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Abstract. We consider quasi-Einstein metrics in the framework of contact metric
manifolds and prove some rigidity results. First, we show that any quasi-Einstein
Sasakian metric is Einstein. Next, we prove that any complete K-contact manifold
with quasi-Einstein metric is compact Einstein and Sasakian. To this end, we extend
these results for (k, @)-spaces.
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1. Introduction. A Riemannian manifold (M, g) is said to be Einstein if the Ricci
tensor S of M is a constant multiple of the metric tensor, i.e. S = Ag. In the framework
of contact geometry, the Einstein condition and its several generalizations have been
studied (e.g. see [6, 10-12, 18]). A careful study of Einstein K-contact and n-Einstein K-
contact manifolds has been done by Boyer—Galicki [6]. In particular, they proved that a
compact Einstein K-contact manifold is Sasakian. This result is also true for n-Einstein
(i.e. S = ag + Bn ® n, for some constants «, 8 and 7 is the contact form) K-contact
manifolds with ¢ > —2. One may consider this as an odd dimensional analogue of
Goldberg conjecture, which says that a compact almost Kaehler Einstein manifold is
Kaehler (see [3]). Recently, Sharma [18] pointed out that these results are still valid if
one relax the hypothesis compactness to completeness. We also note that for a general
contact metric manifold, the odd dimensional Goldberg conjecture is not true (see
Apostolov—Draghichi-Moroianu [1]).

A Ricci soliton is a natural generalization of an Einstein metric. It is defined to be
a Riemannian manifold (M, g) together with a vector field V' and a constant A that
satisfies

£yg+28S=2g,

where £ denotes the Lie-derivative operator along the vector field V. Actually, it
arises as a fixed point of the Hamilton’s [13] Ricci flow: a%g = —28, viewed as a
dynamical system on the space of Riemannian metrics modulo diffeomorphisms and
scalings. The Ricci soliton is said to be shrinking, steady and expanding when A is
positive, zero, and negative, respectively. If the vector field V is Killing, the soliton
becomes trivial (Einstein). Moreover, if V' = Df, where f is a smooth function on M
and D is the gradient operator, then it is called a gradient Ricci soliton. Perelman [15]
showed that all compact Ricci solitons can be realized as gradient Ricci solitons. For
details about Ricci soliton, we refer to the survey paper [7] and the references therein.
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Several aspects of contact metrics as Ricci solitons have been studied by Sharma [18],
Ghosh-Sharma—Cho [12], Cho-Sharma [10] and the author [11].

Recently, an interesting generalization of Einstein metrics which is closely related
to the warped product spaces has been considered (see [8, 9, 14]). This generalization
arises from the m-Bakry-Emery Ricci tensor. Such tensor is defined as follows:

1
Sp=S+Vf——df &df.
. m

where 0 < m < oo, V?f denotes the Hessian form of the smooth function / and S
denotes the Ricci tensor of g. This tensor arises from the warped product (M x N, g)
of two Riemannian manifolds (M", g) and (N, h) with the Riemannian metric

_ =
g:g-’—em h_

Moreover, g is Einstein if and only if (¥, /) is Einstein, 7" = Ag, and a particular
relationship holds between the scalar curvature of (N, ) and the function f (see [2]).
We say that (M, g, f, m) is a quasi-Einstein if there exists a constant A on M such that

1
P =S+ V- —df @df =g (1.1)
: m

When f is constant, this gives the usual Einstein condition. For m = 1, quasi-Einstein
metrics are usually known as static metrics. These metrics have been studied in depth for
their connections to scalar curvature, the positive mass theorem and general relativity.
Note also that equation (1.1) recovers the gradient Ricci soliton condition when m =
oo. In [9], Case et al. generalized some rigidity results of gradient Ricci solitons which
were proved by Petersen—Wylie [16]. Some non-existence results for quasi-Einstein
metric were also obtained in [8].

For a K-contact metric, Sharma [18] proved that if a complete K-contact metric is
a gradient Ricci soliton, then it is a compact Einstein Sasakian manifold and the soliton
is expanding. This result is also true for Sasakian manifolds as K-contact manifold
contains the Sasakian manifold. In [12], Ghosh et al. extended this result for («, u)-
spaces by proving that if the metric of a non-K-contact (k, w)-space is a gradient Ricci
soliton, then in dimension 3 it is locally flat, and in higher dimensions it is locally isometric
to E"' x S"(4). Further, this result has been generalized by Cho—Sharma [10] for
homogeneous H-contact manifolds. From these results, we are inspired to study the
quasi-Einstein condition for Sasakian and K-contact manifold. First, we prove

THEOREM 1. Let M (¢, &, n, g) be a Sasakian manifold. If there exists a quasi-
Einstein structure (g, f, m) associated with the contact metric g, then M is Einstein and
f is constant.

Next, we consider K-contact metrics with quasi-Einstein condition for finite m
and present a generalization of Boyer—Galicki’s result on K-contact Einstein manifold.

THEOREM 2. Let M*"* (¢, &, 1, g) be a complete K-contact manifold. If there exists
a quasi-Einstein structure (g, f, m) associated with the contact metric g, then f is constant
and M is a compact, Einstein, and Sasakian.

Finally, we extend these results for (k, u)-spaces with quasi-Einstein condition and
prove
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THEOREM 3. Let M>"+ (¢, £, 1, g) be a (k, n)-space. Suppose there exists a quasi-
FEinstein structure (g, f, m) associated with the metric g. If n = 1, then it is a space form
including flat, while otherwise it is either locally isometric to E"' x S"(4) or Einstein
Sasakian.

2. Preliminaries. In this section, we shall recall the basic definitions and formulas
of contact metrics and K-contact manifolds. An (2n + 1) dimensional Riemannian
manifold is said to be a contact manifold if it has a global 1-form 7 such that n A (dn)”
is non-vanishing everywhere on M. We call this 1-form a contact 1-form. For this 1-
form n one can find a unit vector field &, called the Reeb vector field, such that n(§) = 1
and dn(&, .) = 0. Further, there exists a Riemannian metric g and a (1 — 1) tensor field
@ satisfying

dn(X,Y) =g(X,9Y), n(X)=g(X,£), ¢’X=—X+nX).
These equations also imply
6 =0, nop=0, gleX,0Y)=gX,Y)—nX)n(Y).

A Riemannian manifold together with the structure (¢, &, 7, g) is said to be a contact
metric manifold. Following [3] we define two self-adjoint operators 4z and / by h =
%(i’g(p) and [ = R(., £)&, respectively. These operators also satisfy:

he =0 =&, hg = —gh, Trh = Trhp = 0.

A contact metric manifold is said to be K-contact if & is Killing (i.e. £ = 0, or Trl = 2n).
The following formulas are valid for a K-contact manifold:

Vyé = —¢X, (2.1)
Q& = 2nk, (2.2)
R(X,§)§ = X — n(X)§, (2.3)

where V is the operator of covariant differentiation of g, Q the Ricci operator associated
with the (0, 2) Ricci tensor S and R the Riemann curvature tensor of g. A contact metric
manifold is said to be Sasakian if the metric cone C(M)(dr* + r*g, d(r*n)) is Kaehler
(see [6]). Equivalently, a contact metric manifold is said to be Sasakian if and only if
the curvature tensor R satisfies

R(X, Y)E =n(Y)X —n(X)Y. (2.4)

We also remark that a Sasakian manifold is K-contact, and the converse is true only
in dimension 3.

A contact metric manifold M>" (g, &, n, g) is said to be (k, u)-space if the curvature
tensor satisfies [4]

RX, Y)§ = k{n(Y)X = n(X) Y} + u{n(Y)hX — n(X)hY}, 2.5)

for some (k, 1) € R?. This type of space arises through a D-homothetic deformation
[19] to a contact metric manifold which satisfies R(X, Y)§ = 0. The class of
(k, )-spaces covers Sasakian manifolds (for x = 1) and the trivial sphere bundle
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E"! x S"(4) (for k = 1 = 0). Examples of non-Sasakian (k, u)-spaces are the tangent
sphere bundles of Riemannian manifolds of constant curvature # 1. On one hand the
equation (2.5) determines the curvature completely for k < 1 and on the other it is
also invariant under D-homothetic deformation (see Tanno [19]). For ¥ < 1 the Ricci
tensor has the following form

OX =[2(n—1) — nu]X +[2(n — 1) + ulhX
+[2(1 = n) + n2x + wWn(X)E. (2.6)

The following formula also holds for a (k, u)-space
=k — )¢, (2.7)
where ¥ < 1. We also note that the scalar curvature r of such class is given by
r=2nQ2n—1)+«x —nw) (2.8)

and which is constant.

3. Proofs of the theorems. For the proofs of our results, we require the following.

LEMMA 1. For a quasi-Einstein metric the following formulae are valid

() RX, Y)Df =(VyQ)X — (VxQ)YJr/\%[(Yf)X— (XN)Y]

1
= [XNQY ~ (V)QX]. G
@ S DN = (VD + 22+ (@) - Lo 6

Proof. First, we note that equation (1.1) may be exhibited as

VyDf + QY — %(Yf)of:,\y. (3.3)

By straightforward computations, using the well-known expression of the curvature
tensor:

R(X,Y)=VxVy—VyVy —Vix.1,

and the repeated use of equation (3.3) gives equation (i). Next, contracting (3.1) over
X we get equation (ii). This completes the proof.

LEMMA 2. If f is a smooth function on a contact metric manifold M such that
df = (& )n (where d denotes the operator of exterior differentiation), then f is constant
on M.

Proof. Applying d to the differential condition mentioned in the hypothesis
and using the Poincare lemma : d° = 0 gives d(&f) A n + (§)dn = 0. Taking wedge
product of this equation with n and noting that n A n = 0 and dn A 7 is non-vanishing
everywhere on M, we conclude that & = 0. Consequently, df = 0 on M, and hence f
is constant on M, completing the proof. ]
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Proof of Theorem 1. Taking covariant differentiation of (2.2) and using (2.1) we
get

(Vx Q) = QpX — 2npX. (3.4

We know that in a Sasakian manifold the Ricci operator Q and ¢ commute each other,
i.e. Qp = @0 (see [3]). Thus, taking inner product of (3.1) and then making use of (2.2)
and (3.4) gives

g(R(X, Y)Df, &) = —2g(Qp X, Y) + 4ng(pX, Y)
1
+ a(k = 2n)[(Yn(X) — (X n(Y)]. (3.5)

Substituting Y by & and recalling (2.3), equation (3.5) gives
1
{E(A —2n) — 1} [(Yf) — (& )n(Y)] = 0.

Since, m and A are constant, we have either =(A —2n) — 1 =0, or (A — 2n) — 1 #£ 0.
We now discuss the two cases separately.

Case (i) When %()\ —2n) — 1 = 0. For a Sasakian manifold we know that & is
Killing and hence £¢S = 0. Therefore, by (2.1) we easily get V: O = Q¢ — ¢ Q. For a
Sasakian manifold Q and ¢ commute (see [3]) and hence V; Q = 0. Now replacing X
by & in (3.1), recalling the last relation, (2.2), (2.4) and (3.4) we find

0pY — 2npY + {%(k—2n)— 1}(Yf)§ + %{QY+(m—A)Y} =0.

Taking inner product of this equation with X and by virtue of }n(k —2n) =1, one
immediately finds

2(0pY —2n9Y, X) + %(a‘)g(gy —2nY, X)=0. (3.6)

Anti-symmetrizing (3.6) yields (Qgp + ¢ Q)Y = 4ng Y, for all vector fields X. As Q¢ =
¢Q we have QpY = 2npY. Replacing Y by ¢ Y and recalling (2.2) it follows that M
is Einstein with constant scalar curvature r = 2n(2n + 1). Since M is Einstein and
%()\ — 2n) = 1, equation (3.2) yields Yf = 0. This shows that M is Einstein with

constant.
Case (ii). When (Yf) = (&¢/)n(Y). Applying Lemma 2, we can conclude that 1 is
constant on M. This finishes the proof. ]

Before proceeding to prove Theorem 2, we note that by a result of Qian [17], Case
et al. [9] remark the following:

REMARK 3.1. A complete Riemannian manifold with quasi-Einstein metric is
compact when m is finite and A > 0.

Proof of Theorem 2. We distinguish the cases (i) m = oo and (i1) 0 < m < oco. The
first case together with (3.3) shows that the associated K-contact metric g is a gradient
Ricci soliton. Since M is complete, the conclusion follows from the result of Sharma
(see [18]). Next, we proceed to the case (ii). By virtue of (2.2) and (2.1), we note that
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g((Vx )£, &) =0 and g((V:Q)&, Y) = 0. Thus, taking inner product of (3.1) with &
and using (2.2), (2.3) we have

1
{E(’\ —2n) — 1} [(YF) = (& )m(Y)] = 0. (3.7

Since m, A are all constant, from (3.7) we have either %()\ —2n)—1=0, or %(A —
2n) — 1 # 0. Making use of Lemma 2, we can conclude that f is constant, and hence
M is Einstein with scalar curvature 2n(2n + 1) > 0. So, the compactness of M follows
from Myers’ theorem. Applying the result of Boyer—Galicki [6], we can conclude that
M is Sasakian. So, it remains to consider the case (A — 2n) = m. From (3.3) and (2.2)
it follows that

ol

g(VeDf &) = h+ 2 —on,
m

By definition, we have g(&, Df) = &f. Taking covariant differentiation of this along &
and noting that V& = 0 (follows from (2.1)), we obtain g(V: Df, &) = £(&f). Hence,

EENH=r+ 2n. (3.8)

@& _

m
Since & is Killing &r = 0. Therefore, replacing Y by & in (3.2) we find that (2nA —
2nm + 2n — r)(&f) = 0. Using A = 2n 4 m the last equation transforms to {r — 2n(2n +
1)}(f) = 0. Suppose {r — 2n(2n + 1)} is non-vanishing in some open set N of M. Then
on N, we have (§f) = 0. Making use of this in (3.8) shows that & = 2#n, and this leads to
a contradiction as m > 0. So, we must have r = 2n(2n + 1), and clearly this is constant.
Now, contract (3.3) to get

Af =r— %|Df|2 —(2n+ DA
=2n2n+1)— Qn+ DHr — %u)ﬂ2
=—(—-2nQ2n+1)— %lDﬂz, (3.9)

where we have used the convention Af = —divDf. Since misfiniteand A = m + 2n > 0,
M is compact by the above Remark. Applying the divergence theorem (see [20]) on
(3.9) along with m = A — 2n, we obtain

/ |Df PdM = —(2n + 1)/ (A —2n)*dM = —(2n + 1)( — 2n)2/ dM.
M M M

Now X being constant and the volume form dM of a Riemannian manifold is always
positive. Thus, the right hand side of the preceding equation is < 0. On the other
hand, the integrand in the left hand side is non-negative. So we must have Df = 0. This
shows that f is constant, which in turn implies that M is Einstein. Applying Boyer—
Galicki’s [6] result (stated earlier), we conclude that M is Sasakian. This completes the
proof. O
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4. Quasi-Einstein («x, )-spaces.

Proof of Theorem 3. First, we note that for any contact metric manifold we have

[3]:

Vyé = —pX — ghX. 4.1)
and

Veh = ¢ — oh* — ¢l. 4.2)

From (2.6) we also have Q¢ = 2nk&. Differentiating this along an arbitrary vector field
X and using (4.1) it follows that

(VxQ)§ = Q¢ + 9h) X — 2nic(¢ + gh)X. (4.3)
Taking scalar product of (3.1) with &, using Q& = 2n«& we get
gRX, Y)Df. §) = g(Vy Q)X — (VxQ) Y, §)
+ 222 - ) (44)

Making use of (2.5), (4.3) in (4.4) and then replacing X by ¢ X and Y by ¢ Y yields

(Q9 + 90X — 9OhX — hQpX — (4nk)pX =0,

for all vector field X in M. Finally, applying (2.6) and (2.7) the last equation shows
(w =2k =+ Du. 4.5

Next taking & instead of Y in (4.4), recalling (2.5) and noting that (VyQ)&,&) =0,
(V:0)X, &) = 0 (follows from (4.3)) we obtain

hDf = o[Df — (§)5], (4.6)

whereo = *’%’;ﬂ and clearly this is constant. Differentiating (4.6) along an arbitrary
n

vector field X and taking into account (4.1), (3.3), (4.6), we find

@xhr —hox — "L ixpe 1

=oAX - 0X — (X(Ef))é + (&)X + phX)]. 4.7

Since Q¢ = (2nk)&, equation (3.3) provides

2
£(f) + 2nic (‘gf Uy @58)

On the other hand, from (2.5) it follows that / = —k¢? + uh. Using this and (2.7) in
(4.2) we at once obtain V:h = phe. Replacing X by £ in (4.7), using the last equation,
Q& = (2nk)& and (4.8) one immediately finds u/sDf = 0. This implies either (i) u = 0,
or (i) u # 0.

Case (i). Using ¢ = 0 in (4.5) we see that k = 0. Thus R(X, Y)& = 0, and hence
M is flat in dimension 3, and in higher dimensions M is locally isometric to the trivial
sphere bundle E"+! x S"(4) (see [3]).
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Case (ii). In this case, we have A1Df = 0. Using (2.7) one can easily deduce that

0=7/Df = (k — D¢’ Df.

Since ¥ < 1, we have either k = 1, or k < 1. The former implies that M is Sasakian and
the latter shows that Df = (&f)&, and hence f is constant, by Lemma 2. Consequently
M is Einstein, i.e. QX = (2nx)X. For dimension 3, M being Einstein it is of constant
curvature 0 or 1 (see [5]). Next, since M is Einstein it has constant scalar curvature
r = 2nk(2n + 1). Comparing this with (2.8) it follows that nu = 2(n — 1) — 2nk. By
virtue of this and QX = (2nk)X we easily find from (2.6) that 2(n — 1) + u)h = 0.
If 2(n — 1) 4+ ) is non-zero, then # = 0, and, hence, M is Einstein Sasakian. But if
2(n — 1)+ u = 0, then forn = 1, M islocally flat (as in this case © = 0 = «, and, hence,
R(X, Y)¢ =0)and forn > 1, using u = 2(1 — n) in (4.5), we see that k = n — % >1,a
contradiction. This establishes the proof. ]

It is well known [9] that a compact Riemannian manifold with a quasi-Einstein
metric with constant scalar curvature is Einstein. On the other hand, from (2.8) we see
that the scalar curvature of a (k, ©)-space is constant. Thus, for a compact («, u)-space,
and by virtue of the above theorem we have the following:

COROLLARYA 4.1. A compact non-Sasakian (k, ()-space with a quasi- Einstein metric
is flat and 3-dimensional with constant f.

Proof- Since M is Einstein and non-Sasakian, from the previous theorem (see Case
(i1)) it is obvious that M is flat and 3-dimensional with constant f. This completes the
proof. O
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