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ON THE NON-VANISHING OF A CERTAIN CLASS
OF DIRICHLET SERIES

SRIDHAR NARAYANAN

ABSTRACT.  In this paper, we consider Dirichlet series with Euler products of the
form F(s) = Il <1 + %g) in}(s) > 1, and which are regular in 3(s) > 1 except for
apole of order mat s = 1. We establish criteria for such a Dirichlet series to be non-
vanishing on the line of convergence. We also show that our results can be applied to
yield non-vanishing results for a subclass of the Selberg class and the Sato-Tate con-
jecture.

1. Introduction. Thenon-vanishingof L-functionsontheline X(s) = 1 hasplayed
acentral role in many problems of number theory. The prime number theorem, the Sato-
Tate conjecture and the Tchebotarev density theorem are some of the significant con-
sequences of such non-vanishing of L-functions. The Euler product expansion of such
L-functions in the half-plane of convergence has always played an important role in es-
tablishing their non-vanishing on the line of convergence. In this paper we consider such
Euler products and establish criteria under which the Euler product does not vanish on
theline of convergence. We also show that our results can be applied to the Selberg class
[see §] and the Sato-Tate conjecture.

We shall be considering Dirichlet serieswhich can be written asa product of the form,

_ %
1) F(9) = rp[(1+ ps)
where a, < 1 and F(s) isregular in 3(s) > 1 except possibly for a pole of order m at
s=1
From (1), we can definein R(s) > 1,

EQ = %
@ Fo = 1}(1+ ps).
Thenit isclear the F(s) is also regular in 3(s) > 1 except possibly for apole of order m
at s= 1. Our goal isto prove

THEOREM 1. Given, F asin (1), supposethat,
(@) F(s)isregular at ®(s) > 1, and
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(b) Hp(1+ ‘%’J—Z) isregular for Y(s) > 1 except for asimplepoleat s = 1,

then F(1 +it) # O except possibly fort = 0.
(c) If (8 and (b) aretruein }(s) > 1,2, then we also have, F(1) # 0.
The hypothesis (c) of Theorem 1 is essential, for consider the example:

§(2s) 1
Fo=>~2=][(1+=).
©=%g ~UL5)
In this case, the Euler product in hypothesis (b) has a simple pole at s = 1/2, and

F@1) =0.
In our next result we modify condition (c) required in Theorem 1. We prove,

THEOREM 2. Given, F asin (1), supposethat

(8) F(s)isregular for X(s) > 1, except for a pole of order mat s = 1,

(b) Hp(l + ‘%’s‘—) isregular for (s) > 1 except for asimple poleat s = 1 and,
(©) Tp(1+ %2) isregular for ®(s) > 1,

then F(1 +it) # 0, Vt real.
We note that our results are motivated by Rankin's work in [R]. It would be clear
in Section 5, that Selberg’s conjectures predict that any function F satisfying the above

hypothesis, cannot have asimple pole at s = 1. We consider our results to be astep in
that direction.

2. Lemmas.

LEMMA 1. Letf bea function satisfying the following hypothesis:
(1) f isholomorphic and non-zero for %(s) > 1.
(2) OnthelineR(s) = 1, f is holomorphic except for a pole of order eat s = 1.

©)
00 bn

—, by>0.
n=1 N®

logf(s) =

Then any zero of f on theline ®(s) = 1 hasorder e/2.

ProOOF.  For the proof of this lemmawe refer the reader to [KM].

LEMMA 2. Given F asin (1), suppose that TTp(1 + %) is regular for R(s) > 1
except for asimple poleat s = 1. Then, F hasat most a simplepoleat s = 1.

ProoF. If Fisregular at s = 1, then thereis nothing to prove. So supposethat F has
apole of order mat s= 1. Let shereal and s+— 1*. Then

_ 0 bn 1
(3) logF(s) = nX::lﬁ ~m|ogST1.
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But ass+— 1%,

00 bn ap
—=> —=+0(1

=1 N® Zp: p° @

so that
p 1

(4) %:Eleoga, S+— 1+
Similarly, from the hypothesis, we have,

3| 1
(5) Zp: s +0O(D) Iogs_ 1

Using Cauchy’sinequality, from (2) and (3) as s+— 1* we have,

2,1/2 1/2
<3< (55 )

sothatm=1 (sincezp# ~ log ;).

3. Proof of Theorem 1. If F has no zeroes on the line k(s) = 1 there isnothing to
prove. So assume without loss of generality that F hasa zero at s = 1. Consider,

69 = CIFOFOTI(1+ %)

Then it is clear that G(s) satisfies the conditions of the above Lemma 1. Hence,
F(1+it) # Ofor al t # 0. Suppose now that the hypothesis (a) and (b) can be extended
to R(s) > 1/2. Then, G(s) isanalyticin }(s) > 1/2. Since,

(6) 10gG(e) = 3" = b>0,
n=1

by Landau’stheorem the abscissaof convergenceis areal singularity oo(say). Since((s)

has zeroesin %(s) > 1/2, oo > 1/2. From (6), we have logG(co) > 0 for o > 0p. By

continuity, G(oo) > 1. However G(op) = 0. Thiscontradiction provesthat F(1) # 0and

hence F(1 +it) # Oforall t # 0.

4, Proof of Theorem 2. Suppose that F(1 + i) = 0 for some real «. Then let

G(s) = F(s+ia). Notethat G(1) = 0. From (1) and (2) we can write F in the form,
™ F© = Hexp(z o)

k_

Wethen haveo > 1,

o 1, e l710aP 0
® G(o) = Hexp(z pkik)
p k=1 kpke
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Consider the product
o r2 e72iozlog pr+2i0
9 Mo > T— | =H(©) (sa).
k
p k=1 p
Using the inequality:
(10) 2(1+rcosh)? = 2+ r? +4r cosh + r? cos20 > 0,

it follows from (8), (9) and (10) that for o > 1,
2l0g (o) +|og(H(1+ @)) +4R10gG(0) + RlogH(0) > 0
p P
S0 that
(12) gz(a)lg(u %)m“(o)man > 1.

By hypothesisthe product in (11) hasazero at s = 1 (by hypothesis(c), H(c) is analytic
ats=1)sothat aso — 1" itisO(c — 1), but this contradicts (4).

5. Applications. Wefirst show the application of our results to the Selberg class.
The Selberg class S consists of functions of complex variable s satisfying the follow-
ing properties:
(i) (Dirichlet Series) For R(s) > 1,

FO=> o

n=1 ns

where a3 = 1 and we shall write ay(F) = a, for the coefficients of Dirichlet
Series of F;

(i) (Analytic Continuation) F(s) extends to a meromorphic function so that (s —
1)™F(s) is an entire function of finite order for some integer m > 0;

(iii) (Functional Equation) 3 numbersQ > 0, ; > Oand 8; € Cwith ®(3;) > 0such
that the function

d
B(s) = eQ® ]:[1 [ (ais+ Bi)F(s)
satisfies the functional equation
69 = o1 -9

where q_S(s) = ¢(1 — s) and € is acomplex number of absolute value 1;
(iv) (Euler Product)

F(s) = l;[ Fp(S)
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where by (F)
logFa(9) = 3 ";ks

n=1

where by (F) = O(p*) for some § < 1/2, p denotes a prime number (here and
throughout this paper);
(v) (Ramanujan Hypothesis) a, = O(n¢) for any fixed e > 0.
For further details on the Selberg class the reader may refer to [C-G], [RM] and [S].
It has been shown that Selberg’s conjectures imply the non-vanishing of functionsin S
ontheline k(s) = 1.
We shall prove that the non-vanishing property for a certain subclass of S follows
from Theorem 1 and Theorem 2.
Given F and G in Swe define

F®G(s) =[] Hp(9)
p

where 5 ¢4(Fox(©)
Hp(s) = exp(kg1 7ka5 )
and 6 (F) c4(G)
by (F) = e by (G) = -

It isclear that F ® G(s) converges absolutely for 3(s) > 1.
We shall call F @ G(s) asthe tensor product of F and G.
Then, from Theorem 1 we obtain,

THEOREM 3. If F € Sisentire, and F ® F is regular in ®(s) > 1/2 except for a
simplepoleat s = 1, then F(1 +it) # 0, for all t real.

Similarly from Theorem 2 we obtain

THEOREM 4. If F € Shasa poleof order mat s = 1 and
() F® Fisregular in}(s) > 1 except for asimplepoleat s = 1, and
(b) F®F hasanalytic continuationto line}(s) = 1, then F(1+it) # Ofor all t real.

It is clear that the non-vanishing property of the Riemann-zetafunction, the Dirichlet
L-functions attached to a primitive character y and the Artin L-functions attached to
irreducible characters of a Galois extension over Q can all be deduced from Theorems 3
and 4.

We now show that Theorem 1 can be applied to the Sate-Tate conjecture. We first,
describe the Sato-Tate conjecture. Let E be an élliptic curve defined over Q. For each
prime p, we consider the reduction E;, of E modulop. Let a, = p+ 1 — |E,(Fp)| where
|Ep(Fp)| isthe cardinality of set Ej(Fp) of projective solutions over Fp, thefinite field of
p-elements (see[2] p. 297). We then have Hasse's inequality, |ap| < 2,/p. Let uswrite

ap, = /p(e™ + e %) = 2, /pcostp.
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Sato and Tate conjectured (independently) that if the elliptic curve is not of CM type,
then the 6,’s are uniformly distributed with respect to the measure

2 .
Z&in? 6 do.
s

Serre (see [5]) reformulated the above conjecture as follows. Let oy = €% and Bp =
e~'%. For each m, define the L-series

m=] o)
Lm(s) = H ﬁ(l_ b Sﬁp).
p j=0 p

Each Liy(s) convergesfor R(s) > 1. Serre [Se] showed that if each Lm(s) extendsto an
entire function and Li(1 +it) # O for al real t then 6,’s are uniformly distributed with
respect to the (Sato-Tate) measure % sin? § dd. Hence we have the following corollary of
Theorem 1.

COROLLARY 1. If each Liy(s) has an analytic continuation to %(s) > 1/2 then 6,'s
are uniformly distributed with respect to measure 2 sin® 6 dg.

Notethat K. Murty in his paper [KM] provesastronger result namely that the analytic
continuation of each Ly(s) to X(s) = 1 aone sufficesto imply the Sato-Tate conjecture.
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