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Abstract

We generalize dual reductive pairs by using reductive groups that are not necessarily subgroups of
symplectic groups and construct the corresponding theta-series liftings for certain types of automorphic
forms. We also discuss connections of such generalized theta-series liftings with families of abelian
varieties parametrized by an arithmetic variety.
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1. Introduction

Let W be a finite-dimensional vector space over a number field k£ equipped with a
nondegenerate alternating bilinear form, and let (U,, U,) be a dual reductive pair in
the symplectic group Sp(W) in the sense of Howe (see [4]). Thus U, and U, are
subgroups of Sp(W) that are mutual centralizers. Given such a dual reductive pair,
the theta-series lifting that associates an automorphic form on U, (respectively U;) to a
cusp form on U, (respectively U,) can be determined by using the Weil representation.
Thus dual reductive pairs play an important role in constructing automorphic forms and
representations of reductive groups. They also have been useful in other applications
such as the construction of automorphic L-functions. Despite their usefulness, one
disadvantage of dealing with dual reductive pairs is the fact that the groups involved
must be subgroups of a given symplectic group. In this paper, we attempt to extend
the concept of dual reductive pairs to certain reductive groups that are not necessarily
subgroups of a symplectic group.

Let G and G’ be reductive groups defined over k, and let p : G — G’ be a
homomorphism defined over k. Let A (respectively A;) be the ring of adeles (respect-
ively finite adeles) of k. Let K (respectively K’) be a maximal compact subgroup
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of G(Ay) (respectively G’(Ay)) such that p(K) C K'. Then a mixed automorphic
form on G(A) of type (p, K, K’) is a function on G(A) of the form f - (f' o p),
where f (respectively f’) is an automorphic form on G(A)) (respectively G'(A)). It
is known that holomorphic mixed automorphic forms of certain types arise naturally
as holomorphic forms of the highest degree on certain families of abelian varieties
parametrized by an arithmetic variety (see for example [6, 9, 12, 13]). A generalized
automorphic form of type (o, K, K’) is a function on G(A) of the form f' o p for
some automorphic form f’ on G'(A).

The purpose of this paper is to generalize dual reductive pairs and construct theta
series-liftings for mixed automorphic forms and generalized automorphic forms. In
particular such theta-series liftings will provide correspondences between automorphic
forms on reductive groups that are not necessarily subgroups of symplectic groups.
We also discuss geometric applications of such correspondences in connection with
certain families of abelian varieties.

2. Automorphic forms

In this section we review the definition of automorphic forms (see for example [1])
on a reductive group over a number field and introduce special types of automorphic
forms associated to homomorphisms of reductive groups. Let k be a number field,
and let A (respectively A;) be the ring of adeles (respectively finite adeles) of k. For
each place v of k, we denote by k, the completion of k at v. Let G be a reductive
group defined over &, and let K be a maximal compact subgroup of G(A). We set
Go = nuevw G(k,) where V, is the set of infinite places of k. Let g., be the Lie
algebra of G, and let Z(g,,,) be the center of the universal enveloping algebra U (¢,)
of §..

DEFINITION 2.1. A smooth function f on G(A) is an automorphic form for K if it
satisfies the following conditions:

(i) fx)= fx)forall y € G(k)and x € G(A).
(i) f is K-finite.
(i) f is Z(g.,)-finite.
(iv) Foreach y € G(Ay) the function x — f(xy) on G is slowly increasing.

The function f is a cusp form if in addition it is cuspidal, that is,

/ fnx)dn =0
NUNN(A)

for all x € G(A), where N is the unipotent radical of any proper parabolic k-subgroup
P of G (see for example [1] for details).
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Now we want to introduce special types of automorphic forms. Let G’ be another
reductive group over k, and let K’ be a maximal compact subgroup of G'(A). Let
p : G > G’ be a homomorphism defined over k such that p(K) C K'.

DEFINITION 2.2. A smooth function f on G(A) is a generalized automorphic (re-
spectively cusp) form of type (p, K, K') if there is an automorphic (respectively cusp)
form f' on G’(A) for K’ such that f = f' o p.

DEFINITION 2.3. A smooth function f on G(A) is a mixed automorphic form of type
(p, K, K') if there are an automorphic form f; on G(A) for K and an automorphic
form f, on G'(A) for K’ such that f = f; - (f> o p).

REMARK 2.4. The word ‘generalized’ in Definition 2.2 might not be appropriate in
some sense. The function f becomes an automorphic (respectively cusp) form in the
sense of Definition 2.1 if G coincides with G’ and p is the identity homomorphism.
In this sense it is a generalized automorphic (respectively cusp) form. However, a
generalized automorphic form in the sense of Definition 2.2 is also a special case
of an automorphic form due to Theorem 2.9 below. We used this term because of
an obvious analogy with generalized automorphic forms considered by W. Hoyt and
P. Stiller in the elliptic modular case (see for example [2, p. 31], [16, §3 bis]).

REMARK 2.5. In the case of holomorphic automorphic forms, certain mixed auto-
morphic forms of the type given in Definition 2.3 occur naturally as holomorphic
forms of the highest degree on certain families of abelian varieties parametrized by
an arithmetic variety (see for example [6, 9, 11, 12, 13]).

LEMMA 2.6. Let f be a K -finite function on G(A) and f' a K’-finite function on
G'(A). Then both f' o p and fi - (f’ o p) are K -finite functions on G(A).

PROOF. For each k € K, let r(k) f (respectively r(k) f’) denote the function on
G (A) (respectively G'(A)) given by

rk) f(x) = f(xk) (respectively r (k) f'(x") = f'(x'k)).

Since f is K-finite and f’ is K'-finite, there are elements k;, ... ,k, € K and
ki,...,k, € K" such that for each k € K and k' € K’

rk)(f ) - £ () = fxk) - (K
u v
=YY ayk, Korte) f @) - r () £ ()

i=l j=1
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for some constants g;;(k, k') and for all x € G(A) and y € G'(A). Thus for each
k € K we have

rd)(f - (f o D) = f(xk) - f'(p(x)pk)))
n v
=YY ayk, p(k))rik) £ (x) - r (k) f(p(x)).

i=l j=1
Therefore the set {r(k) - (f - (f o p)) | k € K} is finite-dimensional; hence f-(f'op)
is K-finite. If f is the constant function 1, then f - (f' o p) = f’ o p, therefore the
K -finiteness of f' o p also follows.

LEMMA 2.7. Let f be a Z(8)-finite function on G(A) and [’ a Z(g, )-finite
Sfunction on G’(A). Then both f' o p and f - (f' o p) are Z(8,)-finite functions on
G(A).

PROOF. When f is considered as a function on G, anelement Y € Z(g,,) operates
on f by
d
(Y- )®) = = f((expiP)g)|

for g € G.. Given Y € Z(g,), we have

d
Y- (F-(f om(®) = 2(f - (f o p)((expY)g)|

=0
d : d
=[5 F(Eexotng)] - Foen + £ [ 5 f (e(expinig)]

d , d
= [Ef((eXPtY)g)]'zo f(p(@) + f(g)- [d—;f ((exp;dpy)p(g))]

Thus the Z (g, )-finiteness of f - (f’ o p) follows from the fact that f is Z(g.,)-finite
and f'is Z(g,,)-finite, and the Z(g,,)-finiteness of f’ o p is also obtained by taking

f=1L

=0

LEMMA 2.8. Let the functions f., on G and f,, be slowly increasing. Then both
fos 0 pand fo - (f., o p) are slowly increasing functions on G.

PROOF. Recall that a function f on G is slowly increasing if there is a constant
C such that | f(x)| < C|ix||? for all x € G, Where 0 : Go, = GL(E) is a finite-
dimensional complex representation with finite kernel and image closed in End (E)
and ||x]] = (tro(x)* - o (x))"/? (see [1]). Since f, and f. are slowly increasing, we
have

[(foo - (fo 0 PN @ = | [ (8) - fos(0(@N] = Crligl7" - Callo (@)
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for some constants C,, C,, positive integers m,, m,, and representations « : G —
GL(W), B : G — GL(W'). However, we have |lo(g)lls = lIgllg., < CsligllZ® for
some constant C; and positive integer m;. Thus we have

[(foo - (foo © P(@)] < CIC:CsllgHZ™,

and therefore f, - (f., o p) is slowly increasing. We also see that f_ o p is slowly
increasing by taking f,, = 1.

THEOREM 2.9. Both a generalized automorphic form and a mixed automorphic
form of type (p, K, K') are automorphic forms for K in the sense of Definition 2.1.

PROOE. Let f; be a generalized automorphic form and f, a mixed automorphic
form on G(A) of the form

fi=flop,  fH=f-(fop),

where f (respectively f’) is an automorphic form for K (respectively K') on G(A)
(respectively G'(A)). Then for each g € G(k) we have

filgx) = f'(p(gx)) = f'(p(@pX)) = f'(p(x)),
fo(gx) = f(gx) - f'(p(@px) = f(x) - f(p(x)) = fx)

for all x € G(A), since p(G(k)) C G'(k); hence both f, and f, satisfy the condition
(i) of Definition 2.1. They also satisfy the conditions (ii), (iii), and (iv) of Definition
2.1 by Lemmas 2.6, 2.7, and 2.8, respectively. Hence it follows that both f; and f;
are automorphic forms.

3. Generalized theta-series liftings

In this section, we first review theta-series liftings associated to dual reductive
pairs, and then extend such liftings to certain generalized dual reductive pairs. Let W
be a symplectic space over a number field k, that is, a vector space over k equipped
with a nondegenerate alternating bilinear form (, ). Then the Heisenberg group
J€ (W) associated to W is a non-trivial central extension of W by k consisting of pairs
{(w,t) | w e W, t € k} with its multiplication law given by

(wy, 1) - (w2, B) = (W1 + w2, hh + &+ (wy, wp)/2).
We fix a complete polarization W = W, @& W, of W, where W, and W, are maximal

totally isotropic subspaces of W. Let .“(W;(A)) be the space of Schwartz-Bruhat
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functions on W, (A). Given a character ¢ : A/k — C* we can construct a represent-
ation o, of 5#(W)(A) on #(W;(A)) by

0’¢(U)1)f(1') = f(x + wy) for all x, w; € Wi(A),
oy (wy) f(x) = ¥ ({x, wy)) f (x) forall x € W,(A), w, € W,(A),
oy fx)=v @) f(x) forall ze A, x € Wi(A).

We define a linear functional ©, known as the theta-functional, on .¥(W,;(A)) by
Op) = erwl w ¥(x) forallp € (W (A)). Thenitisknown that the series defining
©(¢) converges absolutely and the map ¢ +— ©(g) defines an J#(W)(k)-invariant
linear form on #(W,(A)) (cf. [17]). The adelic symplectic group Sp(W)(A) =
Sp(W, (, ))(A) operates on the adelic Heisenberg group J#(W)(A) by g - (w, ) =
(gw, t). This operation is trivial on the center of ##(W)(A) and therefore by the
Stone-von Neumann theorem there is an operator w, on .%’(W,(A)) unique up to a
constant factor such that

0y (8w, 1) - wy(g) = wy(g) - oy(w, 1)

forall (w, t) € £ (W)(A). Now we define the metaplectic group .%(W)(A) to be the
set of pairs (g, wy (g)) satisfying the above relation. Then we have the exact sequence

0> C* — Sp(W)(A) — Sp(W)(A) — 0.

Let (G', H') with G', H' C Sp(W)be a dual reductive pair in the symplectic group
Sp(W) = Sp(W, {(, )) (see for example [3, 4, 5, 14]). Thus G’ and H’ are reductive
subgroups of Sp(W) and G’ (respectively H') is the centralizer of H’ (respectively G')
in Sp(W). Let G'(A) (respectively H'(A)) be the inverse image of G'(A) (respectively
H'(A))in S'E(W)(A). Then given an element ¢ € ¥ (W,(A)) the theta-kernel for the
pair (G, H') isthe map 6, : G’(A) X I-T(A.) — ( given by

0,(8', h') = O(wy (8w, (h)(p)).

For each cusp from f’ on G'(A) the theta-kernel 6, determines the map 6,(f’) :
H'(A) — C given by

6,(f) ) = / 6,(g’ k) f'(g)dg'

G'(kN\G'(A)
Let Kw be a maximal vompact subgroup of S";(W(A.)), and set
K'=KynGA), K, =KynH(A).

Then K’ and K, are maximal compact subgroups of G’(A) and H'(A) respectively.
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PROPOSITION 3.1. If f is a cusp form on G'(A) and if ¢ is K}, -finite, then 6,(f) is
an automorphic form on H'(A).

PROOF. See [5, Proposition 2.2].

In order to generalize the result of Proposition 3.1,let G and H be reductive groups
over k such that there are homomorphisms p: G — G'and py: H — H’ defined over
k. Thus the pair (G, H) can be regarded as a generalized dual reductive pair. Let K
and K y be maximal subgroups of G (A) and H (A), respectively, such that 5(K) C K’
and gy (Ky) C K.

DEFINITION 3.2. Let f be a generalized cusp form on G(A) of type (0, K, K "), SO
that f = f o p for some cusp form f' on G(A). Then for each ¢ € S (W,(A)) we
define the map 62#%(f): H(A) — Cby

627 (f)(h) = 6,(f")(Bu(h))
forall h € H(A).

THEOREM 3.3. Let f be a generalized cusp form on G(A) of ype (5, K, K' ). Ife
is K -finite, then 9" P4 (f) is generalized automorphic form of type (py, Ky, K.

PROOF. Let f = f' o p for some cusp form f’ on G(A). Since ¢ is K -finite,
it follows from Proposition 3.1 that 6,( f') is an automorphic form on H "(A). Since
022" (f) = 0,(f")opy,and pu(Ky) C K, by Definition 2.2 627 ( f) is a generalized
automorphic form of type (o4, K Hs K -

REMARK 3.4. From Theorem 2.9 it follows that the function f (respectively
9" #4(£)) in Theorem 3.3 is an automorphic form for K (respectively K’ ). Thus
Theorem 3.3 can be used to establish correspondences between automorphic forms
on reductive groups that are not necessarily subgroups of symplectic groups.

4. Theta-series liftings for mixed automorhic forms

In order to discuss theta-series liftings for mixed automorphic forms, in this section
we consider a pair of dual reductive pairs. Let W and V by symplectic spaces over
a number field k. Let (G, H') be a dual reductive pair in Sp(W), and let (G, H) be
also a reductive pair in Sp(V') such that there are homomorphisms p: G — G’ and
pu:H — H'.
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Ift G'(A) (respectively H ’(A)) be the inverse image of G'(A) Srespectively H'(A))
in Sp(W)(A) as in Section 3. Similarly, IEE G'(A) (respectively H'(A)) be the inverse
image of G'(A) (respectively H'(A)) in Sp(V)(A). Using the exact sequences

0 — C* — Sp(W)(A) —> Sp(W)(A) — 0,
0— C* - Sp(V)(A) = Sp(V)(A) — 0,

we can extend hornomorphlsms p:G(A) — G'(A) and py: H(A) »> H'(A) to
homomorpmsms p: G(A) - G'(A) and Pu: H (A) - H'(A), respectively. Let K’
(respectively K/ ) be the maximal compact subgroup of G'(A) (respectively H' (A))
associated to a maximal compact subgroup K w of Sp(W)(A) Similarly, let K
(respectively K g) be the maximal compact subgroup of G(A) (respectlvely H (A))
associated to a maximal compact subgroup Ky of Sp(V)(A) such that p(K ) C K’
(respectively pH(K 1) C K )

As in the case of W described in Section 3, given a complete polarization V =
Vi ® V, of V, we can define 6,,, where ¢y is an element of the space .#(V,(A)) of
Schwartz-Bruhat functions on V;(A).

DEFINITION 4.1. Let f be a mixed cusp form on G(A) of type 0, K, K’), so that
f = fi - (f» 0 p) for some forms f on G(A) and f, on G’ (A). Then for each
v € L(Vi(A)) and ¢ € ¥ (W,(A)) we define the map 6754 ( f): H(A) — Cby

Qv,.Q
0251 (£)(h) = B, (f1)(h) - 6,(f3) (5 (h))
forall h € H(A).

THEOREM 4.2. Let gy € #(Vi(A)) be Ky-finite and let ¢ € (W, (A)) be K-
finite. If f is a mixed cusp from on G of type (p, K, K'), then the function 62.% ()
is a mixed automorphic from on H(A) of type (Py, Ky, K )

PROOF. Since ¢y € #(Vi(A)) is K y-finite and @ is IE’ +-finite, it follows from
Proposition 3.1 that GW (f1) is an automorphic from on H (A)) and 6,(f;) is an
automorphic from on H (A)). Since Ogvf’g (f) =6,,(f1)-(B,(f2)opu), the proposition
follows from this and Definition 2.3.

5. Geometric applications

Families of abelian varieties parametrized by an arithmetic variety play an important
role in number theory. In this section we describe some applications of generalized
theta-series liftings discussed in Section 3 and Section 4 to such families of abelian
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varieties. Let G be a semisimple algebraic group over Q and let G = G(R) be its
group of real points. Let K be a maximal compact subgroup of the semisimple Lie
group G, and assume that the corresponding symmetric space D = G/K has a G-
invariant complex structure. Let W be a vector space over Q, and let p: G — Sp(W)
be a homomorphism defined over Q. Let § be the Siegel upper half space on which
Sp(W)(R) operates, and let 7: D — f be a holomorphic map that is equivariant with
respect to the Lie group homomorhism pg: G — Sp(W)(R) determined by p, that
is, T(gx) = pr(g)t(x) forall g € G and x € D. If I is a torsion-free cocompact
arithmetic subgroup of G(Q), then the equivariant pair (pg, 7) determines a Kuga fiber
variety Y — X which is a family of abelian varieties parametrized by the arithmetic
variety Xr = '\ D (see for example [7, 10, 12, 13, 15]).

EXAMPLE 5.1. Let G, be the centralizer of p(G) in Sp(W), and let X, be the set of
holomorphic maps 7: D — h satisfying the relation 7 (gx) = pgr(g)t(x) forallx € D.
Then G,(R) operateson X, by y -t =y ot fory € G,(R)and v € X,. Thenitis
known that this action is transitive and that X , is the symmetric space corresponding to
the semisimple Lie group G, (R) (see [8]). The pair (0(G), G,) of subgroups of Sp(W)
is not quite a dual reductive pair because p(G) may be smaller than the centralizer of
G,. However, as is explained in [5, p. 66], the theta correspondence of the form given
in Proposition 3.1 still exists as long as the two subgroups commute. Thus Theorem
3.3 essentially suggests that the theta-series lifting associates an automorphic form on
G, (A) to each cusp form on G(A).

In order to consider another application, let @', H" and H be reductive groups over
Q such that (G, ') is a dual reductive pair in Sp(W) and (G, H) is a dual reductive
pair in another symplectic group Sp(V). We also assume that p(G) C G’ and that
there is a homomorphism py: H — H’ defined over Q.

EXAMPLE 5.2. Let f; be the automorphic form on G(A) determined by the canonical
automorphy factor (see [15,811.5]) of G(C) on D, and given a positive integer n let
f> be the automorphic form on Sp(W)(A) determined by the automorphy factor
j:Sp(W)(R) x h — C given by

j(g,z) =det(cz +d)

forz e hand g = 4

cusp forms on G(A) of the form f; - (f> o p) is canonically isomorphic to the space of
holomorphic forms of the highest degree on the nth fiber power Y, of Y, . over the
arithmetic variety Xr = I'\ D (see [13]). Thus using Theorem 4.2 we can associate a
mixed automorphic form on H(A) to each such holomorphic formon Y7 ..

b) € Sp(W)(R). Then it is known that the space of mixed
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