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Homological monoids, as f i rs t defined by Hilton and 
Ledermann [ l ] , a re a generalization of abelian ca tegor ies . 
It is known that if ^ is an abelian category, so is d \ 
here we prove the more general theorem that if C% is a 
homological monoid, so is O, . Our definition differs from 
that originally given by Hilton and Ledermann by the addition 
of a uniqueness condition in Axiom 1. 

If C% is any category, a map m of CI is called mono 
if m o x = m o y implies x = y ; a map e is called epi if 
x o e = y o e implies x = y. A map with an inverse is called 
an i somorphism. 

A category Q i s called a homological monoid if it 
sat isf ies the following axioms: 

(AO) Q has a ze ro object; i. e. , there exists an object 0 of C[ 
such that for each object A of Q there exists a unique map 
0 -*»A and a unique map A -*> 0 . 

(Al) Every map f of ^ c a n be written f = m o e, where 
m is mono and e is epi, and such a representa t ion is unique 
up to i somorphism; i . e . , if f = m o e and also f = m' o ef 

then the re exis ts an i somorphism i such that e' = i o e and 
m = m' o i. 

I 

Ho 

m 

' m 1 
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(A2) Every map f of CI has a kernel and a cokerne l ; i. e. , 
if f is any map of d , there exists a mono k, cal led a 
kernel of f, such that f o k = 0, and f o x = 0 implies 
x = k o y for some y; dually we have a cokernel c of f for 
any f. 

(A3) If e is a no rmal epi (i. e. , e = cok ker e) and m is a 
normal mono (i. e. , m = ker cok m) then e o m is n o r m a l ; 
i. e. , e o m = m' o e' where m' is a normal mono and ef 

is a no rmal epi. 

2 
Given a category d , we define a new category d 

whose objects a r e the maps of d and whose maps a r e com
mutative squares ; i. e. , a map from an object a of Q ^ to 
an object b of Q is a pair (f, g) of maps of CI such that 
the square commutes : b o f = go a . 

It can be seen that the composition of two commutat ive 
squares yields another commutative square , and in fact d 
is a category. 

We now prove that if ^ is a homological monoid, so is 

(A0) We claim that 1 : 0 -* 0 is a zero object of d 2 . 
2 

If f : A -* B is any other object of d , we know that t he re 
a re unique maps 0 -*• A and 0 -+» B and the following square 
commutes , by the uniqueness of the map 0 -* B. 

0 > A 

0 . -> B 

Thus we have a unique map from 1 to any object f 
and s imilar ly a unique map from any f to 1 . Hence 
is a zero object of d . 

of $ 
1 
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(Al ) In o r d e r to prove that th is a x i o m holds in d , we m a s t 
f i r s t inves t iga te which m a p s of Q a re mono and which a r e 
epi . We c l a i m that (f, g) : a —> b in 0, i s mono if and only if 
both f and g are mono in &. 

F o r , let f and g be mono in £ ? , and let 
( f , g ) o ( x , y ) = ( f , g ) o ( x ' , y ' ). Then ( f o x , g o y ) = ( f o X < , g o v ' ) ; 
i . e . , f o x = fox ' and g o y = goy ' . There fore x = x l and 
y = y ' , hence (x, y) = (x' , y ' ) . There fore (f, g) i s mono 

in az-

C o n v e r s e l y , suppose (f, g) i s mono in @ , and let 
f o x = f ox' . Then in O. * (x, a ox) i s a map 1 -** a and 
(xf , a o x ' ) i s a map i -^a . 

Here (f, g ) o ( x , a o x ) = ( f o x , g o a o x ) = ( f o x , b o f o x ) = 
( f o x 1 , b o f o x ' ) = ( fox 1 , g o a o x ' ) = ( f , g ) o ( x ' , a o x ' ) . Since 
(f, g) i s m o n o , we conclude (x, a o x ) = (x! , a o x ' ); i. e. , 

X = X' T h e r e f o r e f i s mono . 

To s e e that g i s m o n o , suppose g o y = g o y ' . Then 
( 0 , y ) : 0 - a and (0, y' ) : 0 - a, with (f, g)o ( 0 , y ) = (f oO, g o y ) 
(foO, goy» ) = ( f , g ) o ( Q , y ' ) . 

a 

V 

i 

g 

\ 
/ 
b 

> 
—> 

Hence ( O , y ) = ( 0 , y ' ) and y = y ' . Therefore g i s mono . 

Dual ly , (f, g) i s epi in u if and only if both f and g 
are epi in £? • It i s e a s i l y seen that (f, g) i s an i s o m o r p h i s m 
of $ if and only if both f and g are i s o m o r p h i s m s of ^ . 
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a = a o a 
m e 

Returning now to the proof of (Al), let (f, g) : a -*> b be 
vr i 

in Ci . Moreover we can wri te 

any map of £7 • We can wri te f = f o f , g = g og , 
m e m e 

b =b o b 
m e 

s o a = m o e and b o f = m o e , say. Then b c f = go a ô e m 1 i - — ° ° 

m 

can be factored in two ways as (g o m ) o ( e o a ) and 
m 1 l e 

(b o m )o(e of ). By uniqueness of such factorizat ion, 
m 2 2 e 

there exists an i somorphism u such that g o m ou =b o rn 
m 1 m 2 

and uoe^of =e oa . Now g o m o u o e =b o m o e = 
2 e l e s m 1 2 m 2 2 

b ôb of =bof and m o u o e of 
m e m m 1 2 e 

g o a 
e 

m o e o a = g o a o a = 
l i e e r n e 

so (f , g ) : m o u o e ^ - * b and (f , g ) : a - * m o u o e ^ 
m m 1 2 e e 1 2 

in Q . Moreover , (f , g ) is mono and (f , g ) is epi, 
m m e e 

according to what was proved before. Thus we have factored 
(f,g) as (f ,g )o(f , g ) in a Z . 

m m e e 

To show that such factorization in $ is unique, suppose 
that we have also (f, g) = (m, mf ) o.(e, ef ), where (m, m ! ) : y -* b 
is mono and (e, e' ) : a -*• y is epi. Let m o u o e = x , so 

1 2 
(f , g ) : a -* x and (f , g ) : x — b. Then (f, g) = (m, m ' )o (e, e' ) = 

e e m m 
(moe , m ' o e 1 ) implies f = mo e and g = m' o e' ; hence there 
exist i somorphisms u and v such that f = u o e , g = v o e ' , 

e e f o u = m, g o v = m ' 
m m 

Now x o u o e = x o f = g o a = v o e ' oa 
e 5 e 

v o y o e , hence x o u = v o y since e is epi. Moreover u and v 
a re i somorphisms in £( , hence (u,v) : y -• x is an i somorphism 

2 
in Û , such that (f , g ) o (u, v) = (m, m' ) and (f , g ) = 

m m e e 
(u,v)o (e, e' ). 
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Remark. The following observation is due to P ro fessor 
P. Hilton. We have seen that the uniqueness of factoring 
f = m o e in £% was necessa ry to obtain the i somorph i sm u 
and hence the map x = m o uoe of £% r equi red for Axiom 1. 

In fact, we have seen that if we have the following situation 

with m , m ' mono and e , e ' epi, then there exis ts a map x 
with b o m ^ m ' o x and x » e = e f o a . Conversely, if such a 
map x always exists in such a situation, then factoring 
f = f o f in £7 is unique; for if a lso f = f ' o f , taking a = 1 

m e ~~ 
and b = 1, we have the following: 

—i—> i -

m 

î 
i y 

i 

m 

m V 

Hence by assumption there exist maps x and y such that 
x o f f ' , f ' o x = f , 

e m m 
yof1 =f , f o y = f . 

e e m m Thus 

yoxof = yof' =f , and y o x = l ; a lso f o x o y = f o y o f 
e e e m m m 

and xoy = 1. Therefore x is an i somorphism. 

Returning to the proof that Q is a homological monoid, 
to prove (A2), we want to show that (ker f, ker g) is a kernel 
of (f, g) in Q , where (f, g) : a -* b say. 
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ker g 

Now goac (ker f) = bo f c(ker f) = 0, hence there exis ts a map c 
such that ac (ker f) = (ker g)o c. Thus (ker f, ker g) is a map 
from c to a in Cl^• It is mono, since ker f and ker g 
a re mono, and (f, g)o (ker f, ker g) = (f oker f, go ker g) = (0, 0). 
Suppose now that (f, g) o (x, y) = 0 where (x, y) : d -*• a ; i. e. 
fcx = 0 and go y = 0 . Then there exist maps u and v such 
that x = (ker f)o u and y = (ker g)o v. Now ( k e r g ) o c o u = 
ao (ker f)o u = a o x = y o d = (ker g)o vod , hence cou =vod since 
ker g is mono. Thus (u, v) is a map d -* c in ^ ^ such that 
(x, y) = (ker f, ker g)o(u,v) . Therefore (ker f, ker g) is a 
kernel of (f, g) in Q . 

2 
Dually, (cok f, cok g) i s a cokernel of (f, g) in Cf , 

and hence every map (f, g) of G has a kerne l and a cokernel . 

__2 
(A3) F i r s t we claim that (m, m' ) is a no rmal mono in Q 
if and only if m and m1 a r e normal monos in Q. Fo r , 
(m, mf ) is normal in ^2 <—> (m, m' ) = ker cok (m, m1 ) <=£> 
(m, m1 ) = (ker cok m, ker cok m' ) <=£> m = ker cok m and 
m' = ker cok m' <=> m and m1 a re normal in £?. 
Similarly, ( e , e ' ) is a normal epi in £? ̂  if and only if e and 
e' a re normal epis in Q', and in general (f, g) is n o r m a l in 
£( ^ if and only if f and g a r e normal in £? . 

Now suppose (e ,e L ) is a no rma l epi b -*• c and ( m , m ' ) 
is a normal mono a -*• b in £? . Then e om and e' o m ' 
a re normal in ^ 7 , so we can write e om =m o e and 

e ' o m f = m ' o e 1 where m and m' a re no rmal monos and 
1 1 1 1 

e and e' a re normal epis. F rom (Al) we know there 

exists a map x of (% such that (e , e' ) : a -*• x and 
1 1 

(rn , m' ) : x -* b. Thus (e, ef ) o (m, mf ) = ( eom, e1 o m1 ) = 
1 1 
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= (m o e , m ' o e ' ) =(m . m ' ) o ( e . e ' ) where (in , m ' ) is a 
1 1 1 1 1 1 1 1 1 1 

normal mono and (e , e1 ) is a normal epi, so (e, ef )o (m, mf 

is no rmal in <£? 

Therefore d is also a homological monoid. 

Remark. By very s imi lar methods one may show that if 
d is a homological monoid and ^3 is a part ial ly ordered set, 

then CI is a homological monoid, a part ial ly o rdered set 
being regarded as a smal l category whose objects a r e the e le
ments of the set and whose maps a re pa i rs (i, j) where i < j . 
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