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APPROXIMATION OF SMOOTH MAPS
BY REAL ALGEBRAIC MORPHISMS

WOJCIECH KUCHARZ AND KAMIL RUSEK

ABSTRACT.  Let Gp,4(F) be the Grassmann space of all g-dimensional F-vector sub-
spaces of FP, whereF stands for R, € or H (the quaternions). Here 6p q(F) is regarded
asareal algebraic variety. The paper investigates which C > maps from a nonsingular
real algebraic variety X into Gpq(F) can be approximated, in the C*° compact-open
topology, by real algebraic morphisms.

1. Introduction and results. Let usrecall that the term affine real algebraic va-
riety designates a locally ringed space isomorphic to an algebraic set in R", for some
n, endowed with the Zariski topology and the sheaf of R-valued regular functions [2,
Section 3.2]. Real algebraic varieties (not necessarily affine) are defined in the usual way
[2]. It is well known that every Zariski locally closed subvariety of the real projective
spaceP"(R) isactually affine[2, Theorem 3.4.4, Proposition 3.2.10]. Real algebraic mor-
phisms are called regular maps. Important examples of affinereal algebraic varietiesare
Grassmannians. More precisely, let Gy (F) be the Grassmann space of all g-dimensional
F-vector subspaces of FP, where F standsfor R, C, or H (H denotes the quaternions). As
in [2, Sections 3.4, 13.3], we regard Gy 4(F) as an affine real algebraic variety.

Every real algebraic variety can be equipped with the topology determined by the
usual metric topology on R. Unless explicitly stated otherwise, al topological terms
related to real algebraic varieties will refer to this topology.

Let X be an affinereal algebraic variety. An algebraic F-vector bundle ¢ on X iscalled
strongly algebraic if ¢ is agebraically isomorphic to an algebraic F-vector subbundle
of the trivial F-vector bundle with total space X x FP for some p (cf. [1] or [2, Sections
12.1, 12.6, 13.3] for equivalent definitions). The universal F-vector bundle v, 4(F) on
Gpq(F) isstrongly agebraic [2]. Every strongly algebraic F-vector bundle of rank g on X
is algebraically isomorphic to the pullback F-vector bundle f*y, o(F) for somep > gand
some regular map f: X — Gy q(F) [2, Theorem 12.1.7]. A topological F-vector bundle on
X is said to admit an algebraic structure if it is topologically isomorphic to a strongly
algebraic F-vector bundle (cf. [3]).

Giventwo real algebraic varieties X and Y, welet R (X, Y) denotethe set of all regular
maps from X into Y. If X and Y are nonsingular, which will always be the case in this
paper, we regard R (X, Y) as a subset of the space C>°(X.Y) of al C*> maps from X
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into Y; the latter spaceis equipped with the C > compact-open topology (the weak C >
topology in the terminology used in [5]).
Let usset d(F) = dimg F. The aim of this paper isto prove the following.

THEOREM 1.1. Let X be a nonsingular affine real algebraic variety and let f: X —
Gpq(F) beaC>® mapwithp > q> 1. If

dimX < (p+1— min(g. p— q))d(F).

then the following conditions are equivalent:
(a) f belongsto the closureof R (X, Gpq(F)) in C**(X, Gyq(F));
(b) f is homotopicto aregular map from X into Gp q(F);
(€) T*Ypq(F) admits an algebraic structure.

We do not know if any assumption which puts constraints on dim X, p, and q is
necessary. No such assumption is needed if X is compact [2, Theorem 13.3.1]. Further-
more, no such assumption is required for the equivalence of conditions (a) and (b) [6].
Condition (c) is of interest sincein many casesit can be directly verified, while there is
no reasonable way of explicitly verifying either (a) or (b).

Theorem 1.1 implies immediately the following.

COROLLARY 1.2. Let X bea nonsingular affinereal algebraic variety and let f: X —
Gpq(F) bea C> map with p > g > 1. If dimX < 2d(F), then the following conditions
are equivalent:

(a) f belongsto the closureof R (X. Gpq(F)) in C>(X. Gpq(F));
(b) fishomotopic to a regular map from X into Gy q(F);
(€) T*Ypq(F) admits an algebraic structure. ]

Let us observe that if either dmX < d(F) or dimX = d(F) and X has no compact
connected component, then every topological F-vector bundle of constant rank on X is
trivial, and hence Corollary 1.2 implies that R (X. Gp4(F)) is densein C>(X. Gpq(F))
fordlp>q>1

We shall now specializetodm X =1andF = R.

CoROLLARY 1.3. If X isa nonsingular affine real algebraic variety with dimX = 1,
then R (X, Gpq(R)) is densein C>(X, 6yq(R)) for all p>q > 1.

ProOF. By Theorem 1.1, it suffices to show that every topological R-vector bundle
& of constant rank on X admits an algebraic structure. We may assumethat X isaZariski
open and dense subset of a compact nonsingular affine real algebraic variety X. Since
dimX = 1, there exists a topological R-vector bundle E on X whose restriction to X is
isomorphic to £. By [2, Theorem 12.5.1], £ admits an algebraic structure, and hence so
doesé. ]
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REMARK 1.4. Denote by S the unit spherein R,

Itiswell known that G, 1 (F) and ') areisomorphic asreal algebraic varieties, and that
v,.1(F) corresponds to the Hopf F-line bundle on S'®). In particular, Theorem 1.1 and
Corollary 1.2 yield the obvious results on mapswith valuesin St, & and S*.

One easily sees that every topological R-line bundle on St x R (up to isomorphism
there is only one such R-line bundle) admits an algebraic structure. Hence, in view of
Corollary 1.2, R (S' x R.S) isdensein C=(S' x R, S).

On the other hand, R (X, S') is not densein C (X, S'), where X = R? \ {0}. Indeed,
the C* function f: X — S, defined by f(x1. X2) = (1/ /X2 + x2)(X1. X2) for all (x1. x2) in
X, does not belong to the closure of R (X, St) in C>(X, S) (cf. [6, Remark 1.5]). .

The paper was prepared during the second author’ s nine-month stay at the Department
of Mathematics and Statistics of the University of New Mexico in Albuguerque. He
wishes to thank the Department of Mathematics and Statistics for the invitation and the
warm hospitality.

2. Proof of Theorem 1.1. It isknown that (a) and (b) are equivalent [6], while (b)
obviously implies (c). Thus it remains to prove that (c) implies (a). Since Gpq(F) and
Gpp—q(F) are isomorphic as real algebraic varieties, we may assume, and do so below,
thatqg <p—gq.

Supposethat (¢) holds, that is, there exists a strongly algebraic F-vector bundle £ and
atopological isomorphism ¢: & — f*vp o(F). Sincef isof classC >, we may assumethat
p isalso of class C* [5, p. 101, Theorem 3.5]. Denote by ¢ the trivial F-vector bundle
on X with total space X x FP; thus ex = {x} x FP isthe fiber of ¢ at x in X. Theimage
f(X) isaqg-dimensional F-vector subspace of P and the fiber (f*vp_q([F))X of *ypq(F) a
X satisfies

(F¥pa()), = {x} x f(x) € {x} X FP = &.
It follows that o: X — Hom(¢, €), defined by

a(X)(€) = »(e)

for al x in X and all ein the fiber &, of ¢ at x, is a C> section. Obviously, the F-linear
transformation o(X): £x — ex isinjectivefor every xin X. Let N be aneighborhood of &
in the C > compact-open topology on the space of all global C > sections of Hom(¢, €).

ASSERTION. There exists a regular section s: X — Hom(¢, €) such that s belongs to
N . Furthermore, if dimX > 2, then s can be chosen in such a way that the F-linear
transformation s(x): £&x — ex isinjective for every xin X.

Suppose for a moment that the assertion is proved. Let

D(s) = {x € X| s(x) isnot injective}
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and defineg: X \ D(s) — Gpq(F) by

g0 = (&)

for xin X\ D(s), where p: X x FP — FP isthe canonical projection (g iswell defined, s(x)
being injective for al xin X\ D(s)). Clearly, D(s) is a Zariski closed subset of X. Since
¢ isstrongly algebraic and sis regular, it follows that g is aregular map on X\ D(s) (cf.
[2, Proposition 3.4.9 and Theorem 12.1.7]). If dim X > 2, then D(s) is empty and hence
gisdefined on X. If dim X < 1, then g can be extended to aregular map on X, which we,
abusing notation, also denote by g (indeed, existence of such an extensionis obviousfor
dimX = 0, while for dim X = 1 it follows from the fact that Gy, 4(F) is a projective resl
agebraic variety). Thus we have aregular map g: X — Gpq(F) defined for dimX > 0.
Obviously, g isarbitrarily closeto f in the C > compact-open topology, provided that N
is asufficiently small neighborhood of . Hence the assertion implies (a).

Now we proceed to proving the Assertion. We begin with the observation that there
existsaregular sections: X — Hom(¢, ¢) that belongsto N . The argument is straightfor-
ward. SinceHom(¢, €) isastrongly algebraicF-vector bundle (cf. [2, Proposition 12.1.8]),
there exists a strongly algebraic F-vector bundle 5 on X such that the F-vector bundle
¢ = Hom(¢, €) ¢ 1 is algebraically isomorphic to a trivial F-vector bundle on X (cf.
[2, Theorem 12.1.7]). It therefore follows from the classical Welerstrass approxima-
tion theorem that there exists a regular section t: X — ¢, arbitrarily close in the C>
compact-open topology to the C> section o,: X — ¢ defined by 7,(x) = (o(x). 0) for
al xin X. If t is sufficiently close to ¢, then the regular section s = 7 o t belongs to
N , where m:¢ — Hom(¢, €) is the canonical projection. This completesthe proof of the
observation.

In particular, the observation implies the Assertion for dim X < 1. Henceforth we
assume dimX > 2. Some extra care is how necessary because for a regular section
s: X — Hom(¢, €), selected at random in N , the F-linear transformation s(X): éx — ex
need not be injective for every x in X. Thereis no difficulty if X is compact, since then
every regular section s sufficiently closeto o satisfiestheinjectivity condition; recall that
o(X) isinjectivefor al x in X. Therefore we also assumethat X is not compact.

Now we prove the Assertion (with X noncompact and dim X > 2) in six steps.

Step 1. We show that there exist acompact nonsingular affine real algebraic variety
X and astrongly algebraic F-vector bundleg on X such that X is aZariski open and dense
subset of X, the algebraic subvariety X \ X of X is a divisor with normal crossings, and
¢ isalgebraically isomorphic to the restriction £|X of € to X.

Since ¢ isa strongly algebraic F-vector bundle, we can find a positive integer n and
aregular map h: X — Gn4(F) such that h*yn(F) is algebraically isomorphic to €. We
may assumethat X isaZariski locally closed subvariety of the k-dimensional projective
space PX(R) for some positiveinteger k. Let X bethe Zariski closure of X in PX(R). Let us
aso recall that Gy 4(F) is a projective real algebraic variety. Considering h as a rational
map of X into Gng(F) and applying Hironaka s theorems on resolution of singularities
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and resolution of po~ints of indeterminacy [4], we obtain X having the d~esi rgd properties
and a regular map h: X — Gng(F) that is an extension of h. Setting £ = h*ynq(F) we
complete the proof of Step 1.

SteP2. Denoteby £ thetrivial F-vector bundle on X with total space X x FP. Identify
e with £|X and ¢ with §|X. Let K be a compact subset of X and let \: X — R beaC>
function such that A = 1 in aneighborhood of K in X and A = 0 in a neighborhood of
X\ XinX. Then: X — Hom(¢. £), defined by

- A(x)o(x) forx e X
709 = forx € X\ X’

isaC > section satisfying & = o in aneighborhood of K in X. In particular, 5(X): EX — Ex
isinjective for al xin K. If the compact K is sufficiently large, then K contains all the
compact connected components of X and there exists aneighborhood N of & inthe C>®
compact-open topology on the space of al global C°° sections of Hom(E,N £) such that
for every section 7 in N , the restriction 7|X belongsto N . Select K and N with these
properties so that, in addition, each connected component of X \ K contains a connected
component of X \ X and every C=° section v: X — Hom(¢, £), with v|K = u|K for some
sectionuinN ,isasoinN .

SteP 3. Let H be the total space of Hom(g £). Every element of H is an F-linear
transformation from gx into £, for somex in X. Given an integer r satisfying0 <r < q,
set

H ={¢ eH|rank ( =r}.

Itiswell knownthat H' isaC > submanifold of H of (real) codimension (p—r)(q—r)d(F).
Sinceq < p — g, we havedimX < (p — q+ 1)d(F), and hence

dimX < codimH" for0<r <q—2.
dimX < codimH%1,

q-1
H*=[JH"
r=0

By astandard transversality result (cf. [5, p. 83, Exercise 13]), there exists aC > section
o: X — Hom(¢, £), arbitrarily closeto & in the C > compact-open topology, such that «
istransverseto H' for 0 <r < g. Obviously,

o H(H) = o H(HT)

and this set isfinite (possibly empty). Note that H* is aclosed subset of H and 6~ (H*) C
X\ K. We may therefore assume that « is chosen sufficiently closeto ¢ so that

aeN and o i(H") C X\K.
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Recall that each connected component of 5(\ K containsaconnected component of the
hypersurface X \ X. Since o~ 1(H*) isafinite set containedin X \ K and dim(X \ X) > 1,
it follows from [5, p. 181, Theorem 1.7] that there exists a C > diffeotopy 6;: X — X,
t € [0, 1], such that 6, is the identity map of X, 6:(X) = x for x in a neighborhood of K
andall tin [0, 1], and 61 (o *(H*)) € X\ X. Set ) = 6;* and consider the C > section

Vo X — ¢* Hom(E, £).
Thetotal space of ¢* Hom(¢. £) is

YH = {(x, 0) € X x H [ () = pr(0)},
where pr: H — X is the projection of the bundle Hom(é, £), and
(W Q)(x) = (x, a(w(x))) for xin X.
Since 0; ! is adiffeotopy and ¢ = 671, there exists an isomorphism
2" Hom(€, &) — Hom(£. £)

such that p(x, £) = £ for all (x, £) in (¥*H)N (K x H) (cf. the proof of Theorem 2.4, p. 97
in[5]). Set
@ B=po ()

Note that 3: X — Hom(£, £) is aC > section satisfying B|K = «|K, and hence
@) geN

(recall that o isin N and see Step 2). Furthermore, by construction,

(3) BHHY) = v (a7 (HY)) S X\ X.

It is convenient to observe that « in the above construction can be chosen to bereal
analytic. Indeed, by a standard transversality result (cf. [5, p. 84, Exercise 15]), every
global C > section of Hom(g, &) sufficiently closeto « istransversetoH' for 0 <r < q,
and hence o can be replaced by such a section. Since « can be approximated by regular
sections (cf. the beginning of the proof of the Assertion), we may assumethat « itself is
aregular, thusareal analytic, section.

The next step is a general remark.

Ster 4. LetB={y e RY| |ly| < 1}, where | — || stands for the Euclidean norm
on RY. Denote by M(m x n, R) the space of all m x n real matrices. Given a C> map
F:B — M(mx n,R), wheren < m, and apoint yin B, we may regard F(y) asan R-linear
transformation from R" into R™. Set

D(F) = {y € B| F(y) isnotinjective}.
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Obviously, if F#(y) isthe sum of squares of all the n x n minors of the matrix F(y), then
F#:B — R isaC® function and

D(F) = (F) (0.
Assume now that F is areal analytic map. We claim that if
D(F) = {0},
then there exist a positive integer k and aneighborhood M of F in the C > compact-open

topology on C*°(B, M(m x n.R)) such that each map G in M with the same k-jet as F
at 0 satisfies

D(G) = {0}.
Indeed, since F* is a nonnegative analytic function and (F¥)~1(0) = {0}, it follows
from the tojasiewicz inequality [7] that one can find a positive real number ¢ and a
positive integer k such that

F¥(y) > c|ly||* fory e B.

Now, if G:B — M(mx n, R) isaC > map sufficiently closeto F in the C > compact-open
topology and if G hasthe samek-jet asF at O, then Taylor’s theorem implies

c
G'w) = Sl foryeB.
In particular, D(G) = (G*)~1(0) = {0}, and hencethe claim is proved.

We return to the proof of the Assertion. We shall usethe sections o and 3 constructed
in Step 3.

STEP 5. We show that there exist a positive integer k and a neighborhood U of « in
the C > compact-open topology such that for each section uin U with the same k-jet as
«a at every point of a~1(H*), one has

u{(H") = a H(H).
To thisend let usfirst recall that « is areal analytic section and

o Y(H*) = {x € X | a(X): &x — Ex isnot injective}.

Consider E and £ asreal analytic R-vector bundles, and the «(x) as R-linear transforma-
tions, x € X. Since o~1(H*) is afinite set, the conclusion follows from Step 4.
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Step 6. We complete the proof of the Assertion and hence finish the proof of Theo-

rem1.1.
Let k and U beasin Step 5. It follows from (1) that

V ={po@ulueU}

is a neighborhood of 3 in the C> compact-open topology. By construction, if visin V
and v has the same k-jet as 3 at every point of 371(H*), then

Vi(H") = g H(HY).
Furthermore, in view of (2), if we take U sufficiently small, then
V cN.

Since 5~1(H*) isafinite set, arguing as at the beginning of the proof of the Assertion,
we can find aregular section b: X — Hom(%. £) suchthat bisin V and b has the same
k-jet as § at every point of 3~1(H*). In particular, b=1(H*) = 371(H*). Note that s = b|X
is aglobal regular section of Hom(¢, ¢) that belongsto N (see Step 2 and use the fact
that bisin N ) and, by virtue of (3), theF-linear transformation S(X): £éx — ex isinjective

for every x in X. Hence the Assertion is proved. ]
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