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Abstract. In this paper we will present a result which gives a sufficient condition
for a vector field X on R? to be equivalent at a singularity to the first non-vanishing
jet j*X(p) of X at p. This condition - which only depends on the homogeneous
vector field defined by j*X(p) - is stated in terms of the blown-up vector field X
(which is defined on S*xR), and essentially means that there are no saddle-
connections for X |S?x {0}.

The key tool in the proof will be a result of local normal linearization along a
codimension 1 submanifold M providing a C° conjugacy having a normal derivative
along M equal to 1.

1. Introduction and statement of results
Let X be a C” vector field on R* with a singularity at 0, X(0) =0, p=3. Assume
that X is non-flat, i.e. that one of the jets of X at 0 is non-zero. Let k be such that
JiX(0) # 0 and ji_, X(0) =0 (k= p —2). We call the homogeneous polynomial vector
field X, =j;.X(0) the first-non-vanishing jet of X at 0.
We also need to define the blowing-up of a vector field. Let S* be the unit sphere
in R’ and let ®:5*xR-> R’ be defined by (u, r) > r- u (the spherical coordinates).
Define X by &, X = X and let

_ 1 .
X=X
rk—l ?

where k is as before. X is a C”* vector field on S*xR.

Finally we say that two vector fields X and Y are C°-equivalent in 0 if there is
a homeomorphism on a neighbourhood of 0 onto its image, mapping orbits of X
onto orbits of Y preserving the orientation of orbits. If the homeomorphism also
preserves the parametrization we call it a C°-conjugacy.

THEOREM 1. Let X be a C? vector field, p=3, and X, be its first non-vanishing jet
(k=p—2). Furthermore let X be the blown-up vector field associated with X at 0.
Assume that

(1) X|S8*x{0} is Morse-Smale.

(2) All singularities and periodic orbits of X are hyperbolic (in S*xR). Then X is
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CP-equivalent to X, near S*x{0} and a fortiori X is locally C°-equivalent to X,
near 0.

The proof of the theorem occupies the main body of the paper (i.e. § 2). It relies
on two ‘technical’ theorems, which we have put in 2 separate appendices. These
theorems concern local normal linearizability along a codimension-one invariant
submanifold and are valid in all dimensions. As we will see, it is not important that
the critical elements of X |S*x {0} are hyperbolic, but it is certainly essential that
there are no ‘saddle-connections’, see [Str].

If in addition X |S?x {0} has no periodic orbits, our proof will imply that X and
X, are C°-conjugate in the neighbourhood of $*x {0}. Of course this induces also
a C°-conjugacy between X/r*™' and X, /r*™".

The conditions (1) and (2) do not imply that X is structurally stable, only that
X | 8 x {0} is structurally stable. This is because X may have two periodic orbits vy,
and y, on $?x{0} both of saddle-type of X such that W*(y,)n(S*x{0}) and
W*(v,) n(S*x{0}) have an intersection. Then W*(y,) and W*(y,) have a non-
transversal intersection. In [ST] it is shown that moduli of stability can appear for
homogeneous vector fields with two limit cycles. We have evidence to conjecture
that it is even possible to give such an example where (1) and (2) are satisfied. Of
course, it follows from our theorem that the space of moduli of stability is finite
dimensional.

The theorem was shown before in special cases. Shafer in [Sh] proved it if X is
a gradient vector field. Camacho in [ C2] generalized this to the case where X | $%x {0}
has no periodic orbits. Urbina et al. in [ULL] treated the case where X |S*x {0}
has no orbits connecting limit cycles of saddle type. In these three papers, the
authors also prove the stability of their vector fields inside the space of all vector
fields with j;_, X (0) = 0. In particular, the homogeneous vector fields they consider
are stable in the space of homogeneous vector fields of degree k. Camacho proved
in [C1] that, for k =2, it is also a generic condition for a homogeneous vector field
of degree k to fulfill conditions (1) and (2) in our theorem. Recently, Camacho has
announced that she has proven the same result for k > 2.

To end let us remark that conditions (1) and (2) are equivalent to (1) and (2)
with (2'): X, has no singularities or periodic orbits in the neighbourhood of 0,
(apart from the singularity 0).

Some properties of blowing up of singularities. To simplify things we assume that
X (x) is defined for all x € R*. This is no restriction. It should be noted that everything
in this section holds in R” for arbitrary n. Throughout this paper we will denote
the flow of a vector field Y by ¢y (¢, x).

Property 1. X is a C?~* vector field, in particular it is at least C°.

Property 2. Let (u, r) denote coordinates on SxR. If X and Y have the same k-jet
in 0 (always assuming ji_, X(0) = ji_, Y(0) =0) and if we write
d

d = 0 I ~
X= XT—+XN_ and YT_+ YN
ar ou ar
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then there exist C? 7“7 resp. C? %2 functions fr: S’ xR->R? resp. fy:S°xR->R
Such that X—T_ YT= l:f’r and XN - YN = erN'

Proof. Let B:R*\{0}> S*xR:x~(x/|x|,|x|) be the inverse of ®. Then B*X=)?.
A straightforward calculation yields:

DB(x)=

>l <| § )x ()
|x|? T’
so for u=x/|x| and r =|x| we get:
X(u, r)=DB(x) - X(x)
= (r (X (ru) —(u, X (ru))u), {u, X (ru))).
We can write X = Y + O(|x[**"). So if we divide X and Y by r*™! we get:

R, r) = Fr (1) = O,

_ = 1
X (1) = Yoo (1, 1) = =7 O(ru ™).
This proves property 2. O

COROLLARY 1. X |S8*x {0} is completely determined by j, X (0). So X and X, coincide
on S?x{0}.

COROLLARY 2. (a) Let pe S§?x {0} be a singularity of X. The eigenvalues of DX (p)
(considered in S*> xR) only depend on j, X (0). (b) Let y < S*x {0} be a periodic orbit
of X and let P be a Poincaré map for y. The eigenvalues of P only depend on j X (0).
Proof. (a) This follows directly from Property 2. (b) Fix a point pey. Then ==
{ge S’xR|{(qg—p, X(p))=0} is a local section of y which we use for defining the
Poincaré map P. Let ¢x denote the flow of X; consider the following equation in

(t,q)eRxZ: _

F(1,q)=($x(t, q9)~p, X(p))=0. (1)
Let t(q) be a C* function with F(t(q), g) =0 such that P(q)= ¢x(t(q), q); put
t(p)=T,.

We write ¢z = (¢ %, d%)€ S>’XR and P = (PT, PN). As §?x {0} is invariant for X
we have D,P™(p)=0.

Because of Property 2, D,P"(p) only depends on j, X (0). So the only thing to
check is that (P"/ar)(p) only depends on j, X (0). We have

9”—( )= %-’ﬁ( Top) 3 (p)+""J(To,p)

= Xn(92(To, ) - = (p)+ ""”‘

3¢x

(TO’p)

—XN(P)_(P)+ (To, p)

—m(ro, )
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The variational equation gives:
] _
5 (D(u,r)¢)?)(t, P) = DX(¢)?(ta P)) ° D(u,r)¢)?(t, P)

D, ¢x(0, p) = Identity, (2)

where (u, r) represent coordinates on S>xR.
If we write Dy, ,,¢x(t, p) = U(?) this gives, with respect to the product SIxR:

DX (656 0) X (6x(t,p))
[U-rr UTN],_ u X ’P or X 3p [U'l‘l' UTN]
= —-N ’
UNT UNN O % ((b)?(t, p)) UNT UNN

so in particular
v N

X
U&N(t)="7<¢x(t,p)>uw

Unn(0)=1.
By Property 2 it follows that this last function only depends on j, X (0) since
VieR: ¢x(t, p)e S*x{0}. O

2. Proof of Theorem 1

We look for a homeomorphism h, realizing an equivalence between X and X, with
the following properties. First of all we take h|S”>x {0} to be the identity, because
of Corollary 1. Write h = (h", h™). We say that h is normally tangent to the identity
on a set A< S>x {0} if there exist K >0 and a € ]0, 1[ such that for all u€ A and
small r we have:

N, r)—r
r1+a

=K

hT -
—(u’# =K and

r

Step 1. We start the construction of h at the saddle points of X |S*x {0}. Let g be
such a saddle. By Corollary 2(a) the eigenvalues of X and X, at q are equal.
Therefore, according to Theorem A in Appendix 1, we can find a neighbourhood
V of g in S>xR and a homeomorphism h defined on V conjugating X|V and
X.|h(V) such that h is normally tangent to the identity on V n (S>%{0}). In this
way we get for each saddle g of X|S*>x{0} a neighbourhoood V(q) of ¢q and a
conjugacy h: V(q)=> h(V(q)) between X and X, | V. Choose these neighbourhoods
V(q) so small that the saturations |_,.r ¢2(, V(q)) of V(q) are disjoint for distinct
saddles. (And similarly the X,-orbit saturations of h(V(q)) are disjoint.) This is
possible since we do not allow saddle connections.

Step 2. Let p be a source of X|S”x{0}. Take a small closed curve C in S? around
p such that the orbits of X |S*x {0} are transversal to C. Then for small §>0 the
orbits of X are transversal to C x]-38, 8[. If no stable manifold of a saddle-point
of X|S8?x {0} intersects C then we just take h to be the identity on C x[—§, §].
Otherwise let g, . . ., g, be the saddles of X | S* x {0} such that their stable manifolds
intersected with $%x {0} cut C. We denote {s;} = W*(g;) n (§?x{0}) n C (see figure
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FIGURE 1

1). Now we extend h, defined in Step 1, by means of saturation in negative time,
until we hit C x ]-8, 8[. More precisely, foreach i€ {1, ..., n} let V; be a neighbour-
hood of ¢; on which h is defined in Step 1 and let U,={¢x%(t,x); x€V, and
t(x) =t <0} where t(x) is the first time the negative orbit through x hits C x ]-8, 8],
i.e. pz(t(x), x) e C x]—86, 8[; this is well defined if V; is small enough (see figure 2).

| —

FIGURE 2

For ye U; we define h(y) = ¢x.(t, h(dx(—t, y))), that is: we force h to be a
conjugacy on U,. This implies that h is the identity on U, (S*x{0}). We check
that h is still normally tangent to the identity on U, ~(C x{0}) in the following
lemma.

LEMMA. Let A< S*>x {0} be a line segment or a closed curve transverse to the X-orbits.
Let t: A>Ry be a given C* function and put B={¢x(t(x), x); xc A}. If h is an
equivalence between X and X, on a neighbourhood V of {¢x(s,x); xcAand 0=<s=<
1(x)} in S*xR, and if h is normally tangent to the identity on A, then h is normally
tangent to the identity on B.

Proof. We take coordinates (u,, u,, r) in which locally A< {r=u,=0}and Bc {r=0
and u,=ud} for some uJ and such that the orbits of X are ‘horizontal’ lines
{u, = constant and r = constant}. From Property 2 we know that Xy— X, n= r’fu.
We put fo=sup {fu(x)|; x€ V}, which is finite for small V, and my=
inf {u,-component of X,(x); x € V}. For small V we have m,>0. Let (u,,0,r)e V
be given and put F=hy(u,,0,r). We know that F=r(1+k(u,,0,r)) with
|k(u,, 0, r)|= Kr® Consider the two initial value problems (see figure 3)

R, R,
du2 B my
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FIGURE 3. Front view.

and
dR; _Rifo
du, my
R,(0)=F.

We can solve them easily:

and

If V is small enough we can write for all u,€[0, u3]:

r 1+ Kr”
Ry(uy) s — <LK i kor)
fO 0— ﬂ) 0

1—;n—ou2r l—;; U, 2r
for some K,>0. Here we have used a € ]0, 1]. Similarly:
R\ (u,) = r(1 - K5r*)
for some K;> 0. From this and Xy — X, n = r’fy it follows that
r(1— Ksr®) < hy(uy, ud, r) =< r(1+ K,r®).
In the same way, using X1— X, 1= rf;, we obtain the required estimates for hr.
This proves the lemma. 0

So far h is defined on U;n(C xR). We continue Step 2 by extending h to a
neighbourhood of C x {0} in C x]-85, 6[ as follows. We have to take care that h is
normally tangential to the identity on C x {0}. We may assume that the neighbour-
hoods V, are chosen such that U;n(C x]-8, 8[) are ‘vertical’ strips of the form
[a;, b;]x ]38, 8[, where the [a;, b;] are disjoint segments in C.

We restrict the construction to the ‘exterior’ region {r = 0}, since the construction
for {r =0} will be similar and can be pasted decently. We consider first, instead of
h, the following homeomorphism h: for xe [a;, bi]1x]-8, 8[ we define h(x) to be
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the intersection point of the orbit of X, through h(x) with C x ]-8, 8[. (See figure
4.) k is obtained as the restriction of a new equivalence derived from the con_]ugacy
h, hence it follows from the lemma that A is tangent to the identity’. Since Rk maps
U, (Cx1-8,8[) into C xR we will first extend A and then use this to find an

FIGURE 4

extension of h. We extend h to a neighbourhood of C in C x]-6, §[ as follows.
Let ie{l,..., n}; we denote a,.,=a,, b,.;=>b;. In between b, and a;,, we fix a
line {¢;} x[0, n;], where 0 < %, <1 is small and fixed; we define ﬁ|{c,-} x [0, ;] to be
the identity.

Let r;=j", for all jeN. We define h, by induction on j, on a rectangle [ b;, ¢;]x
(741, 1;] as follows. We denote

Z(j)={(u,r)e CX[0, 8[| rjs;— Kr}i¥ <r<r+Kr;**}

where K and a are so that

I;N(u, r)
A

< Kr* foralluel[a, b;]
i=1

and small r> 0.
Define £(r)= K,r®, where K, is so that
h({b}x[0, n]) = {(u, N)|lu—b| <e(r)}.
This is possible since his normally tangent to the identity at (b,, 0).

We connect, by induction for all j, h(b,, r;) to (¢, ;) by means of an injective C 0
arc 7:{b;, 1> Z(j—~1)nZ(j) in such a way that 7;(b;)= h(b,,r) and for all
uele(r), ¢;]: 7,(u) = (u, r;). Also 7;(1b;, ¢;]) does not meet Im 7,,...,Im 7,_, and
h({b;} x[0, r;]). We deﬁne h on [b;, c:1x{r} by h(u ;) = 7;(u) and moreover ks
the identity on {(u, r)|u = b,+ &(r)}. In this way k is defined on the boundary of
the rectangle [b;, ¢;]%[7;+1, r;]. The image of this curve is a curve without self-
intersections. Now we apply the Schénflies theorem [Mo] to extend h to [b;, ¢;]x
[rj41, 7;] for all j. So A([by, 61x[141, 5] = Z())-

First of all we note that /i extends to the identity on [b;, ¢;]1x {0}. Next we check
that h is normally tangent to the identity on [b;, ¢;]x{0}: let re[r.,,r;] and
uelb, c;]. We know that

An(u, r)<r+Kri*e.
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Since r;/r;,, =2 for all j €N, this implies

N 1+a 1+a
hy(u, r)—r< r,—r+Kr; - Kr;

r r Fi+1
v 1+a
=K (—L) re=2"""Kr*
Tir1

In a similar way we find a constant K such that
r—hy (u,r)
r
On the other hand for (u, r) with |u — b;| < (r) = K,r* we know that (U, R) = };(u, r)
also satisfies |U — b;|< K,R°, by construction, and as R=r+O(r'**) we have
|U —u|=2K,R", hence there exists a K¢>0 such that |U —u|= K¢r”; for (u,r)
with ue[e(r), ¢;] this is trivially true. So on [b;, ¢;]1 %[0, n:]:

= Kr” (4)

5T(u, r)—u
ra

=K.

By repeating the same construction to the regions [¢;, a,,] we can assume now that
h is defined on, say, C x[—n, n].
There exists a continuous function

t:ﬁ(f) La,, b x[0, m]) SR

such that ¢,—(k(t(ﬁ(x)), };(x)) = h(x). Let * denote any continuous extension of ¢ to
C x[—m, n]. Finally put h(x) = d)gk(t*(ﬁ(x)), h(x)) for all xe C x [—mn, n]. For the
same reasons as in the lemma above h is normally tangent to the identity on
C x{0}. Using Theorem B in Appendix 2 we extend h to a conjugacy on a neighbour-
hood of the source p of X|S*x{0}.

Step 3. Let y< §?x {0} be a repelling limit cycle of X|S>x{0}. Let T and X,
be small transversal sections of y on which the Poincaré maps P:X,~ = for X and
P,:3,- 3 for X, are defined. By assumption (2) in the statement of Theorem 1, P
and P, are hyperbolic.

P|=,n(8%x{0}) is repelling. We make a similar construction as in Step 2 as
follows. Take a smooth closed curve D in S* around ¥ in a small neighbourhood
of y such that X |S§”x {0} is transversal to D. For small 8 > 0 we still have transver-
sality to D x]—8, 8[. Just as in Step 2 we consider all the saddles of X|S?x {0}
whose stable manifolds, intersected with $*x {0}, cut D. We extend h obtained in
Step 1 in negative time starting at the neighbourhoods of these saddles, until we
hit D x]—38, 8[; this is done in the same way as in Step 2. We continue Step 3 by
extending A to a neighbourhood of D x {0} in D xR. This is done precisely as in
Step 2. The obtained extension, always called h, is also normally tangent to the
identity on D x{0}. If no stable manifold of a saddle of X|S*x {0} intersects D
then we just take h to be the identity on a neighbourhood of D x{0} in D xR.
Finally we repeat the whole construction of this Step 3, only using this time a
transversal cylinder of the form D x]—6, [ with D on the other side of 1.
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Step 4. Let y= S?x{0} be a repelling limit cycle of X|S*x{0} such that its
Poincaré map is of saddle type. We will extend h such that it has an invariant
cylinder around y transversal to X and X,. But we will have to switch from conjugacy
to equivalence.

Let D, be a closed curve inside D (see Step 3) in $°x {0} transversal to X, and
let 8, be small such that X is transversal to D, x]-8,, 8,[. For each xe Dx]-8, 8[
there exists a unique #(x) <0 such that ¢x(t(x), x)e D, x1-8,, 8,[. We extend h
to A:={¢z(t,x)|xe Dx]-8, 8[ and #(x) < t <0} by interpolation using arc-length
as follows. For y = ¢x(t, x) € A there exists a unique x € D x ]—8, 8[ such that y is
in the orbit of x for X. Let dg resp. dx, be metrics in the orbits of X resp. Xi
defined by arc length. We define h(y) to be the unique element in the negative orbit
of h(x) for X, such that

d}?k(h(x)’ Dl X ]_61a 61[)
d)?(xa Dl X ]._61a 61[)

dz,(h(x), h(y)) = dz(x, ).

h is continuous, and by reversing the process we see that it is a homeomorphism;
moreover by construction it is an equivalence between X and X, on A.

We conclude that h(D, x1-8,, 8,[) € D, x]-8,, 8,[. We form the same construc-
tion on the other side of y in $?x {0}. Since P is of saddle type, the normal eigenvalue
of P is less than one (it is always positive). Denote {a} =y X,. As h is defined
on D, x]-46,, §,[ this automatically induces a conjugacy H between P and P, on
the connected component of X,\ W*(a) cut by the orbits of D,x]-8,, §,[: fix
fundamental domains F resp. F; for P resp. Py in this component and take xe F.
We let y be the unique point of intersection of the positive orbit of X through x
with D, x]—8,, 8,[: we let H(x) be the (unique) point of intersection of the negative
orbit of X, through h(y) with F,. By the lemma in Step 2 it follows that H is
normally tangential to the identity on Fn (8%x{0}).

In the same way H can be defined on the other connected component if £,\ W*(a).
Now by Theorem B in Appendix 2, H can be extended to a conjugacy of P and
P, on the whole of X,.

Next it is standard to construct from H an equivalence h between X and X, on
a neighbourhood of y in S’ xR, see for example [PM]. We consider once more a
transversal cylinder D, x]—38,, §,[ where D, lies between v and D, (see Step 6);
we consider once more a transversal cylinder D; x ]—8§;, 8, where D; lies between
y and D,, and we take care that h is defined on D; x ]—8;, &;[ by our construction
just made (see figure 5). Precisely as before we can extend h from D;x]-8;, &
to D,x]-8,, 8,[ in such a way that h(D,%x]-86,, 8,[) = D,x]-8,, 6,[. The only
thing that remains to be done is to make an extension of h to the zone Z between
D, x]-8,, 8,[ and D,x]-8,, 6,[. We do this as follows. Remember that H was
defined on X,\ W*(a) by means of the definition of h on D, x]-8,, 6,[. Solet ze Z
Let y be the intersection point of the negative orbit of X through z with D,x
1-8,, &;[, and let ¥’ be the intersection point of the positive orbit of X through z
with D, x]-8,, 6,[. We define h(z) to be the unique point of the positive orbit of

https://doi.org/10.1017/50143385700004971 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004971

290 P. Bonckaert et al.

invariant
for h

FIGURE 5

X, through h(y) for which
dz(h(y), h(z)) _ dx(y,2)
dg (h(y), h(y")) dx(3,y")
Finally we make a completely similar construction on the other side of y in $%x {0}.

Step 5. Let y< S§*x {0} be a repellor considered as a periodic orbit of X, i.c. the
Poincaré-map P is a repellor. Take a narrow solid 2-torus T containing y and
transversal to X. We can suppose that the two transversal cylinders of the form
D x[-n,n] from Step 3 lie in 4T. Remember that h was defined on these two
cylinders (see figure 6). Extend h in an arbitrary way to a homeomorphsm on 4T.

AR IRRRMN RN AN,

N NN
S
SN \\\\\\\\
4 Q

N\

N\
N N
NN R
AN il
e SRR
RS

FIGURE 6

Then extend h to T\y by means of saturation in negative time, that is: for each
x € T\y there exists one ¢t >0 and one y €37 such that ¢ (1, x) = y. We define h(x)
to be ¢ %, (—t, h(y)). Remark that h conjugates X and X, in T\v. Indeed, if (X;)ien
is a sequence such that x; > v, then for each ieN there exists one ;>0 and one
y:€aT such that ¢z (t;, x;) = yi. Now ;> o0, hence for h(x;) = ¢, (—oTt;, h(y;)) we
obtain that h(x;)—> v. In order to extend h continuously to a map h:y- vy, we need
to reparametrise orbits of X is a standard way, see [PM].
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Step 6. For each sink r or X|S*>x {0} we do the following. Let E be a small closed
curve in S around r, transversal to X. We take a small £ >0 such that the sequel
holds. If x € E x[—¢, £] then one has three possibilities for the negative orbit of X
through x: (1) it cuts a neighbourhood of a saddle q of X|S*x {0} on which h was
defined in Step 1; (2) it cuts a set of the form C x[—m, n] where C is a small closed
curve with center a source p as in Step 2; (3) it cuts a set of the form Dx[—n, n]
near a repelling limit cycle y as in Step 3. Hence we can extend h by means of
saturation in positive time until it is defined on E xX[—¢, €]. Remark that, up to
now, h is a conjugacy, and by the lemma in Step 2, h is normally tangential to the
identity on E x{0}. Again extend h to a neighbourhood of r using Theorem B.
Step 7. Let y< §*x {0} be an attracting limit cycle of X |S>x {0}. Let F be smooth
closed curve in §% x {0} around v in a small neighbourhood of y such that X | $*x {0}
is transversal to F. For small £ >0 we still have transversality to F x[—¢, €], and
just like above we can extend h by means of saturation in positive time until it
is defined on F x[—¢, €]. h is normally tangential to the identity on F x {0} by the
lemma in Step 2.

We do the same for a closed transversal curve on the other side of y in §?x {0}.
Step 8. We make an exactly analoguous construction as in Step 4 for those attracting
limit cycles, sources and sinks of X |S*x{0} which are, considered in S*xR, of
saddle type. That is: we extend h to smaller transversal cylinders around them such
that these cylinders are invariant for h.

Step 9. Let y be an attracting limit cycle of X |S*x {0}. In Step 8 we defined h up
to transversal invariant cylinders on both sides of y. Again from the lemma in Step
2, h is normally tangential to the identity, and hence we can proceed precisely as
in Steps 4 and 5.

3. Consequences and remarks

(1) If we look closely to the proof of Theorem 1 we notice that we only had to
switch from conjugacy to equivalence in the neighbourhood of limit cycles. Hence
if there are no limit cycles, X and X, will be C°-conjugate. Moreover, as the
attracting and the repelling periodic orbits are giving no problem when blowing
down $2x {0} to 0 (see Step 8), this yields:

THEOREM 2. Let X be as in Theorem 1 and assume that X has no periodic orbits of
saddle type. Then X /r*™" is C° conjugate to X, /r*™" near 0.

(2) From the methods of the proof it clearly follows that the condition that X | S x {0}
is Morse-Smale can be weakened. Let us just mention that the hyperbolicity of the
singularities and periodic orbits is not essential. However, it is not permitted that
X | §? x {0} has a saddle-connection between hyperbolic saddles, see [Str].

Appendix 1. A C° normal linearisation theorem providing conjugacies with normal

derivative equal to 1
Consider a C? diffeomorphism f on R” xR with a fixed point in 0, f(0) =0, such
that f(R" x {0}) =R" x {0}. Take (y, z) e R" xR and write f(y, z) = (f,(y, 2), (), 2)) €

https://doi.org/10.1017/50143385700004971 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004971

292 P. Bonckaert et al.

R" xR. Since f respects R" x {0}, one has
L 2)=v(y2) 2
with y(y, z) a C'-map. Write a = (0, 0).

THEOREM A. Suppose f, f' are two diffeomorphisms as above with

SfIR™ x{0} = fR" x {0}; (A1)
y(3,0)=7'(»,0); (A2)

along R" x {0}, (and in particular a = a'). Finally
lal(=1la’) #1. (A3)

Then there exists a neighbourhood U of 0 and a homeomorphism h conjugating f and
fonU,ie hof=f oh, andwriting h=(h,, h,) e R" xR there exists an a > 0 such that

h,(3, f)_y'sl
Z
and
h —
e

Remark. From these estimates it follows that dh,/dz is well defined along R" x {0}
and identical to 1.

A.l. Two lemmas in a globalised case
Before proving Theorem A we will state and prove two lemmas. In § 2 we will
reduce Theorem A to these Lemmas.

Consider a linear map L:R" XR->R" xR with a matrix of the form

L. 0 0
L=y 0 L, 0],
0 0 a
where L_:R™-->R", L,:R">R™, acR,R™-®R" =R". For definiteness assume that
a>1. (Al.1)
We do not assume that L_ or L, is hyperbolic, or that L_ is contracting. However
we assume that, (writing || - || for the operator norm)
{"L‘" <a, (A1.2)
1L - @'~ <1y

for some 8¢ J0, 3[. Choose and fix 8, 10, 3 such that (A1.2) holds.
For ¢, C > 0 consider the class A(g, C) of C*>-maps A :R" xR-R" xR such that

supp(A)=R"x[—g, €], supp (A)is compact; (A1.3)(a)
IA|=C-e, Lip(r)=C, (A1.3)(b)
A —_ I
’ (D =AGLE)|
y=-y
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write A =(A_, A, A,) e R™ xR™ xR, then one has

A(y,0)=0,VyeR" =R" xR" i.e. we can write (A1.3)(c)
Ay, 2)=7v(y, 2) - 2, with y C';
|y|=C-¢ Lip(y)=C (A1.3)(d)

Remark. Condition (A1.3)(c) implies that f= L+ A satisfies f(R" X {0}) = R" x {0}.
Now take two diffeomorphisms f and f* of the form f=L+A, f'= L+ A’ where L
is of the form as above, and A, A'e€ A(g, C). Also assume

fIR" x {0} =f'|R" x {0}. (Al1.4)
Clearly this implies that

A=)" alongR" x{0}. (A1.5)
LeEMMA A.l. Let L, C, a, 8, be as above. For any > a and 6 sufficiently close to &,

there exists a small ¢ >0 with the following property. Take two diffeomorphisms f, f’
of the form f=L+A, f'=L+\’, with

A A €EA(g C) (Al1.6)(a)
SIR" x {0} = f'|R" x {0} (A1.6)(b)

the functions y and y' from (A1.3)(c) satisfy:
(3%, 0)=7v'(30), VyeR" (A1.6)(c)

Then there exists a unique mapping h such that ho f=f o h, of the form h=id+g,
with g=(g_, g+, &) :R™xXR™ XR->R"-XR"™ X R satisfying

g is uniformly continuous on R" x[—7¢, 7¢], (A1.7)(a)
g+ =0 outside |z| < 7- ¢, (A1.7)(b)
E3 b Z)
% <1 (A1.7)(c)
0.0 2) Jorall (y, z) eR" X[ —7¢e, 7€].
= <1 (AL7)(d)

Remarks

(1) Property (A1.7)(d) implies that |h,(y, z)/z| > 1 uniformly as z—> 0, and therefore
in particular that (8/9z)h, exists along R" x {0}.

(2) We shall prove Lemma A.1 using a method quite similar to the technique
employed by Pugh [Pu] in his proof of Hartman’s result.

Proof of Lemma A.1. Fix 7> a and take & (close to 8,) such that |[L_||<a'"® and
IL'|la’ % < 1. Denote for a function u:R" X [—re, 7¢]> R* the supremum norm of
u by |u|. In the following we shall repeatedly write g in the decomposed form
g=(g-, 8+, 8) ER™ XR"xR. Also we shall use y for points in R" and z for points
in R giving (y, z) e R" x R. The identity map is denoted as 1 and 1, is the map (y, z) > .

From now on we shall look at maps
g=(g-, 8+, &):R™-XR™XR->R™xR"-XR
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such that the following seminorm is finite:

gt(J& Z)

1-8
¥4

g.(y, z)

2--28
z

b

lglle = sup { }
e
In fact define the following space E,
E.={g:R™-xR™"xR->R" xR;
g is uniformly continuous, g, =0 for |z| = 7¢
and | g||. <oo}.
Then define E_(r) as the r-ball in E, :
E.(r)={geE.|lgl.=r}.
We shall show that there exists a conjugacy h, between f and f, i.e.
hof=fch,
of the form h=id+g, g E.(1). So we need to solve
(1+g)o(L+A)=(L+A)(1+g)
or
gef=Lg+Ar(1+g)-A.

This is equivalent to

g=[Lg+A'(1+g)—A)ef L. (A1.8)
So expanding (A1.8) in the decomposition g=(g_, g., g.) eR"™-xR™ xR one gets
g-=[L-g-+ALo(1+g)=Ar.1lof"}, (A1.9)(a)
ge=[LigstAo(1+g)=AJof, (A1.9)(b)
g:=la-g+Aio(1+g)-A.]ef " (A1.9)(c)

Equation (A1.9)(b) is equivalent to
g+=Li'gsof+ A=A o(1+g)]. (A1.9)(b)

Now define a new map Pg:R"XR->R""XR"" xR, for maps g€ E,, by Pg=((Pg)_,
(Pg)+, (Pg).), where
(Pg)_=[L.g_+Alo(1+g)—A_]of"
LI[gsof+ A —Ake(1+g)]
(Pg)=4 for|f(y,2)|=7-¢
0 otherwise.
(Pg).=[ag.+ALe(1+g)=Ar.Jof " ‘
As (E,, |- |l.) is a semi-normed space we pass to the quotient space E, with respect
to the equivalence relation ~ defined by: g, ~g,<>| g, —g2]l. =0. On E, we keep
the notation ||- ||.. Observe that (E,, ||-||.) is sequentially complete: take a Cauchy
sequence of classes (§,)nenin (E., || - ||.); then g, |R" X [—7¢, 7e] converges uniformly
on R" x[—7¢, 7e] to some uniformly continuous map g: g:R" x[—7¢, 7e]>R" XR;
take any uniformly continuous extension, still called g:R" xR->R" xR. Then ge E,
and ||g,—g[l.» 0 as n>co.
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ProposITION Al.1.

1
‘(f“ 2| Crate) . (ame) ']
z
and
‘(f(y, D oz e atel
z
Proof. This follows immediately from f=L+A and |A,|<¢e. |z|. 0

PROPOSITION Al.2. There exists an £ >0 such that for all ge E.(1): Pg is uniformly
continuous.
Proof. We have to show that (Pg).(y, z) is continuous. So we have to show that
(Pg).(y, z)=0 for |£,(y, z)| = 7e. So take |f,(y, z)| = 7e. Since g,(y, z)=0 for |z|=
7+ ¢, we have L;'[g, ° f1(», z) =0. Furthermore from Proposition Al.1, |f,(y, z)| = 7¢
implies
e<te-(a+e) '=s|zl<7e- (a—€) '=1¢,
for ¢>0 sufficiently small. Since ge E,(1), one has |g,|]<|z|*"** for |z|]<7 .
Therefore, since 8 € ]0,3[, for |z|=<7-¢
|(1+g).|=]z| = 2>~
=(a+e) ' re—(1e) P =g,
provided £>0 is sufficiently small. Since supp (A)=R" X[—¢, £], this implies
that A,(y,z)=0 and A (1+g)=0 if |f,(y, z)| =7 &. This implies the continuity
of Pg. The uniform continuity of Pg follows from the fact that A has a compact
support. O
Remark. In fact if |z| = (a—€)™' - 7- g, then | £.(y, z)| = r¢ and (Pg).(y, z) =0.
ProrosITION Al.3. P maps E.(1) into E,(1) provided £ > 0 is sufficiently small.
Proof(a) First we estimate (Pg)+:

(Pg) - +of| L [A+=AL(d+g)
x| =pean-{ | B+ |2
z z
S A N P VG LT )
—neatl{ 6] B At
using Proposition Al.1
- _ 1+
s||L+1||'{(a+.€)l 2. jﬁs As zf(a g)}

Let us estimate the last term. Remark that from fIR"x {0} =f'|R" x {0}, one has
A(y,0)=A'(y,0). Hence

A+—z\+(1+g) Ay, 2) - A+(y,0) A(y, 00— (y+g,z+g,)
zl -8 Z 21—5
A+(y,2) A+(y,0) ’+(y,0)—)«'+(y+gy,0)’
1—-8 1-8
z V4
A(y+g,,0)—A(y+g, z+g,)
zl—& .
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Using (A1.3)(b) this gives:

z+g,
ZI—B

&

1-8
¥4

=C-|]zI°+C-¢- +C-

and since |z|=<7- ¢, and ge E,(1), this implies that the above expression is o(1),
where 0(1) is a function which only depends on C and 7, and 0(1)->0 as 0.
Combining this with the estimate for (Pg)./z'~® we already had, one gets

‘ (Pg>+

=L - {(a+e)' "% 1+0(1)} =1,

for £ >0 sufficiently small and & like in (A1.2).
(b) Now we estimate (Pg)_.

Pg_ ’g_or‘(y, )|, |ALa+e)=r)of 'y, 2)
1-8 21—5 .

1-8
z

=|L|-

As before using |(f (3, z))./z|=(a—€)7", see Proposition Al.1, one gets:
AL(1+g)—AL ’}

i-8
z

=(a-ey {1y | B+
and as before, for ge E.(1),
=<(a—e)"{|L_|| - 1+0(1)} =1,

for £ >0 sufficiently small and & as in (A1.2).
(c) Finally we estimate (Pg),.

(Pg). g.° f (y, 2)

2-28 2—
z 28

=(a+e)

4| A:+g) =2 ) ', 2)
and as in (b) using Proposition A1.1,

S(a )2+26{(a+ ) }

z
Let us estimate the last term in this sum. Observe that A,(y, z) =y(y, z) -z and
y(» 0)=7v'(3,0). So
A,z(y-i-gya Z+gy)_Az(y’ Z)

A(1+g)—A,

2-28
z

228

0

_ ' Y(r+g,2+e) (2+8)—y(,2) 2

22—28 22—28
- I (Y(r+g,z+8)=7v(»2) (z+g.)
- 2-28
z
' z) - (z+8:—2) Y (3, 2) = 7'(3,0)
+|v(y ) (= +’( 7 2
V4 4
l(y(y,O) Y(2) -2
2-28 -
g & 8:
=C- . A1+
| &5 e (1+] )
+Coe | =g [+ C 2+ C |

=CzlP(1+1)+C-e+2- C-|z]*® =0(1),
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for all ge E,(1), provided € > 0 is small enough. Combining this with the previous
estimate for |(Pg),/z° *’| one gets:

Pg), _
8k <(@-e) " ((a+e) - 1+0(1))
=1,
for € > 0 sufficiently small. This finishes the proof. O

ProPOSITION Al.4. For ¢ >0 sufficiently small, P: E_(1)- E,(1) is a contraction.

Proof. Again we estimate each term separately

(Pe—Py)
(a) ___g_l__ag_i
V4
- (8+—g)of] , [As(1+g)~Ai(1+g)
<ty {| o) | Rl
)
=izl {(arers. | g

Af%(y‘i-gy’ z+gz)_kf+(y+gy’ z+g’z)
+

Zl—8
AT AT Al VIVAS R 1) }
21—8
<L -{(a+e) - |g—g
ol )
+C- —gz’z_zg; NP+ Ce e —g’1_§Y}

=L - {(a+e)' ™+ C- (7e) T+ C e} - g £l

Take 0< k<1, such that [|L7'|| - a'"® <k <1 (see Assumption A1.2). Then for £ >0
sufficiently small,

=k-|g—g'l
(b) Similarly
P _P r _ o 1_ f_° 1
|(gZHg) ‘S"L_”.|g f-g f“’

zl—&

+ |

(AL(+g)—AL(1+g))e s l
21—8
1 _—g.
<l g | 5
1 AL(l+g)-A(1+g)
(a- 8)1—6 218 .
As in case (a) one estimates the last term, and gets

= o (L] Tg-—gt 1+ o() - =1k
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Taking 0< k<1, with |L_||/a'"® <k <1, one gets

=k-lg-g'll,
provided £ >0 is small enough. Finally
I(Pg Pg), (g —g)of" ‘

2-25 =(a+e¢) 7228

2-28
Z

L|Qi1+g)-r1+g))e r‘l

AzZ(1+g)—A(1+g')

2-28
z

S(a—_:—)zm{(aﬂ)-llg—g’lH }

Let us estimate the last term in this sum. Remark that A,(y, z) =y(y, z) - z, and
(5,0 =7'(,0).

IA;(y+gy, z+g,)—ALy+gl,

2-28
¥4

‘7(y+gy,2+gz) (z+g.)-y(y+g,, z+g.) - (z+g))

2-28
¥4

_ , (Y(+8,2+8) =Y (y+g,,z+8)  (z+8.)

2-26
zZ

’y(y+gy,z+g,) ((z+8.)— (z+g;))|
22 —26
)+C-e

“|z°- (1 +
Putting all this together and taking 0 < k <1, such that a”' <k <1, one has

’

8:
z

gz_glz

2-28
z

SC,Ig—g

-8
zl

=o(1)-|lg—gl.

S(T:S:F{(‘”e“o(l)} lg—g'l

=k-lg—gl,
provided & > 0 is sufficiently small. This proves the Proposition. O

ProrosITION Al.5. For ¢ > 0 sufficiently small we have:

(i) for all 81> 82€ E.(1) with g,~ g,: Pg,~ Pg, in E.(1), so this means that P acts
on classes in E (1)

() Deﬁne P E.()>E. ()8~ Pg (this is well defined by (1)), then P is a contrac-
tion on E.(1).
Proof. (i) g, ~ g, means: Y(y, z) eR" x[—7e, 7¢]: gi(y, z) = g2(y, 2). Now let (y,2)e
R" x [—7e, 7¢]. Then, by Proposition Al.l, f~'(y, z)€R" x[~7¢, 7¢], so from the
definition of P it immediately follows that (Pg,)-(y,z)=(Pg.)-(, z) and
(Pgy).(y, z) =(Pg,).(», z). Concerning the + direction, we distinguish two cases.

Case 1. |f.(3, z)| = r&. Then this fact together with |z|=<r¢ implies (Pg).(y, 2)=
(Pg2)+(y, 2).
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Case 2.|f,(y, z)|> re. Then by definition (Pg,)..(, z) = (Pg,)+(y, z) = 0. Hence Pg, ~

Pg,.

The proof of (ii) follows immediately from Proposition A1.4 since forall §, §'€ E, (1):

| Pg—Pg'||. = Pg—Pg'll. = | Pg— Pg'|.

<k|g-g'l.=klg-2'l.. O

Continuation of the proof of lemma Al. From Proposition Al.5 we infer the existence

of a unique ge E.(1) with Pg= g This means: for all (yz)e

R"x[—7e, 7e]: Pg(y, z) =g(y, z), or equivalently (as can be checked from the

definition of P):

(1+8) o (L+A) [t @ xg—resren = (LX) o (14 @) |1 @ x[=re,re ]y -

So there is a unique class g€ E.(1) with the above property. On the other hand it

follows from the estimates in Proposition Al.1 that the conjugacy equation (1+

g)of=f°(1+g) fixes the definition of g on the whole R" xR. This implies the

existence and the unicity of the g in Lemma A1, and finishes the proof. O

LeEMMA A2. (We use the symbols of Lemma Al.) If we take & <8, sufficiently close
to 8, and if we take € of Lemma A1l small then h is a homeomorphism.
Proof. First we apply Lemma Al for §, and obtain an &,> 0 such that for each A,
A'e A(gg, C) there exists a unique mapping
80=1{8o-, 8o+, £o:):R"XR->R"" xR"" xR
such that
(1+go) o (L+A)=(L+A")e(1+g)

and which satisfies:

8o is uniformly continuous on R” X [—7&,, 7€,], (Al1.10)(a)
8o+ =0 outside |z| = 7¢,, (A1.10)(b)
g°—z‘1(;y;—09 <1 and g"—;ff’;o—z) <1 (A1.10)(c)
for all (y, z) e R" x[—7ey, 7€0),
¥4 3 z
‘g'%ol <1. (A1.10)(d)
Choose g,> 0 such that argo<1. Now let 6 < 8, be close to 8, such that
IL-J<a'"®
and
[L3'a' % <1.
Fix é.

We apply Lemma Al for this 5 and infer the existence of an e > 0 such that for
each A, A’e A(g, C) there exists a unique mapping g =(g_, g+, &) such that (1+
g)e(L+A)=(L+2A")o(1+g) and which satisfies

g is uniformly continuous on R" x[—7¢, 7¢], (Al.11)(a)
g+ =0 outside |z| = 7¢, (A1.11)(b)
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’g‘—(fff—) =1 and % <1 (A1.11)(c)
forall (y, z) e R" x[—7¢, 7£],
g;gx;? =1. (A1.11)(d)

Moreover we can take care that & =< go(1— (are,)' "*°). Fix arbitrary A, A’ € A(e, C).

By interchanging A and A’ we also infer the existence of a unique mapping g
suchthat (1+g)°(L+A")=(L+A)>(1+¢)and with similar properties as in (A1.11).
Combining these two we can write:

(1+g)e(1+g)e(L+A)=(1+g)°(L+A")e(1+g)
=(L+A)o(1+g)e(1+g).
In this we have:
(A1+g)e(1+g)=1+g+g-(1+g)
=1+g,
where §=g+g°(1+g).

Observe that A(e, C) < A(g,, C),s0 A € A(g,, C). We want to show that § satisfies
the properties in (A1.10); then uniqueness implies § =0, hence (1+8)o(1+g)=1;
in a similar way also (1+g)°(1+g)=1; so 1+g has an inverse namely 1+¢.

So let us check (A1.10) for ¢ From the estimates on f, in Proposition Al.1 it
immediately follows from the conjugacy equation that g is uniformly continuous
on R" x[—71e,y, T80

First we look at how (A1.11)(d) implies an estimate for g, on R" XR. Let (y, z) €
R" xR, |z| = 7e. There exists an N €N such that |z|€[a™re, aV*'7¢]). As supp (A)u
supp (A") = R" x[~7e, 7e] it follows from the conjugacy equation that

8:(52)=a™"g.(L7N7'(y, 2)),

where L™V 7'(y, z)eR" x[—7¢, 7¢]. Denote (¥, z') =L V"Y(y, z); then z=a""'z'
and
8.y, 2) _a™ ey, 20 |2 |27
Izlz—-z& 'ZI|2—25 z

<aN+1( 1 )2—28=( 1 >N+l

- aN+l al—28

=1
since 8 €10, 1].

We conclude that for all (y, z) eR" XR - |g,(y, z)|/|z]* *®* = 1. The same holds for

& We prove (A.1.10)(b) for £ So let |z| = 7¢,.

We first show the implication |z|e[7e, ateo]=|z+g.(y, z)|=16. Let |z]e
[1e0, ate,).

Then

|g: (3, 2)| =2I" 7 = (areo)*™**
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SO
lz+g.(y, 2)l =|2|(1—|2]'7*?)
= reo(1 — (arey)' ~2%)
= re.

Now let N eN and suppose by induction that the following implication holds for
all (y, z)eR" xR:

N

|z|e [aNfao; a™ ' re]=>)z+8.(y, 2)| = a7
N+1 N

Suppose |z| € [a™ " 7eq, a™¥*?76,]. Then, by the conjugacy equation we have:
lz+g.(y, 2)| =]a(1+8).(L7\(y, 2))]
=aaNre =a™N*'7e

since [(L™'(y, 2)).| e [aN7eo, a™ ' 7e,).

We can conclude that for all (y, z)eR" xR:

2] = reg=]2+ 8,3, 2)]| = 7.

Since g, =0 outside |z| = 7¢ and since g, = 0 outside |z| = 7¢ we see from the formula
for ¢ that £, =0 outside |z| =< 7.

We prove (A1.10)(c) for & Remember that the supports of A, A’ lie in R" X [—7¢, 7¢].

Let (, z) eR" xR, |z| = re. There exists an N N such that |z|e[a"7e, aV ' re].
We have from the conjugacy equation:

g-(3,2)=LY"g (L™V7'(y, 2)).

Denote (', z')= L™N"(y, z); then z=a™*'z' and

lg-(, 2)| lg-(v', 2] |2/ |"°
lzll—s = "L—"N+l |z:|1—8 ;
_ (nL-n)N“
=\, .
So we may conclude that for all
(y,2)eR" xXR: ——lgl_z(l{’_az)l =1.
Similarly for g_.
Furthermore, by (A1.11)(b), for all
(y,2)eR" xR: &z(l)i’—az) =1

The same holds for g, .
So we can write for all (y, z) e R" X[—7g,, TE0):

£-0n 2l _lg-(,2)] | 18-((+8)(3, 2))|

P ERE
02l 270 2+ gy, 2
- |z|1—8 Izll—éo ’le_so
5,~5 'ZII_B'I"'IZ'I—ZGII_&
SIZIO + |z|1—6(J

< ’zlao—s + |z|80—6(l +lz|1—28)1—8

=<|7o|%7% +]| Teo| > (1+ |7eql' 72%).
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If €, is small (only depending on 7, §,, 8) we can make this less than 1. A similar
argument works for g,. We finally prove (A1.10)(d) for g:

€0, )| _lg: (0, 2)| _ |&:((1+£)(, 2))]

2-28, — |,12-285, 2-28,
K |2 E

Slz|28o—28+|z|260-28(1+|z|1—26)1-8
5|T€0|28°_28+|1’€0|28°_28(1+|‘7‘80|1—26)1_8
=<1,

if &4 is small enough. O

A2. Theorem A reduces to Lemma 2. As before we have two diffeomorphisms f, f’
(or local diffeomorphisms) on R" x {0}, with

fIR" x {0} = f|R" x {0}
Y3 0)=7'(»,0),
for y e R". It follows that A = df(0) respectively A’ = df'(0) is of the form

(A1.2.1)

A t. l
= | | Cctiv
, respectively

B =
A=
[ 0 a’]

with B=B’, a=a' and * some term which is irrelevant. Using a linear coordinate
change respecting R" x {0}, we can put B= B’ in the form

B_ 0
-7 )
0 B,
where the eigenvalues of B_ are less than |a|, (in norm), and the norms of the
eigenvalues of B, are bigger or equal to |a|. Denoting |- | for the operator norm

of a linear map and choosing & € J0, 3[ such that |a|'"? is not an eigenvalue of B,
we can take this linear coordinate change so that

1B <lal',
1B - la]' ™ <1.

So, using this coordinate change, we can assume that df(0), df'(0) are of the form

L. 0 b_
af0)=| 0 L, b,
_0 0 a |
L. 0 b7
df(0)={ 0 L, b,|
_0 0 a |
Write

(L. 0 0

L= 0 L,

[0 0
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The f and f are of the form
b

f(x)=Lx+| b, |z+ P(x),
0
b’
f(x)=Lx+| b, |z+ P'(x),
0

where |P(x)], |P'(x)| = O(|x[?).
Now we will globalize the local diffeomorphisms f and f'. Take a bump function
B such that
(1) B:R~>[0,1] isC™
(2) B(z)=0outside |z|]=1
(3) B(z)=1 for|z|=3
We define for € >0

w0 =80:08( )| 5, b =+8(2) )
0

and f, =L+ A,; similarly for A, and f. =L+ A..

Clearly f.|R" x {0} = f.|R x {0}. We check the desired properties for A, (those for
‘A, are the same). The support of A, is compact and lies in R" x[—¢, €]. We can
choose £,>0 and M >0 such that for all xe R" xR with |x| < &,: || DP(x)|| = M|x]|
and |P(x)| < M|x|*.

If 0 < & < gy then |A,| = Ce with C > 0 not depending on . Denote I =|(b_, b, , 0);
then the Leibniz formula yields the following, for 0 <& = ¢g,: if |x| <& then

Lip( (l |)P(x)) =—Lip B+ Me*+ Mg,
as B(|x|/€) P(x)=0 for |x| = ¢ this estimate remains correct on R" X R; for |z|<e:

Lip /3(IXI)B(I ') + |z |<=LipB- ls+lL1pB le+1,
0

which remains correct on R"” xR since

B(|x|)ﬁ(| I) +|z=0 for|z|ze.
0

Hence Lip (A,.) is bounded by some C >0 not depending on £(=s,). Similarly we
can estimate Lip, A, meaning the Lipschitz constant respecting the y-variable:

Lip, | sx0s( )| &, o)\ <tips i
0
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and
. |x, 1. 2
Lip, | B| — ) P(x) ) =—Lip B+ Me~+ Mz,
£ £
hence Lip, (A.) = Ce for some C >0 independent of & (=¢g,). The C ! function v,
is defined by

A3, 2)=7.(3,2) " 2
where A, is the z-component of A,. Since P,(y,0)=0 one can write P,(y, z)=
q(y, z) - z for a C' function q. By definition
. x
‘)’E(X) = ﬂ(lg_l)q(x)
As g(y,0)=(8P,/3z)(y, 0) we have ¢g(0,0) =0 and for £,> 0 sufficiently small one

can find N >0 so that for |x] <g,:|g(x)|= N|x|. Consequently, for 0<e =g, we
have (taking into account that y,(x) =0 for [x|=¢):

|v.(x)|= Ce

and
1
Lip(y.)=—LipB- Ne+Lipg=C,
E

-for some C >0 not depending on &.

All the conditions of Lemmas Al and A2 are satisfied. As f and f, coincide
on a small neighbourhood of 0, it follows that Theorem A reduces to
Lemma A2. O

Remark. In case f and f' are the time-1-mappings of the resp. flows (X,),.r and
(X}),cr We can use the same method as in [Pu] to show that (X,) and (X)) are
conjugate in the neighbourhood of 0.

Using a bumpfunction we extend (X,) and (X) to flows which are globally
defined. Let us still denote them by (X,) and (X}). If f and f are their respective
time 1-mappings and h is the unique conjugacy as given by Theorem A, then one
shows that h = Ll) (X e heX_,)dt and hence that h serves as a conjugacy between
X, and X for any t.

Appendix 2. Characterization of the conjugacies in theorem A, in the special case of
an (n, 1)-saddle
In this Appendix we work again with diffeomorphisms f and f’ as in Theorem A
of Appendix 1. However, f|R" x {0} = f'|R" x {0} = g is supposed to be a contraction
(not necessarily hyperbolic) and moreover f is the ‘normal linearization’ of f” along
R" x {0}. We will show that any conjugacy between f and f” given in the neighbour-
hood of a fundamental domain of g and ‘tangent to the identity along R" x {0}’
(like in Theorem A) extends in a unique way to a conjugacy between f and f'.
Let f:R"xR->R"xR:(y, z)=> (f}(3, 2), fu(y, z)) be of class C? and defined on
an open neighbourhood V'’ of 0 and a diffeomorphism onto its image, with f'(0) = 0.
Suppose that fi.(y, z) = y'(y, z) - z where vy’ is C' and y'(0,0)=a> 1. Let f be the
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‘normal linearization’ of f*, i.e. f:R" xR->R" xR: (y, z) > (g(»), ¥(y)z) with g(y) =
£,(»,0) and y(y)=¥'(y,0). Assume V=V, x]~¢, e[ where V, is so small that for
all ye Vy: y(y)>b>1.

Let us moreover suppose that g is a local contraction in 0 in the sense that for
some Riemannian metric on R": V; > B,(0) (the closed unit ball), g(B,(0)) < B,(0)

and (M=o £"(B1(0)) = {0}.

THEOREM B. Let f, ' be as above and let h be any mapping, homeomorphism onto
its image, defined on some neighbourhood W of (B,(0)\g(B;(0)))x{0} in R" xR,
W < V, with the property ho f=f"oh, h=(h,, h,),

h,—z

1+a
V4

<1, ﬂL:—ylsl.

Then h extends uniquely to a C° conjugacy between f and f' on a neighbourhood of 0.

Proof. Because of Theorem A, f is C° conjugate to f’ around the origin; moreover
the conjugacy H = (H,, H,) is such that

H,-z <1
zl+a -
and
__Hy;-y =1
z

for some a > 0. We take care that f o H = H o f holds on V. Taking V' V sufficiently
small and extending A by means of the condition h o f = f" o h (‘saturation’); we may
suppose that h is defined on W > V'\({0} xR) and that h(W)< V. Consider K =
Hoh: W->R"\({0} xR); K is a homeomorphism onto its image, K ° f=f° K and
K=(K,,K,)=(y+P,z+Q) with

Q

zl+n

=1.

We also define K on {0} xR to be the identity; we shall prove that K is continuous.
As a consequence H = H ™' K is a C° conjugacy between f and f" in the neighbour-
hood of 0, with H| W = h. It is clearly the unique conjugacy extending h.

So take a sequence (y;, z;) > (0, z), i >0, y;#0. For each ieN consider N;eN

with g~ (y;) € B;(0)\g(B,(0)). Remember: f(y, z) = (g(y), y(¥)z).
Clearly N;~»> for i»o. As K commutes with f we have that K(y;, z;) =

fNi oK °f—N'()’n Z,-).
More explicitly:

S, Z,-)=(g' ’(y:),m) (7, 7,)
with 7, € B,(0)\g(B,(0)),
Ky, z)=(i+ P(y, Z), z;+ Q(p:, 7)) = (5, &)
and

K(yi, z)=(g"(7), (H y(g’(y:)))2,>
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Take I €N large enough so that for all i=I: g(5;) € B,(0); this is possible because
y(y)>b>1, because K |R" x {0} is the identity and because K is continuous on
W. It follows that g™:(5,)~ 0 for i-> oo, -

Now

K.(yi, z)= ( 'ljo ’Y(gj(f’i)))[ +Q(7;, fi)];

and as 7, =g Ni(y;) we get

I, (g~ ()

X _(N"‘ v(g'(ﬁ.))) ( )
Ay, z) = 1:[0 o) I1 v(g’F)) )R, 2).
Furthermore
'Q(}-’i’ fi)|$|2i|l+a
Z.' i+a
I (87 ()
z 1+a

L% v(87 ()
It suffices to show that

N 5)
hm @G~

lim (NH Yg'5))- (ﬁN—;(g—(y))) R

for a >0 which implies lim;,. K(y;, z;) = (0, z).
As y is C! there exists a C,> 0 such that y(y) = y(y")+ L(y, y’) with |L(y, y')| =
Cily —y'|. From this:

2

because then,

Y(gj(fi))_1+L(gj()'7i),gj()7i))

y(g' (7)) y(g’ (7))
and ' .
Gy =N ()] < L(g’(y:), &’ (7:))
1= 10—’ Ol=1+=""0 505

C,. .. o
=1+’ () -2’ Gl

So using || Dg(0)| =1 and taking V; sufficiently small we can find a positive constant
A< b*’? such that for Vy, J;e Vi,

—jl= y(g’ (y.))

C J
B A==

Ajlyt }-)ll

We use
|7 — 7| =|P(F, 2)| <|2|* =|5]*"* - |5]|*/?

a2
—|a/2

= FA

b

https://doi.org/10.1017/50143385700004971 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004971

Singularities of vector fields on R* 307

and obtain

i a N,— .

Nhl<1—£1 Al /2'|f.~|“/2) < 1'—11 7(8"()’.-))

b j=o ¥(&’(7))
N1 a/2
. C\| z u

= 'Ho (1+71 b 12 /2)

=

We take the logarithm of these expressions; moreover we have the estimates:
N,-1 C a/2
1 1-— A |- z,|*/ 2)
5 toe(1-5 4| | el
2C, I
= —(——bwia)l 17151 A

_=2G)|z**(1-AM)
T bMNe(1—4)

) |52

and similarly

N;—1 a/2
ZO log(1+—b-A’ bN IZ,-I"”)
J

- Cl,zila/z(l —A™N)
- (b1+§Nia)(1_A)
Hence, as A< b*/?, we can find a constant C,> 0, independent of i, such that

o (N"_' v(g"(y’.-)))

512

I &Gy

Since |Z|*/*=<|z,/b™|*/?* >0 for i > the proof is finished. O
Remark. If f and f are the time 1-mapping of the flows X, resp. X; and if h in the
previous construction is a conjugacy between the flows, then H will be a conjugacy
between the flows.

=Clz)*".
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