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Computing indefinite integrals by difference
equations

MEHMED NURKANOVIC and MIRSAD TRUMIC

1. Introduction

In teaching mathematics to first-year undergraduates, and thus in the
appropriate calculus textbooks, the task of calculating an integral that
satisfies a specific first-order or second-order recurrence relation often
appears. These relations are obtained mainly by applying the method of
integration by parts. Calculating such integrals is usually tedious, especially
for an integer n > 2, time-consuming, and presents the possibility of
making a large number of errors when computing involves multiple iterative
steps. In [1], it is shown that in two cases (Theorems 2.1. and 2.3), the
process of calculating integrals satisfying first-order recurrence relations can
be performed quickly using easily memorised closed-form formulas for
corresponding primitive functions. The question can rightly be asked
whether there is a faster way to calculate other integrals of this type. In this
paper, our goal is to give an affirmative answer to such a question, though
without convering all situations. Since each recurrence relation is equivalent
to a difference equation of the same order, the calculation of integrals
mentioned above can be reduced to solving the corresponding difference
equations. Since every first-order or second-order linear difference equation
is solvable, it follows that for every integral which can be reduced to a first-
order or second-order recurrence formula, it is possible to find
corresponding primitive functions directly. Sometimes such a procedure is
much faster than iterative solving of the integral. Closed-form formulas for
the integrals discussed in the following sections are not unknown (see [2]).
However, here our goal is to present the idea of computing indefinite
integrals using difference equations. We will discuss it in more detail in
Section 2. In Section 3, we discuss the application of the results obtained to
calculate several improper integrals and the application of some of them in
different sciences. An exciting example of such an application is the integral

f(;o X+ D2g=axgy which in the case n = 1 is used in the kinetic theory of
gases, particularly in the Maxwell-Boltzmann distribution of gas molecules
by energies (see Remark 4). Also, we compare the formulas obtained by the
method of difference equations with the formulas obtained using Wolfram
Alpha software (see Remark 5).

2. Formulas in closed form for repeated integration by parts

In this section, we will consider indefinite integrals satisfying a first-
order or second-order recurrence relation. Recall that each recurrence
relation is equivalent to the corresponding difference equation of the same
order. Therefore, we will consider closed-form formulas that represent
solutions of first-order and second-order linear difference equations in the
following subsections.
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2.1. Integrals that satisfy first-order reccurence relations
The first-order linear difference equation has the following form:
Xni1 = QX + by, nzn =0, (D

where {a,}, and {b,}, are given sequences. By using mathematical
induction it can be shown that its general solution is of the form

n-1 n-1 n-1
X=X [Jar+ D e ] aw 2
i=ngp k=ng i=k+1

foralln > ny > O (see, e.g. [3, 4, 5, 6]). By including the so-called initial
condition xj, a particular solution of (1) is obtained. Therefore the following
theorem holds.

Theorem 1
Let integrals I, satisfy the recursive relation
Lo = al, + bm (3
forn > ng > 0. Then, apart from an arbitrary constant,
n—1 n—1 n—1
Li=1, [Ta+ X b I] a (4)
i=n K=ny i=k+1

Hence, to solve integrals that satisfy a recursive relation (3), it is enough
to apply an easy-to-remember formula (4).

Let us demonstrate this procedure in the proof of the results of the
following theorem.

Theorem 2
Let n be an integer. Then, apart from an arbitrary additive constant, we
have:
(a) ([1], Theorems 2.3 and 2.1)
—ax n\(D n\(2) n\(n=1) n\(n
J'x”e’“"dx = —e{x”+ ) + (x)2 + .+ ) —+ ],forn >0anda # 0.
a o a o' a
In particular,
. 2 n-— n
J‘x"eﬂdx = - [x" + (x")(l) + (x")() + ...+ (x")( Yy (x")( )]
= [+ - DX+ +nlx + nl].
(b)
d 1.3..(2n-3 o 25N k- 1)
f o (2n )[arctanx+z ( ‘X 7| (5
(1+x2)" 2"n=(n—1)! S13..2k=1) (1 +x?)

forn > 1.
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©)
f _ (_1)”‘1 1.3..(2n = 3)
(x? = a?)" 2a? (n - 1!
1 k-1 k- 1! X
X[E il 2 -2 1.3.(-.-.<2k)— DG - a2>k] ©
forn > landa # 0.
(d)
n n 1., 1 3 L =l )
J.ln xdx=(-1) n!x[l —Inx + 2—!ln X — iln X+ ol In x}, (7)

forn > Oandx > O.

()
[Vxnxdx = (—1)"(§)n+ P 2( 1) ( ) In’ x

n+1 21 9 .
colef e o] o

forn > Oandx > O.

Proof:

(a) Setting I, = [ x"e"“dx and using integration by parts, we obtain
n+1 I e 7axxn +1
n a ’

In+1 =

+ 1
which is a difference equation of the form (3), where a, = n ,
a

e—ax 1 e—ax
b, = —x""', np =0 and I, = J.e*‘”dx = -
. a ., . . . . .a
arbitrary additive constant. By solving this equation using (4), we get

, apart from an

i+1 nl nll+1 efaxkl
n-(I1! )zo+z I (-
i=0 0\i=k+1 a a
_ }’l_' e _ —atz(k+2) n k+1
aVl
—ax 1
}’l' e —axn n! k+1
=l X o
a a oot (k+1)!

e n!  nlx nn—-Hx""? m"t
=——— Tt > + +x
a La" a'~ a a

—ax (1 ) (n—1) (n)
e ax xn xn xn xl’l

=——[x”+() +()2 +...+()1 +() .
a a a a"” a

For a = 1, the result for the integral f x"e™ dx is obtained.
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(b) Using integration by parts and substitution, (3) is obtained, where

I Jd_x g -, x
" 1+ 2n 0" 2n(1 + ) 0
dx
and/, = J.sz = arctanx.
dx 2n - 1) X
C In=77an=_7a e S =1
© d(x2 - ai)” 2na? 2na*(x* — @) 0
and /| = Iz—)cz = — ¢ , apart from an arbitrary additive constant.
xX*—a*> 2a Ix+a

@ I, = jln”xdx, ay=—(m+1), b, = xIn"*'x, ny =0 and

Ip = [1dx = x, apart from an arbitrary additive constant.

(e I, = [VxWn"xdx, a, = =3(n + 1), b, = 2 In"*'x, ny = 0 and

Iy = JWxdx = 2x¥2, apart from an arbitrary additive constant.

Remark 1

Notice that the indefinite integrals [ In"xdx and [+/x In"x dx can be
calculated almost immediately by using the substitution Inx = ¢. Its
evaluation can be finished by applying Theorem 2(a).

Remark 2

Theorem 2.1 in [1] arose from an inductive process using only
derivatives. Above, we showed how the same result could be obtained by
solving the corresponding difference equation.

2.2 Integrals that satisfy second-order reccurence relations

When integration by parts leads to a recurrence relation of the second-
order, solving the corresponding difference equation cannot be achieved by
means of (2). Several other methods can be used in such cases (generating
functions, variation of parameters, generalized series, Z transform).
However, these are usually difficult to apply when the difference equation
has variable coefficients and they wusually end up unsuccessfully.
Fortunately, closed-form formulas exist that represent solutions of
inhomogeneous second-order difference equations with variable coefficients
(see [7]).

Note that it is well known how to determine the general solution of a
(non)homogeneous linear difference equation with constant coefficients
using the roots of the corresponding characteristic equation. Hence, if the
integral can be represented in the form of a second-order difference equation
with constant coefficients, then it can be solved.

Now, we will demonstrate the calculation of indefinite integrals that
satisfy a second-order recurrence relation with variable coefficients. For this
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purpose, we will use closed-form formulas to solve second-order difference
equations with variable coefficients. At this point we need to recall some
preliminary concepts and results (see [7]).

Definition 1
For any sequence {a,}, - and any positive integers k and m, we define
the integral of a, between k and m as the value

max{k,m}

fk aVj = sign(k — m) 2 a;,

Jj=min{k,m} + 1

where sign (0) = 0, sign (-k) = —1 and sign (k) = 1.

Consider the second-order difference equation with variable coefficients
of the form

aXni1 — bpxy + cpo1xy g = fm n=12, .., (9)
where a, > 0, b, 2 0,¢c, > Oand f, > O foralln > 1. If f, = O for
n > 1, then we obtain the equation

ApXns1 = by + chio1Xy-1 = 0, n=1 2, .., (10)

is called the homogeneous equation associated with (9).
The next result is taken from [7], Proposition 4.2.

Lemma 1

If we denote by S the set of solutions of the homogeneous equation (10)
and by S (f,) the set of all solutions of (9) with given sequence {f,};— , then
we get S(f,,) = x, + S, where x,, € S(f,). Moreover, given non-negative integer
mand a, B € R, if x, is the unique solution of the initial value problem

ApXpy+1 — bnxn + Cp-1Xn-1 =fn; n= 1, 2’ s Xy =0y X1 = ﬁ»
then x, = y, + z,, where z, is the unique solution of the initial value
problem for the homogeneous equation
ApZpy1 — ann tCho1Zp-1 = Os n=1, 2’ e I = Oy Zpy1 = ﬁ’
and y, is the unique solution of the following initial value problem
AnYn+1 — bnyn + Ch-1Yn-1 =fn; n=1,2,.., Ym = Ym+1 = 0.

It is necessary to introduce the Green function to state the solutions of y,
and z, explicitly.
Definition 2

The Green function for the difference equation (9) is defined as the
functiong : N x N — R with the following properties:

(1) g(, j)is the unique solution of the homogeneous equation (10),
. . . . 1
(i) g@¢,j) = O0andg( + 1,)) = p

j
forallj € N.
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Remark 3
The sequences {y,},-1 and {z,},-; from Lemma 1 have the forms

Yu=lngDF(H)Vj and  z, = Ba,g(n,m) - acyg(n+1,m) for any
n e N\{O}.

Note that (9) is called uncoupled if b, = 0 for all n € N\{O}. The
following result ([7], Corollary 7.6) gives us instruction on determining the
Green function for the uncoupled equation.

Lemma 2
Ifa, # Oand ¢, # Oforalln = 1, 2, ..., the Green function for the
uncoupled equation
AyZps1 + Cpe1Zn—1 = 0, n=1,2, .. (11D

is given by
Co-1

1 1 _
gn+ 1,)) = )'"7"— ] =  nJje N0},
Ay 1251 G

_ 1 1
g@n2j + 1) = (-1 7! 2 pj e N0},
Con 1 Zj+1%20-1

g(m, k) =0, otherwise.

We are now in position to prove the next theorem.

Theorem 3

(a) If I, = [x"?¢™®dx, a # 0, then for any integer n > 0, apart from an
arbitrary additive constant

Lon Z(k+1)v ’

k=0

1-3---2n+1) - a) <2k+1>/2}
Iy = — 2T DNy TS YRR . (12
o (2ay [‘ @ BT ()

(b) For any integer n > 0, apart from an arbitrary additive constant

; 1-3---(2n-1 ! 2kt
J.ineilzdx _ (2n )|:J'ex2dx _ e—xz z X2k1:|,
2 A3 2k 1)

e, 1 — (1! 2% -1
wherefe dx = ENG erf (x) = k; k — Dl 2k - l)x
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Proof:
(a) Using integration by parts we have

- 1 o N+ 1 o
1n+1 = J.x(n+ 1)/26 Ddx = __x(n+l)/2€ ax 2— J'x(n 1)/26 ma’x’
a a

i.e. we obtain

1 . + 1
Ly = —xmemar (BT 40 s (14)
a 2a

which is the equation of the form (11) with z, =1, a, = 1,
Cho1 = —%(n + andf(n) = " D2 foralln > 1.
By Lemma 2, the Green function for (14) reads
) _if 2+ 3\ 2j+5 2n+1
e, 2=ty 2225 (2
8(2n j) = (=1) oy y "
(2 +3)(2j+5)...2n+ 1)

Qay , n,je{l, 2,...},
. i 2j+4\( 2j+6 2n+2
2,2+1=—1"”(— a )(— )(— )(— )
glam y+1)=(1) n+1 2a 2a 2a
1
=—an—j—1(j+2)(j+3)”~na njel{l, 2,...},
g(i,k) =0, otherwise.

(1) Substituting n by 2n in (14) we see that solution of the given equation is
I, = Jo, + Ly, n =0,

where we determine J,, and L,, in the following way.
By Remark 3 (witha = Iyand f = I,) the integral J,, has the form
Jon = Liapg(2n, 0) — Iycog(2n, 1) = 0,
since g (2n, 0) = 0 and I, = 0. Moreover, the integral L,, is the solution
of the following equation

+ 1 1 .
Lysn — nlen - —;x’“lew‘ = f@n+ 1), n>0.

Hence, by Remark 3,
2n -1
Ly, = L g(2n, 2/ + DfQj + DV (2j + 1)
2+1=2m-1
= Y g@n 2+ DFQi+ D)
2+1=1
n-1
= Zg(2n, 2/ + DFQRj+ 1)
7=0
n—-1 j
_ —ax ' a]

Xj+1
a AG+DT T

https://doi.org/10.1017/mag.2023.99 Published online by Cambridge University Press


https://doi.org/10.1017/mag.2023.99

COMPUTING INDEFINITE INTEGRALS BY DIFFERENCE EQUATIONS 481

Therefore
In=Jn+L,,=——_‘”" , n = 0.
2 2 2 2 G+ 1),

(i1) Analogously,

Vv
=)

Lyt = Jos1 + Lowyrs n
The integral J,, , | has the form
Jowi1 = Lag2n + 1,0) — Ipcog(Pn + 1, 1) = L1ig(2n + 1, 0)
_ 1.3..2n + 1)1
(ay
since g (2n + 1, 1) = 0. The integral L,, .  is the solution of the equation

1s

2n + 1 1 _
Lyy — nlen_1 = —;X(ZrHl)/ze o= f(@2n), n=0

and by Remark 3 we have

2n
Lo = [ g@n+ 1, 2)f )V (2)
2j=2n

Y, g@n + 1, 2)f (2))

2j=2

D gn + 1, 2)f (2))
=1
1 1 n-1

——e 2+ 1)/2
& a v Z 2 + 32+ 5)... @n + 1)(2ayx2¥ 2,

which implies (12).

(b) Using integration by parts we have

J‘xzne—xz _ _% J'xZn—ld (e—xz)

1 g1 22 2n -1 o 2

— ey T J-xzn e d.
2 2

It means that we obtain the following second-order recurrence relation:

2n + 1 |
Lywr = = —hy = =X e =0, L, (19)
where I, = [x¥e™dx, a, = 1, c3u=—-3Q2n+1), fQn+1)=-1x>* e
(n = 0,1, ...). By using Lemma 2 we see that the Green functlon for (15)

reads
gn + 1, 2)) = (—1)"_j(_¥)(_2j2+ 4)’” (_2_2”)

G+ DG +2)..n nje{0l, ..},
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g(2n, 2j+1) = (—1>""'1(‘2n1+ 1)(_2,-;3)(_2,-;5)“.(_2”; 1)

1 . . .
=F(2]+3)(2j+5)...(2n—1), n,je{0, 1, ...},

g(i, k) = 0. otherwise.
The solution of (15) is

[2n = J2n +L2m n > 0’
where we determine J,, and L,, in the following way.
The integral J,, has the form

Jo = Liaog 2n, 0) — Iocog (2n, 1)
( 1)1'3~-(2n—1) 1-3---2n - 1)
= —Iy|-= = I
2 2n—1 on
since g (2n, 0) = 0. Also, by Remark 3

2n—1
L= [ 8Cn 2+ Df@+DHVQ+ D

05

n-1
Y g@n, 2j + Df(2j + 1)

j=0
_ 1:3-.-(@n- 1)e,xzi 2/'-1. ey
on j211.3...(21_1)
which implies (13).

3. Applications

In this section, we list some applications of the integrals discussed in the
previous section to calculate the corresponding improper integrals using the
results presented above.

Theorem 4
The following results hold:
- (2n - 3w
@ [ - Gn= 7
0(1+x) 2:4.--(2n -2)2

(b) jo In"xdx = (-1)"n!,

©) j;& In"xdx = (-1)" (z)mn!

® on —ax 2n + 1
(d) -[0 Ko DRgaxgy = (Za)(”” )\/7

_ = o -2 _ (2]’[— 1) \/—
(e) Ign = J-OX e dx = #7
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Proof:
(a) If we set
%(x)=M|:arctanx+ ol + ...+2'4'“(2n_4)- al _1},
2-4..-(2n-2) 1+2 1-3---2n=3) (1+x%"
then using Theorem 2 (b) we obtain
< dx . 1-3---2n - 3x
———— = lim#x) - 0 = ————. 16
fo(1+x2)" Im 3@ = HO) = S a2 (10
(b) If

1 1 -1y
F(x) = (—1)"n!x‘:1 —Inx + — In’x — — In’x + ... LY ln"x},
21 3! n!

then we get lim % (x) = O since

x— 0

k k-1.\1

. k . In*x . k(ln*~Tx)1

lim x In"x = lim —/— = lim ————
x— 0+ x>0y x—0* X2

. k-1 k :
= -k limxIn"""x = ... = (-1)k! lim x = 0.
x— 0* x— 0+

According to Theorem 2 (d), the following result holds:
1
j In"xdx = F(1) — lim F(x) = (-1)"n!. (17
0 x—0*
(¢) In Theorem 2 (e), set

G(x) = (—1)"(§)n+ln!x3/2[l - gl%x + (3)211;2!)“ - +(—1)"(§)nlnnx]

2 n!
Now, since
lim x* In*x = 0, k=12, ...,
x—0*
we get lim 4 (x) = 0. Hence
x— 0
1 n+1
[ Vrmn'xdx = (1) = lim G(x) = (—1)”(—) nl. (18)
0 x— 0" 3

(d) If we set

1-3---2n + 1)|:] 3 Q i (2a)k x(2k+1)/2:|
2ay' Yoa A3 2k + 1) ’

then the consequence of Theorem 3 (e) is the following:

I (x) =

j KPHED2 g = fim 9 (x) — H(0) = wll
0 X —> oo (2@)"
1-3.--- (2 1
_ M E’ (19)
(2a)"“ a
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since
o —ax \/E
[1 = J.O \/;6 dx = ﬁ’
(e.g. by using Laplace transform, [8, 9]).
(e) If
1-3---(2n—1)|: e 2 k-1 2,,_1}
= = “dx — - ,
@ (x) I je x — e Ag‘11~3--'(2k—1)x

then using Theorem 3 (b) we get
1-3---2n-1) ~ e

L, = J-mx2"efx2dx = lim ¢ (x) — ¢(0) = dx
0 e A 0
=1-3---(2n—1)‘ﬁ 20)
2n 2’

since I, = fo e Cdx = \/2—5

The integral [, = J‘ e Cdx = g has wide application in probability
0

theory and mathematical statistics.

Remark 4

For n = 1, (19) has application in the kinetic theory of gases, particularly
in the Maxwell-Boltzmann distribution of gas molecules by energies. Thus
the average kinetic energy is expressed as

— = EN
E = [ =-EdE,
o N
where
dN 2N —E/(kT)
N = — = VE e .
. dE Nak’T3

Now, using (19) with a = ﬁ (T > 01s the abslolute temperature), we obtain

— 2 °° 3/2 —E/(kT) 2 3 JT 3
EFE=——| FE dE = . = —kT
kT3 IO ¢ Va3 (&) 1/ (kT) 2

which means that the mean kinetic energy does not depend on the type of
gas, but only on the temperature.
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Remark 5

For the integrals considered in the above sections, it is possible to obtain
formulas in closed form by using Wolfram Alpha software. Such formulas
are more general and apply to complex functions. As we will see in some
cases, these formulas coincide entirely with the formulas obtained in this
paper. In some cases, the Wolfram Alpha answer is given in the form of a
power series. The following are formulas obtained using Wolfram Alpha.

[og" ()dx = (~1og(x)) " log" ()T (n + 1, - log(v)),

j Vxlog"(x)dx = 2" 37 (= log (x)) ™" log"(x)F(n +1,-
1 3 >
I(1+ 2)"=“F1(§’”’E’_x)’

dx 2 2\ 1 3 x?
.[(xz_az)nzx(x —a) (1—;) 2F1(5,n,5,; )
y 1 -n-}% 1
J‘xz"e_*zdx = "1 () 2l"(n + —,xz),
2 2

where log (x) is the natural logarithm, I' (m, x) is the incomplete gamma
function, ,F,(a, b; c; x) is the hypergeometric function. If n is an integer, then
n-1

IF'n,x) = (n— Dle™ =,
o k!

3 lo§(x))’

soitis, forx > 0,

nor_ k noo1\k Ik
J’ln"x dxy = (_1)”n!31"x ZM = (-1)"nlx ZM’
. k=0 k!

which is the same as formula (7).

Analogously,
2 n+1 31
(—1)"(—) r(n + 1, —ﬂ)
3 2

(_l)n(é)ml 12 Z( 1y ( ) In* (x)’

which is the same as the formula (8).
Since

J' Vx In" (x) dx

ab ,ata+Dbb+1) 5 (@)n (D), X"
2F1(abcx)—1+1' X+ Nee+ 1) ZB ©, p

where (a)n is a Pochhammer symbol, we obtain
1 3 - 1)... k—=1) 5
J‘ = szl(—,n;—;—x2)=x 1+2(_1)kn(n+ ). (n+ )xy‘ .
(1 +x2)” 272 k'(2k+ 1)
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Wolfram Alpha shows that forn = 0, 1, 2, the last formula coincides with
formula (5). Therefore we can say that formula (5) is more practical to use
because it has a more straightforward form; it is a finite sum. An analogous

d
conclusion holds for integral f ﬁ
x> - a

Assuming that n and x are real, we obtain
2n —x? 1 2n + 1 ( 1 2)
dx = —— I + -, ,
J-x e dx > sgn (x) n > X

where

S I
F(n+2,x rln+ erf (Va2) + (=1 'e ﬁkﬁa > ”n_k_l( ), (21)
which shows that the formula (13) is simpler than (21).

The advantage of the formulas obtained in this paper over the formulas
obtained using Wolfram Alpha is that the former have a more
straightforward form. They do not contain special functions such as gamma
or hypergeometric functions. On the other hand, none of the integrals (16),
(17), (18), (19) and (20) can be calculated using Wolfram Alpha. This points
out the advantage of the formulas obtained in Section 2.
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3. Lydgate was not blind to the dangers of such friction, but he had plenty
of confidence in his resolution to avoid it as far as possible: being seven-
and-twenty, he felt himself experienced.

4. Tt was only by scorning all she met that she kept herself from tears, and
the friction of people brushing past her was evidently painful.

5. “Friction of the air. Going too fast. Like meteorites and things. Too hot.
And, Gibberne! Gibberne! I'm all over pricking and a sort of
perspiration.”

6. FIDDLE, n. An instrument to tickle human ears by friction of a horse's
tail on the entrails of a cat.
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