / ^ c), / ( / ^ c) is similar. 

THEOREM 5. Let f be defined on the interval I and let K = 0 be given. 
Suppose that the set 

{x e / n (/ - h); \A,J(x)\ > K} 

/j nowhere dense for every h <E R. 77z£/i //zer^ exists a CQ G /? st/c/? //zaf / ( / 
< c'o — €) and I(f > c0 + 3/C + e) are nowhere dense for every e > 0. In 
particular, co(f x) = 3K holds on an everywhere dense subset oj I. 

For the proof we shall need the following simple lemma. 

LEMMA 6. Let fl —> R, d = 0 be given and suppose that jor every c e R, 
at least one of the sets I(f < c), / ( / > c + d) is nowhere dense. Then there 
exists a CQ G R such that I(f < CQ — e) and I(f > c0 + d + e) #re Z?0//z 
nowhere dense for every c > 0. 

Proof We put 

^ = (c e /?; I(f < c) is nowhere dense}. 

Obviously, q <= /I, c2 < C\ implies c2 ^ /L Since 
oo 

/ = U / ( /<«) 
/1 = 1 

hence, by Baire's category theorem, there is an n £ A. Therefore A is 
bounded from above. On the other hand, 

CO 

/ = U / ( / > -n) 

and thus there is an n such that / ( / > — n) is not nowhere dense. By 
assumption, this implies —n — d e A which proves A ¥= 0. Now it is easy 
to check that CQ = sup A satisfies the requirement of the lemma. 

Proof of Theorem 5. Suppose that /, / , K satisfy the conditions of 
Theorem 5. By Lemma 6, it is enough to show that for every c e R, at 
least one of the sets 

C = I(f < c) and D = I(f> c + 3K) 

is nowhere dense. Suppose this is not true. Then there are bounded closed 
intervals J\, J2

 c int / such that C and D are everywhere dense in J\ and 
J2, respectively. We select countable and dense subsets 

{cn}7=\ c C n / , and K J m = i c D n / 2 
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and define 

An,m = {X ^ I H (I + (dm ~ Cn))\ 

\f(x + cn - dm) - f(x) | > K}(n, m = 1, 2, . . . ). 

By our assumption, Anm is nowhere dense for every n, m and hence 

oo oo 

A = U U (Anm ~ dm) 
n = 1 m=\ 

is of first category. Let 8 > 0 be such that 

Jx + 8 c / and J2 + 8 a I 

and let a point _y G (0, 5)V4 be selected. Then 

y + c/z G /, _y + rfw G / and j ; + dm £ Alum 

for every n, m = 1 , 2 , . . . . Hence, by the definition of Afum, we have 

1/(7 + cn) - f(y + 4 . ) I ^ # (w, "i = 1, 2, . . . ). 

By assumption, the set 

B = [x G / n (/ - j ) ; | / ( * + ;;) - / ( * ) | > K] 

is nowhere dense. On the other hand, {c„}™=\ is dense in J\, therefore 
there is a c„ £ 5. Since cn e / n (/ — y), this implies 

\f(Cn + >0 ~f(cn)\ ^ K. 

Similarly 

\f(dm + y) ~f(dm)\ ^ K 

holds true for at least one m. For these cn, dm we have 

1/(4») - f(cn) | ë l / K , ) - /(</„, + .y) I 

+ \f(dm + >0 - / (cw + J ) I 

+ l/(c„ + y) -f(cn)\ ^ 3K. 

However, dm e I(f> c + 3K) and c/7 G I(f < c), from which 

/ ( O - / ( ^ ) > 3tf, 

a contradiction. This completes the proof of Theorem 5. 

Remark 7. The argument we used above is a refinement of that used in 
[2] and [3]. Accordingly, our theorem is a generalization of the following 
result mentioned in [2]: if 4̂ c R is such that (A + h)\A is nowhere dense 
for every h then either A or R\^4 is nowhere dense. In fact, let /denote the 
characteristic function of A. If (A + h)\A is nowhere dense for every h 
then it is easy to check that 
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{x e R-Ahf(x) * 0} 

is also nowhere dense for every h. Hence, applying Theorem 5 with K = e 
= 1/5, we get a c <E R with R ( / < c) and R ( / > c + 4/5) nowhere dense. 
Since/only takes the values 0 and 1, this implies that either A or R\A is 
nowhere dense. 

Our next theorem establishes a special case of Theorem 2. We recall that 
Jt stands for the class of functions which are defined on R and are 
bounded on some interval. 

THEOREM 8. If K > 0, / e Jf and A// e CKfor every h e R, then 
f ^ C3K. 

Proof. Suppose that fis bounded on J. Since 

f(x + h) =f(x) + A ; / (x) and A;/ e C*, 

this implies that oo( f. x) < oo holds on an everywhere dense subset of 
J + h. This is true for every /z, hence {x e R; CO(/\ X) < oo) is everywhere 
dense in R. 

We have to show that {x e R; coif x) ^ 3K) is evervwhere dense. 
Suppose this is not true and let / be an interval with co(/ x) > 3K (x e / ) . 
By our preceding remark, there is a point x e / with co(/ x) < oo and 
hence there is an interval / c / such t h a t / is bounded on / . 

The (finite) function co(f x) is upper semi-continuous on / so it has a 
continuity point x0 e int / . Let co(/ XQ) = tf > 3/C and put 

a - 3K 
e = ~l3-

Let I2 be an open interval such that 

x0 e 72
 c I\-> d iam/( / 2 ) < a + e and 

co(f x) >> a — 6 (x e I2). 

If u = infYG/2/(x)then it follows that 

« ^ / ( x ) < u + a + € (x e 72) 

and the sets 

def , def , 
A = hif < w + 3c) and 5 = 72( / > w + « - 2e) 

are everywhere dense in I2. 
Let /z be arbitrary. Then x ^ A, x + h <^ I2 implies 

f(x + h) - fix) > u - iu + 3c) = - 3 c 

and hence (x; A// (x) > —36} is everywhere dense in I2 n (72 ~ ^)- Since 
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A /L/ <E CK this implies that 

{x G h n (/2 - A); ^f'(x) < -K - 4c} 

is nowhere dense. Similarly, if x G 5, x + /i G /2 then 

f(x + h) - f(x) < (u + a + c) - (u + A - 2c) = 3e 

implying that 

(x GE /2 n (72 - /z); A//(x) > K + 4c} 

is nowhere dense. Therefore, by Theorem 5, there is a point x e 72 with 

w(/; x) â 3A: 4- 12c = a - c 

which is impossible, since 

co(f x) > a — c for every x G 72. 

This contradiction proves Theorem 8. 

3. Proof of theorems 1 and 2. First we deduce Theorem 1 from Theorem 
2. Suppose Theorem 2 and let/:R —> R be such that A/7/ e C() for every 
h e /?. Then for every K > 0 we have an additive function HK such 
that 

g* = / ~ HK e C3/r. 

Then gj + 7/j = gK + / /^ and hence 

H\ - J/* = g* - g\ e C 3A:+ 3
 C ^ for every K > 0. 

This implies that / /] — 7/^ is linear and thus 

/ - //l = gl = g* + ( # * - ^ l ) G C 3 * 
for every K > 0. Therefore 

/ - / / i e n c3A: = Q 
/C>0 

which proves Theorem 1. 

LEMMA 9. Le/ F:7 —» R, G:/ —» R tf«d K > 0 be given and suppose that 
the set 

A = {(x,y) e I X J; \F(x) - G{y) | > * } 

*s nowhere dense in I X J. Then for every c > 0 there is a c e R swc/i //?#/ 
I(\F — c\ > K + t) is nowhere dense. 

Proof. By Lemma 6 it is enough to show that for every a e R, at least 
one of the sets / ( i 7 < a), I(F > a + 2K) is nowhere dense. Since 

def 
B = [/(F < a) X J(G ^ Û + K)} 

U [/(F > a + 2JQ ] X J(G < a + # ) ] c A, 
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B is nowhere dense. On the other hand, 

J(G ^ a + K) U J(G < a + K) = J 

and hence either J(G = a 4- K) or ./(G < a 4- AT) is not nowhere dense. 
Thus i? can be nowhere dense only if either I(F < a) or I(F > a + 2/Q is 
nowhere dense. 

Our next lemma states the global and local stability of Cauchy's 
functional equation. The global stability was proved by Hyers [4] and 
rediscovered by de Bruijn [1]. For the sake of completeness (and, since the 
proofs given by Hyers and de Bruijn are not the simplest), we provide a 
simple proof. 

LEMMA 10. (i) Iff.R —> R satisfies the inequality 

\f(x + y) - f(x) - f(y) \^K for every x, y e R, 

then there exists an additive function H such that 

I /O) - H(x) | ^ K for every x e R. 

(ii) If 8 > Ojis defined on [0, 28] and 

\f(x +> ' ) ~f(x) -f(y)\ ^ K 

holds for every x, y e [0, 8], //ẑ /7 /7zer£ exists an additive function H such 
that 

| / (x ) - H(x) | ^ 2K for every x e [0, 8]. 

Proof, (i) The condition implies 

\f(nx) — nf(x) | ^ tf/^ for every x e R and « = 1 , 2 , . . . . 

Let € > 0 be arbitrary. If n, m > 2A7e then 

/(«.x) f{mx) 

n m 

mf(nx) — f(mnx) 

mf(nx) — nf(mx) 

nm 

nm 

f(mnx) nf(mx) 

nm 

mK 
nm 

and hence the sequence 

nK ( 1 1 \ 
< 6 

converges. We put 

def ,. / ( «x ) 
/ / (x) = hm (x 

For every x, j G R we have 

R) 
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\H(x + y) - H(x) - H(y)\ 

\f(nx + ny ) —f(nx ) —f(ny ) | 
lim 

0 

proving that H is additive. Finally, 

\j(x) — H(x) | = lim = K for every x G R. 
/z-^oo 

(ii) We can suppose S = 1. Subtracting f rom/a suitable linear function 
we also can assume/( l ) = 0. We put 

g(x) = / ( { * } ) (x G R), 

where {x} denotes the fractional part of x. Then 

\g(x + >o - g(*) ~ g(>0 I = 2K f o r e v e r y *> y G R 

Indeed, this is obvious if {x + y) = {x} + {y}. On the other hand, if 
{x + y] = {x} + {y} - 1 then 

\g(x +y)- g(x) ~ g(y) | = \f({x) + {^} - 1) - / ({*}) 

^ l/({*} + {y} - i) + / 0 ) - / ( { * } + {^})l 

+ l/({*} + {y}) - / ( W ) - / ( { > ' } ) I ^ 2*. 

Thus, applying (i) to the function g, the result follows. 

Now we turn to the proof of Theorem 2. We can suppose K = 1. Let/:R 
—> R be given and assume A/z/ G C\ for every /z G R. We define 

Gh = {x G R; co(A;i/; x) < 2}, 

Ah = { (x, >,) G R2; |A//(x) - A , / ( J 0 | > 6} 

and 

Bh = { (x,y) G R2; |A,/(x) - AfJ(y) | > 2} (h G R). 

Since A /̂* G CI , Gh is an everywhere dense open subset of R for every h. 
First we prove that, if Ah is dense in a rectangle I X J, then 

(1) Bh z> (/ X / ) n (GA X GA). 

Indeed, if x0 G / n G/,, j 0
 G ^ n Gy, t n e n there is TJ > 0 such that 

\x - x0| < i], \y - y0\ < T) imply 

|A,/(x) - A//(x0) | < 2 and \^{y) - AA(x0) I < 2. 
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Since Afl is dense in I X / , we can choose a point (x,y) G Ak with |x — x0| 
< TJ, [y — y0| < K] and hence we get 

|A,/(x0) - A;/(j; ( ))| g |A,/(x) - A , / ( j ) | 

" |A,/(x) - A//(x0) | 

- lA^C^o) - àj(y) | > 6 - 2 - 2 = 2. 

Thus (1) is proved. 
Our next aim is to show that 
(2) there are intervals, I, J and 8 > 0 such that Ah is nowhere dense in 

/ X J for every |/z| ^ 8. 
Let { (/„, Jtl)}n = ] be an enumeration of all pairs of intervals with 

rational end-points. Suppose that (2) is not true. Then for every n = 
1 ,2 , . . . there is \h„\ < \ln such that Ahn is not nowhere dense in In X //?. 
Let Ahf) be dense in the rectangle Tn c /„ X /„. Then, by our preceding 
argument, 

Bhn
 D ^ n (Ghn X G/7/;) and int (Bhn n (/„ X /„) ) ^ 0. 

oo 

This implies that int U Bh is everywhere dense in R^ for every N and 
n - V 

j r CO OO 

B d^f n u *,. 

is residual. By a well-known theorem, we can find a straight line 

ek = { (X y); v = x + &} 

such that ek n [#2V?] is of first category relative to ek ( [5], p. 247). Then 
the set {x G R; (X, X + £) G i?} is everywhere dense in R and hence we 
can select a point XQ G (7̂  with 

(x0, *o + k) G 5. 

Now we arrive at a contradiction as follows. Since x0 G G^ there is an TV 
such that 

|A/ (x) - A/(x 0 ) | < 2 if U - x()| ^ - . 

On the other hand, by 

(x0, x0 + A:) G 5 c oon = N Bh , 

we have (x0, XQ + /c) G i?/? for some m ^ N. Hence, by the definition of 
Bh and, by |/zj ^ 1/7V, we obtain 
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2 < |A /?w/(x0 + k) - \J\x0) | = |AA./(x0 + hm) - AA./(x<>) I 

< 2 

which is impossible. This contradiction proves (2). 
Suppose that the intervals /, J and 8 > 0 satisfy the condition 

formulated in (2). Applying Lemma 9 with 

F(x) = G(x) = khf(x\K = 6, 6 = 1, 

we get a real number c(h) for every |/z| = 8 such that 

Z),, = {x G /; |A ; /(x) - c(/z)| > 7} 

is nowhere dense. Let S\ = min (5/2, - |/| ) and let h, k G [0, S|]. We 

prove 

(3) |c(/z + /c) - c(A) - c(k)\ ^ 21. 

Indeed, the sets Dh, Z>A, Dh + k are nowhere dense, therefore we can select 
a point 

x e [/ n (/ - /r)]\[(Z)A - k)U Dk U Z)/l + A.]. 

For this x we have 

|A,/(x + k) - c(h) | â 7, |AA./(x) - c(/r) | â 7 and 

|A/? + A / U ) - c(A + k)\ ë 7 

from which we obtain 

|c(/i + /c) - c(/z) - c(/c) | 

mc{h + fc) - [/(* + A + *) - / ( * ) ] I 

+ |/(x + /z + k) ~ f(x + k) - c(h) | 

+ \f(x + k) -f(x) - c(/r)| ^ 21 

proving (3). 
By Lemma 10, (ii) there is an additive function H such that 

\c(h) - i/(/z)| ^ 42 

holds for every /z e [0, 8]]. 
Now we define g = / — / / ; we prove g e C3. Since 

A/7g = A//' - H(h) e d for every A, 

hence, by Theorem 8, it is enough to show g ^ JfAî h <E [0, 8\] and x G 
7\£>/? then 

|A/7g(x)| = |AA/(x) - H{h)\ 

^ |A ; /(x) - c(/i) I + \c(h) ~ H(h) I ^ 7 + 42 = 49. 
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Therefore the set {x e /; \àhg(x) | > 49} is nowhere dense for every 
h e [0, Si]. Let f be a subinterval of / with | / j | < 8\. Then 

Eh = {x e /, O (/, - ft); |A/?g(x)| > 4 9 } 

is nowhere dense for every d G R. In fact, for A G [0, Si] we have just 
proved it. For /Î > Sj we have £/? = 0. If ft < 0, then the identity 

A/,g(x) = -A-ag (x + A) 

proves the assertion. Hence, by Theorem 5, there is a point x ^ I\ with 

co(g, JC) ^ 147. 

Then g is bounded in a neighbourhood of JC and thus g ^ Jt, which 
completes the proof of Theorem 2. 

4. A family of classes not having the difference property. The following 
example, showing that the c l a s s a does not have the difference property, is 
due to de Bruijn [1]. Let U be a Hamel-basis in R and let 

x = 2 where ax(u) e Q for every u e U and only a 
a Y (w) w(-v e R) , 

finite number of aA.(w)'s is different from zero. Let UQ G £7 be fixed. Then 
the function 

/ ( * ) = log (M"o))2 + ! 

has the following properties: 

(i) A^/is bounded for every ft e R; 

(ii) / — H £ Jt for every additive H. 

This proves that, if a class ^contains the bounded functions and J ^ c ^# 
(for example, J^ = U ^ > 0 CK is such a class), then J^does not have the 
difference property. 

Our next theorem gives another family of classes not having the 
difference property. In particular, it will follow that the class of functions 
having at least one continuity point does not have the difference 
property. 

THEOREM 11. Let &denote the class of functions f:R —» Rfor which f(x) 
= 0 holds on an open set not bounded from above or below. If ££ c 3F c Jt, 
then &does not have the difference property. 

Proof. Let U be a Hamel-basis and let un be different elements of 
U(n = 1, 2, . . . ). Using the same notation as above, we define/by 

f(x) = (ax(un) ? if (n - l)2 ë M < n2 (n = 1, 2, . . . ). 
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We shall prove that 

(i) A// e J^for every h e R and 

(ii) / — H £ Jt'for every additive //. 

Let h G R be given. If N is large enough then 

ah(un) = 0 for every n > N. 

This implies 

f(x + A) - / ( * ) = 0 

for every 

x G («^ - «, r - « + 1) and x e ( — /r + n — 1, — /r + A?) 

(/? > max (TV, |/z| + 1) ). 

Thus (i) holds. If H is additive a n d / — / / is bounded on some interval 
then, b y / ^ 0, / / is bounded from below on this interval. Then H must be 
linear. On the other hand, for every fixed u e U, ax(u) is not bounded on 
any interval and hence the same is true for/ — H which is impossible. This 
proves (ii) and Theorem 11. 

Remark 12. The class iF in Theorem 11 cannot be substituted by the 
class of functions/R —» R for which/(x) = 0 if |JC| is large enough. It can 
be proved that the class of those functions/R —> R for which there exist 
c e R and K > 0 such that 

f(x) = c if U| > A\ 

possesses the difference property. 
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