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Abstract

Within the scope of Eringen’s hnearised micropolar theory, this note
outlines a solution for the stress concentration around an elliptic hole in an
infinite plate under axial tension.

1. Introduction

In classical linear elasticity theory, the solutions for the stress concentra-
tion around circular and elliptic holes are well known [2]. For elastic materials
with microstructure, the fundamental system of field equations includes a
couple-stress tensor, in addition to the force-stress tensor. Eringen [1] has
formulated the tensor equations for elastic materials with microstructure.
Using an approach based on stress functions, the problem of stress concentra-
tion around a circular hole has been solved [4]. Here, instead of using stress
functions we use a method based on the Helmholtz representation of the
displacement vector &, and the micro-rotation vector d;, as sums of two fields,
one with a scalar and the other a vector potential.

2. Outline of method

Following Eringen [1], the basic equations for a micro-polar elastic solid
in the absence of inertia forces are

(A'*'Z/.L+K)Vv.ﬁ—([t+K)VXVXIZ+KVX(£=0,
(a+B+y)VV. g+ yVXVUX+xkVXid—-2xkd=0. @.1)

The constants A, u, x, «, B and y denote the material constants of the
micro-polar elastic solid. Using

i =Vu+V0,
=Y+ VXD, .2)
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subject to conditions

V.U =0, v.d=0,

¢0_Oa » $=¢537

2 11K+&!

I_K(K +2u)’ 2:3)

the equations (2.1) reduce to

V4u0=0,
. 1o,
Vo -V =0,
VU -EVU =0, 2.4)

We consider now an infinite plate in a state of uniform tension S (along
the x-direction) disturbed by an elliptical hole of semiaxes a and b parallel to
the x- and y-axes, which is free from stress. As the boundary of the hole is an
ellipse, it is advantageous to use elliptic coordinates (£, n) given by x =
ccosh§cosm, y = csinhécosn.

As the hole is stress free, and the plate is subjected to uniform tension S
at infinity, we have as boundary conditions

ti=1t5=0 on the hole £ = ¢, m&é=0 on £=¢&,
5—S £ — S —
t5—§(1+c052n), th=—3sin2n at £ =, (2.5)

where m$ is the couple-stress and t{ is the stress-tensor.
In elliptic coordinates (£, n) the general solutions of the equations (2.4)
are given by
Up = ¢o + 2 ¢2n Cosznn,

&= [Aze sin2nn + By, Gekan(€, — qi)sen(n, — q1)],

n=1

U= 2 [l/lz,, sin 2"7] + Cz,. Gekz,.(g, - Q1)Sezn(7), - ql)] ] (26)

n=1

where se:.(n, —q:) is the periodic Mathieu function of order 2n and
Gek,.(£, — q1) is a modified Mathieu function involving K-Bessel functions
[5]). Further, g, = c?*/41> and A.. B.,. and C.. are constants which are
determined from the boundary conditions. Also
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do= ace * + cof,
D2, = Qzn_:€ TCnDE 4 g,,e O g0 (nz1),
Yo = boe 7 + ci€,
(l/2n = byn_se @D 4 bzne'_(z"n)f + bine Bk (n = 1)'

The unknown coefficients a;,, ban, @z, b2, bo, Co, etc. are determined from the
boundary condition (2.5), by solving an infinite set of linear equations.* The
stress components in elliptic coordinates are given by

2
(cosh 2¢ ~cos2m)'tf= A(cosh2¢ — °°52")(a ot Z:O)
+ Q2 +«) [(COShZf —°052")< aagalrj;)
—smh2§(au° U)+sm2 <——— U)]
At a
2 < (cosh2¢ ~ cos2n)’t;= A(cosh2¢ — °°Sz”)<a o (ja:o>
2
+Q2p + ) [(cosh 26 - cosZn)(" 2= :gal,j,)

+smh2§( aU) sin "(E-a_?)]

c? _ 26 _ _ ( uy _3’U a’U)
> (cosh2£ ~cos2n)’ts = u(cosh2£ —cos2n) 23&917 TR + an’

-Qu + K)Sln21]< Y aU)

—Qu+ K)Slnh2§(au0 %—é—’)

- K—(COSh 2¢ —cos2n)e. 2.7)

Let T’ denote the solution (2.6) with the boundary conditions:

(i) uniformly pressurised hole on £ = &,

(i) ti=ti=mi=0at £ =c,

Let T denote the solution (2.6) with the undisturbed uniform field of
uni-axial tension (i.e. as if there is no hole) t;=S.

* Further details are available on request to the author.
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If T denotes the required solution of the problem defined by (2.4) and
(2.5) then we have

T=T+T.
The solution T is given by

1+cosly
cosh2£ —cos2yn’

= Ssinh’¢

S . sin2n
£ -= &
fn= stk 2 e —cos2n’
1 —-cos2y
osh2¢ —cos2q’

=5 <:osh2‘g’c

ms=0. 2.8)

We are only interested in the stress concentration factor 2/, on the
hole ¢ = &, and this reduces to

1—cos2y
= Scosh’¢
§=¢%o0 €os SCOSh 2§ - 005277 £=46o
n=m/2

n=m/2

ta

=S. 2.9)

Similarly, using the solution T”, the stress concentration factor reduces to

— 25’2/"1
£=¢&o 1+M0’

n=xw/2

n
n

(2.10)

where

2\’ _ _nb”
(r) 1+32d(1- )7

e
rl r,

2Gekan (&, — 1) _ o
d=1+ ((}}:k:,‘(gf? ,; ri = ¢ cosh &, r:= csinh,

12= z V/=_é___
2Q2u + k)’ 2A+2u + k7

and the prime in Gek:. denotes differentiation.
Using the complete solution T, the stress concentration factor is given by

s

—s@+ﬁZ%) @.11)

£=6o0
n=n/2
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Transition to circular case

As the ellipse of semi-axes r, and r; tends to a circle with radius ‘a’,
& — >, ¢ -0 such that r;,r.— a we get from (2.11)

=3+MD
n=n/2 1_*-MO

rnr2=a

s

S,

which becomes 3S in the classical case where M, =0.

Conclusion

It is evident that the stress concentration factor proves to be smaller than
in the classical theory (as M, > 0), depending on the elastic constants of the
microstructure of the media. These results are important for solids composed

of dumbell macro-molecules, such as fibrous and coarse grain structure
materials.
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