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Abstract

Let 0 <@ <o0,0<a<b<ooand y be a positive function defined on (0, c0). This paper is concerned
with the growth of L, (x), the largest digit of the first n terms in the Liiroth expansion of x € (0, 1]. Under
some suitable assumptions on the function y, we completely determine the Hausdorff dimensions of the

sets
. IOgLn(x)
E a):{xe(O,l] :lim —— :af}
4 woes Tog y(n)
and
.. dogL,(x) . log L,,(x)
Ey(a,b) = {xe 0,1] : liminf ————— = g,limsup ——— = b}.
¥(@5) OB gy = “ P Tog g
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1. Introduction

It is well known that every x € (0, 1] admits an infinite Liiroth expansion of the form
1 1

xX=——+ ,

di(x) ;‘ dy ()(dy(x) = 1) - - dp_y (X)(dp-1 (x) = Ddp(x)

(1.1)

where d,(x) € N for all n > 1, which we write as x = [d1(x), d>(x), ...]. Liiroth [12]
showed that the Liiroth expansion can be induced by the Liiroth map 7 : [0, 1] — [0, 1]
defined by

0 ifx=0,
T(x) = E J((E J N 1)x_ 1) if x € (0,11,
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[2] The largest digit in Liiroth expansions 205

The digits d,, := d,(x) in (1.1) are defined by
|
dy(x) = H +1 and dy(x) = dy(T"'(x)) forallneN,
X

where |- | denotes the integer part of some real number and 7" stands for the nth iterate
of T (TO = Id(oyl]).

Clearly, the above algorithm gives d,, > 2 for each n > 1. Conversely, it is shown in
[6] that any sequence of integers {d,},>1 with d,, > 2 for each n > 1 must be the Liiroth
expansion of some x € (0, 1]. The Liiroth expansion has been studied extensively in the
representation theory of real numbers, probability theory and dynamical systems (see
[1, 2,5, 7] and the monograph of Dajani and Kraaikamp [3]).

Given x € (0, 1], let L,(x) = max{d,(x), d2(x), ..., d,(x)} be the largest digit among
the first n terms of the Liiroth expansion of x. The first metrical result on L,(x) was
given by Galambos [6] in 1976: for Lebesgue almost all x € (0, 1],

1. (12)
n—co logn

That is, log L, (x) tends to infinity steadily with the speed log n.
From the point of view of multifractal analysis, Shen ef al. [14] studied the level
sets

{xe(O,l]: lim 108 L)

n—oo ogn

= y}, vy >0, (1.3)

and showed that they have full Hausdorff dimension. Recently, Lin and Li [I11]
generalised this result by considering the size of the sets for which the limit in (1.3)
may not exist. More precisely, they proved that for 0 < @ < 8 < oo, the set

{x € (0.1] : liminf (14)

n—oo

log L, . log L,
Og_(x):a,hmsupog_(x):ﬁ}
n

noeo  logn

has Hausdorff dimension one.

After (1.3) and (1.4), it is natural to wonder how large the sets are when log L, (x)
tends to infinity at a different rate. We will investigate the Hausdorff dimension of the
sets when log L, (x) grows with slowly increasing speed as defined below.

DEFINITION 1.1 [8, 9]. Let f(x) be a function defined on the interval [c, c0) such
that f(x) > 0, lim,_, f(x) = co and with continuous derivative f'(x) > 0. We say the
function f(x) is slowly increasing if lim,_,c xf”(x)/ f(x) = 0.

Slowly increasing functions were used recently by Jakimczuk [8, 9] as a tool to study
the asymptotic properties of Bell numbers. Typical slowly increasing functions are
log x, log log x, log® x, log x/log log x. The elementary properties of slowly increasing
functions will be presented in Section 2.
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We complement the limit theorem (1.2) by studying the following two sets:

log L,
Ey(@) —{xe(o 11+ lim lzgg w((,f)) h
log L, log L,
Ey(a,b) = {xe (0.11: lim inf E)g w(( )) a, nflrlsol:p% - b},

where 0 < @ < 00, 0 < a < b < oo and ¥ is a positive function defined on (0, co0). We
will establish the following two main theorems. We use dimg to denote the Hausdorff
dimension.

THEOREM 1.2. If the function log y is slowly increasing, then dimy E,(a) = 1 for any
real number a with 0 < a < co.

THEOREM 1.3. If the function log s is slowly increasing, then dimgy E,(a,b) = 1 for
any real numbers a,b with) < a < b < co.

In particular, we can take ¥(x) =x” (y > 0), ¥(x) = x'°** and ¥(x) = logx in
Theorem 1.3 to give the following result.

COROLLARY 14. If0<a<b < ocoandy >0, then
dimH EW}(a, b) = dlmH E{nmgn,(a, b) = dlmH E{log,,}(a, b) =1

Notice that if we take y/(n) = n in Theorems 1.2 and 1.3, then we obtain the special
results dimy Ey(a) = dimy Ey(a,b) = 1 given in [11, 14]. Theorem 1.3 also implies
the following result.

COROLLARY 1.5. If the function log w is slowly increasing, the set

n 1 L,
f g ()<11msu og—(x)}

fxe11:1im ogu(m) —aoe® Jog y(m)

has full Hausdorff dimension.

For more results concerning the largest digits in Liiroth expansions and continued
fraction expansions, see [10, 15—-17]. For the definitions and elementary properties of
Hausdorff dimension, Falconer’s book [4] is recommended.

2. Preliminaries

In this section, we will list some elementary results related to Liiroth expansions
and present some notation and basic facts that will be used later.
Let {d,},>1 be a sequence of integers not less than 2. We call

L(d,....,dy) ={x€(0,1] : di(x) =dj for 1 <k <nj}

a cylinder of level n, whose endpoints and length denoted by |I,(dy,...,d,)| are
determined by the following lemma.
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LEMMA 2.1 [6]. Let 1,(dy,...,d,) be a cylinder of level n. Then the left and right
endpoints are

1 1
d mer@ ]j@@—ni
and
1
dl(dl - l)dz l—[ dk(dk - 1)d l—[ dk(dk -1
As a result,

2 1
\L,(d,...,d,)| = _—.
il =| | gy

For m e N with m > 2, write £, = {2,3,...,m}. Let E,, be the set consisting of all
points in (0, 1] whose digits are less than m, that is,

E,={xe@,1]:d,x) €L, foralln > 1}.

It is known that the set E,, can be regarded as a self-similar set generated by contracting
similarities {x/a(a — 1) + 1/a}""_,. The following lemma is a classic result which gives
the dimension of E,,,.

LEMMA 2.2 [7, 13]. For any m > 2, dimy E,, = s,,, where s, is the solution s of the

equation
2 (a(al— 1)) -

2<a<m

Moreover, lim,,_, 5, = 1.

Next, we present a key tool which indicates that the Hausdorff dimensions of some

specific sets are stationary to the dimension of E,, under certain Holder mappings
defined below.
LetJ={n; <np <---}cNand fj : (0,1] — (0, 1] be a mapping satisfying

fitx=1di(x),da(x),...] =X :=[d(x),dr(x),...] =[di(X),dr(X),...],

where the number X is obtained by deleting all {d,,, (x)},> in the Liiroth expansion of x.
For m > 2 and {a,},>1 a sequence of integers, set
Fp, {ar}) :={x €(0,1] : d, (x) = a, d,(x) € Z,, for n # ny for all k > 1}.
LEMMA 2.3. Fix m > 2 and a set of positive integers J = {ny <ny <---}. Let {a}i>1
be an increasing positive integer sequence satisfying a, — oo as k — oo and
kl

lim — %k

k—o0 ng
Then dln‘lH Fm(J’ {ak}) = dlrnH fj](Fm(J’ {ak})) = dlmH E, = sp.

=0. 2.1
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PROOF. The main idea of the proof of Lemma 2.3 comes from [16]. Here we will
modify the calculations in [14] and give a sketch of the proof of this argument.

To estimate the dimension of F,,(J, {a,}), we shall use the terminology of symbolic
space. For each n > 1, let

D,={(o1,...,00)eN" 10y, =apand 0; € 2, 1 <i# ny < n}.
Foranyn > 1 and (04,...,0,) € D,, we call
Jn(o-la---so-n) = Uln+1(0-17"'70-n70-n+1)
On+l

the fundamental interval of level n, where the union is taken over all 0,4 such that

(01500, 0n41) € Dyyq. Clearly,
F.(UAa}) = ﬂ U L(oy,...,00) = ﬂ U Ju(o1, ..o, 00).
n=1 (o1,....,000)€ED, n=1 (o1,...,00)€ED,

By the definition of f; with J = {n;};>1, we can assume that n; < n < ny,; for some
ke N. Then (o4,...,03) := fi((c1,...,0,)) is obtained by deleting the k terms
{on}, in(oy,...,07). Write

E(O-l» ceey O-n) = In—k(o-ls ceey O-n)
Then we have the following claim.

Claim 1. For any € > 0, there exists Ny > 0 such that for all n > Ny and (071,...,0,) €
D,, we have

(a1, oo 2 (o, o)
In fact, (2.1) implies that for any & > 0, there exists Ny > 0 such that for all £ > Ny,
we have kloga; < %slog 2ny. We can assume that n; < n < ng4 and obtain

1 1

(@1, o)l < S < 5s < Z 22
Since {a;} is increasing, (2.2) and Lemma 2.1 give
Ut ) = 0ty s O 0y (0 = 1) 0 (0 = 1)
> L(a1, . o)/ at
> |L(01,. .., o)

Let x and y belong to the set F,,(J, {a;}) with x # y. It follows that there exists a
largest integer n such that x and y are both contained in the same cylinder of level n.
The next claim is devoted to estimating the distance between x and y, which is very
similar to [14, Lemma 3.3], so we omit the details.

Claim 2. Let n be the largest level of the cylinders which contain both x and y. Then
|In(0-l’ .. .,O'n)| |In(0-1, .. '9O-ll)|}

9
m? - a, m3

[y — x| Zmin{
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Therefore, when x,y € F,,(J, {a;}) with

’

-y <  min {INo((’l""»(TNo) INo(cn,...,crNo)}
(01,00 )€Dxy m2ay,+2 ’ m3

we have

If(x) = FO)] < max{mPay, 2, m>} e - |x — y|'/%.

From these two claims and [4, Proposition 2.3], we obtain

dimy Fo0, {ax)) 2 —— dimy (L @) = —— dimy E,

+¢ l1+e&
and so dimy F,,,(J, {ax}) > dimpy fi(F,,(J, {ar})) by letting € — O.

To see that dimy F,,(J, {a;}) < dimg fi(F,,(J, {a})), it suffices to show that the
mapping

[0 R ) = Fulad)

is 1-Holder. For any y;,y, € fi(F,(J, {ar})), let y1,y2 € L,(01, ..., 0) with 01 (y1) #
one1(02). Letx; = f71(y1),x2 = f;7'(y2). By the definition of f;!, we know that x; and
X, are obtained by inserting the sequence {a;};>; in the Liiroth expansions of y; and
v, at the positions {rn;};>1, respectively. Let M € N be such that we can insert just M

integers {a,-}i.":’ , into the block (071, ..., 07,). Then x; and x; have at least n + M common
digits in their Liiroth expansions. By Lemma 2.1,

1 = xol < Lpam (0715 - - s O )|
<oy, s ol/op (On = 1) -+ 0 (O, — 1)
< (o1, ....00)
However, similar to the argument in Claim 2, we also have

|Il’l(0-1’ ceey O-n)l |In(0—1’ cey a-n)l}
m?-a, m3 ’

1 = v2l > min {

It follows that
157 00 = £ ool = v —xal < %max{mzaN0+2,m3} i = yal,
showing that ;! is 1-Holder and dimy F,,(J, {a}) < dimy f(F,u(J, {ag)).

We end this section by presenting the following lemma which exhibits some basic
properties of slowly increasing functions.

LEMMA 2.4 [8]. Let the functions f(x) and g(x) be slowly increasing and y be a
positive constant. Then,

(1) the function f(x") is slowly increasing;

(2) the function f(x¥g(x)) is slowly increasing;
3) lim,- e log f(x)/logx = 0;

) limye f(x+ 1)/ f(x) = L
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3. Proofs

This section is devoted to the proofs of our main results. To prove Theorem 1.2, we
will construct a suitable subset F,,(J, {ax}) of Ey(a), so that the result can be established
by using Lemma 2.3. As for the proof of Theorem 1.3, since the nonexistence of
the limit in Ey(a, b) describes the essence of the question compared with the known
results, we need to carefully construct a nice Cantor subset in the lower bound
estimations for the Hausdorff dimension. Our proof provides a convenient method
to estimate the lower bound for the Hausdorff dimension, which is very different from
the method used in [11].

PROOF OF THEOREM 1.2. The proof is divided into three cases according as @ = 0,
O<a<ooand a = .

Case 1: @ = 0. In this case, it is clear that E, C E,;(0). Therefore the result follows
directly by Lemma 2.2.

Case 2: 0 < @ < co. Let m > 2 and {a, },>1 be a sequence of integers and recall the set
Fu(JAar}) :={x €(0,1] : d,,,(x) = ay,dy(x) € X, for n # ny for all k > 1)

defined in Lemma 2.3. Here we take n; = k> and a; = |¢(k?*)?] for each k > 1.
On the one hand, for any x € F,,(J, {a;}), if k> <n < (k + 1)* for some integer k,

then
logy(k*)?] < log L) _ logy(k*)]
logg((k+ 1)») = logy(n) ~ logy(k?) =
From Lemma 2.4(1) and (4),
log y(k*)
im —————=1.
n—e log Y((k + 1)%)

Consequently,

log L, (x)
im ———= =
== Tog(n)

which yields F,,(J, {a;}) C Ey(@).
On the other hand, since log  is slowly increasing, Lemma 2.4(3) implies that

s

loglogy(k)
k- logk
which ensures that for any € with 0 < € < % and sufficiently large &,
log w(k) < k®. (3.1)
This gives
1 2\a L L1+2e
lim KOBWENT e KT,
k—o0 2 k—o0 k2
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that is, (2.1) in Lemma 2.3 holds. From Lemma 2.3,
dimy Ey (@) > dimyg F,(J, {ax}) = dimg E,, = s,
and we obtain the result in Theorem 1.2 by letting m — oo.

Case 3: @ = oo. In this case, for each k > 1, we take

)1/2

m = K logk] and @ = [(Y(k* log k)"0 |

in the definition of the set F,,,(J, {a;}) in Lemma 2.3.
We show first that F,,(J, {ax}) C Ey(c0). For every x € F,,(J, {ax}), since the functions
log (x) and log x are slowly increasing, Lemma 2.4(2) and (4) give

logy(logh)
we log@((k + D2 logk + 1))
Soif [k logk] < n < |(k + 1)*log(k + 1)] for some integer k, then
im log L,(x) > lim (log k)% - log(Ly(k* log k))) ~ lim(log b)!/? = oo
woeo Tog p(n) koo log(@(L(k + 12 logk+ D)) koo 0 =%

which means F,,(J, {ax}) C Ey(c0).
Next, (3.1) holds for any € with 0 < € <
(2.1) still holds here, namely

1

5 as in the last case, and we can check that

12

2 (log k) 2
lim klog|(y(k”log k)) ] < lim log Y(k* log k)
k—c0 k% log k] koo k(log k)1/2

< lim kK '(logk)*™ 1% = 0.

Hence, by Lemma 2.3,
dimy Ey(o0) > dimy F,(J, {ax}) = dimy E,, = sp,.

Then we finish the proof of Theorem 1.2 by letting m — oo.

PROOF OF THEOREM 1.3. We give the proof of Theorem 1.3 for the case 0 < a <
b < oo in detail. The argument for other cases involves minor modifications. In the
following, we will write ¢ := log  for simplicity.

Case 1: 0 < a < b < c0. Let ¢ be a slowly increasing function. Our strategy is to find a
nice Cantor subset of Ey(a, b) with full Hausdorff dimension. To this end, we construct
another slowly increasing function ¢ satisfying some specific properties with respect
to ¢. Then the proof can be completed by using the result mentioned in Theorem 1.2.
For 0 < a < b < oo, define g(x) on (0, o) such that E(x) > 0 and, for any n € N,

a
b—-a

— b b
3 = L2 p(n) +

a .
> 3 ¢(n) sin (

log ¢(n))-
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PROPOSITION 3.1. Let ¢(n) be slowly increasing and define the function 5 as above.
Then ¢ is also slowly increasing and

liminf¢— =aq, lim ¢( ) =b. (3.2)

o)

PROOF. First, 0 <a-¢ < 5§ b-¢ and 745—> oo as x — oo, Next, we check that the
function ¢(x) has positive derivative. In fact,

—_ b ’
¢1@=(”+ o) + 2 ”¢unm(bfaMgan»
. a
: (2
b —
+ 222000 cos (- Tog ¢0) - 47 @) - ()
b
> 0 - 10 - S0 = 200> 0

where the last inequality follows from the fact that ¢ is slowly increasing. The
calculation also implies that

x¢ (x) X (a+b , b-a , a ,
— < X))+ —¢'(0)+ < (x))—)O as x — oo,
P(x) ap(x)\ 2 ¢ 2 ¢ 2¢
Therefore, ¢ is also a slowly increasing function. By the construction of #, (3.2) holds
immediately. ]

Let a = log W be the slowly increasing function defined above, where Yisa positive
function defined on (0, o). We replace ¢ with ¢ = log i and take @ = 1 in the set Ey(a)
in Theorem 1.2. The Hausdorff dimension of the set

Ex(1) = {x € (0,1]: lim M = 1}

is full. The lower bound of dimg Ey(a, b) follows directly by Proposition 3.1 and the
fact that Ej(1) € Ey(a,b). To see this, note that for any x € Ea(l),

liminfM = lim IO%L—,,(x) lim inf ¢( ) =aq,
e g o gpy noe $(n)

) logL,(x) . logLy(x) . ¢( )
11{11: S;lp W = nh—>n;> —E(n) hm sup ¢ ( )

which means that x € E,(a, b).

’

Case 2: 0 = a < b < oo. The proof is similar to the case when 0 < a < b < co. We only
need to modify the construction of the function ¢ to make sure that Proposition 3.1
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still holds. We define Fq?(x) on (0, o) such that a(x) > 0 by taking

_ bo(x)
B log log ¢(x)

Equation (3.2) holds directly and we can check that E(x) satisfies 5’(x) >0 and
|x5’(x) /a(x)l — 0 as x — oo, Thus a(x) is slowly increasing.

For the remaining cases, the discussions run as before, so we only give the
constructions of the slowly increasing functions $(x) as follows.

~ 1
o(x) + qub(x)(sin(log log ¢(x)) + 1).

Case 3: 0 < a < b = oo. Take

300 = ag(x) + ¢(x) log ¢(x)( sin (g log log ¢(x)) + 1).

Case 4: 0 =a < b = . Take

0 = 2

1 .
= Toglog o) + §¢(x) log ¢(x)(sin(log log log ¢(x)) + 1).

Case 5: 0 < a = b < 0. Take ¢(x) = ad(x).

Case 6: a = b = oo. Take a(x) = ¢(x)logx.

Case 7: a = b = 0. Take a(x) = log ¢(x).
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