ON THE ABSOLUTE CESARO SUMMABILITY OF
NEGATIVE ORDER OF A SERIES ASSOCIATED
WITH THE CONJUGATE SERIES OF A
FOURIER SERIES

R. MOHANTY AND B. K. RAY

1. Definition. Let A = A(w) be continuous, differentiable, and monotonic
increasing in (0, ) and let it tend to infinity as w — «. A series Y1 a, is
summable |R, A, 7|, where » > 0, if

fw V(@)
A {7\(‘*’)}7“

where 4 is a fixed positive number (6, Definition B).
Let f(¢) be a periodic function with period 27 and Lebesgue integrable over
(—m, 7) and let

> A(w) = A®)} T IN")an | dw.< ,

nsw

(1.1) f@) ~ 3a0 + f:l (@, cos nt + b, sin nt) = Lao + i A ().
n= n=1

The series conjugate to (1.1), at ¢t = «, is

(1.2) > (bycos nx — ay sin nx) = », B,(x).
n=1 n=1
In what follows we use the following notation:

o(t) = 3{flx+ 1) +flx—0}, @ =3flx+1) —flx—1},
0] logg;7£ =0() = %f ¥(u) cot 3u du,

2 t _ n
B0 = 0102, w0 = [ verde, 516 = 3 B,
By F(¢) € BV (k, k) we mean that F(¢) is of bounded variation over (%, k).

2. Our aim in this paper is to obtain a criterion for the absolute Cesiro
summability of negative order of the series

S A€
mminlogln 4+ 1)°
In the last section of this note we shall deduce a criterion for the |R, log w, 1|

summability of the series (1.2) from our main theorem. Our main theorem
reads as follows.

(2.1)
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THEOREM. If
(i) A(2) € BV(0, ),
(i) [S([k®)|/1) dt < =, and
(iii) [S(ya(O)I/8) dt < o,
then the series (2.1) is summable |C, K|, K > —1.

3. For the proof of the theorem, we require a number of lemmas.

Lemma 1 (10). If ¢(¢) € BV(0, 7), then the series 31" A,(x)/log(n + 1)
s absolutely harmonic summable.

LemMa 2 (8, Lemma 2). If

L20]
fo flog @rjp % < =

then Y1 (t) € BV (0, 7).

LemMA 3. If 3 uy is summable |C| (i.e., absolutely Cesdro summable of any
unspecified order), then a mecessary and sufficient condition that it should be
summable |C, K|, K > —1 is that the sequence {nu,} is summable |C, K + 1|.

This is a particular case of a well-known result (5).
LeEmwMma 4. If
(i) k() € BV(0, 7) and
(i) [s(r@)l/0) dt < =,
then Y 1 Bn(x)/log(n + 1) is summable |C, 5,8 > 0.
See (9, Theorem II).

LEMMA 5. For 0 < p < 1, the sequence {S,(x)/logn} is summable |C, o
whenever the series Y_ne1 B, (x)/log(n + 1) is summable |C, p|.

Proof of Lemma 5. 1t is known (4) that |C, 1| ~ |R, w, 1|. Furthermore, by
the second theorem of consistency for absolute summability (2), summability
IR, w, 1| implies summability |R,log w, 1. Thus, from the hypotheses, it
follows that X.1i° B,(x)/log(n + 1) is summable |R,logw, 1|, i.e., by the

definition
®  dw
J; w(log w)® nEg»B"(x) <@
from which it follows that
2 |8 (x)]
(3.1) 22: n(log n)z < .,

We have that

Sn<x>) _ 8 Bun)

log n logn  log(n + 1)

_ 8@ logl+7") Bl

" logn-log(n+1) log(n+1)°

(3.2) A(
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Since log(1 + #~!) = O(n~1), the absolute convergence of the series

Z“’: S,(x) log(1 + »7)
7 logn-log(n + 1)

follows immediately from (3.1). Now, by virtue of the identity (3.2), the
series 25 A(S,(x)/log ) is summable |C, p| whenever > 1" B,(x)/log(n + 1)
is summable |C, p|, 0 £ p < 1. This completes the proof of Lemma 5.

Combining the results of Lemmas 4 and 5 we at once obtain the following

result.

LeEMMA 6. The hypotheses of Lemma 4 imply that the sequence {S,(x)/log n)

is summable |C, 8], 8 > 0.

We show that hypothesis (i)_of Lemma 4 alone cannot imply summability
|C,8],8 > 0, of the sequence {S,(x)/log n}. To do so, we need the following

asymptotic formula

3.3) J‘ loggisin nt dtwlgg—ﬁ.
0 ¢ n
Proof of (3.3). Write
T 21I' T/2n T
(3.4) J‘ log — sin nt dt = f + = I+ I,
0 t 0 T/2n

1f"’2 21 .
Il_n . log r sin ¢ dt

_ logn J‘m sin ¢ dt 4+ 1 fm log 2r sin ¢ dt.
n 0 nJo ¢
Thus, we have that
(3.5) I, =n1llogn + O(n™t).
Integrating by parts, we have that

I, = [— 1og%’5—~C°;”’] LT cosmt g,

T/2n " Jriom 14

n 1 nm

~ log gcosmm __J' COStdt.
n n Jrs2 t

Thus,

(3.6) I, = O(n).

Collecting (3.4), (3.5), and (3.6) we obtain (3.3). We choose an odd function
() = log 27/t (0 < ¢ < =), defined elsewhere by periodicity. Using (3.3),

we find that

™

2 (7 - 2 (logn)® _ (log n)*
- J; yz(t)( k;l sin kt) dt — = .
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Thus, it follows that the partial sum of the series conjugate to the Fourier
series of the same function at ¢ = 0 (i.e., §,(x)) is asymptotic to (log n)?/w.
Thus,
S,(x) logn
Togn 1

and hence the sequence {S,(x)/log #} is not summable |C, 8|, 8 > 0.

LEmMA 7. If ¢(t) € L(0, w), then the series 35 S,(x)/nlogn is summable
|C, 8], 8 > 0, if and only if the series 35 c,/log n is summable |C, 8|, where c,
is the coefficient of the Fourier sine series of

0(t) = % J‘; Y (u) cot Lu du.

Proof of Lemma 7. Since ¢ (¢) € L(0, w), it follows (3) that 6(¢) € L(0, 7)
and #0(¢) — 0 as t — +0. Hence, integrating by parts, we obtain the identity

(3.7) 8.(x) — 3B.(x) = ncy.

The corresponding formula for Fourier series is well known (3). Integration
by parts yields

1B,(x) _1 (7, cosnt

2nlogn = Jo ¥ log 7 di.

W (t) being an integral is absolutely continuous, and therefore by Lemma 1,
> 2 B,(x)/nlogn is absolutely harmonic summable, and hence e fortiors
summable |C, [, 6 > 0. Hence, by the identity (3.7), the series 35S, (x) /% log n
is summable |C, 8|, 8 > 0, if and only if > 5 ¢,/log #n is summable |C, §].

Lemma 8. If
(1) ¢1(t) € BV(0, 7) and
Qi) [/ dt < =,
then the series >3 S,(x)/nlog n is summable |C, 8|, 8 > 0.

Proof of Lemma 8. Since

Cn = 1 f Y1(t) log 2r sin nt dt,
T Jo 2

we notice that by Lemma 4 (writing ¢,(¢) in place of %(¢)) the series
> s ¢/logn is summable |C,d[,8 > 0, with the hypotheses. Hence, by
Lemma 7, our result follows.

4. Proof of the theorem. By Lemma 2, condition (ii) of the theorem
implies condition (i) of Lemma 8. Thus, by Lemma 8, (ii) and (iii) of the
theorem ensure summability |C, 8], 8 > 0, of 35° S,(x)/n log n. By Lemma 6,
(i) and (ii) of the theorem ensure summability |C, K + 1|, K > —1, of the
sequence {S,(x)/log n}, that is, the sequence {7 - S,(x)/n log n}. Thus, it
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follows that our hypotheses at the same time ensure the summability
|C,K + 1|, K > —1, of the sequence {S,(x)/logn}, ie., the sequence
{n -+ S,(x)/nlogn}, as also the summability |C,48],6 > 0, of the series
5% S, (x)/nlog n, and hence, by Lemma 3, the series 3.5 S,(x)/nlog# is
summable |C, K|, K > —1.

5. LEmMma 9 (7, lemma). If the series 3_n—1 t, is summable |R, logw, 1, then
the necessary and sufficient condition that it should be absolutely convergent is that
the sequence {n log n - u,} is summable |R, log w, 1].

The conclusion of the main theorem ensures the absolute convergence
of the series 35 S,(x)/nlogn, and hence by Lemma 9 the sequence
{nlogn - S,(x)/n log n}, i.e. the sequence {S,(x)}, is summable |R, log w, 1|.
Thus, we obtain the following result.

COROLLARY. If
(i) r(t) € BV(0, ),
(i) [5(R@)|/%) dt < =, and
(i) [S(a /1) dt < =,
then 3.7 B,(x) is summable |R, log v, 1].

Remark. Conditions (ii) and (iii) of the above corollary taken together
cannot ensure the summability |R, log w, 1| of the series (1.2), which is a
non-local property of the generating function. Our result can be compared
with the following result of Bosanquet and Hyslop (1): If

(i) ¢(¢) € BV(0, 7) and
(i) [3(lw(@)]/0) dt < =,
then X7 B,(x) is summable |C, 4|, § > 0.
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