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GORENSTEIN GRADED ALGEBRAS AND THE EVALUATION
MAP

YVESFELIX AND ANICETO MURILLO

ABSTRACT. We consider graded connected Gorenstein algebras with respect to
the evaluation map evg = Extg(k.¢) :: Extg(k,G) — Extg(k, k). We prove that if
evg 7 0, then the global dimension of G isfinite.

This paper fits into the general program of Halperin et al. to identify and use new
algebraictopological constructsderived from differential homological algebrato classify
spaces ([3], [6], [7]).

A graded connected, finite type algebra G defined over afield k is called Gorenstein
if the graded vector space, Extg(k, G) has dimension one. The global dimension of G,
gldim G, is the minimum integer n such that the residual field k admits a free resolution
of length n. If k doesnot admit free resolutions of finite length, then the global dimension
isinfinite. The evaluation map

(SV/eh EXtG(k. G) — EXtG(k, k)

is the canonical map induced by the augmentation e: G — k. Our first result is:

THEOREM 1. Let G be a graded Gorenstein algebra such that evg # O, then
gldimG < oo, and dim Extg (k. k) < oo.

Elliptic Hopf algebrasare examples of Gorenstein algebras. For recall an elliptic Hopf
algebrais a graded connected finite type Hopf algebra with finite depth and polynomial
growth ([4]). Finite depth means that Extg(k, G) # 0 and polynomial growth r means
that there exists A > 0 and B > 0 such that for all n large enough, we have :

An" < Xn:dimGi <Bn'.
i=0

An elliptic Hopf algebra G is Gorenstein and Extg(k, G) # O, with r equal to the
polynomial growth of G. For instance a finitely generated nilpotent Hopf algebrais an
elliptic Hopf algebra.

Gorenstein algebras are important in algebraic topology: for a finite complex X,
H*(X;Z/p) is Gorenstein precisely when it satisfies Poincaré duality, and this occurs
precisely when the Spivak fibre Fx localizesto asphere, (Fx), ~ S; (see[9]).
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We define in a similar way Gorenstein differential graded algebras. A differential
graded algebra (A, d) is called Gorenstein if the vector space, Exta q) (k. (A, d)) has
dimension one. It happensthat for a simply connected finite CW complex, the cochain
algebraC*(X; k) is Gorenstein if and only if H*(X; K) is a Poincaré duality algebra ([5]).

Now let X be asimply connected finite type CW complex. According to ([6], [7]), for
each p (prime or zero) there are exactly two possibilities: either

(1) thereare constantsC > O and r € N such that

n
>dimH;i(QX;Z/p) <Cn", n>1,
i=0

or else
(2) thereareconstantsK > 1and N € N such that

n
S dmH(QX;Z/p) > KV, n>N.
i=0

In thefirst case, the space X is called elliptic (more precisely Z,-€lliptic). In the second
case the spaceis called hyperbolic. An elliptic space X is a Poincaré complex, its Euler-
Poincaré characteristicis non-negativeandits|oop space homol ogy with Z;, coefficients
is afinitely generated left noetherian ring.

The loop space homology H..(QX; Z /p) of an hyperbolic space has a subexponential
growth, is not noetherian as a left module over itself, and is not nilpotent as a Hopf
algebra.

In([12]) Murillo showsthat the eval uation map e, (ax;q) detectsfinitedimensionality
of H*(X; Q) when X hasdim . X ® @ < oo: H*(X; Q) isfinite dimensional if evy_ (ox:q)
is nonzero. Because spaces with dim(m,. X ® Q) < oo have H.(QX; @) Gorenstein, our
second result is a generalization to arbitrary characteristic of Murillo’s result.

Since elliptic spaces have alot of interesting properties, it is very important to detect
elliptic spaces. Thisis one of the roles of Theorem 2.

THEOREM 2. Let X be a simply connected finite type CW complex. Suppose G =
H.(QX; k) isa Gorenstein Hopf algebra. If evg is honzero, then H*(X; k) is finite dimen-
sional.

PrROOF. By Theorem 1, Extg(k, K) is finite dimensional. Theorem 2 results then

directly from the convergence of the Moore spectral sequence ([11], [5])
EXtG(k. k) = EXtC*(Qx;k)(k. k) a4 H*(X, k) ]

Theconverseisclearly not true. For instancethe space X = CP? isafinite CW complex.
Its loop space homology G = H,(QX; k) is a Gorenstein Hopf algebra, G =~ K[x4] ® AXx;.
However a simple inspection showsthat evg = 0.

There are other relations and results connecting Gorenstein algebras and algebraic
topology. The relation with the Gottlieb groupsis for instance described in [9].

We remark finally that Theorem 1 appears as a complement to Gammelin's re-
sult ([10]):
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THEOREM (H. GAMMELIN). Let (A, d) beasimply-connected Gorenstein commutative
differential graded algebra such that H*(A, d) is noetherian. If eva # 0: Exta(k, A) —
Exta(k. k), then H*(A, d) isfinite dimensional.

PROOF OF THEOREM 1. Denote by - - - Py, N Pn1 9 ... = k afree minimal

G-resolution of k:
P=& Pmn. Pn=G® Xn.

m>0

Each X is agraded vector space, Xj = @0 X such that dimX;, < oo forr > 0.

Suppose that Extd(k, G) # 0. Since the evaluation is nonzero, there is an element
X € Xp and aG-module map f: P — G satisfying f o d = 0 and f(x) = 1. There clearly
exists then adecomposition of P, into the form

Pn=G® (kx® Vy).

with f (V) = 0. Moreover sincef is acocycle we have d(Pp+1) C G® Vi
We call the complex which computes Extg(k, G),

(Q.8) = (Homg(P.G).5). Q- =~ G @ Hom(X;. k).
OHQoiQfli’szi““Han—)-”
Since G is Gorenstein we have

Q.= (GO Kf) @ (G @ Hom(Vn, k))

o(f)=0
0 ifr#n
H_(Q. d) = Extiy(k. G) = { oo 7 "
We show by inductiononj,j=1,..., n, that Q_n+; admits a decomposition

Qnj =GO (W & R)
with

W) CG®W_1, R)CG®R-1. j=1,....n,
Wo = kf, Ry =Hom(Vp,kK).

Supposethisistrue for j — 1. We choose a G-module decomposition of Q_p.;j,
Q7n+j =G® T;.

with Tj adirect sum Tj = E @ F @ Ssuch that E and F are graded subvector spaces of
maximal dimension with respect to the properties

SE)CGOW_ 1. 6(F)CGOR_..
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Since T; is afinite type graded vector space, a maximal such decomposition exists. We
want to provethat S=0,i.e., T, =E®F.
We suppose S # 0 and we take a nonzero element x € S. We have

OX=01X+02X, 01X€EGOWi_1, dxe GOR_1.

By induction hypothesis, 61x and 6,x are cocycles. Since G is Gorenstein, 61X and 52X
are coboundaries,
01X = 5(0(1). OoX = 5(0(2).

Forac GoT,wewritea=a+o withack@Tando € G @ T.

If cn € E®F, x — oy can be taken as a basis element of anew G-basis of G @ T;
in contradiction with the maximality condition of the chosen decomposition. The same
contradiction appears when a, € E @ F. Therefore a; and o, do not belong to E @ F.
There are two cases: x either belongsto ko @ kap @ E & F or not. In the first case the
element a1 can be taken as a new basis element of a G-basis of G ®@ Tj, which is not
possible. In the second case, the element x — a; — ar» isanew basis element of a G-basis
once again in contradiction with the maximality hypothesis.

It follows that the direct sum

A =PGoW

=0

is acomplex satisfying

kf ifp=0

A,=0 forpg#{0,1,...,n}
-]

ifp>0"

This showsthat (A, ) is a G-free resolution of k. Since the length of thisresolutionisn,
wehavegldimG < n.

We can therefore suppose that k admits aminimal free G-resolution (P, d) of length
n. Since every linear map W,, — k extends to a cocycle that is not a coboundary, the
evaluation map Extd(k,G) — Extg(k, K) is surjective. Because G is Gorenstein, the
graded vector space Extg(k, k) has dimension one and is concentrated in total degreer
for somer.

Then every linear map W1 ~r — k extends to a cocycle that is not a coboundary.
Thisimplies the surjectivity of the evaluation map

Ext} (k. G) — Ext% (k. k)

in total degree greater than r. Therefore, since G is Gorenstein, Exty (k. k) is zero in
total degree greater than r. By the same argument Extg(k. k) can be shown to be zeroin
total degree > r for any p. Thisimpliesthe finitenessof thetotal dimension of Extg(k, k).

|
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