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Abstract

Let K, denote the class of all analytic functions f in the unit disk D :={z € C : |z] < 1}, normalised by
f(@0) = f'(0) = 1 =0 and satisfying |zf"(z)/g(z) — 1| < 1 in D for some starlike function g. Allu, Sokdl
and Thomas [‘On a close-to-convex analogue of certain starlike functions’, Bull. Aust. Math. Soc. 108
(2020), 268-281] obtained a partial solution for the Fekete—Szegd problem and initial coefficient estimates
for functions in K, and posed a conjecture in this regard. We prove this conjecture regarding the sharp
estimates of coefficients and solve the Fekete—Szego problem completely for functions in the class %K,.

2020 Mathematics subject classification: primary 30C45; secondary 30C55.
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1. Introduction

Let H be the class of all analytic functions in the unit disk D := {z € C : |z| < 1}. Let
B be the subclass of H consisting of all functions f in H with |f(z)| < 1 for all z € D,
By be the subclass of B with f(0) = 0 and A be the subclass of H consisting of all
functions f normalised by f(0) = f(0) — 1 = 0 with the Taylor series expansion

Q=2+ ad". (1.1)
n=2

Further, let S be the subclass of A that are univalent (that is, one-to-one) in D.
A function f € A is called starlike (respectively, convex) if (D) is a starlike domain
(respectively, a convex domain) with respect to the origin. The set of all starlike
functions and convex functions in S are denoted by S* and C, respectively. It is
well known that a function f in A is starlike (respectively, convex) if and only
if Rezf'(2)/f(z) > 0 (respectively, Re (1 + zf”"(z)/f'(z)) > 0) for z € D. For further
information about these classes, we refer to [5, 7].

A function fe A is said to be close-to-convex if the complement of the
image-domain f(D) in C is the union of rays that are disjoint (except that the origin
of one ray may lie on another one of the rays) and the class of all close-to-convex
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functions is denoted by K. This class was introduced by Kaplan [10]. A function
f € Ais close-to-convex if and only if there exists a starlike function g € S* and a real
number « € (—n/2,7/2) such that (see [5, 10])

Re (eiam) >0, zeD.
8@
In 1968, Singh [16] introduced and studied the class S;, consisting of functions f in
A such that

‘zf’(z) B
1@

It is easy to see that every function in & also belongs to S*. Singh [16] obtained
the distortion theorem, coefficient estimate and radius of convexity for the class S;.
Recently, Allu et al. [1] introduced a close-to-convex analogue of the class S;, denoted
by K. A function f in A belongs to K, if there exists a starlike function g € 8* such
that

1’<1 for z € D.

z2f"(2)
8(2)

Clearly, every function in %K, is close-to-convex.

It is well known that if f € S is of the form (1.1), then |a,| < n for all n > 2, and
equality holds for the rotations of the Koebe function k(z) = z/(1 — z)*. Singh [16]
proved thatif f € S;, then|a,| < 1/(n — 1) for all n > 2, and this inequality is sharp. In
2020, Allu et al. [1] studied coefficient bounds for the functions f(z) of the form (1.1)
in the class K, and obtained the sharp bounds |a;| < 3/2 and |as| < 5/3 and proposed
a conjecture that |a,| < (2n — 1)/n forn > 4.

The Fekete—Szegd problem is to find the maximum value of the coefficient
functional

—1’<1 for z € D.

®,(f) = las —pasl, peC,

when f of the form (1.1) varies over a class of functions ¥ . In 1933, Fekete—Szego [6]
used the Lowner differential method to prove that

1+2e /00 for0<pu<1,

D =
1}12;( W) {1 foru=1.

In 1987, Koepf [12] obtained the sharp bound of ®,(f) for any u € R for the class K:

1
13 — 4yl if,ue(—OO,g]U[l,OO),

4 12

[0)] = — J—

maxPul) =13 %5, lf“e[s’s’
2

1 fuelZ

HH [3 ]
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The Fekete—Szego problem has been studied for different subclasses of S (see
[9, 13-15, 17]). Allu et al. [1] considered the class /K, and obtained an estimate of
the Fekete—Szeg6 functional |a; — ua%l with u € R. However, they were only able to
show sharpness when 4 <0, 2/3 <p <1andu > 10/9.

Let LU denote the subclass of H consisting of all locally univalent functions
in D, thatis, LU :={f € H : f'(z) # 0 for all z € D}. For a locally univalent function
f € LU, the pre-Schwarzian derivative is defined by

")
f@’
and the pre-Schwarzian norm (the hyperbolic sup-norm) is defined by

1P/l = sup(1 — [z*)IPs(2)I.
zeD

Pi(z) =

This norm has significant meaning in the theory of Teichmiiller spaces. For a univalent
function f, it is well known that ||P/|| < 6 and the estimate is sharp. However, if
1P|l < 1, then f is univalent in D (see [2, 3]). In 1976, Yamashita [18] proved that
||P#|l is finite if and only if f is uniformly locally univalent in D. Moreover, if ||P/|| < 2,
then f is bounded in D (see [11]). We will obtain results related to the pre-Schwarzian
norm for functions f € K,,.

We first prove the conjecture |a,| < (2n — 1)/n for n > 2 for functions in K, as
proposed by Allu et al. [1]. We next obtain the sharp estimate of the Fekete—Szegod
functional ®,(f) for the class K, for any u € R. Finally, we obtain estimates of the
pre-Schwarzian norm for functions in K.

2. Main results

Before stating our main results, we will discuss some preliminaries which will help
us to prove our results. The first lemma is part of a result proved by Choi et al. [4].

LEMMA 2.1. ForA,Be Cand K,L,M € R, let
QA,B,K,L,M) = Tna>1((|A|(1 —JusP) + 1BI(1 = 1 ?) + |Ku? + Lv? + 2Muyvy).
u <

lviI<1

Further consider the following four conditions involving A, B, K, L, M:

(A1) |A| = max |K|ﬂ |M| |K|
(A2) |K|+|M|<|A|<|K|\/

Bl B| > L 1—— M| — |L|;;
(B1) |B|> max | |\/ 7l ||},

B2) |L|+|M|<|B|<|L 1——
(B2) |L|+ M| <|B| <|L| XL
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IfKL > 0 and D = (K| — |A|)(|L| - |B|) — M?, then

M2
Al + |L| = ———— if|A| > M|+ |K|and D <0,

KT~ ]
QA,B,K,L.M) = Bl + K| - T if|B| > M| +|L| and D < 0,
K| + 2|M| + |L| otherwise.

If KL < 0, then (A, B,K,L,M) = |A| + |B| + max{0, R}, where
2

KT - |A] + B+ 1L
R= 2

IL| - Bl +

when (B1) holds but (Al) and (A2) do not hold,

m, when (Al) holds but (B1) and (B2) do not hold.

For two functions f and g in H, we say that f(z) is majorised by g(z) if |f(z)| <
|g(2)| for all z € D or equivalently, if there exists w € B such that f(z) = w(2)g(2).
Let f(z) = 2,2 a.2" and F(z) = 37 A,Z" be two power series convergent in some
disk Eg = {z: |zl <R, R > 0}. We say that f(z) is dominated by F(z) and we write
f(z) < F(z) if for any integer n > 0, |a,| < |A,|.

LEMMA 2.2 [8, Theorem 6.7]. If f(z) = X2, a,7", z €D, is majorised by g and

n=1

g €8, then |a,| < n for all n > 1, that is, f(z) < k(z), where k(z) = z/(1 — 2)* is the
Koebe function.

Our first result confirms the conjecture of Allu et al. in [1].

THEOREM 2.3. Let f € K, be of the form (1.1). Then,
2n-1

la,| < foralln > 2.

Moreover, the estimate is sharp.

PROOF. Let f € K, be of the form (1.1). Then there exists a starlike function g € S*

such that

'@ _
8(2)

Further, there exists a function w(z) € By such that

2f'(2) = g1 + w(2)),

1‘<1.

that is,
z2f' (2) = g(2) + 28(Dwi(2) (2.1)

for some w;(z) € B. Since, g(z)w;(z) is majorised by g(z) and g € S*, by Lemma 2.2,
the function g(z)w;(z) is dominated by k(z), that is, g(z)w;(z) < k(z). Thus, from (2.1),

2f'(z) < k(2) + zk(2),
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and consequently,

2n—1
la,| < .
n

The estimate is sharp for the function f; € K, given by

A2 = -2 log(l - 2). o
1-z

For functions in %,, Allu et al. [1] obtained an estimate of the Fekete—Szego
functional |az — ,ua%l with u € R. The result is sharp only when pu <0, 2/3 <
p < 1and g > 10/9. In the next theorem, we will give the sharp bounds of |az — ua%l
for all values of y € R. Our proof is completely different from that in [1]. Our main
tool to get the sharp bound is Lemma 2.1.

THEOREM 2.4. Let f € K, be given by (1.1). Then for every u € R,

374 =0
45-3 2
;4+£3 fO<ps3,
las — pa3| < % if%SuSL
3(33'1:1__54) ifl<pu<—,

Moreover, all the inequalities are sharp.

PROOF. Let f €K, be of the form (1.1). Then there exists a starlike function
8(2) =z + X7, byz" in 8" such that

ﬂ19—4<1.
8(2)
Thus, there exists w(z) = 3,7, c,2" in By such that
, ()
f&%=%rﬂ+w&» 2.2)
From (2.2), comparing the coefficients of z2 and z* on both sides,
b by 1

@=§+% mim:%+§+?m. 2.3)

Since g € §*, it follows that there exists another p € B, of the form p(z) = .| dnz"

such that
(@) _ 1+p@)
g2  1-pk)

(2.4)
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On comparing the coefficients of z2 and z* on both sides,
by =2d, and bs=d,+3d:. (2.5)
From (2.3) and (2.5),

1 o dy 5 2
=d +— d ==+ —=+d;+ =dc.
ap 1 > an as 3 3 1 3 1C1
Therefore, for any u € R,
as — ua; = Acy + Bdy + Kei + Ld; + 2Mcd;,

where

Thus,
las — pa3| < |Allcs| + Bllda| + |Kc} + Ld? + 2Me,d, |
< |AI(1 = [e1*) + BI(1 = |di[*) + |Kc? + Ld® + 2Mc:d,|.

Now, we have to find the maximum value of |az — ua%l when || £ 1, |d{| £ 1. To do
this, we will use Lemma 2.1 and consider the following five cases.

Case 1: Let u < 0. A simple calculation shows that

p(l —p) 2-3u
KL=-—"—"">0, D=-
4 = 6

Therefore, from Lemma 2.1,

<0, |Al<IM|+IK]|, |B| <|M|+I|L|

laz — pa3| < K|+ 2M| + L] = 3 - Jp.

The inequality is sharp and the equality holds for the function f € K, given by (2.2)
and (2.4) with w(z) = z and p(z) = z, that is,

2 3 5
f(Z)=—Z+10g(l—z)=z+—zz+_z3+..._
-z 2 3

Case 2: Let 0 < u < 2/3. A simple calculation shows that

(- _

KL = —
4

0.

Thus, from Lemma 2.1,
las — ,ua%l < |A| + |B] + max{0, R}, (2.6)
where R can be obtained from Lemma 2.1. For 0 < u < %

4-9u

M| - K| =
M| - Kl = —

<z =M

W =
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/ M2 2-3u? 1
K12 o) e B 1 2230 L
KL 4 Qu(l —w — 3

& 3> -20u+16 >0,

and

which is true for all i € [0, 2/3]. Thus, the condition (A1) of Lemma 2.1 is satisfied.
Again, for 0 < u < 2/3,

3u—4
M| - L) = £

M? 2-3u)? 1
L1 =M B e (1 — g1+ &2 L
KL u(l —pw) — 3

= 3> -8u+4<0,

and

which is not true for any u € [0, 2/3]. Thus, the condition (B1) of Lemma 2.1 is not

satisfied. Further, for 0 < u < 2/3,

4 —3u
4

and so, the condition (B2) of Lemma 2.1 is not satisfied.
Therefore, by Lemma 2.1,

IL| + M| =

\%

>1sp
-2

M? 2 (2 -3p)?

= + —
A+ Kl 3 M aa+3p

R=|L|-1|B| +

and consequently, from (2.6),

40 -3
— 2 o N
a3 ~ sl < 3 30y
The inequality is sharp and the equality holds for the function f € K, given by (2.2)
and (2.4) with
w(z) = M and p(z) =2z,
1+ aviz

where

2(2 - 3u) 1% .

V]ZW and azl_—v% with V%"‘Vz:ls
that is,
“1 7] t+ at? 6 80 + 120u — 3642
f(z)=f +(aV1+V1)"—‘a di=z+ 24 00+ 120 2# I
o (=021 +avi?) 4+ 3u 3(4 + 3u)
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Case 3: Let 2/3 <u <1. It is easy to show that KL = —%y(l —u) < 0. So, from
Lemma 2.1,

las — ua3| < |A| +|B| + max{0, R}, 2.7)

where R can be obtained from Lemma 2.1. Proceeding as in Case 2, we can verify that

the condition (A1) holds but (B1) and (B2) of Lemma 2.1 do not hold. Therefore,
M? -1 2
R = K| - |A| + =BT <0 fors<pu<l1
Bl +1L| 4 -3pu 3

and consequently, from (2.7),

2 1 1 _2
|(13—/.1612|S§+§—§.

The inequality is sharp and the equality holds for the function f € K, given by (2.2)
and (2.4) with w(z) = 7% and p(z) = 22, that is,

1+ 2
f(z)zlog—z—z=z+—13+'--.
1-z2 3

Case 4: Let 1 < u <10/9. A simple calculation shows that
pd —p) 1 —pu
— >0, D=-
4 3

Thus, from Lemma 2.1,

KL = — <0 and |B|> M|+ |L|.

M? 5-3u
las — ua?| < |B| + |K| - = .
3THG L= 1Bl ~ 3(4-3u)

The inequality is sharp and the equality holds for the function f € K, given by (2.2)

and (2.4) with
az(z +av
@)=z and p(2)= 1(+—z)
1
where
3u-2 1) . )
e A— d = — th + = 1,
Vi g 6,Ll an a 1 v% W1 Vi+tWw
that is,

8(2) (fz 2(vy + at) ) 2 2
— = dt)=14+2viz+(@&vy - Dz"+---
Z xp 0 1+[1V_1[—V12‘—(ll‘2 nzt( Vi ¥

and

Z 2
8() 1 5 30u—20-9u" 4
= —{+ndt=z+ +
7@ i: P TR A e

Case 5: Let u > 10/9. A simple calculation shows that

1- 1-
A= o po LoH

KL = >
4

<0, [Al<IM|+IK|, |Bl<|M]|+]|LI
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Thus, from Lemma 2.1,

9 5
las — 3] < K|+ 2M| + 11 = = - 2.
4 3

The inequality is sharp and the equality holds for the function f € K, given by (2.2)

and (2.4) with w(z) = z and p(z) = z, that is,
2 3 5
f(z):_Z+10g(1—z)=Z+—Z2+—ZS+.... 0
l-z 27 3

Finally, we establish a result related to the pre-Schwarzian norm for functions in K,,.
We first note that a function f in A belongs to K, if there exists a function g € S* such
that |zf"(2)/g(z) — 1] < 1. In other words, if there exists a convex function & € C with
g(z) = zh'(z) such that

f(@
h(z)

THEOREM 2.5. Let f € K, and h € C be the associated convex function. Then,

-1 <1

HIPEI = NIPall | < 2,
and the estimate is sharp. Further, ||Py|| < 6.

PROOF. Let f € K, and h € C be the associated convex function such that
J'@
h ()
Then there exists a function w(z) € By such that
'@
W (z)
Taking the logarithmic derivative on both sides,
['@) W@ _ @)
@ @ 1+ok)

1l < 1.

=1+ w(2).

and so,

f//(Z) 3 h//(z) < f//(Z) B h//(Z) _ ‘ w/(z)

@l !l 1 K 1+ @)l
Thus,

T ol R

[Pl = 1Pl | = ilellg(l |2]) f’(z)' igﬂg’(l |z h'(Z)H
ol @) R ()
< sup(l ~ ll eI )’
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el re
=swl~kOI e ~
L W)
= sup =D

Since w(z) € By, by the Schwarz—Pick lemma,

1 - |w(z)l?

W' () <
|’ () T

Therefore,

1 - |w(z)P
P = 1Pl ] < sup — 220 <o
/ M+ w@)

The above inequality is sharp for the functions

f(@=-log(1 —z) and h(z) = %_Z

It is well known that ||P,|| < 4 for f € C (see [19]), and so ||P]| < 6. O
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