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ABSTRACT

In this paper we investigate the quantity of diagonal quartic surfaces agX§ + a1 X +
a2X§ + angl = 0 which have a Brauer—-Manin obstruction to the Hasse principle. We
are able to find an asymptotic formula for the quantity of such surfaces ordered by
height. The proof uses a generalization of a method of Heath-Brown on sums over linked
variables. We also show that there exists no uniform formula for a generic generator in
this family.
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T. SANTENS

1. Introduction

This paper is concerned with failures of the Hasse principle. A Q-variety X satisfies the
Hasse principle if X(Ag) # (0 implies that X (Q) # (. There are multiple known obstructions
which explain why varieties fail the Hasse principle, the most important of these being
the Brauer—Manin obstruction. This obstruction consists of constructing a subset X(Q) C
X (Ag)Br € X (Ag) called the Brauer—Manin set. We say that X has a Brauer—Manin obstruction
to the Hasse principle if X (Ag) # 0 but X (Ag)B" = 0.

In this paper we look at K3 surfaces. These lie at the boundary of our current understand-
ing of the Hasse principle. It was conjectured by Skorobogatov [Sko09] that the Brauer—-Manin
obstruction is the only obstruction for K3 surfaces. This conjecture is only known for certain
Kummer varieties [HS16, Har19] when assuming the truth of some big conjectures in number
theory (finiteness of Shafarevich-Tate groups) and wide open in general.

Recently Gvirtz, Loughran and Nakahara [GLN22] investigated how often diagonal degree
2 K3 surfaces have a Brauer—-Manin obstruction and were able to obtain the correct order of
magnitude. We instead look at another family of K3 surfaces, namely the diagonal quartic
surfaces. These are defined by the equation

Xa: CL()AX(Z)1 + ale + (Ig)(éL + CL3AX§L =0C P?@

for a = (ag, a1, az, as). Unlike the case of degree 2 K3 surfaces the Brauer group has already been
computed. The algebraic part by Bright [Bri02] and the transcendental part by Gvirtz, Ieronymou
and Skorobogatov [IS15, GvSk22]. However, in our case there is no uniform description of the
relevant algebras. When compared with the case of degree 2 K3 surfaces this causes us significant
difficulties. However, the method used to resolve these issues also allows us, without too much
extra effort, to find an asymptotic formula. This is a stronger type of result than the correct
order of magnitude in [GLN22]. We hope that this method can also be applied to find asymptotic
formulas for other families.

First note that due to [BBL16, Theorem 1.3] a positive proportion of these surfaces have local
points everywhere. This positive proportion can be computed as a product of local densities. It
has been shown by Bright [Brill] that 0% of these surfaces have a Brauer-Manin obstruction
to the Hasse principle. In this paper we are able to improve this result by proving the following
asymptotic formula.

THEOREM 1.1. There exists a constant A > 0 such that

4 Jai| <T.forallie{0,1,2,3},

- 2 33/8
#{a €20 Xa has a BM obstruction to the HP } AT (log T) ’

We actually prove the following finer results, denote the set in the left-hand side by NB"(T),
we can then define the subsets

N:BrD(T) ={ac NBY(T) s agarazaz € Q*%},
NE' (T) := {a € N®'(T) : aparazaz € —Q*?},
NE‘;D(T) = {a € NB(T) : aparasas ¢ £Q*?}.

Because N5 (T') = NBL,(T) L NB" (T) U NE;D(T) it suffices to prove the following theorem.
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THEOREM 1.2. There exist constants 0 < A, B such that
#NZGH(T) = O(T%(log T)%),
#NE' () ~ AT?(log T)*/8,
#NELA(T) ~ BT (log T)**/16.

Remark 1.3. Tt is geometrically interesting to instead count points [ag : a1 : ag : a3] € IP’%(Q) of
bounded height such that X, has a Brauer-Manin obstruction. This is equivalent to counting
only those a such that ged(ag, a1, a2,a3) = 1 in Theorems 1.1 and 1.2. Our method is easily able
to deal with this variant. We explain in Remark 5.1 which minor modification one has to make
to prove this variant.

We recall that a subset of X (Q) is thin if it is a finite union of sets of the form f(Y (Q))
for Y irreducible and f : Y — X finite and not birational. For example, the subset {a € A*(Q) :
apaiazaz € —Q*2} is thin. Theorem 1.2 implies that 100% of the elements of NB"(T) lie in
this thin set. It has been understood for some time that in Manin-type conjectures one is
required to remove a thin set. Thus, the exponent of the logarithm which would be reasonable
to geometrically interpret is 45/16. We give such an interpretation in §1.1.

Somewhat unusually we do not prove the lower bound by providing an explicit example of a
family of varieties which have a Brauer—Manin obstruction to the Hasse principle. Our method
is actually only able to provide such a family of order of magnitude T2. It seems very difficult
to provide an explicit example of a family of varieties with a Brauer—-Manin obstruction of the
correct order of magnitude, due to the non-existence of a uniform description of the generator of
Br(Xa)/Br(Q) in the generic case. We make precise in § 6 what we mean by a uniform generator
and prove, using ideas of Uematsu [Uem14, Uem16], that it indeed does not exist.

An important concept in the proof is that of prolific algebras as introduced by Bright [Bril5].
Indeed, the proof proceeds by first showing that 50% of the surfaces where a certain algebra A,
which depends on certain choices but defines a canonical element of Br(X,)/ Br(Q), is locally
nowhere prolific have a Brauer—-Manin obstruction. Then later we find an asymptotic formula
for the amount of surfaces where A is nowhere locally prolific.

The fact that the thin set where agaiasas € —Q*? dominates can also be interpreted using
this notion. Namely, A being nowhere locally prolific and X, being locally soluble is more
common on this thin set than outside of it.

To prove this 50% result we proceed roughly as follows. Given any choice of A € Br(X,) and
a tuple u = (ug,u1, uz,u3) € QX we construct a related algebra Ay, € Br(X,2,) where u’a =
(udao, uay, udas, uias). It is possible to compute the invariants of Ay in terms of those of A.
We use this to show that as long as A is locally nowhere prolific half of the surfaces X,,;2 have
a Brauer—-Manin obstruction as u varies. Note that we do not need to know what the invariants
of A actually are.

1.1 Structure

We now give an overview of the structure of the paper. In the second section we recall the notion
of cyclic algebras and the Brauer—-Manin obstruction. We also describe a slight modification of
a method by Bright [Bril5] which is used to decide whether an algebra is prolific.

The third section starts by constructing two Brauer elements A, B which we use in our
arguments. We then apply the method in the previous section to compute when they are prolific.
We also look at how the invariants of the Brauer element A change as we multiply the coefficients
a by a square.
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The goal of the fourth section is to generalize a method of Heath-Brown [Hea93] on sums over
linked pairs of variables. In particular, we need to deal with variables which are linked by quartic
residue symbols and not just by Jacobi symbols. This generalization is proven in §4.2. To prove
this in the desired generality, and also for other uses, we prove an uniform asymptotic formula for
sums over frobenian multiplicative functions as introduced by Loughran and Matthiesen [LM19]

in §4.1.
In this section we also prove a lemma which can be interpreted as a form of the hyperbola
method for toric varieties [PS20] for functions f(x1,...,zy) which can be written as a product

of single-variable functions f;(x;). The advantage of this new form is that it can also be applied
when >, 7 fi(%i) is not of order of magnitude a power of T. These analytic results are of
independent interest.

In the fifth section we count NB(T"). We first show that most of the Brauer-Manin obstruc-
tions are caused by A. We then prove that 50% of the surfaces where A is nowhere locally
prolific have a Brauer—-Manin obstruction. We will then interpret the amount of surfaces where
A is nowhere locally prolific as a sum over a large amount of linked variables and use the method
developed in the third section to reduce the number of variables. We finish by computing an
asymptotic formula for the resulting simpler sum using our form of the hyperbola method.

The last section is devoted to proving that there exists no uniform formula for 4. We do this
using ideas of Uematsu [Uem14, Uem16]. This section is independent of the rest of the paper.

1.2 An interpretation of the exponents
We give a geometric interpretation for the exponents in Theorem 1.2. What follows is quite
speculative and we give no proofs of the claims we make.

Letm: X — IP’(?@ be the universal diagonal quartic, i.e. X C IP’(?@ X IP’% is defined by the equation

aoXél + alXil + (lg)(éL + Clg)(g1 =0.

Proposition 3.4 can be interpreted as saying that NB"(T) is a subset of the set of weak Campana
points of the Campana orbifold (IP)%, iD) where D = S, 1{a; = 0} as defined in [PSTV21,
Definition 3.3]. This is also what one should expect from arguments such as those in [Bril8].
There is as of yet no Manin-type conjecture for the asymptotic behavior of weak Campana
points. However, these are in some sense Campana points on the limit of all log blow-ups. To
be precise let B — IP’?@ be a smooth log blow-up of the log pair (P2, D) and let D C B be the
strict transform of D. The set of weak Campana points on (}P’%, %D) is the intersection of the

images of the Campana points on the orbifolds (B, %D) as B — IP% ranges over all smooth log
blow-ups. We are counting Campana points with respect to a height function determined by the
hyperplane class H € Pic([F’%).

Blow up IP’% first at the disjoint subvarieties {ag = a1 = 0}, {az = az = 0}, then blow it
up at the strict transforms of {ap = az = 0}, {a1 = a3 = 0} and then blow it up at the strict
transforms of {ag = az =0}, {a1 = ay = 0}. Call the resulting (toric) variety B. Denote by
Ex¢ C B the (strict transform) of the exceptional divisor corresponding to {a; = a; = 0}.

One can check that the order of magnitude of the set of Campana points on the orbifold
(B, %D) will not change if we do more log blow-ups B’ — B. The order of magnitude in this
case is T?(log T')® where 6 = rk(Pic(B)) — 1. We get a further saving on the exponent 6 from two
parts: first, that the surfaces we count have to be locally soluble; and, second, due to properties
of the Brauer group.
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First note that the base change X Xp3 B is not smooth. Let ) be the blow-up of X Xp3 B
at the subvarieties X Xp EyeN{X,, = X,, =0} for all {k,¢,m,n} = {0,1,2,3}. This variety is
smooth. We interpret the exponent of the logarithm as coming from f:%9) — B.

The first issue is that the surfaces we count have to be locally soluble. As in [LS16] we
should get for each divisor D C B a saving in the exponent of the logarithm equal to 1 minus
the d-invariant of the set of geometrically irreducible components of the fiber Yg(p) as a
Cal(Q(D)/Q(D)) set. This d-invariant is the probability that an element of Gal(Q(D)/Q(D))
fixes any element of the set. The only divisors whose fiber is not geometrically irreducible are
the Ejy. The étale algebra corresponding to this set of irreducible components is

A= Q(Eké)[\/4 —ag/ag) x Q(Exe)[v/ —am/an).
19

One computes that the d-invariant is 32 so the saving in the logarithm is 35.

The other savings should come from some sort of relative version of the computation in
Lemma 3.8. An issue when trying to do this relative computation is that the relative version of
A does not live in Br(Qg(p)), but only in H'(Q(B), Plc(Qj@(B )). A relative residue map has

been defined in [BBL16, (5.9)]:
HY(Q(B), Pic(Vgm;) — H(QEw), H' (V5757 Q/Z).

sSm
Q(Ere)
This relative residue map is thus not particularly useful.

We see from Lemma 3.8 that the savings should be equal to 1 minus the chance that
an element of Gal(Q(FEkr)/Q(Fk¢)) fixes a geometrically irreducible component of the fiber
Do(e,,) and either fixes \/ Qram /agay, or does not fix v/—1. In other words it has to fix at
least one of \/+aga;,/aga,. The saving should thus be equal to 1 minus the d-invariant of the
Gal(Q(Exe)/Q(Exe)) set corresponding to the étale algebra

Al agam [agan] x Al\/ —akam/agan].

A computation shows that this o- invariant is 1 3—2 so the saving is for each Eyy. The expected
power of the logarithm is 6 — 617 = Wthh is exactly what we Wanted

However, in this case ) is a disjoint union of affine planes so the right-hand side is trivial.

One can interpret the order of magmtude T2(log T)3%/8 coming from the thin set {apaiazas €
—Q*2} in a similar way, but instead of starting with ]P’%Q one has to consider (a desingularization)
of the double cover C = {agajasas = —b*} C IP’% X A}@.

The leading constant in Theorem 1.2 (if one counts a = [ag : a; : a2 : as] € P%(Q) of bounded
height as in Remark 1.3) is exactly half the leading constant of the analogous counting problem
where one counts the a such that A for X, is nowhere locally prolific. This latter counting problem
should have a leading constant of the same type as the counting problem in the conjecture [LS16,
Conjecture 1.6].

The known cases of this conjecture [Loul8, LTT20, SV21] suggest that the constant should
take the Peyre-type form

a(B% )#(SubBr/BrQ)r (USUbBr)
fy b

where:

(i) a((B, %D), H) is the alpha constant of the orbifold (B, %f)) as defined in [PSTV21, §3.3];
(i) the group SubBr C BrQ(P3) is the subordinate Brauer group which should be defined
analogously to [Loul8, Definition 2.8];
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(iii) the set U C ]P’%(A@) is the set of all (a,), such that for each place v the algebra A is not
prolific on X, ;

(iv) the subset USU"PBT C U is the set of those elements of U which are orthogonal to SubBr with
respect to the Brauer—-Manin pairing;

(v) the Tamagawa number 7(US™PY) is the volume of US'PB" with respect to a certain
Tamagawa measure T;

(vi) the denominator «y is a product of values of the Gamma function.

In most known cases of this conjecture [Loul8, LTT20, SV21] the number - is a special value
of the Gamma function. But recently Loughran, Sofos and Rome [LRS22, Theorem 1.1] proved a
case of the conjecture in which ~ is 73/2 = F(%)?’. They also conjecture a general formula [LRS22,
Conjecture 2.14] for . In our case this gives v = I'(61/16) because k[B \ J, , Exe]* = k*.

In our case the subordinate Brauer group must certainly be contained in Br B \ U Ere
because the Ejip are the only divisors for which we have a non-trivial J-invariant. However,
B\ Ugze Ere = IP’(?@ \ Ugzelar = a¢ = 0}. In addition, {ax = a; = 0} has codimension 2 so Br B \
Uk Bre = BrPg) = BrQ. We thus have #(SubBr/BrQ) = 1 and US"PPr = U

It is unclear how to interpret the necessary convergence factors in the Tamagawa measure.
In [Loul8, §5.7.2] a virtual Artin character is used, but this has no obvious analogue in our case.

It is conjectured by Lehman and Tanimoto [LT17, § 1.2] that the non-Zariski dense part of the
thin set in Manin’s conjecture comes from finite maps which are étale in codimension 1. The map
C— ]P’% defining the thin set is ramified at the divisors {a; = 0}. However, the map of orbifolds

(C X3 B,0) — (B, %E) is étale in codimension 1 in the sense that the map C Xpy B — B is

unramified at all divisors except those in D and that the ramification degree at every divisor in
D is equal to 2. Our result thus agrees with the orbifold version of this conjecture.

1.3 Notation and conventions
For every field K fix a separable closure K.

Given a number field K we let Qx be the set of its places. Given a place v € Qx we denote
by K, the associated local field and O, the valuation ring. If v is finite, we let [, be the residue
field.

We identify Z/nZ with the subgroup of Q/Z generated by 1/n.

For any group G and number n € N we use G[n] to denote the n-torsion. If G is discrete and p
is a prime number, then let G(p) be the prime to p torsion. If G naturally has a profinite topology,
the only such G we consider are étale fundamental groups, then let G(p') be the maximal prime
to p quotient.

All cohomology is étale/Galois cohomology and all fundamental groups are étale fundamental
groups. We omit the base point if it is not relevant. For any abelian group B, we identify elements
of H'(X, B) with the corresponding maps 1 (X) — B.

For any number field K, we let Ix be the monoid of integral ideals of K. For any extension
L/K of number fields and ideal a € I, we let N (a) be the relative norm. We write N(-) :=
Ng(+) := Ng/g(-) for the absolute norm.

For any ideal n of K and z € C we define 7,(n) as the coefficients of the Dirichlet series
Cr(s)?. It is the unique multiplicative function such that for all k € N

T.(p") = <z+:_ 1>-
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In particular, for an integer n, 7(n) := m(n) is the number of divisors of n. We frequently use
that for z > 0

Z 7.(n) <.k N(log N)*~1.
N(m)<N

We also use the divisor bound, i.e. that for all € > 0 we have 7,(n) <, k. N(n)°.

For any number n we define w(n) := > 1 as the amount of prime ideals dividing n, not
counted with multiplicity.

For any number n € N define rad(n) := Hp‘n p as the largest square-free number dividing n.

A prime p of K is totally split if it completely splits for the extension K /Q. This is equivalent
to Ng(p) being a prime number.

For any ideal m a Hecke character x of finite modulus m is a character of the group {a € I :
(a,m) =1}/{(a)) € Ix : « =1 (mod m)}. The conductor of y is the minimal ideal q | m such
that there exists a Hecke character x’ of modulus q such that x(a) = x/(a) for all a coprime
to m.

pln

2. Algebraic preliminaries

2.1 Cyclic algebras

We recall the notion of cyclic algebras. Let K be a field, n € N, y € H'(K,Z/nZ) and b € K*.
Then b induces an element in H'(K, u,) = K*/K>*" by Kummer theory. The associated cyclic
algebra is the cup product

(x,b) := xUb € H*(K, u,) C Br(K).

If p, C K, then, after fixing a primitive nth root of unity ¢, we can assign to each a € K* a
character x, via the induced isomorphism p,, = Z/nZ. The induced cyclic algebra is

(CL, b)( = (Xaa b)

We denote the quaternion algebra (a,b) := (a,b)_1. For more information and another construc-
tion of cyclic algebras we refer the reader to [GiSz06, §§2.5 and 4.7].

In the special case when K is a local field corresponding to a place v of a number field k
we have the invariant map inv, : Br(K) — Q/Z coming from local class field theory. This map
is always an injection and it is an isomorphism if v is finite. We define the quadratic Hilbert
symbol as

(a,b)y :=invy((a, b)) € Z/27.
This is the usual quadratic Hilbert symbol, but taking values in Z/27Z instead of ps.

2.2 Brauer—Manin obstruction
For any scheme X, its (cohomological) Brauer group is Br(X) := H?(X,G,,). Let X be a variety
over a number field k. We recall [CTS21, §12.3] that there exists a Brauer-Manin pairing

X(Ag) x Br(X) - Q/Z : ((xy)y, A) — Z inv, (A(zy)),
vEQ

where X (Ay) is the set of adelic points of X. The left kernel of this pairing is called the
Brauer-Manin set X (Ay)P, it contains the set of rational points X (k), the right kernel contains
the constant Brauer elements Bro(X) := Im(Br(k) — Br(X)). If X (Az) # 0 but X (Ag)B" =0,
we say that X has a Brauer—Manin obstruction to the Hasse principle.
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A homomorphism of groups B — Br(X) induces a pairing
X(Ag) x B— Q/Z.

We call the left kernel of this pairing the Brauer—Manin set induced by B and denote it by
X (A)B. We have X (Ay)B" C X (Ag)? with equality if B — Br(X)/Bro(X) is surjective. For
A € Br(X) let (A) C Br(X) be the subgroup generated by A. We write X (Ag)? := X (A;)M
and call this the Brauer—Manin set induced by A

The algebraic Brauer group of X is Bry(X) := Ker(Br(X) — Br(X3)). The quotient
Br(X)/Bri(X) is the transcendental Brauer group of X.

2.3 Prolific algebras

To decide whether a quartic diagonal surface has a Brauer—-Manin obstruction we use a method
developed by Bright [Bril5]. We want to slightly modify this method. In the original, one needs
to know a priori that certain algebras are non-constant. We give a variation of the method where
this is not necessary (but will follow a posteriori).

Let X be a smooth variety over a number field £ and v a finite place of k. Let p be the
characteristic of IF,, and let X be a smooth O,-integral model of X, i.e. X' is a smooth finite type
separated O,-scheme and there is a fixed isomorphism of the generic fiber X} with X. We also
assume that the special fiber Af, is connected and, thus, irreducible. Any integral model X can
be turned into such a model by taking an open subscheme of the smooth locus A*™. Lastly, we
assume that X' (F,) # 0. Then X, has to be geometrically irreducible and X (k,) D X(O,) # 0
by Hensel’s lemma. Thus, Bro(Xy,) = Br(k,).

The following is a slight variation of [Bril5, Definition 7.1].

DEFINITION 2.1. We say that a morphism B % Br(X) is prolific at v if the map
5. X(k,) — BY := Hom(B,Q/Z) : (b, P) — inv,(b(P))

(2

is surjective. An element A € Br(X) of order n is said to be prolific if Z/nZ — Br(X):1/n — A
is prolific.

inv

Remark 2.2. If B is prolific, then B — Br(X)/Bro(X) is injective. Indeed, even the map
B — Br(Xg,)/Br(k,) has to be injective. This is because the composition of inv? with BY —
a~!(Br(k,))" always has to be constant, so a~!(Br(k,))Y is 0 if B is prolific. In particular, if B
is prolific in our sense, then o(B) C Br(X)/Brg(X) is prolific in the sense of Bright.

The crucial property of prolific B is the following [Bril5, Proposition 7.3].

ProrosiTION 2.3. If B is prolific, then it induces no Brauer—-Manin obstruction to the Hasse
principle.

Let a: B — Br(X) be a map of abelian groups with B finite and p 1 | B|. We study whether
B is prolific by relating inv? to another map.

We can compose a with the residue map 9, : Br(X)(p') — HY(XF,, Q/Z)(p') coming from the
Gysin sequence [CTS21, Theorem 3.7.1]. This gives us a morphism d,« : B — H(XF,, Q/Z)(p).
By duality and because p{ |B| this corresponds to a map m1(XF,) — BY which we denote by
o'a € H' (Ap,, BY).

The following lemma gives the relation between 0’ and inv:!. For z € X(O,) use the
notation x mod m, for the image of x under the composition

X(0,) — X(F,) = A, (F,).
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For any F,-variety Z and z € Z (F,) we let Frob, be the image of the Frobenius Frob, under the
map z, : Gal(F,/F,) — m1(Z). This is only well-defined up to conjugacy. However, B" is abelian
so 0 (Frob, mod m, ) is well-defined.

LEMMA 2.4. For all z € X(0,) C X(k,) we have
inv?(z) = 8°a(Frob, mod m, )-
Proof. We have to show that for all b € B

inv, (a(b)(z)) = dpa(b)(Froby mod m, )-

This follows from functoriality of the residue map [CTS21, Theorem 3.7.4], in particular the
commutativity of the following diagram.

Br(X)(p/) —2 H'(Xg,,Q/Z)(p)

la: l:c mod my
(Froby,

Br(K,)(p') —2 HI(F,, Q/Z)(p) £=25), gz, p).

The composition of the bottom row is inv, by combining [CTS21, Theorem 1.4.10, Lemma 2.3.3]
and the definition of inv,,. O

This lemma allows us to relate whether b¥ € BY lies in the image of invZ to the existence of
points on certain varieties over F,,.

Evaluation at the Frobenius induces an isomorphism H'(FF,, BY) = BY. Denote the character
corresponding to b¥ € BY under this isomorphism by xyv € H(FF,, BY). Consider now 9%a —
Xpv € Hl(X]Fv, BY). This corresponds to a BY-torsor which we denote by mv : Y,v — Xf,. Over
F, all of the Yjv are isomorphic. Denote this F,-variety by Y.

COROLLARY 2.5. For x € X*™(0,) we have invP(zx)=0" if and only if zmodm, €
v (Ypv (Fy)). Such an x exists if and only if Yyv (F,) # 0.

Proof. Let P := x mod m,. We have P € v (Yyv(F,)) if and only if m,.' (P) has a F,-point. This
fiber is the BY-torsor corresponding to the composition

v a—xpv
_

7T1(FU) = Gal(Fv/Fv) i’ Wl(XFv) BY.

A torsor over a field has a rational point if and only if it splits. Thus, this torsor has a F,-point
if and only if (8« — xpv)(Frobp) = 0. In other words 9"«a(Frobp) =b" and we are done by
Lemma 2.4. g

We are now interested in when Yyv(F,) # (). A necessary condition is that one (and, thus,
any) connected component is geometrically connected. This condition is sufficient as long as |F,|
is sufficiently large with respect to the (compactly supported) Betti numbers of Y by the Weil
conjectures [Del80]. The following lemma describes when this happens.

LEMMA 2.6. Applying the snake lemma to the following commutative diagram with exact rows
0 —— m (X)) —— m(&r,) — Gal(F,/F,) —— 0

lﬂ l@”a—xbv l

0 BY BY 0 0

defines a morphism &*" : Gal(F, /F,) — coker(8a). It is equal to 6* = §° — xpv.
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In particular, the connected components of Yyv are geometrically connected if and only if
opv = 0.

Proof. The first statement follows from standard homological algebra. To prove the second state-
ment we note that the set of connected components of Y;v has a transitive BV-action with
stabilizer im(0Ya — ypv), analogously the set of connected components of Y has a transitive BY
action with stabilizer im(0V«). Every connected component is thus geometrically connected if
and only if the natural map im(9?a) — im(9a — xpv) is an isomorphism. The snake lemma
implies that this happens if and only if & =o. O

Remark 2.7. (i) The morphism 6°” is 0 if and only
§*" (Frob,) = 6°(Frob,) — b = 0 € coker(d%a).

The set of such b is thus an im(9Va)-coset of BY.

(i) If Y is connected, then 9%« is surjective so 6% will always be 0.

(iii) Dually, the boundary map dpv which one gets by applying the snake lemma to the
following diagram has to be zero.

0 0 B B 0

| v

0 — H'(F,,Q/Z) — H'(Xr,,Q/Z) — H'(X:,,Q/Z) — 0

Here b" is identified with the composition B 2 Q/7 = °HY(F,,Q/7Z).

If A, is the smooth locus of a cone over a curve, we can say more. What follows is analogous
to [Bril5, Theorem 6.5]. We remark that the proof written there is incomplete. It is stated
that fibrations with fiber AIIFU induce isomorphisms on fundamental groups. This is already false
for the fibration A%v — Spec(F,) due to the existence of Artin—Schreier extensions of AI}U. The
statement is probably true for the maximal prime to p quotient but we just need the following
special case.

LEMMA 2.8. Let K be a field of characteristic p. Let X C P”K+1 be the cone over a smooth variety
Y C PY.. The projection X*™ — Y induces an isomorphism w1 (X*)(p’) = m1(Y)(p').

Proof. Let P € X be the cone point. Consider the blow-up X’ at this point with exceptional
divisor E. It is a P-bundle over Y and X*™ = X \ P = X'\ E. Thus, X®™ is the complement of
a relative normal crossing divisor E in the smooth proper Y-variety X’. The desired statement
follows from [Gro71, Examples XIII.4.4]. O

In particular, if Ar, is the smooth locus of a cone over a smooth proper curve C then

~

71 (X, ) (p') — 71 (C)(p') is an isomorphism. This induces an isomorphism H'(C,Q/Z)(p') =
H' (Xs,,Q/Z) ().

THEOREM 2.9. Assume that A, is the smooth locus of a cone over a smooth proper curve C
of genus g and

IFy| > (¢ + Vg2 —1)> where ¢’ = [im(8%a)|(g — 1) + 1. (2.1)
The image of invZ contains b if and only if §°(Frob,) = b" € coker(9Va).

Proof. By Lemma 2.6 and Remark 2.7(i) it suffices to show that if all of the connected com-
ponents of Yv are geometrically connected then it has a F,-point. By Lemma 2.8 there exists
an étale cover D — C' such that Ypv = D x¢ Ap,. We show that D(F,) # (). Every connected

668

https://doi.org/10.1112/S0010437X22007916 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007916

DIACONAL QUARTIC SURFACES WITH A BRAUER—MANIN OBSTRUCTION

component of D is a connected étale im(dVa)-torsor over C. By the Hurwitz formula this is a
curve of genus ¢’. The Weil conjectures [Del80] together with condition (2.1) give us what we
want. ]

COROLLARY 2.10. Assume that B — Hl(Cfv, Q/Z)(p') is injective, equivalently, that the asso-
ciated étale cover of Cg Is connected, in the situation of Theorem 2.9. Then B is prolific and
thus induces no Brauer—Manin obstruction to the Hasse principle.

Proof. Dually, the map 0%« is surjective so coker(0V«) = 0 and the condition in the theorem is
automatically satisfied. O

We end this subsection with a lemma which allows us to compute 9, for cyclic algebras.

LEMMA 2.11. Let x € H'(k(X),Z/nZ) and a € H'(k(X),p,) such that (x,a) € Br(X) C
Br(k(X)). Let v¢ S be a finite place of k coprime to n such that Xy, is irreducible. In
this case the valuation v can be extended to k(X). Assume that x is unramified at Xf,. Let
x|r, € H'(Fy(Xr,),Z/nZ) be the induced character. Then

9 ((x,a)) = v(a)x|r, - (2:2)
Proof. This is a combination of the second bullet point of [CTS21, p. 37] and applying [CTS21,
Lemma 2.33] to compare the different notions of residue. O

3. Computations for the Brauer—Manin obstruction

Let X, C IP’% be the smooth surface defined by the equation
ang + ale + a2X§ + (lg)(é1 =0 (31)

for a := (ag, a1, as,a3) € (Q*)* Write 0, := agaiazas. Two such surfaces are equivalent if one
is obtained from the other by permuting the coefficients, multiplying the coefficients by fourth
powers and multiplying them by a common factor. There is an obvious isomorphism between
any two equivalent surfaces which permutes the coordinates and multiplies them by a constant.

3.1 Constructing Brauer group elements

Assume that X, has local points everywhere. The following proposition gives two elements
of Br(Xa). The first of these is due to Bright [Brill, Lemma 2.1] and the second is, written
somewhat differently, due to Swinnerton-Dyer [Swi00, (43)]. We give a different argument that
these Brauer elements are unramified.

PROPOSITION 3.1.
(i) Let Ya be the smooth quadric surface defined by
aoYy + a1V + asYy +az¥i =0

and let o : X, — Y, the morphism given by Y; :Xf. Because X, has local points
everywhere, Y, must have local points everywhere and thus has a rational point by
Hasse—Minkowski. Let f be an equation defining the tangent plane at this rational point,
then

A= (C;;I,Qa> € Br(Xa).
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(ii) If 0o € Q*2, let {k,f,m,n} ={0,1,2,3} and let ZF'™ be the quadric curve defined
by

ag 2 _ 2 2 2 _
a’fN@(\/W) (Zk + 1/—%Ze> +amZy, = apZi; + wZi + amZy,, = 0.

For any choice of /0, let V/os  Xa — ZEm be the morphism defined by,

V0a

Zr = X2X2 — X2X?
k k< m Ao, >n»
N,
Zy= Y2 X2X2 4 X2X2
ApQp,
Zun = X+ X,

m

A priori this is only a rational map, but it can be extended to a morphism. By Hasse and
Minkowski ZF™ has a rational point. Let h be an equation defining the tangent line at this
point, then

. D
Bkﬁm;\/ﬁ = (V@Zma akam\/9:) € Br(Xa,).

These algebras are independent of the choices made as elements of Br(X,)/Br(Q).

Proof. By the Grothendieck purity theorem [Gro68, III: Theorem 6.1] it suffices to prove that
each of these Brauer elements is unramified at all the divisors of X,. Note that A is the pullback
along « of the following Brauer element described in [CTXO09, §5.8]:

<i/};, a0a1a2a3> S Br(Ya \ {}/3 = O}) (32)

This is independent of the choice of f as an element of Br(Ya \ {Y3 = 0})/Br(Q) which shows
that A is well-defined as an element of Br(Q(Xa))/ Br(Q). It follows that .4 is unramified except
possibly at the divisor {X3 = 0}. But f is ramified at {X35 =0} of order 2 so by [GMS03,
Proposition 8.2] A is also unramified at this divisor.

We now show that v, - is indeed a morphism. To prove this we may work over the algebraic

closure Q by Galois descent. The given equations define v except when X2, = \/—(an/am) X2

and X7 = —(v/0a/aran)\/—(an/am)X} for any choice of the square root \/—(an/am). Note
that this includes the cases X = Xy =0, X,, = X,;, = 0. Multiplying all the coordinates by

(X? — (V0a)akan)\/—(an/am)X2) /(X2 — /—(an/am)X?2) gives coordinates which are defined
in this case. Indeed,
V _(an/am)Xlg - (\/g/akam)Xg
X = /= (an/am) X3
_ Xl% I am [ an X2 Xv%m + v —(an/am)XZ

XiX5 — (VOa)aram) X7 X5

= X2+ X?
szn Y _(an/am)X% "

ax V' am " X2 = (VBa)aran)/—(anfam) X2’
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V—(an/am) X2 + (VOa/asam) X}
X5 — V= (an/am) X3
_ X2 + \/ZXQ X72n + V _(an/am)X’l?L
C T arar T X2 — (VB agan) /—(anfam) X2
XE 4+ (an/am) X2 9 an o
X2, — v/ —(an/am) X2 am, (3:3)

The divisor of A is a square so Bkzm; /g can only be ramified at the divisors contained in
v*{Z, = 0}. By the definition of 7y and (3.3) this is the union of

(VOa/aam) XZ X2+ XZX2,

= X? + X2
Xr2n -V _(an/am)X% "

{xa = -2 xp= 2 -2y
am Qgan am

for the two different choices of \/—(am/an). So —agam\/0a is a square in the residue field.

If we have two choices of tangent lines defined by g1, g2, then their quotient g;/g2 is a
rational function with square divisor and is thus a square up to multiplication by a constant.
The associated quaternion algebras thus differ by a constant algebra. O

Remark 3.2. The algebras A, By, /- exist more generally over other fields K as long as the
quadrics Y, Zfzm have K-points. For the same reason as over Q they are still well-defined
as elements of Br(X,)/Br(K). We use this in what follows to see that 4 as an element of
Br(Xg,)/Br(Qp) can be computed by taking a tangent line at a Q,-point of Ya. It also implies
that 0,4 € HI(XFP, Q/7Z) can be computed by taking the tangent line at a K-point of Y, for an
unramified K/Q), extension. Analogously for Bk@m; VR

3.2 Local computations
In this subsection we compute the local invariants of A utilizing the methods of §2.3. Let us
first describe when X, has a Q,-point.

LEMMA 3.3. Let p be an odd prime number, then X,(Q,) # (0 only if one of the following two
conditions is true:

(i) there exist k # ¢ such that —(ax/ag) € Qp;
(ii) there exist pairwise distinct k, ¢, m such that vy(ax) = vp(ar) = vp(an,) (mod 4).

Conversely, Xa(Q,) # 0 if the first condition holds or if the second one holds and p > 33.

Proof. If X5(Qp) # 0, then by fixing a solution and then taking an equivalent surface while
appropriately changing the solution we may assume that ag € Z}f, a1, az,a3 € Z, and that there
exist xg, x1, T2, T3 € Z; such that aoxé + alfll + a2$‘2l + a3x§ = 0. By reducing modulo p we see
that at least one of the other coefficients is a p-adic unit. If there is exactly one other coefficient a
which is a p-adic unit, then —(ax/ag) = (wx/70)* Z 0 (mod p), so by Hensel’s lemma —(ay,/ag) €
Q;‘l and the first condition holds. Otherwise the second condition holds.

If the first condition holds, then without loss of generality k =0,/ =1 and [1: /—a1/ao :
0:0] € Xa(Qp). For the second condition take an equivalent surface such that ay,as,am € Z,.
In this case the equation akX,‘cL + agXéL + @ X2 = 0 defines a smooth proper curve of genus 3
which has a Fy-point if p > 33 because of the Weil conjectures [Del80]. It thus has a Z,-point by
Hensel’s lemma. O

PRrROPOSITION 3.4. Let {k,¢,m,n} ={0,1,2,3}. If there exists a prime p > 16897 such that
vp(ap) =1 and p { agaran, then X, has no Brauer—Manin obstruction to the Hasse principle.
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Proof. This is the same as [Bril5, Corolllary 7.10] except that it holds for more primes. The
proof is the same except that we can bound |Br(X,)/Br(Q)| by 32 because in this case
Bri(Xa) = Br(Xa) due to [IS15, Theorem 1.1] and [GvSk22, Main theorem|. In addition
| Bri(Xa)/Br(Q)| < 32 by [Bri02, Appendix A]. O

LEMMA 3.5. Let {k,¢,m,n} ={0,1,2,3} and p > 97 an odd prime. If for all i # j € {0,1,2,3}
we have a;aj; #1,—1,2,—2 € Q*/Q*2, 05 € Q*2, vy(a,) =2 (mod 4) and pt axasay,, then X,
has no Brauer—Manin obstruction to the Hasse principle.

Proof. In this situation Bry(X,) = Br(Xa) because of [IS15, Theorem 1.1] and [GvSk22, Main
theorem]|. The only possible case of [Bri02, Appendix A] is A131, hence Br(X,)/Br(Q) = Z/2Z.
We prove that BMm; va. 1s prolific. This suffices because in that case Bkzm; /@, generates
Br(Xa)/Br(Q).

We apply Corollary 2.10. Let X be the smooth locus of the integral model given by the same
equation. The special fiber A, is the smooth locus of the cone over the curve C': akX,i,1 + ang1 +
ame;I = 0. To compute 8p8k€m; /a= We may work over the maximal unramified extension of Q,
by Remark 3.2. We may thus assume that ar, = a; = a,, = 1 and take h = Z, + v/—1Z,, = 0 as
the equation defining a tangent line of Z¥“™. Then

X2x2 Xy X7
7\/@; ;4\/7 —Xiz—kx/il (mod p).
Lemma 2.11 implies that 0,8, . gz = = X?2/X2 ++/—1 since vp(6a) is odd.

We check that the étale cover of C defined by Y2 = X2 + \/—1X? is geometrically irreducible
using the Magma function IsAbsolutelyIrreducible(). The full script can be found on the
authors webpage. Hence, BMm; Joa 18 prolific by Corollary 2.10. ]

We say that the algebra A is normalized if the coefficients of f in the definition are integral
and coprime. It is clear that we may always assume that A is normalized. More generally, for
any prime p we say that A is p-normalized if all the coefficients are p-adic integers and at least
one of them is a unit. Thus, f and o* f will be non-zero polynomials when reduced modulo p
which we denote by f and a*f, respectively. These normalised algebras are useful because we
are then able to write more explicit formulas for the invariant.

LEMMA 3.6. Let {k,¢,m,n} ={0,1,2,3}. Let p be an odd prime such that p { axagam, vy(a,) =
0,2, Xa(Qp) # 0. If A is p-normalized, then inv,(A(-)) = 0.

Proof. Let X be the integral model given by the same equation. It follows from looking at
primitive solutions that X*™(Z;) = Xa(Qp). The special fiber A" is irreducible, so v, can be
extended to Q,(X). By Lemma 2.4 it suffices to show that J,,4 = 0. Since A is normalized o* f
will be non-zero when reduced modulo p. The reduction o* f cannot be zero on the special fiber
because it has smaller degree than the defining equation so v,(a* f /Xg) = 0. We are done by
applying Lemma 2.11. ([l

LEMMA 3.7. Let {k,¢,m,n} ={0,1,2,3}. Let p be an odd prime such that vy(am),vp(a,) €

{17 3}’ p 'f akae and Xa(@p) 7é @
If O & Q)* and —(ax/ay) € Q;‘ﬂ then A & Bro(X). If on top of this A is p-normalized, then
for all P € X4(Qp),
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In particular, if p=1 (mod 4), then A is prolific and if p =3 (mod 4) then inv,(A(-)) is
constant.

Proof. Because —(ay/ay) € QX4 and 6, ¢Q2 we must have —(an,/an) & QXQ Let X be the
integral model defined by the same equation. By looking at primitive solutlons modulo p* we see
that X3™(Z,) = Xa(Qp). Let Y be the integral model of Y, given by the same equation. For the
same reason V™ (Zy,) = Ya(Qp).

Take a b € ZX such that —(ax/ag) = b*. The special fiber Xg is equal to (X=X}
{X; = 0= X,}. This has four geometrically connected components, {Xj = \/—71th4} for t =
0,1,2,3. It thus has four or three connected components for p =1 (mod 4) or p =3 (mod 4),
respectively.

The plane defined by f is tangent to a Q-point of Y,, so it is tangent to a Z,-point of
ysm. The reduction of this plane modulo p is defined by f because A is normalized. However,

s — (V2 = b2Y2}\ {Y = 0 = Y} is a disjoint union of 2 planes, so {f = 0} must be one of
these two planes. Over each of these two planes lie two geometric components of X s
Let D be one of the connected components of X 2 and D¢ the complement in X 2 Let

XP .= xsm\ D¢ The special fiber X, Dp =D is connected By Lemma 2.4 it suffices to compute

the residue dpA for Y. We can extend v, to a valuation vp of Q,(X). Since v,(fa) is even and
0, & Q;,d we can apply Lemma 2.11 to find that

1 *
OpA = 2vD<C;(2f> e HY(F,,7/22) c HY(D,Q/Z).
3

If D ¢ {a*f = 0}, then vp(a*f/X3) = 050 dpA = 0.

If we change A by a constant algebra, then dp.A changes by a constant independent of D.
It thus suffices to show that for a single choice of f we have dpA = % if D C {a*f=0}. By
Remark 3.2 we may take f =Y}, — b%Y; and, thus, o* f = X,% — b2Xe2. Then

Xp —VX7 _ apXptanXy _(am/P) X + (an/p) X5

X2 a(x2+rxi)xz P (X2 + X)X

where i = min(vy(am), vp(an)), so i is odd, an,/p’,an/p" € Z, and at least one of them is a unit.
Because D ¢ {X? = —b* X2}, {(an/p) X2 + (an/p') X} = 0} we get Ip(A) =i/2 = 5.

Note that dp(A) changes if we change D, so A ¢ Bro(X). The last statement follows by
Hensel’s lemma because a*{Y}, = —b?Y;} = {X? = —b?X?} has Fj-points if and only if p =3
(mod 4). O

We are now interested in how the invariant changes as the surface changes. As there is
no uniform formula for A as shown in Corollary 6.3 we are only able to understand this for
certain limited changes. Given u = (uo,ul,u2,u3) € (Q*)* we let au®? = (agu?). Choose a repre-
sentation A = (a*f/X3,0) with f = ZZ o Yia;Y; tangent to the point [yo : y1 : y2 : y3] € Ya(Q).
We then get a point [yo/uo : y1/u1 : y2/ug : y3/us] € Yau2(Q) with a tangent plane defined by
fu= Z?:o yiu;a;Y;2. This defines an element Ay = (a* fu/X3) € Br(Xau2)-

Note that if A is p-normalized and u; € Z;, then A, will also be p-normalized. From this we
can prove the following proposition.

PROPOSITION 3.8. Let {k,¢,m,n} ={0,1,2,3}. Let p be an odd prime such that vy(ay), vp(as)
have the same parity and vy(apm,), vp(ay) have the other parity.

If 0, € QF?, then inv(A(:)) = 0. Otherwise A & Bro(X).

If 05 ¢ QXQ and p=1 (mod 4), then A is prolific so induces no obstruction to the
BrauerfManin obstruction.
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If 0, ¢ Q% p=3 (mod 4) and —(ay/a;) € Q)*, then inv(A(-)) is constant and for all u €
(Zp)** we have

inv(Aa(-)) = inv(A()) + W‘f’)_l.

Recall from Lemma 3.3 that because Xa(Q,) # 0 either —(ar/ar) € Qf* or —(am/an) € QFY,
the second case can also be handled via this proposition via permuting the indices.

Proof. If 0 € Q2, then A =1 as an element of Br(Xg,) so inv,(A(-)) will be constant.

By taking an equivalent surface we may assume that p{agas, vp(am),vp(a,) € {1,3} and
—(ar/a) € @;4. We may then also assume that A is p-normalized. The only thing to show after
applying Lemma 3.7 is the formula for inv(Ay(-)). As in the lemma there exists a t such that
ot f = Xl% — (—1)tX£2. Let X,,,2 be the obvious integral model. By definition, the reduction of ot f
is equal to o* fu = upX ,3 — (=1)tugX 42. The desired statement follows after applying Lemma 3.7
to Xyu2- ]

If there exists vy € Q, such that uy = vﬁ for all k, then there exists a bijection X5(Q)p) —
Xauw2(Qp) 1 x — xv ! = [zovg ! : wyvy ! wovy ! z3vgt]. Tt follows directly from the definitions
that

inv(Au(xv)) = inv(A(x)). (3.4)

A fact we need is as follows.

LEMMA 3.9. If ay, € Z,; and uy € Zy for all k and if uy is a unit for all but one k, then A is
p-normalized if and only if Ay is p-normalized.

Proof. Assume that up is the non-unit. Let [yo:y1:y2:ys] € Ya(Q,) be such that f
Z?:o y;a;Y; and, thus, fu = Z?:o yiu;a;Y;. If A is p-normalized and A, is not, then v,(yo) =
but vp(y;) > 1 for i # 1. On the other hand, if A, is p-normalized but A is not, then v,(yo)
—vp(up) < —1 but vy(y;) > 1 for ¢ # 1. Both are impossible because Z?:o a;y? = 0.

Ol o

We require the following example.

LEMMA 3.10. The surface X : X§ — 16X{ + 7X5 + 7X3 = 0 has local points everywhere and A
is locally nowhere prolific.

Proof. It has local solutions because it has a rational point [2:1:0: 0] € X(Q).

The quadric Y has a rational point [4:1:0:0] so we have a normalized A= (1+
4(X%/X2),—1). The left-hand side is always positive so inve(A(-)) =0. By Lemma 3.6
inv,(A(-)) =0 for p#2,7. Because 7=3 (mod 4) Lemma 3.7 implies that invy(A(-)) is
constant. Lastly, by looking at primitive solutions x = [z¢ : 21 : 2 : 23] € X(Q2) modulo 4 we
see that mg € ZS so we have 1+4(2?/x3) =1 (mod 4). The invariant inva(A(x)) is thus
always equal to (1 + 4(z%/23),—1)2 = (1,—1)2 = 0. O

4. Analytic preliminaries

We want to apply a generalization of the method of [Hea93] to multiple different sums: to do
this we prove a general theorem describing this generalization.

4.1 Frobenian multiplicative functions

We start by slightly generalizing the notion of frobenian multiplicative functions [LM19,
Definition 2.1] to number fields. These are closely related to the frobenian functions of Serre
[Ser12, §3.3].
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DEFINITION 4.1. Let K be a number field and let S be a finite set of primes of K. A multi-
plicative function p: I'x — C is a S-frobenian multiplicative function if it satisfies the following
properties.

(i) There exists a H € N such that |p(p¥)| < H* for all primes p and k € N.
(ii) For all € > 0 there exists a constant C. such that |p(n)| < C:N(n)®
(iii) The reduction of p to the totally split primes is S-frobenian, i.e. there exists a Galois
extension L/K with Galois group I' such that S contains all the primes which ramify in
this extension and a class function ¢ : I' — C such that for all totally split primes p & S,

p(p) = o(Froby).
The mean of a frobenian multiplicative function is the mean of o, i.e.
mip) = 15 Z oy
~yel

Remark 4.2. We only require that the restriction to the set of totally split primes is frobenian
because the non-totally split primes end up only affecting the constant in the asymptotics.
The mean is independent of L since this is true for class functions.
Hecke characters with finite modulus are frobenian multiplicative by class field theory.

For any two functions f,g: Ix — C let f x g be their Dirichlet convolution.

LEMMA 4.3. If p1,p2 are S-frobenian multiplicative functions defined by Galois extensions
L1, Lo, then their product pips and their convolution pi * ps are S-frobenian multiplicative
functions defined by the Galois extension Ly Lo. The implicit constants of p1ps and py * pay are
bounded by those of p1, p2. The mean of p1 * ps is m(p1 * p2) = m(p1) + m(p2).

Proof. We first show the required bounds, let Hy, C1 . and Hs, Co . be the required constants for
p1 and pg, respectively. Then by the divisor bound

1p1p2(p%)] = [p1(0")||p2(p")| < (H1H2)",
lp1p2(n)| = \Pl(“)”ﬂz(ﬂﬂ < C1CaN(n)*,

1% pa(p \<Z!P1 Hp2kl|<ZH1sz<(H1+H2)7
=0

o2 (;‘)‘ < T(n>cl,ecg,€N(a>fN<g> <. C1.Cy N(n)*,

o1 % 2] < 3 1p10)
on

If p is totally split, then p1p2(p) = p1(p)p2(p), p1 * p2(p) = p1(p) + p2(p). The class function
of p1p2 and pj * pg is thus the product and the sum of the class functions, respectively, of p;
and po. O

We require the following lemma.

LEMMA 4.4. Let p be a frobenian multiplicative function defined by a Galois extension L/K
and x a Hecke character with finite modulus of K, then m(xp) # 0 only if x corresponds via
class field theory to a character of Gal(L/K).

Proof. For K = Q this is the first part of the proof of [LM19, Lemma 2.4]. The argument gener-
alizes to general number fields. To spell out the details, let L'/L be an extension such that L'/ K

675

https://doi.org/10.1112/S0010437X22007916 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007916

T. SANTENS

is Galois and  corresponds via class field theory to a character of I" := Gal(L’/K), which we also
denote by x. Let ¢ : ' — C be the class function defining p. The subgroup N := Gal(L'/L) C T
is normal and ¢ is invariant under translation by N. Then

ITim(xp) = > _x(@)elg) = Y. @gN) Y x(h)= > @gN) Y x(gh).
ger gNeT/N hegN gNer/N heEN

The sum » .y X(gh') is 0 unless x is trivial on N. In that case x is a character of T'/N =
Gal(L/K) as desired. O

It will be easier to deal with frobenian multiplicative functions over Q.

DEFINITION 4.5. For any finite field extension K’/K and any frobenian multiplicative function
p over K’ we define the induced frobenian multiplicative function Indg (p) for all n € Ik by

Indj,(p)(n) == Y p(M).
‘nEIK/
NK//K(‘ﬁ)Zn

It follows directly from the definition that
S o= Y ma(p)m),
Ny /o(M)<z Ng/g(n)<z

We can thus reduce the study of such sums for general frobenian multiplicative functions to
those over Q. Let us show that these are indeed frobenian multiplicative.

LEMMA 4.6. If p is a S-frobenian multiplicative function over K', then Ind%,(p) is a S’-frobenian
multiplicative function of the same mean with

S":= {p : p ramifies in K' or lies under an element of S}.
The required constants of Ind%, (p) are bounded in terms of those of p and [K' : K].

Proof. The multiplicativity is clear. To show that it satisfies the desired inequalities we note
that ZNK//K(‘II)zn 1 is multiplicative, and is smaller than k. x)(n) as can be seen by looking at

prime powers. By the divisor bound we obtain
mdi (eI < Y pOV] < g (P8 HE < (K2 KV HY, (4.1)

mGIK/
NK’/K(M):PI“

A (= S 1pO)] < sy (N <oy CNm=. (4.2)
Nel s
NK//K(‘.TI):n

It remains to show that the value of Ind%, (p) at the totally split primes is determined by a
frobenian function of the same mean. By enlarging L/K’ we may assume that L/K is Galois.
Let G := Gal(L/K), H := Gal(L/K'). Assume that p has an associated class function ¢. For
any totally split prime ideal p ¢ S” of K we have

Indi(p)(p) = > pla)= D @(Frobg).

Nyer /i (@)=p N(a)=N(p)

Consider the set of prime ideals T3 € I}, lying over p. This set has a transitive G-action. Let us
show that the prime ideal g = 8 N O has the property N(q) = N(p) if and only if Frobg,, € H.
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If N(q) = N(p),3 then Frobg/, = Frobg/q € H. On the other hand if Frobg, € H then Frobg),
keeps K’ invariant so fixes Fy, hence Ng//x(q) = p.

Let f:= [Fgp: Fy] = [Fgp : Fy]. This is independent of P because L/K is Galois. The set of
prime ideals B € I, lying over p, respectively q has size |G|/ f, respectively |H|/f. Thus

Z ¢(Frobg) = |—£” Z @(Frobgq).

N(q)=N(p) B,Froby; ), € H

The Frobg, are equidistributed over the conjugacy class Cy of Froby, i.e. there are |G|/ f|Cy|
primes P with the same Frobg/,. This implies that

G|
[HI|Cyl

Indf$, () (p) = S @(h) = Ind§ (i) (Froby).

heHNCy

Where Ind%(p) is the induced class function and the last equality is by definition. This class
function has the same mean as . 0

That the class function of the induced frobenian multiplicative function is the induction of
the class function of the original frobenian multiplicative function justifies the term induced.

DEFINITION 4.7. The L-function of a frobenian multiplicative function p for Re(s) > 1 is given
by the Dirichlet series

2
ot S (N )

ﬂEIK

This converges absolutely in this region because |p(n)| < C:N(n)¢ for all € > 0.
The normalized L-function is defined as L, (p,s) = L(p, s)¢(s)~"™#).

We remark that the L-function of the induction of a frobenian multiplicative function is
equal to the L-function of the original frobenian multiplicative function.

The normalized L-function can be analytically continued slightly to the left of the line
Re(s) > 1 as in [LM19, Proposition 2.7]. By controlling how far to the left it can be extended we
will be able to derive a Selberg—Delange type asymptotic formula for ZN(n)gm p(n). To control
this we need the notion of the conductor of a frobenian multiplicative function.

DEFINITION 4.8. The class function of a frobenian multiplicative function can be written as a
sum of characters of I'. We define the conductor g(p) of a frobenian multiplicative function as
the maximum taken over all characters x whose coefficient is non-zero of the conductor of the
Artin L-series L(x,s). This is N K(fx)d)]‘((l), where f, is the Artin conductor of x and dx is the
discriminant of K.

The conductor of a frobenian multiplicative function is bounded by the discriminant of L.
We have the inequality ¢(Ind%,(p)) < q(p) because the Artin L-series of an induced character is
equal to the L-series of the original character.

We start with the mean 0 case.

LEMMA 4.9. Let A >0 and p a frobenian multiplicative function of mean 0 and conductor
q:=q(p) < (logz)A. For all x > 2 there exists a ¢ > 0 such that

Z ,0(11) <<60(\S|)x€—c\/loga:‘

N(n)<z
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The implicit constants depend onn := [K : Q|,T",C,, H, A, but for the rest they are independent
of p.

Proof. As ¢ is a class function we can write it as a sum over the irreducible characters of I':
P=2 A
X

We have the trivial inequality |A\y| < x(1)H = Or u(1).
This leads to the equality

L(p,s) = G(s) [ [ L(x, )™,
X

where L(x, s) is the Artin L-function of x and
plo) , p(s?) > ( WX@mbp))Ax
G(s) = 1+ + + .- det(1— .
) 1;[ < N(p)®  N(p)* 1;1 N(p)*

Here  is the representation corresponding to x.
Let us consider the local factors of G(s), there are three cases. We use the standard notation
s =0 +1it.

(i) If p € S, then the contribution of the factors det(1 — 7 (Froby)/N(p)®) is eOn.r.#SD For
the other factors we have a bound for any € > 0 of

lp(p)| N(p)®
N(p)o N(p)°

1+ +.-<14C. 4+ =1+ CN(p)*7(1=N(p) )"

The total contribution of these parts in the vertical strip o > % is thus eOn.r.m.cc (5D,

(ii) The contribution of the primes p which are not totally split is absolutely convergent for
o> % and in the vertical strip o > % is Opr . (1).

(iii) For the other primes p we have, by definition, p(p) = >, Ay Tr(my(Froby)) so the associated
factor is

() + e | o)+ [p(p?)] + |p(p?)] . )
N(p)2 N(p37) '

For all ¢ > ¢ > 0, this is bounded by

1+ OF,H(’p

1+ 00nn (R ) = L+ GNP 20 (1= NI ™)),

The total contribution of all of these primes is thus absolutely convergent for o > % and is
Onr m,c.(1) in the vertical strip o > %.

Combining everything we see that G(s) = ¢Onr.a.c(15) in the vertical strip o > %.

By the Brauer-induction theorem [Ser77, Theorem 18] we may assume that the x are Hecke
characters such that the L-series L(x,s) has conductor at most g at the cost of changing A,.
However, \,, will still be Or g(1).

Let T = eV1°87 Choose 1 >1—6§ > % such that s has at least a distance ¢ from every zero
of L(x, s) for all s in the region

c>1-6, |t|<T. (4.3)

We can choose 0 such that § >4 ¢~ /24 > 1/1logT = 1/\/log z by the standard zero-free region
of Hadamard and de la Vallée Poussin and Siegel’s theorem for Hecke characters [Fog62].
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We have the following inequality in the region (4.3):
|log L(x, s)| <4 loglog gt < 4 loglogT. (4.4)

The case of Dirichlet characters is [MV07, Theorem 11.4]. The proof for general Hecke characters
is the same.
Exponentiating we obtain

IL(x, 5)| = (log T)OAr:# (1) = (log z)Oar-n ()
and, thus,

|F(s)| = eOnmmoc(9D (1og ) Oara (1), (4.5)
We now apply Perron’s formula [Ten95, Theorem I1.3.3] for k = 1+ 1/log z:
x 1 [rtieo ds
> pln)log () = / F(s)a®—.
N N(n) 270 J oo s

The function F'(s) has an analytic continuation to the region (4.3). We can, thus, change the
contour to be the straight lines between x — ico, k —iT, 1 —§/log(1+T) —iT, 1 —§/log(1l +
T)+1iT, k+iT, Kk +ico. The integrals over everything except the line between 1 — d/log(1 +
T)—iT,1—06/log(l1+T)+iT are

K
<< eon,r,ce (‘SI) (log x)oA,I‘,H(l) % <<A,F7H eOn,F,05 (|S|)x6_(1/2) \4 Ing.

The contribution of this last line segment is

1-6
<< eon7F7Hic€ (|S|) (log aj)oA,H(l) :rT <<A,F,H eon,F,H,Ce(|S|)xei(1/2) \4 lng'
Equation (4.9) follows from partial summation. O

To deal with the general case we require a uniform upper bound for absolute values of
frobenian multiplicative functions.

LEMMA 4.10. Let p be a frobenian multiplicative function with implicit constants C., then

N(n)<z

Proof. Consider the induced frobenian multiplicative function Ind%(p). We may take its H
constant to be H[K : Q] by (4.1) and its C'; /3 constant may be taken to be < C/s. The proof
thus reduces to proving that if p is a frobenian multiplicative function over Q, then

> lp(n)] < Cyyza(logz)*.

n<x

Write n = mk?® with m square-free. We claim that |p(n)| < Cy/37(m)k. To prove this we
reduce to the case when n is a prime power. If n = p, then |p(p)| < H = 75(p). If n = p* for
i > 1, then |p(p')| < Cy3p"/? < pli/2 = V.

We thus get an upper bound

T (m
< Z |p(mk?)] <Cy3 Z TH(m)kSCl/ng (m) §01/337(10g37)H. O

m
mk2<zx mk2<x m<x
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COROLLARY 4.11. If p is a frobenian multiplicative function of mean 0, then for all C,¢ > 0 and
x> 2

Z p(l‘l) <<£,C,[K:Q],H Q(pfe‘s‘x(log x)—C’.

N(n)<z

Proof. If q(p) < (logz)(ICUH+C)e""  then this follows from Lemma 4.9. Otherwise it follows
from Lemma 4.10. 0

We can now prove an asymptotic formula for frobenian multiplicative functions of arbitrary
means. To state the result we need the complex-valued functions v;(z) from [Ten95, I1.5]. We
then define

M) = g 2 e D) (4.6)
h+j=k

In particular, A\g(p) = L, (p, 1).
THEOREM 4.12. Let p a frobenian multiplicative function of conductor q := q(p) and N € Z>_;.
For all x > 2

N

> pn) =z(logx)™?)~! ( S Ly 0100, 1o x)‘N*)). (47)

F
N(n)<z i (log2)

The implicit constants depend on N, [K : Q|,T',C., H,m(p), but for the rest are independent
of p.

Proof. By considering the induced frobenian multiplicative function we may assume that K = Q,
note that |\S| may increase at most by the amount of prime divisors w(q) of the conductor ¢, but
by the divisor bound e€«(@) < T01)(q) <e ¢°.

The decomposition of L-series L(p, s) = Ly(p, 5)¢(s)™) corresponds to writing p as a convo-
lution py, * 7p(,). Here pp = p* 7_p (). The function 7_,,) is frobenian multiplicative of mean
—m(p) by the divisor bound, so p,, is frobenian multiplicative of mean 0 by Lemma 4.3.

By the hyperbola method we have

Zp(n): Z pn(n) Z 7_m(p)(WL)"_ Z 7_m(p)(7n) Z pn(n)

n<x n</x m<z/n m<y/z n<z/m
= > n(n) D T (m). (4.8)
n<\/x m<\/x
It follows from the Selberg—Delange method [Ten95] that for any M € N,y > 2,

M i(m
D_ m(p)(m) = y(logy)" ! (Z F(m(/gjE jggl)()log W')

m<y J=0

+ Onr((logy)™P)—M=2) (4.9)

From this, Corollary 4.11, Lemma 4.10 and partial summation, we deduce that the
contribution of the latter two sums is

LB, Hn ¢ x(log :c)m(p)*lfB.

This is part of the error term of (4.7) if we choose B = N + 1.
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Filling (4.9) into the first sum of (4.8) gives an error term

< z(log m)m(P)—M—Q Z ’pnflnﬂ < x(log x)m(p)—M—Q(log x)H-Hm(p)\‘
n<yx

With the choice M = H + 2[|m(p)|] + NN this is part of the error term of (4.7).
The remaining part to deal with is the sum over the following terms:

pn(n m(p)—1—j
n<yx

We expand (log(z/n))™P) =177 = (log x — logn)™#)=1=J to obtain

(s 2™ = S (M) gyt

Using the identity (m(p)h_l_j) =T(m(p) — 7)/T(m(p) — j — h)h!, we have the sum over j, h of

Z pn(n log n

n<{z

The sum over n converges by Corollary 4.11 and partial summation. The total series is thus

equal to W (

vj(m(p))z(log z)m™p)—1=i=h

I'(m(p) —j — h)j'h!

p,1) by Abel’s theorem. The resulting error bounds are

Z pnln) logn <ce (h+1)ellg? (log z) =0+,
n>\f

pn(n

J(log n)* <ce (h+ 1)ellge

We use the first bound if j + h < N and the second bound if j + h > N. Taking C > 2N + 1,
using the bounds I'(m(p) — j — h) > 1 and [Ten95, I11.5.(7)] proves the theorem. O

Remark 4.13. In Corollary 4.11 and Theorem 4.12 we may count in S only those p € S which
do not divide the conductor. This is because for all £ > 0 we have ¢?«(P)) «_ ¢(p)* by the
divisor bound.

4.2 Linked sums
We first introduce relevant definitions.

DEFINITION 4.14. Let I be an index set. A subset Up C RI>0 is downward-closed if (z;);c; € Ug
implies that {(y;)ier € RLy 1 y; <a; forallie I} C U.

Similarly, let K; be a number field for all i € I. A subset U C [Lic; Ik, is downward-closed
if (ai),-g € U implies that {(bi)iel S Hz IKi : NKZ(bz) < NKi(ai) for all 7 € I} cU.

The length of a downward-closed set Ug C RL,, respectively U C [], I, is

= s [ee L= sw [[Ne@)
(zi)icr€Ur (a)ic1€U

We use the following notation.
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DEFINITION 4.15. Let I be an index set, and X; a set for all i € I. Let U C [[,; X;, J C I and
z; € Xj for all j € J. We define the slice of U with respect to the z; as

Ul(as)jes) = Ul € X5)jes) o= U ( [T ¢ IT x0).

jed €I\J
Some basic properties of downward-closed sets are as follows.

PROPOSITION 4.16. Let U C [[;c; Ik, be a downward-closed set.

(i) If I is finite, then Ly <k, #U <k, Ly (log Ly)!!I=1t.

(i) Let JC I and a; € Ik, for j€ J. The slice Ul[(a;)jes] is then also downward-closed.
Similarly, if Ug C RL, is downward-closed and z; € Rsq, then the slice Ul[(z;)jc] is
downward-closed.

Proof. The first statement is clear if U is infinite.

If it is finite, choose a; such that Ly = [[;c; N(a;). Recall that for any number field K there
exists a constant Cx such that #{n € Ix : N(n) < T} ~ CgT as T — oo. Now note that U
contains the set {(u;)ies : N(u;) < N(a;)} which has size > [],.; N(a;) = Ly. It is also contained
in the set {(1;)ies : [[;c; N(w) < Ly} which is of size < Ly (log L) 1172

The latter statements follow directly from the definitions. O

We require a lemma that positive sums over downward-closed sets can be approximated
by integrals. Note that any downward-closed set Ur C R%; defines a downward-closed set U :=

{(u)ier € Hz:l I, (N(u;))ier € Ur}.

LEMMA 4.17. For i =1,...,n let f;:Ix, — R>o be a non-negative arithmetic function and
iy hi : R>9 — R>o non- negative real functions such that for all x > 0 we have | fox gi(x;) dx; —
ZN(ul)<g; fi(w)] < fo i) dx;. Then
n
‘ ng wi)dwi — Y [ fitw)| < Z / [Toi@pde; [  hile:) das.
x€UR j=) uel i=1

JC{L, ® je i€ {1\

Proof. We prove this via induction on n: if n = 1, then the result is equal to the assumption;

otherwise, we can write
S o] fitw) = Zﬁ (w) > ] fiw)

uel iel uelUu] i€l

By the induction hypothesis we can approximate the sum over the slice Ulu;], because it is
also downward-closed. The error term is

Zfl (u1) Z / HQJ z;) d; H hi(z;) dx;

JC{2,.., UrN(w)] e s i€{2,.n\J
= > / > fi) [T o) dey  TT  hates) das.
JC{2,...,n} " N(w)eUr[ziie{2,...,n}] jeJ 1€{2,...,n}\J
As Urlz; 11 € {2,...,n}] is downward-closed, there exists an = > 0 such that it is equal to [0, x]

or [0, ). Applying the inequality ZN (1) <z filuy) < fow g1(z1) dxy + fox hi(x1) dz1 we obtain

2. / [[o@pde; I hilw) dai, (4.10)

{2,...n}#IC{L,.. kjeJ ie{l,..n}\J
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The main term is given by

%:fl(ul)/UR[N( ﬁgi(xi)dxj :/( Z fl(u1)>ilj29i(xi)d$i-

u)] j=9 N(w)€Ug[z:5€{2,...n}]

Using again that Ur[z; : ¢ € {2,...,n}] is downward-closed, we can approximate the sum over
uy using the assumption. The resulting error term is

/ h1 (:Cl) da;l H gz(xz) dycz-,
Ur

i=2
which together with (4.10) gives the required error term. The main term is

n

/ 11 gi(x:) da;
xeUr i=1
as desired. OJ

Remark 4.18. An interesting special case is when g; = 0. In this case the lemma says that if

‘ZN(W)Sx fiwi)] < fom hi(z;), then

S T Fiw)

uel i=1

< /x ﬁhi(xi) da;.

eUr i=1

We apply Lemma 4.17 to the case when U is defined by inequalities of the type [], 27" <T
for a; > 0. In that case it can be reinterpreted as a form of the hyperbola method on toric
varieties [PS20] which only works if the function f(xi,...,z,) can be written as a product of
single variable function f;(x;). However, unlike [PS20, Theorem 1.1], it can also be applied when

The functions which will link variables are as follows.

DEFINITION 4.19. Let K, L be number fields, A >0 and ¢ € N, an (A, q)-oscillating bilinear
character is a bilinear morphism « : I x Iy, — C such that for all a € Ix, b € I}, the character
a(a,-), respectively a(-,b):
(i) is either 0 or a Hecke character of finite modulus m such that Nz (m) < ¢Ng(a)4,
respectively N (m) < ¢gNp(b)4;
(ii) is non-principal if there exists a p t ¢ such that v,(Ng(a)) = 1, respectively v,(Np (b)) = 1.

The oscillating bilinear characters used in this paper are described in the following lemma.

We use the notation () for the Jacobi symbol of Q and (—) , for the 4th power residue symbol
of Q(7). Note that for all n € N,m € Ig(;) we have (%) = (”—;)4. This can be seen since they
are both bilinear and take the same value if m is prime.

LEMMA 4.20. The following functions « and their inverses are (6,22%)-oscillating bilinear
characters. The functions take the value 0 if the following description is not defined:

(i) (m, n) eN? - (ﬁ),

m

(i) (m,n) € Igun XN — (£),;

(i) (m,n) € Ipp x N — (N,

(iv) (m,n) € Igey x N = (g5) = (%),
(v) (m,n) € Igp x N — (2), (R,
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(vi) (m,n) € I3, — (N ; Ny
(vil) (m,m) € 13, — (&), (H) 5
(vil) (m,n) € I3, — (o

m

Z
=

=
SN—
N
—~
Z
==
2
SN—
o
—

Even more is true. If p is a prime such that v,(N(u)) =1 for u € N, Iy, then p divides the
norm of the conductor of the Hecke characters a(u,-), a(-,u).

Proof. That « is bilinear is clear. In what follows, we write u for one of n,m,n,m and v for
the other variable of o to keep the arguments uniform. If we fix the variable v, then a(v,-),
respectively a(-,v) is a product of a Hecke characters modulo v or a Hecke character of the
field extension Q(v/—1, {/N(v)) which has discriminant dividing 2%*N(v)®. The norm of
the modulus of this Hecke character must divide this discriminant. It only remains to show
the non-principality.

We first handle the case that u is an odd totally split prime p. It then suffices to show that
there exists a single v = 1 (mod 2%%) such that the value of a(p,v), respectively a(v,p) is not
1. Except in the cases 5, 6 and 8 this can be done by choosing v as a totally split prime and
applying Chebotarev density.

Consider now the cases of 5, 6 and 8 where we have to choose an ideal v € Iz};. Start by

finding a prime ¢ = 1 (mod 22%) such that (@)4 is equal to i or —i, i.e. N(p) is not a square

modulo N(q). This is possible because of Dirichlet’s theorem. Then a(p,v), respectively «(v, p)
is not equal to 1 for one of two choices v = ¢, 1.
The only remaining case is to find some n € N such that (%) 4(M) # 1. For this choose

n
n =1 (mod 224) which is a not a square modulo N(p). By quadratic reciprocity

5).0)-G).(56) - (5),7

To deduce the general case assume that p is an odd prime such that v,(IN(m)) =1. In
this case we can write m = pm’ such that N(p) = p and p, N(m’) are coprime. In this case
a(m, ) = ap,)a(m’,-) is a product of a non-principal Hecke character such that p divides the
conductor and a Hecke character whose conductor is coprime to p. The conductor of such a
product has to be divisible by p. The case v,(IN(n)) = 1 is completely analogous. O

For these oscillating bilinear character we prove an analogue of [Hea93, Lemma 4].

ProrosiTION 4.21. Let K, L be number fields. Let aw, b, be complex numbers of absolute value
at most 1 where m,n ranges over Ig, Iy, respectively. Let U C I x I;, be a downward-closed
set and « an (A, q)-oscillating bilinear character. There exists a § > 0 depending only on K, L, A
such that for all M, N > 2,

SN ambna(m,n) < p.a gMN(log MN)* (N7 + M),

(m,n)eU
N(m)<M
N(n)<N

The implicit constant are, in particular, independent of U.

Proof. Write B(M, N) for the left-hand side of the expression in Proposition 4.21. We may
assume by symmetry that M < N. Let k£ be a natural number to be chosen later. By applying
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Holder’s inequality to the sum over m and switching the order of summation we obtain

Z baa(m, n)

(m,n)eU
N(n)<N

k
IB(M,N)|F < MP1 Y
N(m)<M

< Mk‘—l Z

N(nl),...,N(nk)gN

Z cma(myng - ny)
(m,n;)eU
N(m)<M

9

where |cn| = 1 is the complex number such that ¢y, (> bya(m, n))¥ is a positive real.

At the cost of a factor of & we may sum only over those tuples such that N(ny),...,N(ng_1) <
N(ng) < N. Note that the condition (m,n;) € U is then implied by (m,ny) € U because U is
downward-closed. Write [ = nj ---n;_;. The amount of tuples giving the same [ is

Z 1< 7_1(0).

N(nl),...7N(nk_1)§N(nk)
npeeng_1=I

Applying Cauchy-Schwarz gives that |B(M, N)|?* is bounded by

kQMzk_2< DS m<r>2)< > \Z am, Gatma. 1)

nk)<NN <Nk 1 (nk)<NN my N(m2 <M

< K2M2E2 Nk (Jog N2k Z ’ Z a(mh[)a(mQ,[)'.
N(m1),N(m2)<M ' N()<Nk-1

Every pair my,mg such that v,(Ng(mymg)) # 1 for all p{q has the property that their
product can be written (non-uniquely) as mymy = uv?tv® with N(u)|g. The number of such pairs
is by the divisor bound

< > rwln?) < > Nw)'? > N(ow)/? <« gM3/2.
N(uv?n)<M? N(u)|q N(v)N(r)3/2<M
N(u)q

The total contribution of this case is, thus, < k2qM?*~1/2N?k(1og N)k2_2k.
We claim that in the other cases a(mi,-)a(me,-) is a non-principal character. As « is an

oscillating bilinear character the norm of its modulus is at most gIN K(mlmz)A. The sum over [
is, in this case,

< ql/(dL+1)NK(mlmz)A/(dL-H)(log M)dL NE=D((dL—1)/(dL+1))

by Polya-Vinogradov for number fields [Lan18].
The total contribution of this part is, thus,

< quM2k+2A/(dL+1)(log M)dLN(deL+2)/(dL+1)(log N)k272k.

Choosing k sufficiently large such that (2kdy + 2+ 24)/(dr, + 1) < 2k — § and d;, < 2k, taking
0 = 1/4k and using that M < N gives the desired bound.

It remains to prove the claim. We may assume that there exists a prime p{ ¢ such that
vp(N(myp)) = 1 and p{ N(my). There exists a natural number d such that a(my,-) = a(ms,-)?
because it is a Hecke character. We thus have to show that o(m;m4, -) is non-principal. However,

vp(N(mymg)) = 1 so this is true by definition. O
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We now consider the following situation. Let f : [[;.; Ix, — C be a function and U C [], I,
a downward-closed set. Our goal is to evaluate ) . f(u) uniformly in U. We require the
following additional data.

(i) Two integers qosc, ¢frob and a constant A.

(ii) A relation R C I x I which is symmetric, i.e. (i,7) € R implies (j,i) € R, and such that
(i,9) € R for all i € I. We say that i is linked to j or that the variable u; is linked to u; if
(1,7) € R.

(iii) A set of indices ¢ which we call frobenian. We also say that the variable u; is frobenian.

These data have to satisfy the following properties.

(i) If 7 is linked to j, then for all tuples u = (Ug)ker ki, there are three functions
a(uy) Ik, — Cuy — alug;ugy),

b(-;u[j) A, > Cruy — b(uj;ulrj),

a(-, -;u{j) : IKi X IKj —C: (uz-,uj) — a(ui,uj; u[J)

that exist such that f((ue)ecr) = a(us;ug)b(us;ug)o(us, uj;uy). We also require that the

function a(-,-;uy;) has to be an (A, gosc)-oscillating bilinear character and [a(u;;ug)l,
|b(uj; u{j)] < 1. Less formally, the only interaction between u; and u; in f has to come from
an oscillating bilinear function.

(ii) If i is frobenian, then for all tuples u; := (ug)rer ki let

S(w;) ={p | grop} U{p [ N(ug) : k # i}.

For all u; there has to exist a constant |c(u;)| <1 and a S(u;)-frobenian multiplicative
function p(-;u;) such that f((ug)ecr) = c(u;)p(u;; u;). The frobenian multiplicative function
p(+;u;) has to have conductor at most g Hj linked to .N(u;)? and its mean is 0 if there

exists an index j linked to ¢ such that u; # 1.

Given these data, we can prove that some of the variables may be taken to be small or even
equal to 1. This allows us to reduce the number of variables we have to consider.

THEOREM 4.22. Let f,U be as before. For all ¢,0,C > 0 there exists a Co > 0 such that

Z f(u) = Z f(u) + O(QOSCq?robLU(IOg LU)_Cl)v

uclU uelU
u satisfies (4.11)

where the condition in the sum is

for every pair of linked variables u;,u; at most one is > (log LU)CQ

if u; is a frobenian variable and N(u;) > ellog LU)6, then every (4.11)
variable linked to u; is equal to 1.

The implicit constants and Co depend only on |I|, A, K;,¢€,6,C1.

Proof. Choose quantities % =W<1l=Vi<Va<--- < Vy =Ly such that V,11 <2V, for all
n and such that there exists mi, mg such that V,,, = (log LU)CQ, Ving = e1°8Lv)’ We can choose
such quantities with N = O(log Ly7). For every tuple V = (V,,,);er we can then consider the

i
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subsum

S(V) = > f(ua).
uelU
Vi, —1<N (1) <Vy,,

We bound S(V) for the tuples V which fail (4.11). As there are at most O((log Lyy)/l) of
such tuples it suffices to prove that for such V

S(V) <e QOscqgobLU(log LU)iclim-
Note that the sum is empty if [[;o; Va,—1 > Ly so S(V) = 0 in that case. We may thus assume
that [[;c; Vo, < 211Ly.

If there are two linked variables uj,u; such that V,, 1,V,, 1 > (log Ly)©?, then by
assumption we have

S(V) < Z ‘ ZZ a(ug; wg )o(ues uy Jor(ug, ugs ug )|

Y (uju) €U ]
Vit <SN(W)<Vi; v, <N (1) <V,
Vi —1 <N () <Vi,

The slice U[ujk] is downward-closed, so by Proposition 4.21 there exists a ¢’ > 0 such that the
inner sum is

<<A,Kj,Kk an Vnk log(an Vnk)‘s/ﬂ (Vn;& + Vn_k&).

Hence,

/—1 Y Y 1—1_ ’
S(V) <ak; Gose | [ Vi 108V, V)™ (V” + Viel?) < dose L log(Lpy)® ™~ ~7,
i€l
The desired inequality is true as long as one takes Co sufficiently large.
If u; is a frobenian variable such that Vij—1 2 e(08Lv)’ and for at least one linked variable

u; we have V,,, # 1, then we can consider two cases. We may assume that e(log Lu)’ > (log Lyy)“?
by increasing the implied constant in the theorem.

Either there exists a variable uy, linked to u; such that V;,, _; > (log Li7)©2. In this case we
are in the previous situation. In the other case, we have by assumption V;,, < (log LU)C2 for all
variables uy, linked to u;. We then have

> pluisus)|.

j w; €U 5]
Vni71<N(ui)SVni an71<N(uj)San

S(V) < > |e(w;)

u-

By assumption |c(u;)] <1 and p(u;;u;) is a frobenian multiplicative function of conductor
< grob [ | k linked to ; Vn’i. It has mean zero because V,,, # 1 so there is a linked variable u, # 1.
Corollary 4.11 implies that for all D > 0,

g
S(V) <pe Z Oy w(w)) (erob H V{,t) Vi, (log an)’D.

(1i)izj €Uu5=1] u, linked to u;
Vi1 <N (1) <V,
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Use upper bounds to get rid of the condition induced by U and use that e©«@i)) < To) (i) to
see that > v, | oNww)<v. eOw)) « Lir(log Lyy)°M and, hence,

S(V) <p,e ¢°Va; (log Ly) =P (log Lyy) A< T Vi, (log Vi, ) OV
i#j
< qELU(log LU)‘I|A02€+O(1)7D5'

Picking D sufficiently large gives the desired statement. O

5. Counting

Let S be the set of primes p < 16897, so all the statements in §3.2 which are only true for
significantly large enough primes will be true for primes p ¢ S. In this section we find asymptotic
formulas for the size of the sets NB5(T), NB* (T, NE;D(T) defined in the introduction.

We split these further into certain subsets. Let P2(4) be the set of size 2 subsets of {0, 1, 2, 3},
this has 6 elements. Consider the set

®:={A = (Ay, A1, Az, A3) e N* : p | AgA1AsA3 = pe Sor p® | AgA1 Az Az},

For any A € & we define ma :=rad(ApA; 4243 Hpesp),GA := AgA1A2A3. Consider also a
4-tuple M = (Mo, My, Mo, M3) of cosets of (Z/8maZ)** in (Z/8maZ)*.

Remark 5.1. We may replace the set ® by any subset and the rest of this section will still
hold without any modification. For example, if we only want to count those a with ag, a1, as, as
coprime, then we can instead use the subset

0" = {A = (Ao, A1, A2, A3) € = ged(Ag, A1, Ap, A3) = 1}

We use the notation {k,¢,m,n} = {0,1,2,3} and vgs = vgi, := vy, similarly for any tuple
indexed by P2(4). We also write txy = vipwye, note that vgy and wge are uniquely determined
by tkg.

We define a;, := Aku% H{k,Z}E'PQ(4) vgewge and put a := (ag, a1, az,as). Note that due to the
coprimality and square-freeness conditions the tuple a uniquely determines A, M, u,v,w and
that fa = 0, = agaiasas mod Q*2. For each pair A, M of such tuples we define

‘Akuﬁ H Vgewge| < T,
{k, ¢}
2
(u,v,w) I <mA H ug H Ukewke) =1
Nam(T):=QueN : ko 04k

v,w e NP2 plog =04 € Q2 p | wre = 0a € Q2
up H Vgewge (mod 8ma) € My,
£k
Xa(Qp) # 0 for pfma )

The set Na m(T) is only non-empty if MoM; Mo M3 is a square because [ [, ui H{k 0 v,%{w,%g €
MyM; Mo Ms. Denote the set of pairs of tuples A, M such that MoM;MsMj is a square by ¥
and let ¥(T) :={(A,M) e ¥: |A,| <T}.
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We study the following subsets of Na nm(7):

NEfM(T) ={(u,v,w) € NAm(T) : Xa has a BM obstruction},
N;iM(T) ={(u,v,w) € Nam(T) : Xa has a BM obstruction induced by A},
NllffM(T) ={(u,v,w) € Nam(T) :p | wge = p=3 (mod 4)}.

Let Ma :=11/16 if 05 € —Q*? and My := 15/32 if 65 ¢ +Q*2. It will later turn out that
this is the mean of a certain frobenian multiplicative function.

5.1 Reductions
In this subsection we reduce finding an asymptotic formula for NB"(T) to finding one for
NR5w(T)-

LEMMA 5.2.

#NEH(T) = D #N&wm(D),
(A M)ET(T)
GAGQXQ

#NPIG(T) = Y #NEM(TD),
(A, M)eW(T)
9A€—QX2

#NZA(T)= > #N&wm(D).
(A, M)eT(T)
Oag+Qx?

Proof. The sets in the right-hand side are disjoint and can be interpreted as a subset of the
right-hand side because A, M, u,v,w are uniquely determined by a. Elements counted by the
right-hand side which are not counted in the left-hand side are tuples a such that there exists
a prime p ¢ S such that v,(apaiazaz) =1 and such that X, has a Brauer-Manin obstruction.
These tuples cannot exist by Proposition 3.4. ]

The following lemma will allow us to bound N2 (T).
LEMMA 5.3. If 05 = AgA1AsAs € Q*2, then we have for T > 2

T2%(log T)?

Br
#NA,M(T) << ’6A|1/2

Proof. By Lemma 3.5 the left-hand side is bounded by the sum of the sizes of the following
subsets of Na m(T). The first is defined by a;a; = 1,-1,2,—2 € Q*/Q*? for i # j and the
second by ug = 1 for all k. We may assume that ¢ = 0, 7 = 1 when bounding the contribution of
the first subset. Using that ¢y = vgpwye uniquely determines vgp, wie we see that the size of these
subsets is bounded by a sum over uy, and t. If aga; = 1, 1,2, —2 € Q% /Q*2, then t3, = 1 for
k.0 #{0,1},{2,3}. We thus obtain an upper bound for the size of the first subset of

T2 1 T?%(log T)?
< — . 5.1
<K Z Z < |A0A1A2A3’1/2t Z < |A0A1A2A3’1/2 ( )

to1t
to1,te3 ug 01,t23<T 01723
|Agug TT oz tre<T
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The size of the second subset is bounded by the sum ) Ak Tl t,<7 1. By applying
Lemma 4.17 this sum can be bounded by the integral

‘Ak‘né;ék te<T
26 / I dtre
tre>1/2 {k,0}

Make the change of variables xp = tor, yp = H#k tre for k =1,2,3. The inverse is given by

te = \/ykyg:vm/ymxkacg for {k,¢,m} = {1,2,3}. The associated Jacobian determinant is
L [ w3 1 [y 1 [y1ypxs
yiyszize 2\ oyszwe 2\ yizias
Y32 N VTR 1
Y1Y22173 2\ yszizs 2\ ysyawizs 2\/T1T2T3Y1Y2Y3

1 [ppysTi 1 [ yzm 1/ yoxy
2\ viyszozs 2\ yiyawoxs 2\ yiyswows

Enlarging the integral, we obtain

Y1k / [T dax dys
Ak Tl the<T Tp>1/2,y1,>1/8 VE1L2T3Y1Y2Y3 =

N = N

x12203<T/A0,yx <T /A 1

T? x1,2x2<4T 1 T2(10g T)2
- ——dx1 d —_— 5.2
< |A0A1A2A3’1/2 o1,22>1/2 T1T2 167 < |‘9A|1/2 ( )
O
We require the following bounds, which are proven in §5.3.
LEMMA 5.4. If 0o ¢ Q*, then for alle,C > 0,T > 2 and i # j € {0,1,2,3},

oc T2(log T)%Ma
#{(u,v,w) € NA,M(T) s wge < (log T?)C for all {k,}} <. ]S‘?AUQ)—E’ (5.3)

oc - T%(log T)*Ma
#{(u,v,w) € NJ&,M(T) cup < (log T for k #14,j} <o BN (5.4)

We can now show that most of the surfaces with a Brauer—Manin obstruction have a
Brauer—Manin obstruction induced by A.

LEMMA 5.5. If 0o & Q*2, then we have for T > 2

Ma
ANB(T) = #NA(T) + O (T“W)

IGA‘1/2*€

Proof. The difference between these two counts is bounded by the amount of surfaces in NEfM (T)
such that A does not generate Br(X,)/Br(Q). This is bounded by the amount of these surfaces
for which either A € Br(Q) or for which Br(X,)/Br(Q) % Z/27Z. In the second case there exist
i # j such that a;a; = 1,—1,2,—2 € Q*/Q*? by [Bri02, Appendix A]. The contribution of this
second case can thus be bounded as in the first part of the proof of Lemma 5.3 by (5.1).

A surface such that .4 € Br(Q) has by Proposition 3.7 the property that wy, = 1 for all {k, ¢}.
This contribution is thus bounded by the size of the subset of Na v (7) defined by wye = 1. This
is equal to the subset of N}A‘ffM(T ) defined by wye = 1. This is a subset of the left-hand side
of (5.3). O
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Note that for all places v € SU {p | s} U {oco} the surfaces contained in Na m(7") are equiv-
alent over Q,. For v # 2, co this follows from Hensel’s lemma. For v = 2 it follows from the fact
that (Z/2"1272)* = 7,/27 x 7/2"Z so the map Z5 /Z5* — (Z/16Z)* is an isomorphism. It is
true for v = co because ug, vge, wre > 0. The following condition is thus either true for all these
surfaces, or for none of them:

for all places v € SU{p | 0a} U {0}, Xa(Qy) # 0,inv,(A(+)) is constant. (5.5)

If this condition fails, then there is certainly no Brauer—-Manin obstruction induced by A so
Nﬁ’M(T) = 0. Let (A, M) be the indicator function of condition (5.5).

LEMMA 5.6. If 0a & Q*2, then for T > 2

A M
AN () = TRy e (1) ¢ o€<

T2 (log T)5MA>
2

‘HA’1/2—€

Remark 5.7. This lemma can be interpreted as saying that 50% percent of the surfaces for
which A has locally everywhere a constant evaluation, i.e. is not prolific, have a Brauer—-Manin
obstruction induced by A.

Proof. If n(A,M) = 0, then the left-hand side is 0. We may thus assume that condition (5.5) is
satisfied.
Note that NA“}M(T) C N};:fM(T) because of Proposition 3.8.

Let u,v,w be a triple of tuples in NXCM(T). The associated surface always has Q,-points
for p | ma by condition (5.5). That it is locally soluble at the other primes means by Lemma 3.3
that for all primes p | vgewge one of —(ax/ag), —(am/ay) is a fourth power in Q,. For a prime
p | wre at most one of these can be true because 0, ¢ le,. For every such tuple, there thus exists

a unique factorization wy, = wE,wl, (L stands for left and R for right) where

w/%f = H b, wl?[ = H b-

P|wkz P|wke
—(ax/ae)eQy* —(am/an)€Qy*

Note that for all primes p|wk, we have p=3 (mod 4), so since —(ag/ar) € Z, the
condition —(ay/ay) € Q;4 is equivalent to —(ay/ap) € Z;z. Analogously for wffé. In particular,
this condition does not depend on wu;.

For every odd prime p fix an injection ¢, : Z; /Z;4 — Z/47. Denote ¢ = (¢F, B ¢F ¢R) ¢
(Z/47)*. We can then uniquely factorize vy, = [Leez)azys Uge, where

vgg = H, p.

plvke
Pp(ur/ue)=C,  p(um/un)=CF
wp(tkm/tln):£L7 wp(tém/tkn)zgR

Now note that because

2 2
ag Ay Uy tkmlkn am Am, Uy temtem

(5.6)

= , _
7] AZ u? tomten Ap, An u% tinten

there exists a subset Q, C (Z/4Z)* for every prime p with the following property. The surface
Xa has a Qp,-point for p | vgg if and only if ¢ € €2,. The point of this factorization is that the
conditions induced by v,ﬁg on t;; and on u; are independent of each other.
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To summarize, we have constructed a bijection of N9 (T) with the set Ny loc (T)

¢ L. R
At T TT ekl

{k,} Ce(z/42)*

2
u(mAHukH H v,gewlfgw@) =1,

ko #k Ce(Z/AT)A

<T

)

(.6, wF ) pl o, = 0a € Q¢ €0, and w”(ﬁ) oL
ECEGN(NPQ(AD)(Z/M)‘* : %(“m) = (R oy, <tkm> — ¢y, <t12m> _¢R [ (5.7)
wl wh e NP2(4) Un len tien

plwl=0a ¢ Q7 —%ezf,

plwl = 0a ¢ Q2 —‘;—m €22,

n

uy H H vgzw,f@w,}fg (mod 8ma) € M,
£k CE(2/42)4 )

For each triple of tuples v¢, w’, w¥ choose a tuple u counted by N}ffM(T) and choose a
normalized A for the associated surface. The invariant map of A is constant at all places. For the
places v|ma oo this is by condition (5.5). For primes p | vgg, wye this follows from Proposition 3.8.
For other primes this is a consequence of Lemma 3.6.

Consider a different tuple u’. We have an algebra A,»2,-2 on the corresponding surface.
This algebra is p-normalized for all primes p { ma, v, w,fg, w}?g by Lemma 3.9 so for these primes
inv,(A(-)) = invy(Ayzy-2(-)) = 0 by Lemma 3.6. The same is true for p | vy, by Proposition 3.8.
In addition, for places p | maoco the formula (3.4) implies that inv,(A(+)) = invy(Ay2g-2(+)). For
p | wk, wl we again use Proposition 3.8 to find that

(u%uku’guZ ) _

i, (A 2() = iy () + 2 i p| wh
v, (Agzg-2()) = inv, (A()) + ( p 1 _ if p | w,]jg.

Summing this over all p we find that

H u;ﬁil)cuzuz u’mu;)nu;lun _1
D v (A2 () = Y invy(A()) + wo (o )4( i)t

p p

There thus exists a & := §(A, M, vS, wl, wf) € {1, -1}, such that the surface X, has a
Brauer—-Manin obstruction if and only if

H (ww) (umun> _s
wl%é wl?ﬁ

{kL}eP2(4)

The indicator function of having a Brauer—Manin obstruction is then given by

1 1) Uk Uy Um Un,
2 2 H <w,§€><w,§£ ’

{kL}eP2(4)
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Hence, to prove the lemma it suffices to bound
S Uk Uy Um Un,
2222 (e ) um )

v¢ wl wR u {k,0} W Wi
(u,V(,wL,wR)ENk’fI(,I(T)

For each possible 4-tuple U of cosets of (Z/8maZ)** in (Z/8maZ)* consider the subsum

SYSY ST () (M)

v( wl wR u {k,e} Wi Wiy
(u,vC,wL,wR)EN}&’)CI:/I(T)
ucU
We will bound this using Theorem 4.22 with gosc = O(1), A = 6. As can be seen in the definition
(5.7) the only conditions induced by N}ffl(/[(T) and § for which w’ wf interact with u is the
coprimality condition and the modulo condition coming from M. The coprimality condition is
also contained in the Jacobi symbol and the interaction coming from M has been removed by the
presence of U. The variable w,@, respectively wfje, can thus be linked to u; and wy, respectively
to uy, and u,, by Lemma 4.20.
The downward-closed set we are summing over is defined by the inequalities

a2 I <vae>wlfew1§z <

£k N ¢

Taking the product of these inequalities shows that Ly < |#a|~(*/?T? which gives an error term
in Theorem 4.22 of <« |9A]*(1/ 2)T2. To obtain the total error term we sum over the possible U,
there are < 74(0a)* <. |0a|° of them due to the divisor bound.

After applying the theorem we can get rid of § and the Jacobi symbols with a trivial bound.
We can then sum back over the possible U and rewrite vy = HCG(Z /474 vgg. What remains is
a sum which counts the elements of a certain subset of Nk’fM(T ). This subset is contained in
the union of the two sets which are defined respectively by the following two conditions, the C
comes from the application of Theorem 4.22.

(i) The first is when uy < (log 04|~ (/P T2)C for at least two k. In this case we can rewrite
wie = wEwll and get a subset of the left-hand side of (5.4).

(ii) The second is when u > (log|0a|~(/DT?)C for at least three k. We must then have
wk,, wl, < (log |0a|~/2T2)C for all {k, ¢} by Theorem 4.22. We may rewrite wyy = wi,wk,
and attempt to bound the size of the larger set defined by wy, < (logT?)2¢. This set is

exactly the left-hand side of (5.3).
([

In the following sections, we prove the following lemma.

LEMMA 5.8. If o & Q*2, then there exists a constant 0 < Qa <. |0a|° for all £ > 0 such that
for T > 2 we have

T2(log T)Ma

TNEE (Qa + 004 (log T)~"'2)).

#NRw(T) =

We can now prove the main result.
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Proof of Theorem 1.2. Lemmas 5.2 and 5.3 together imply that
T?(log T)?
#NEL(T) = Y O<(Og))

1/2
(A,M)e¥(T) 04l
9A€QX2
Combining Lemmas 5.2, 5.5, 5.6 and 5.8 and recalling that M was defined to be % if 9o € —Q*?
and 15 if 05 ¢ £Q*2 shows that

#NB" (T = T?(log T)?3/® Z (A, M) (QA + O: (&M)) ,

172
(A,M)e¥(T), N
GAE*QXQ

Br _ 2 45/16 n(A, M) ( < 0al° )>
el = oD (A,M%\I/(T) 2[6a |12 Oa+ O (logT)15/32 ) )
OAg+Q*?
To prove Theorem 1.2 it remains to show that the three sums converge, and to a non-zero constant
for the latter two. To see that the constant is non-zero it suffices to give a single example of a
surface in which A is locally not prolific at all places, for example as it induces a Brauer—Manin
obstruction, because in that case the corresponding 7(A, M) is non-zero. For 6, ¢ +Q*? such
an example is [Brill, Proposition 3.3] and for 8, € —Q*? Lemma 3.10 provides the required
example.
We show that the sums converge. By taking upper bounds it suffices to bound

Z IQA‘—(1/2)+5

(AM)ev
|0a|>T

15
32

for sufficiently small . The amount of M associated to each A is < 74(0a)* <. |0A|° by the
divisor bound, so it suffices to bound

Z ‘9A|7(1/2)+2€.
Ac®
|0a|>T
All the tuples A € ® are such that §a can be written (non-uniquely) as gh3hjh? such that for
all p | g we have p € S and v,(g) < 2. There are thus only a finite number of possibilities for g.
For every 6 there exist only 74(0) <. |6|° tuples A € ® such that 65 = 6, so we obtain an upper

bound
< Z ’ghghﬁhg‘_(l/g)_,_ga <. T_(1/6)+3a Z h22+12€+2/3_128h5_(5/2)+158+5/6_156
gsh3,ha,hs ha,hs
|gh3hh3|>T
« T—(1/6)+3¢
By taking € < 1/18 we are done. O

5.2 A sum of linked variables

The goal of this subsection is to simplify #NX’CM(T). For simplicity, we assume that 5 ¢ Q*2.
This also allows us to deal with the error terms in the lemmas of the previous subsection. For
this, fix a downward-closed subset U of the set defined by the inequalities:

|Ak|ui H Vo Wie < T. (58)
l#k

694

https://doi.org/10.1112/S0010437X22007916 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007916

DIACONAL QUARTIC SURFACES WITH A BRAUER—MANIN OBSTRUCTION

By taking the product of the inequalities we see that Ly < T2/|AgA;ApAs|'/?. Define
le,fcl(/[[] (T) := NS4 (T)NU. For a first reading it will be simplest to assume that U is defined

by (5.8) and thus that N3 (T) = NS(T).
Let

= (Z/8ma)*/(Z/8ma)*".
The condition induced by M is then encoded in the standard way as a sum of characters
1 JR—
W H Z Xr: (M) Xk <Ui H ngwkg> )
k xk€ly} £k

Write x = (X0, X1, X2, X3). Substituting this into the main sum and switching the order of
summation shows that

#NIOCU( ’FA‘4 Z HXk Mk SU X7 )7 (59)

xe(Ty)* k

where

SX (X, T) = Z Z Z Xk (’U,i H ngwkg> . (510)

(u,v W)EL’NNX)CNU (T) £k
If Nfcﬁ%(T) = N}ffM(T), then we just write Sa(x,7T) := S{(x,T). The goal of this section is
to prove the following lemma.

LEMMA 5.9. There exist frobenian multiplicative functions «a(-;0a),3(-,0A) of conductor at
most 16|04 |? such that for T > 2 and all A, x,U we have

SR T) = > HXk (ue)® T xwxe(wrede)o(wre; 04)B(dge; Oa)

(u,d,w)eU {k.6}
a1 H{k,z} drewye)?=1
T2(log T)>Ma
The functions «(-;0a), 5(-,0A) respectively have means %, 13—6 if 0o € —Q*? and means i, % if

O & +Q*2.

Before proving this lemma we need some preparations. To encode the condition that local
points have to exist we apply Lemma 3.3. From now on assume that k£ < ¢ and m <n. If p¢
ma H{k,f} vgewie, then there are always local solutions. If p | vggwge, then there local solutions
if and only if —(ax/a) € ZX* or —(am/an) € Z3*.

If p | wge, then this follows from the other conditions on wyy, because in this case p =3
(mod 4) so Z;‘l = Z;Q. However, also 0, ¢ Q;;Q so —(ag/ag) # —(am/a,) mod Z;? Hence, at
least one of them must be a square. To encode the other conditions on wyy we utilize the function
a(w; @) which is the indicator function of the set

{w : w square-free, p | w = p=3 (mod 4), 0 & Q;Q}.

This is a {2,p | 0}-frobenian multiplicative function defined by Q(v/—1,1/0,) and thus of
conductor at most 16]6|?. It has mean 1 if —0, € Q*? and mean } if 6, ¢ £Q2*.

695

https://doi.org/10.1112/S0010437X22007916 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007916

T. SANTENS

To encode the properties for vy we first introduce some functions. Given z,y, z € Q define
w(v;z,y, z) as the indicator function of the set
{veZ:pw)? =1, vcoprime with z,y,z,p |v =z € Z;2 and z or zy’z € Q;4}.

This is a multiplicative function in v which encodes the condition on vy as

ar Akvkmwkmvknwknuz
UV = Vky, r=—— PR
ag AUgmWem Ve Wen U
y = ylm 1 Yl Wem Uit m . ApAm
T O Wk T A,
due to (5.6). We think of z as being constant. Using these functions we have the following formula
for Su(x, T):
0 A4 ) xxe(vrewne). (5.12)
e (ue)? | e(wre; 0a) @ | ves — ,y,m, XEXe(VkeWke)- .
k<t
(u v w)EU

w1y v H{k,e} Vgewre)®=1

We now give a description of w(vge; —(ar/a), y,m , zﬁ%") as a convolution of simpler functions.

Let G(z; 2),v(x; 2),v¢(x; 2), 0(x; z) be the multiplicative functions which are 0 if 2z is not square-
free and such that for an odd prime p they take the value described in the following table.

Bp;z)  v(pz)  (pz)  0(psz)

=1 (mod 4),z € Q¥*\ Qx* 3/8 1/8 -1/8 1/8

=1 (mod 4),z € Q" 3/8 -1/8 1/8 1/8
p=3 (mod4),z e Q) =0Qx* 1/2 0 0 0
Other p 0 0 0 0
Mean if —z € Q*2 3/16 0 0 1/16
Mean if +2 ¢ Q*2 7/32 0 0 1/32

These are {p: p =2, or v,(z) # 0}-frobenian multiplicative functions of conductor at most
the discriminant Q(z, f) which is at most 224 ][, o (2) ¢0p6 The functions (-, z),0(:,z) are

defined by the extension Q(v/—1, z) and thus have conductor at most 16 [ ], o (2)2£0 p?. The means
of these functions in the relevant cases are given in the table. The functions v and ¢ are bounded
by 4.

LEMMA 5.10. The following expression is equal to w(v;x,y, 2):

p(v)? > B(d; 2)B(e; 2)v(f; 2)7(f'; 2)6(N(g); 2)7*(N(g'); 2)

def f'N(g)N(g')=v

OB,

where d, e, f, f' range over N and g, g’ range over Iogp)-

Proof. Both sides are multiplicative in v and 0 at higher prime powers so it suffices to check this
equality at primes. This follows from a case analysis. If p =1 (mod 4), then it factors in Z[i] as
pp. The four characters of F /IF';4 are 1, (;), (§)4, (;)4 and for any fixed choice of z € 252/Z§4
one can check that the expression (5.13) for p = v is exactly the representation of w(p;x,y, 2)
as a sum of characters. The same is true for p = 3 but the characters for F)*/FX* in that case
are 1, (5) ]
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We can now prove Lemma 5.9. We remark that the frobenian multiplicative functions
a(-,0),5(-,0) are the same ones that appear in the statement of Lemma 5.9.

Proof. Substituting (5.13) in the sum (5.12) and switching the order of summation gives a sum of
46 variables over a downward-closed set V. To describe this sum we rename some of the variables
and associate to each of them a factor. The sum is over the product of these factors, together
with the condition that these variables are pairwise coprime and square-free.

(i) The uy variables are given a factor yj(uz)?. This is bounded by 1.
(ii) The wye have a factor a(wge; @) xrxe(wre) which is bounded by a(wge; 0).
(iii) Denote the d variable associated to vge by dge. It is given a factor
B(dre; 2 ) xaxe (die).

This is bounded by B(wge; z4™).
(iv) The e variable associated to vy will be denoted by eg. It has a factor

Blenes 2 ) Xk Xe(€xe)-
( )

This is bounded by B(wge; z5™).
(v) Denote the f variable associated to vie by f7;". The associated factor is
— A ApugugumUntintom

S, m( e )kafgz").
k¢

Note that t3, has the first index of the top and bottom of f;" and t,,, has the second
index of the top and bottom. This is bounded by §( f/;" ,z,m)
(vi) We denote the f’ variable associated to v by f7;". Its factor is

_Ak Aﬁtkmtkn tomton
€k

A ApupuptmUntpmten

Y(fre"s kzn)<_ Frm )Xka(f/?Zn)'

Again note that ¢, has the first index of the top and bottom of f;}" and ¢, has the
second index of the top and bottom. It is bounded by §(f7", z5™)
(vii) We rename the g variable associated to vge by gie. It has a factor

_Aktkmtknu% > ( Aftfmtfnu%
Oke 4 Oke

1
d(N(gre); Zﬁ?)( >4 XeXe(N(gke))-

Its factor is bounded by §(N(gke); 20™).
viii) The g’ associated to vy, will be denoted by g¢,, (the ¢ standing for complement):
k¢

— Aptpmtomu Agtintonu? !
+(N(g) ziz’;)( bt ntintin) " (N(g50)).
e 4 e 4

This factor is bounded by §(N(g¢,); zi™).

We now stop assuming that & < £, m <n and write dge = de, ;" = f;i", ... In this way,
we can treat f;;" and f7}" uniformly. With this relabeling the downward-closed set V' is
equal to

{ll, d7 €, f: g, gc : (1.1, (ekfdklfl?énfl&mN(gkf)N(QZZ)){k,@}a W) € U}

It is then clear that the length of V is Ly = Ly < ]9A|_(1/2)T2
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We now apply Theorem 4.22 with A = 6, gosc = O(1), grob = O(1)[0a|°)). The resulting
error term is O, (|04 |~ (1/2+¢T2). We use Lemma 4.20 to show that the following pairs of variables
can be linked. Note that the coprimality condition between the linked variables is contained in
the Jacobi or power residue symbols.

(i) The variable u; is linked to f}™ and to gie if i = k,¢ and to fJ;" and gf, if i = m,n.

(ii) The variables w;; and d;; are both linked to ey, gre and gf, if {i,5} # {k, ¢}, {m,n}. It is
also linked to f7;" if {i,j} = {k,m},{{,n}.

(iii) The variable e;; is linked to f;™ if {i,7} = {k,n},{¢,m}. It is also linked to g, g%, if
{1,5} # {k, 0}, {m,n}.

(iv) The variable f/;" is linked to f,?nel, fgzk , ,ﬁ? and fzm‘ It is also linked to g;; and gf; as long
as {i,j} # {k, £}, {m,n}.

(v) The variables g;; and gf; are both linked to gis and g, as long as {i, j} # {k, £}, {{,m}.

All the variables are also frobenian. Indeed, if we fix all but one variable, then the product
of the factors is a product of the following quantities.

(i) A constant dependent on the other variables, whose absolute value is bounded by 1.

(ii) Coprimality conditions which only increase the set of bad primes of the frobenian
multiplicative function.

(iii) Factors of the form (£)(%). These are Hecke characters modulo 4 by quadratic reciprocity.

(iv) A frobenian multiplicative function of conductor at most O(|0a|%) independent of the other
variables.

(v) The factor x3 or xxX¢ which is a Dirichlet character modulo 8ma independent of the other
variables.

(vi) A product of Jacobi or quartic residue characters of the same type as defined in Lemma 4.20
corresponding to a linked variable y. The norm of the modulus of this Hecke character is
O(N(y)%) by that lemma.

It is thus a frobenian multiplicative of conductor O(1)|fa|°™ by Lemma 4.3.

Assume that there is a linked variable y # 1. Then the mean of this frobenian multiplicative
function is 0 by Lemma 4.4. Indeed, the product of the factors except for the Hecke character
corresponding to y is frobenian multiplicative and defined by a field with discriminant coprime to
N(y) by the coprimality conditions. The Hecke character corresponding to y cannot be defined
by such a field since N(y) is square-free and thus divides the norm of the conductor of the
corresponding Hecke character by Lemma 4.20.

Let us now consider the case when one of the (frobenian) variables z is not equal to 1.
By Theorem 4.22 we may assume that all the linked variables are at most e(21°27)° Note that
a(+;2), B(+; 2) and 6(-; z) depend only on the class of z in Q* /Q*2. Thus, we may replace z,‘;’s by
O a . Using upper bounds, including to get rid of the dependence of U, we see that the contribution

of this is at most
YD T olwres 0a)8(dkes 0a)Blene: 0a)
w d e f g g°

u {kt}
|Aklug TTopn tre<T
N(y)<ellos ) for y linked to x

x 6(N(gre);0a)0(N(gfe);0a) [ 0(f72":0a). (5.14)
m,n#k,l
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We can sum over the u; and enlarge the sum to obtain an upper bound

ZZZZZZ H wkf’eA B(dre; 0a) B(ere; 0a)
’9A‘1/2

d e
g g {ko} ke ke

N(y)ge(logT )¥ for y linked to x
N(z)<T for z not linked to z

" O(N(gre); 0a) 0(N(gjy); 0a) S(fim; QA)'

The functions «a(-;6a),5(-;0A),0(-;04),0(N(-),0a) are frobenian multiplicative of known
means and conductor O(|6a|?). The mean of §(N(-), 04 ) is twice that of §(-, 04 ) because a prime
p splits in Q(4) if and only if p =1 (mod 4). Applying Proposition 4.12, partial summation and
using that all of the frobenian multiplicative functions are bounded by 1 we obtain an upper

bound

T?(log T)V Z 1 T?(log T)W+Ne

T loalt2 y linked to = [T, N(y) T [0l /2-(NHDE

N(y)SG(IOg T2)E

where N = 46 is the total number of variables and W is the sum of the means of the frobenian
multiplicative functions corresponding to the unlinked variables, including x. We now compute
W for = = gi, g5, in the following table. By the notation 2 - % we mean that there are two
unlinked variables of that type and that the corresponding frobenian multiplicative function has

1

mean ;.
Case Wie die ke [k ke 1)

—0a € Q%2 2.1/2 2.3/16 2.3/16 4-1/16 2.1/8 2.1/8
10, ¢ Q72 2.1/4 2.7/32 2.7/32 4-1/32 2.1/16 2.1/16

We can now assume that gpe,gj, = 1. Consider now the case that z = f7}" # 1. All
the wu; are linked to z, by (5.14) we can thus give an upper bound for this contribution

of

ZZZZZ T c(wre; 0a)B(dres 0a)Bere: 0a) T (" 0a).

u {k,0} m,n#k,l
[Ag|u2 Hz¢k wkédkéek(’.sz R <T
ukse(log T2)5

Consider the Dirichlet convolution p:=a*x8*8%J§*J. One can check by looking
at prime powers that |p(-;0a)| < 1. Writing tye = wiedpeere fi" fiy" we obtain an upper

bound

> > pltec;0a) < Y > 1.

u<e(08 T2)° |Agug [T sy tre<T up<e(os T |Ag[u2 [] sy the<T

The inner sum was bounded in the proof of Lemma 5.3. To be precise, (5.2) gives an upper

bound
T?(logT)*>  T*(logT)*™e
< ¥ (logT)” _ T7(logT)
[T5 urlOal'/? 0a]/?

wy Se(log T2)5
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We can thus assume that f/;" = 1. Consider now the case that x = ey # 1. We can apply
the same method as for g, g7,, but we may assume that gg, = g7, = f;}" = 1 so they will not
contribute to W. We compute W in the following table.

Case Wy de €kt w

—0a € Q%2 2-1/2 2-3/16 6-3/16 5/2
+0a ¢ Q%2 2-1/4 2-7/32 6-7/32 9/4

We recall that Ma = % if 0o € —Q*? and Mp = é—g if o = +Q*2. Thus, in the above cases
W is always strictly smaller than 5Ma. Combining everything and changing our € we find that

Sa(xT) = Y HXk ur)® T xexe(wredre)e(wre; 04)B(dre; Oa)

(u,d,w)eU {k,£}
w1y ue H{k,z} drewpe)®=1
T2 loeT 5Ma
Lo, (log )_
‘GA’1/2 €
as desired. (]

5.3 The error terms

Proof of Lemma 5.4. By combining (5.9) and (5.11) we have for all downward-closed sets U
oc T2(log T)>Ma
HNG (D) < Y-S T wnes 0a)B(die; 04) + T"(log 777 (5.15)

1/2—¢
(ud,w)eU [k} |04l
We have rid ourselves of the coprimality and square-freeness with a trivial bound.

There are two sets U we have to consider.

(i) The U we have to consider for (5.3) is defined by the inequalities wyy < (log T2)¢ for all
{k,£}. Summing over the uj and enlarging the sum gives

2
< T|£;)ﬁ/€)5 Z H wke,QA Z H /3dkz,9A

wk2<(logT2)C {k f} dk,g<T {k Z}

The functions «a(+;04a), 5(-;0a) are frobenian multiplicative functions of conductor at most
16]0a|? and mean given in Lemma 5.9. By Theorem 4.12 and partial summation this is

< |0A]22T% log TV (Cloglog T)® < ¢ |04 "2~ /2T2 (log T)>MA.

Here W =62 < 22 =5My if 0p € —Q2and W =6 25 < 2 =5My if 04 ¢ +Q*%

(ii) We may assume that ¢=0,j =1 when proving (5.4), the condition defining U
is thus wp,u; < (log Tz)c. Summing first over ws,us and then over the wyy <
T/ | Ag|u2dre Hm;ék,z dkmwim for all (k,¢) =(0,2),(1,3) together with the trivial bound
a(wge; 6a) < 1 gives the following upper bound after enlarging the sum

T2 1 a(wye; Oa) B(dke; OA)
NTACID S DR U =

upgul Wiy
uo,u1<(log T2)C diewie<T {k,0}#{0,2} {k.0}

Again, the functions «, 8 are frobenian of known means so using Theorem 4.12 and partial
summation we obtain

< 04157212 (1og T)V (C'loglog T)? < 04 |5 Y/2T2 (log T)*MA.
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Here W=4-2+6-3 <22 =5Mp if 0o € —Q*? and W =4-1 465 <5 =5M, if

Oa & Q2.
0

We now look at Sa(x,T). Let A(-;0) be the SU {p | 0}-frobenian multiplicative function

AB:0) =p®? Y a(w0)5(d:0).
wd=t
(0Tl espit)=1

To see that it is frobenian multiplicative note that it is bounded by the convolution «f(-;8) *
B(+;0), which is frobenian multiplicative due to Lemma 4.3, and equal to that convolution at all
but finitely many primes ¢. Its mean Mjy is equal to the sum of the means of «(+;0), 5(+;0). This
is 11/16 if —0 € Q*2 and 15/32 if £60 ¢ Q*2. We remark that My, = Ma.

It is bounded by 1 because there exists at most one pair d,w such that the term in the sum
is non-zero. The extension Q(v/—1, /) defines A(-;0) so it has conductor at most 16|6|2.

Note that xx(z) =0 if (0a[[,cg S5, %) # 1 so substituting the definition (5.3) into (5.11)

shows that
2
Salx.T) = D ). #(ch 11 tu) TToced) TT xrxe(tio) At 6a)
u ot ko (k0 k (k.6}
| Ag|u? Hz?sk te<T
T?(log T)5Ma

We first deal with the p([, w0 tre)? factor via Mobius inversion. Let x be the
10-variable multiplicative function with Dirichlet series

ZZ Hkuk H{kﬁ} t:i HC Sk) H C(S;cé)71

1w H{k o g k {k,0}
—H<1+Zp Ty b W)H L=p=) [T =pse).  (5.17)
{k,0} k {k.0}

This converges absolutely as long as s; + sy, s; + sy, 8;; + 53, > 1 for all 4,5,k ¢. By the
correspondence between arithmetic functions and Dirichlet series we have

2

M(nukntu) - Y Y a

ko {kt} f 8
Treltie grluk

Substituting this into (5.16), rewriting txe = fretie, ur = grug, using that A(-;0a) is multiplica-
tive and supported on square-free integers and switching the order of summation shows that the
main term of Sa(x,7T) is

ZZZZ r(f, g) HXk (giui) H Xk Xe(fretre) N(fre; Oa)A(tre; Oa). (5.18)

{k, 0}
|Ak|gkuk He;ék fketkeST
(fretre)=1

We prove the following lemma to deal with y.
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LEMMA 5.11. If there exists a character x € I'y [2] such that xj = x for all k, then

Sa(x,T) = Sa(1,T) = ZZZZ k(f,g) H A(fre; 0a)M(tre; 0a)
f g u t {k,l}
|Aklgpug Tosn feetke<T
(ma,I1, vkgr)=(fretre)=1

T2(log T)5Ma
+0. <|9A|1/2€ ) (5.19)
For all other x we have
T2(log T)>Ma
S ,T)=0;| ————+—
A(X ) ( |‘9A|1/278 >

Proof. If there exists such a character x, then xp(giui) = x*(grur) and xpxe(fretie) =
X2(fretre). As x? is principal it is the indicator function of the set {x € Z : (x,ma) = 1}. The
equality (5.19) follows from (5.18) after noting that the definition (5.3) of A already includes the
necessary coprimality condition.

Assume now that no such x exists. We claim that there exist k # ¢ such that yxxy is non-
principal. To prove the claim assume that for all k # £ the character xx/ is principal. Then for
all pairwise distinct &, £, m, we have x, = le = xm. Hence, xx = xm = X;;l for all k&, m.

We may assume that yoxi is non-principal. First sum over tp; in (5.18). The function
xoX1()A(-,0a) is a {p | ma fo1 }-frobenian multiplicative function of conductor < |fa|°™). The
function \(¢,0) is strictly positive if ¢ is odd square-free so xox1(-)A(+,0a) has mean zero by
[LM19, Lemma 2.4]. Corollary 4.11 and the divisor bound thus imply that this sum is

_2¢
log(2T/| Aoludtoztos for fo2 fos)) ?
| Aoludtoztos for foz fos ’

(log(2T'/| Ax|uttiates for fr2f13)) 20)
| A1 |u2tiot1s for fi2f13
—c —c
T (log (2T /ug| Aoltoatos for for fos))  (log(2T/ui|Aq|ti2tes for fi2.f13))
uoui fo1 (| Ao A1 |toztos fo2 fostiatis fraf13) /2

Choose C' = 2 and use the inequality |xx(-)| < 1. The sum over u; for ¢ = 0, 1 is bounded by
the integral

<cpe |0al5e o) T min <(

<Lce |0a for]°

bt for foo o —2
/IQST/A”M“]C”fzzfl3 (log (2T /x* Aitiatis fij fia fi3)) dp — /OO dy <1,
z>0 €T y2>2 y(2logy)

where we made the change of variables y = (2T)1/2/x(Ait¢2ti3fijfi2fi3)1/2. Summing over the uy
for k = 2,3 and using the trivial bound A(fre,0a) < 1 gives a total upper bound

A(tge; 0
<. 1/2 E(meg‘ 'Y O] MHlOgT)SMA).
N = thefre
ke<T {k,}#{0,1}

The sum over f and g is bounded by a value of the series obtained by taking absolute values in the
series F'(1,s), which was defined in (5.17), with sj; =1 — € and s}, = 1 for {k, ¢} # {0,1}. This
is O(1) for e < i because the series is absolutely convergent there. By applying Theorem 4.12 to
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A(+;0a) and using partial summation we can conclude that

T2(log T)>Ma
Sa(x, T) <e W 0
Lemma 5.11 implies that
T?(log T)>Ma
loc
Nawm(T \FA|4 6;2]1;[X M;)Sa(1 )+Os< TN >
X
_ ITAL2] T*(log T)*Ma
= |FA|4 SA(]-’T) +Os |0A|1/27€ (520)

The second equality is because [], M}, has to be a square so x([], My) =1 if x € I'y[2].

5.4 The main term
It remains to evaluate Sa (1,7). By Theorem 4.12 we have the following asymptotic formula for
alle >0

> A1) = (Ko My + PP O] (l0g ) ™))a(log ) o,

t<x

(t»JT)Zl

The constant Ky ¢ is given by the Euler product

o, 11,050

O pgsptfo v

In particular, K¢ y < Ky 1. By applying Theorem 4.12 with N = —1 we see that Ky ; <. |0]°.
It follows from the divisor bound that e©@()) = O(f%). Applying partial summations and
noting that My < 1 shows that

> 28D iy ptoma) + 01015 (521)

(t,f)=1

We use the shortened notation Ma := My, , Ka s := Kg, s which is consistent with our earlier
definition of Mj.
We now prove an asymptotic formula for the main term.

LEMMA 5.12. There exists a positive constant Q'y < |0a|° for all e such that for T > 2 we have

| |0al° T?(log T)%MA

Proof. We have to evaluate the right-hand side of (5.19):

210 T)Ma
DML AfasoaNain) +0.(EEES ) G

{0}

(5.22)

|Aklgfu? Toen Fretre<T
(ma,ITg wrgr)=(frestee)=1

We first sum over the uy, this sum is (@(ma)/ma)(T/|Ak|"?gx [ezk fretie) + O(T(ma)),
it is also <« T/]Akll/ng H#k fretge. To deal with the resulting error terms it thus suffices to
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bound
7(ma)T3/? Y Y |6(£, @)190 [ 120 v Joitoi [T ey A(Sfkes Oa) A(tes O0a)
| A1 A2 A3[1/2 [Tk 95 T ik.ey fretue '

|Akl9g TTozr fretee<T
(ma,ITg 9r)=Frestre)=1

Applying the trivial inequality A(-;0a) < 1, getting rid of the coprimality conditions by an upper
bound, summing over tp; < T/ gotoatos [ [; 7,50 foi and enlarging the sum gives an upper bound

ZZ Z w(E, &) T, (fke;gA))‘(tkf?eA)‘

’9A‘1/2 I 9% H{JM} fretre

g t\{to1}
1o <T

Using the bound A(fre; 0a) < 1 we see that the sums over f and g are bounded by the series
obtained by taking absolute values in the series defining F(1,1) which was defined in (5.17).
This series converges because F' is absolutely convergent at (1,1). The divisor bound gives
T(ma) <e |0alf. In addition, the sum over each tz, gives a contribution <. |0a|¢(logT)A by
(5.21). The total error term is thus, after changing e, given by <. T2?(log T)*Ma /|0 |'/?~¢. We
find that Sa(1,T) is equal to

s0(mA))4 77 K(F, &) Ty A fres 0a) A(te; 0a)
< ma |0a]'/2 Z Z Z [Tk 95 T ik,ey fretie

|Akl9g TT oz fretie<T
(ma,ITg gr)=(frestre)=1

+ O(|0a5 V2T (log T)>MA). (5.24)
Denote the sum over t by Ra (T;f,g). We first compare this sum with the slightly different sum

INGOEED S |

[Tesr tké’<T{ .
(frestre)=1

The difference between these two sums can be bounded by the sum over i € {0,1,2,3} of the
subsum of R/, (T, 1) defined by the condition T'/|4;|g? [Tz fij < ez tie < T. Choose j # i and
sum over t;;. Using the trivial inequality A(t;j;6a) < 1 and ignoring the coprimality condition
with an upper bound shows that this gives a contribution of

T T
—_— =log |Ailg? | [ fis-
Hf;éi,j tie |Ai’9i2 Hj;éi Jij He;éi,j tie o ]1;[2 Y

Summing over the other t;, < T and applying (5.21) shows that R (T;f,g) — R, (T;f)] is

< 0a% o (1oal Lo TT s )t0s s < (1o [T T fkg) (log T) V.

ko k0 ko {kt)

< log — log

To evaluate R/, (T';f) we apply Lemma 4.17. By (5.21) we may take

d
gre(tre) i= KA,fke@(log tkg)MA if tpy > 1, 0 otherwise,

1
hkg(tkg) = Oa((wA‘fkg)E) if 5 <tpe <1, 0 otherwise.
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By enlarging the integrals we see that the error term is bounded by the sum over J C Py(4)
of the integrals
1

4T d
11 KA,fu/1 . (10gtke) Madaty, T O |9A|fmn))/1/2dtmn.

{k,yeJ {mmn}gJ

The contribution for {m,n} ¢ Jis Oc((|0a |11, frn)=17D) and the contribution of {k, £} €
J is O(|0a]!’(log T)”I1Ma). The total error term is, thus,

<(19A\ I1 fkg>6s (log T) SMA>

{k,03
The main term is given by the integral

etk the<T

d
H Kague /<th H dtge

{k.0} = {k.0}

——(log tge) M dtyy.

By making the change of variables sz = (logtge/log T)™A we see that this is equal to

Zz;&k SIICQMA <1
11 Ea.s.,(QogT)%2 / IT dske
{k,0} 0=swe {k,}

The integral is equal to a constant 0 < La < 1 depending on M4 . To summarize
Ra(T;f,8) = [ Kas LallogT)*Ma 4 Os<<|0A| 11 qugk> (logT) 5MA)
{k.t} {k,e} k

We claim that the expression one gets after filling this into (5.24) converges as T' — oo. Using
the inequalities KA ,, < KA 1, A(fre;0a) < 1 it suffices to bound the sums

k(f, g)
K] = —
! Zf: zg: Tk 0x Tk fre ©

|Akl92 [T 25 fre>T for some k

for sufficiently small €. By enlarging the sum it suffices to bound the same sum over either the
region defined by g > (T'/|0a])"/® for some k or the region defined by fry > (T/|6a])'/° for
some {k,¢}. This sum is exactly the remainder of the series gotten by taking absolute values of
the coefficients of F/(1 —e,1 — €). This Dirichlet series converges absolutely in a large enough
half open plane so that the sum is O(|0a|*/T7) for sufficiently small . We also recall that
KA1 <. |0Al°. Hence, there exists a constant 0 < Fa(1,1) <. |6a|° such that

> ) Ra(Tif,g) = Fa(1,1)La(log T)*A + O.(|0a|° (log T)*M4).

‘Ak‘gi Hz;ﬁk fre<T

Combining everything, we find that

SA(l,T):<<W>4FA(1,1)LA+OE< 2\ >)T2(1°gT)6MA.

ma (log T)Ma ENEE

As (p(ma)/ma)? < 1,0 < Fa(1,1) <. |0al* and 0 < La < 1 we are done. O
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Substituting (5.22) into (5.20) shows that

TR 0aF )\ T2(log T)5Ma
= Al \ 92t O (o r)a ) )~ (ga12

This proves Lemma 5.8 because |T'; [2]| < |Tal.

NEwm(T)

6. Uniform formula

One of the difficulties in finding upper and especially lower bounds of NP'(T') was that we do
not have a uniform description of A as this algebra depends on choosing a rational point on a
quadric. We prove in this section that no such uniform description can exist.

We follow the ideas of [Uem14]. Let k be a field of characteristic 0, 7 : X — P} the universal
diagonal quartic, i.e. X C IP)% X IP’% is given by

a())(é1 + (IlXil + (lg)(éL + CLQJ,AX;)1 = 0.
Let K := k(P}). Write A = —ay /ag, p = —az/ap and v = apag/aias. We see that K = k(\, u, v)
and the generic fiber X of 7 is the smooth K-variety defined by the equation
XG5 — AXT — uXs + M X5 =0.

Here \, ui, v were chosen to be compatible with [Uem16, §2].

Uematsu defined a specialization map [Uem14, § 2] whose definition in this particular case we
recall. Let A € Br(Xx). Then there exists an open subscheme U C P§ and an element A e Br(%yp)
such that X7 is smooth over U and A is the image of A under the injection Br(Xy) — Br(Xxk).
For every P € U(k) we define the specialization of A at P as

sp(A; P) := A|x, € Br(Xp).
We deal with the algebraic and transcendental Brauer groups separately.
PROPOSITION 6.1. If v/2 & k(i,/2), then Br(Xf)/ Br1(Xk) = 0.
Proof. For the even torsion we apply [GvSk22, Theorem 3.8], the surface X is split by the

extension K (i,v/2, v/—\, /=i, +/v/) which does not contain v/2.

The odd torsion follows from [GvSk22, Remark 3.10]. To spell out the details, let p be an
odd prime. The remark says that the action of Gal(K /k(\, u,v)) on Br(X)[p] 2 Z[v/—1]/p is
given by multiplication with the character Gal(K /k(A, u,v)) — u, corresponding to the quartic
extension given by adjoining the fourth root of A2u?v. The fixed elements of this action are thus
fixed by multiplication with v/—1. The only such element is 0, so

Br(X?) [p]Gal(F/K) C Br(X?) [p]Gal(?/E(A,u,u)) -0
and Br(Xg)/Bri(Xk)[p] by definition injects into this group. O
THEOREM 6.2. We have Br1(Xf)/Bro(Xx) = 0 but H'(K, Pic(X%)) & Z/2Z.

Proof. The Hochschild-Serre spectral sequence [Mil80, Theorem 2.20] H?(K, H! (X%, G,,)) =
HP (XK, Gyy,) induces an exact sequence

1,1

Br(K) — Bri(Xk) — H'(K, Pic(X%)) T, H3(K,G,,).

It suffices to prove that the map d;j{ is injective. The group H'(K,Pic(X%)) has been computed
by Bright [Bri02, Chapter 3]. He only mentions number fields, but the same arguments
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work over general fields of characteristic 0. The relevant case in Appendix A of [Bri02]
is A222, B60, C56, D56 or E18 depending on KNQ(v/—1)=kNQ(+v/—1). In all cases
H'(K,Pic(X5)) 2 Z/2Z.

Consider the open subscheme V := {X3 # 0} C Xk. It is the affine quartic surface defined
by xé — Az} — pas 4+ Auv = 0. Let U be the affine quadric surface defined by yg — \y? — uys +
Mw =0 and f:V — U the map y; = 22. The functoriality of the Hochschild-Serre spectral
sequence gives us the following commutative diagram.

H'(K,Pic(X%)) v, H'Y(K,Pic(V)) S HY(K,Pic(Uw))
% l (/dbl
H3(K,G,,)

We have H'(K,Pic(Ug)) = Z/2Z and the map dzljl is injective [Ueml6, Proposition 2.2,
Theorem 3.1]. Let ¢ € H'(K,Pic(Uz)) be the generator. It suffices to find an element 1 €
H' (K, Pic(X)) such that ]y = f*¢ because then di. ¢ =d;'¢ # 0 which implies that 1)
generates H' (K, Pic(Ug)) = Z/2Z.

Let a ==V, o/ := \/li, 7 := /v and 8 := ary. We define the following divisors of Xx:

Li: X2 =aX} X3 =p5X2,
Ly: X2 = aX? X3 = —3X2
L) : X2 = —aX? X3 = 3X2,
Ly X2 = —aX? X3 = —BX2.

Let H € Pic(X) be the hyperplane class.
By [Uem16, Corollary 2.3] f*¢ is represented by the cocycle

ff¢: Gal(K(v)/K) — Pic(Vg) :id = 0,0 — [L1 N V],

where o is the generator of Gal(K(y)/K).
We claim that the following cochain is a cocycle

Y : Gal(K(vy)/K) — Pic(X5) :id — 0,0 — [L1] — H.

If the claim holds, then ¥y = f*¢ as desired. o
The claim consists of two parts, first that [Li] is Gal(K/K(v))-invariant. The Galois
conjugates of L; are L; and L) so this is equivalent to [Li] — [L5] = 0. This follows from

div(Xg —aX? — o' X2 +d/BX3) = L1 + {X§ = o/ X3, aX}? = o/ X3},
div(X2 + aX? — o' X5 — d/X3) = Lh + {XE = o/ X3, aX? = o/ X3).

That the left-hand side contains the right-hand side is clear. They are thus equal because they
both have degree 8. The second part of the claim is that [Li] + o[L1] — 2H = 0. This follows
from [L1] + o[L1] = [L1] + [Lo] = [div(X2 — aX?)] = 2H. O

This theorem allows us to prove in a precise sense that there exists no uniform formula for

A Let k=Q,K =Q(\ p,v).

COROLLARY 6.3. There exists no A € Br(Xg) such that
sp(4; P)=A

for all P € IP% (Q) for which this specialization is defined.
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Proof. By Proposition 6.1 and Theorem 6.2 it suffices to show that the subset of ]P’% (Q) on which
A is not constant is Zariski-dense. Let p be an odd prime. By Lemma 3.8 the Zariski-dense set
{lpao : pai : as : as] : pt aparazas} is contained in this subset. O
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