MATHEMATICAL NOTES

A NOTE ON DUAL EQUATIONS WITH
TRIGONOMETRICAL KERNELS

by C. J. TRANTER
(Received 16th February 1963)

1. Sneddon (1) has recently pointed out that the dual integral equations

r ETNY(E) cos (xEAE = f(x) (OSxZ1), ovvvverrennnnne. (1)
]

r W(&) cos (x&)dE =0 (X>1), coreeererereieen o)
0

are not covered by Busbridge’s solution (2) of the more general equations with
Bessel function kernels and he has given a solution to equations (1) and (2)
in the form of a Neumann series. The purpose of this note is to show that
a very simple formal solution can be obtained by using the well-known Bessel
function integral representations ((3), pp. 48 and 170)

n "cos (Ex)dx ® sin (Ex)dx
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The similar problem in which sin (x£) replaces cos (x¢) in equations (1) and
(2) is also solved in the same way.

2. We start by integrating equation (2) with respect to x to give
f ETWY(E) sin (xE)dE = C (constant) (x>1). ............... @)
0

As x— 00, the value of this integral tends to 3ny(+0) and, since Yy(+0) = 0
if the integral in (1) is to exist, it follows that C = 0 and equation (4) becomes

j (@) sin (B)AE =0 (X3 1) oo (5
0

Multiplication of equations (1) and (5) respectively by (r*> — x*) ™% and (x*— r?) 7%,
integration with respect to x between 0, r and r, o, and use of the integral

representations (3) leads to
j ({(’i)zf% O<r<1l),

f E @I (royde = (o (P =X T T ©

0 (r>1).
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Application of the Hankel inversion theorem then gives

g E-2Y(E) = Ll rJo(Er)dr L (sz(%. ..................... )

3. In the solution of the dual equations
: EW(E) sin (xEE = f(X) OZXZD), coveoreeerrrereenn. @)
[© (@ sin BAE=0 (51 oo ©)

e fist differentiate equation (8) to give
:: V() cos (RE)ME = /(%) (OLXE1D) eovveererreerrnnns (10)

Using the same procedure on equations (10) and (9) as was used with equations
(1) and (5) we find

" f(x)dx
o S (0<r<l),
g-f V(O o(rE)dE = f o (=X T (11)
° 0 r>1),
so that, in this case,
T,y _ [ " fi(x)dx
5 ETN(E) = L rJo(Er)dr L —————(rz—xz)*' ..................... (12)‘
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