Proceedings of the Royal Society of Edinburgh: Section A Mathematics, 1-51, 2024
DOI:10.1017/prm.2024.102

On Riemann—Hilbert problem and multiple
high-order pole solutions to the cubic
Camassa—Holm equation

Wen-Yu Zhou
School of Mathematics, China University of Mining and Technology,
Xuzhou 221116, People’s Republic of China (wenyuzhou@cumt.edu.cn)

Shou-Fu Tian

School of Mathematics, China University of Mining and Technology,
Xuzhou 221116, People’s Republic of China (sftian@cumt.edu.cn,
shoufu2006@126.com) (corresponding author)

Zhi-Qiang Li
School of Mathematics, China University of Mining and Technology,
Xuzhou 221116, People’s Republic of China (zqli@cumt.edu.cn)

(Received 13 November 2023; revised 20 July 2024; accepted 26 August 2024)

In this work, the Riemann—Hilbert (RH) problem is employed to study the multiple
high-order pole solutions of the cubic Camassa—Holm (cCH) equation with the term
characterizing the effect of linear dispersion under zero boundary conditions and
nonzero boundary conditions. Under the reflectionless situation, we generalize the
residue theorem and obtain the multiple high-order pole solutions of cCH equation
by solving an algebraic system. During the process of establishing the solution of RH
problem, to simplify the calculations involving the implicitly expressed of variables
(z,t) in the solution, we introduce a new scale (y, t) to ensure the solution of RH
problem is explicitly expressed with respect to it. Finally, the exact solutions are
obtained for cases involving one high-order pole and N high-order poles.
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1. Introduction

It is widely recognized that the Camassa—Holm (CH) equation
Ut — Utgr + SUUy = 2UgpUgy + Ulgry, (1.1)
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is derived by Camassa and Holm [8] through an asymptotic expansion of the
Hamiltonian for Euler equation in the shallow water regime. This equation has
garnered considerable interest among scholars due to its ability to describe var-
ious physical phenomena. As a model of shallow water waves, the CH equation
(Equation 1.1) possesses an integrable infinite dimensional bi-Hamiltonian struc-
ture [11, 16], which is a generalization of the Korteweg—de Vries (KdV) equation
[39]. In addition to this, it is also provided with an infinite hierarchy of local conser-
vation laws [3, 13, 35, 42] and the peaked solitons [12, 37]. As research on the CH
equation continues to advance, numerous generalized forms of the equation have
been proposed and classified [32]. A modified Camassa—Holm (mCH) equation was
firstly defined with the method of geometric by Gérka and Reyes [18]. The local
well-posedness for the Cauchy problem of this equation has been investigated [27].
The Fokas—Olver—Rosenau—Qiao equation which is also known as the mCH equa-
tion with cubic nonlinearity has sparked wide research. For convenience, due to
the cubic nonlinearity of the model, we call this equation the cubic Camassa—Holm
(cCH) equation to distinguish the already existing mCH equation [18] throughout
the article.
The cCH equation takes on the form

me + (U2 —u2)m)y =0, M= u — Ugy. (1.2)

It was discovered by Fokas [14], Olver and Rosenau [33] and derived by Fuchssterner
[17], Qiao [36], and Novikov [32]. It is derived as an integrable system by a con-
ventional method of the tri-Hamiltonian duality [14, 17]. This allows for a deeper
understanding of its integrability and mathematical properties. For instance, it is
completely integrable and admits a Lax pair [6, 7, 34]. It is worth mentioning
that the multiple soliton solutions of cCH equation with the solution approach-
ing a nonzero constant at both infinities of the space variable has been solved
by Riemann-Hilbert (RH) method [5, 43]. The smooth and singular multisoliton
solutions of ¢cCH equation with linear dispersion were solved in [31] by the bilinear
transformation method under the rapidly decreasing boundary condition. The inte-
grable semi-discretization problem and the N-soliton solutions of this equation also
have been investigated in [38] through Hirota’s bilinear approach. In addition, the
peaked soliton solutions, kink-peakon interactional solutions, and weak kink solu-
tions have been studied [21, 22, 26, 44]. Furthermore, the multi-soliton solutions
of the cCH equation have been calculated by the Darboux transformation [45] and
the RH approach has been developed for studying the cCH equation with step-like
initial data [25]. Based on its physical background, plenty of important results have
been given by scholars [9, 15, 19, 23, 30].

In this work, our focus is on the cCH equation including a linear dispersion term

mt+((u27ui)m>x+l/ux =0, Mm=u— Uy, (1 3)
u(z,0) = uo (), '
with zero boundary conditions (ZBCs)
lim wo(x) =0, (1.4)

r—+o0
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and nonzero boundary conditions (NZBCs)

xgrinoo uo(x) =ug, uyg >0. (1.5)
For convince, we assume that u4 = 1. v is a positive constant which characterizes
the effect of the linear dispersion and the function u = u(z,t) is a function of time
variable ¢ and spatial variable z. The subscripts z and ¢ appended to the functions
m and v mean the partial differentiation of them.

Equation (Equation 1.3) was initially introduced by Fokas [14]. Later on, the
Lax integrability bi-Hamiltonian structure and conservation laws of it was firstly
proposed by Qiao, Xia, and Li [44]. Subsequently, Wang and Qiao [43] established
the RH problem of the FQXL model

e = Y [m (a2 = 2)], + ks 2y + ), m=u s (LO)

which is in fact equivalent to Eq. (Equation 1.3) when letting k1 = —2 and
ko = 0. The RH problem with some important properties of the cCH equation has
been investigated in references [46, 48], then by adopting nonlinear steepest descent
method and O steepest descent method, the long-time asymptotic behaviours of
the solution with Schwartz initial data and weighted Sobolev initial data have been
studied respectively. In an effort to obtain more properties of soliton solutions, this
article goes deeply into the high-order pole solutions for the cCH equation based on
the RH problem constructed in these two references. Due to the high-order negative
powers at the poles, particularly for negative order equations, it can be challenging
to construct solutions using general residue conditions. So this issue has not yet been
fully resolved. Additionally, studying high-order solitons and high-order dispersion
in relation to the cCH equation can lead to the discovery of new phenomena and
important properties, making it a research area of great significance.

The inverse scattering transform (IST) method was introduced as a specialized
calculation adapted to the initial-value problem for the KdV equation [10]. Through
extended by some researchers, it can be used to solve the Fourier transform [2, 20,
49]. This method has been recognized as an important tool for solving various
problems in mathematics, physics, and other fields. Meanwhile, it is particularly
useful in obtaining the exact solutions for nonlinear wave equations by performing
a series of linear computations. The RH problem, as a simplified modern version of
IST, is a forceful tool to deal with the initial-boundary value problems of integrable
systems. Its characteristic is that the solution of the corresponding RH problem
can recover the reconstruction formula of the solution to the differential equation.
There are numerous equations solved by RH approach when the space variable of
solutions approach to zero or nonzero constant at infinities. Such as, the nonlinear
Schrodinger (NLS) equation [4, 40, 47], the coupled modified KdV equation [24, 28,
41], the derivative NLS equation [51], the nonlocal reverse-space-time NLS equation
[1], and the nonlocal real reverse-space-time mKdV equation [29].

The production and propagation of solitons play a crucial role in optical fiber
communication. It is well-known that high-order soliton solutions are primarily
obtained from high-order poles. The high-order soliton can be applied to describe
a weak bound state of solitons and may appear in the study of train propagation of
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solitons with almost equivalent velocities and amplitudes. Therefore, studying high-
order solitons and high-order dispersion is of utmost importance in this field. Taking
advantage the RH method, through a standard dressing procedure, the soliton
matrices of the high-order poles for the third-order flow Gerdjikov—Ivanov equation
are constructed in [52]. Nevertheless, when dealing with the RH problem with N-
order poles, it is necessary to clearly give the corresponding residue conditions
which are very complex and difficulty.

Recently, a new method can solve the RH problem with high-order poles are
developed [50]. By using Laurent expansion and Taylor series, we generalize the
residue theorem and get out of the complicated calculations, then the multiple
high-order pole solitons are established. Hence, comparing to the work of [43], we
not only provide the multi-soliton solutions of (Equation 1.3) but also consider
the multiple high-order pole solutions with both ZBCs and NZBCs. In addition to
study Ablowitz-Kaup-Newell-Suger (AKNS) hierarchy, we extend the RH method
to study the non-AKNS-type integrable cCH equation with ZBCs and NZBCs and
give the exact expressions of soliton solutions with one high-order pole and multiple
high-order poles. We generalize the results presented in [5] after taking into account
the impact of additional a linear dispersion term vu,. The Lax pair in [5] is the
simplest special case of our Lax pair. When the parameter v is equal to zero and
the orders of the poles are all equal to one, the solutions we obtained under NZBCs
can degenerate into the solution in [5]. These distinctions make our work more
general and involve more complex analysis. It is worth noting that there are some
differences from that on ¢cCH equation (Equation 1.2) as mentioned in the following
aspects.

(I) Since the cCH equation we have researched has a linear dispersion term
vug, the Lax pair has a more complex form regarding the negative power
of spectral parameter. Especially for the NZBCs, due to the deformation
of the potential function, the Lax pair undergoes corresponding defor-
mation as well. Then the suitable uniformization variable p should be
introduced. This gives rise to new spectral singularities that pose challenges
for subsequent analysis.

(IT) The cCH equation belongs to the family of negative-order equations and
the uniformization variable p is introduced, there are some singularities
in the Lax pair. Under ZBCs, the cCH equation exhibits singularities at
points =0, 4 = oo and branch cut points y = 4i. Under NZBCs, new
singularities arise at points p = £1. Analysing the asymptotic properties
of these points is crucial because they significantly impact the construction
of the RH problem.

(IIT) Under NZBCs, based on the relationship y(z,t) =  — fj""(m(g, t)—1)d¢

between variables z and y and considering the condition Xo (x,t,+i) =0,
we study the scattering data a(p) and b(p) about the above relationship.
Then the implicit expression of the potential function u is given by the
solution of RH problem.

(IV) Under NZBCs, in order to give the explicit expression of the potential
function v of cCH equation, we need to use the compatibility condition
U; —V, +[U,V] =0 and expand U, V at singular points.
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(V) The function a(u) is a Wronskian of analytic Jost solutions, which vanishes
to N-order at the N-order zero points, we obtain a linear expression for
the Nth derivative of Jost solutions. Then by utilizing Laurent expansion
of eF21t(1) the multiple high-order pole solutions of ¢cCH equation under
ZBCs and NZBCs are established.

The outline of this work is arranged as follows. In §2, the spectrum problem
of the cCH equation with ZBCs is analysed in detail. By introducing the Jost
solutions, the analytical, asymptotic, and symmetric properties are gained. The
cCH equation has singularities at points =0, y = oo, and g = =i, through
introducing suitable transformations to research these singularities, we can con-
struct RH problem by a new scale (y, t) and recover the potential function at point
@ = 4. Then, the expression of the solution with one N-order pole and multiple
N-order poles are given, respectively. Finally, we give some examples analysing the
dynamic behaviours of one-soliton solutions and two-order pole solutions. We com-
pare the solution obtained by the RH method and the bilinear method, providing
the expression for the solutions, and analysing them in conjunction with the figures.

In §3, by the same processing method, the RH problem of the cCH equation with
NZBCs is established. Note that in addition to the above singularities, the points
1 = *1 also are singularities, we need to consider the asymptotic properties of the
eigenfunctions and scattering data at points p = £1. After that, the uniqueness of
the solution about cCH equation with the new scale (y, t) is given. On the basis of
proving the theory that the data of the RH problem are independent of some spe-
cific initial data of the cCH equation, we give the parametric representation of the
solution. Finally, the expression of the solutions with one N-order pole and multi-
ple N-order poles are derived, respectively. Furthermore, we analyse the dynamic
behaviours of solutions by selecting special parameters.

2. RH problem and high-order pole under ZBCs
2.1. Spectral analysis

It is well-known that ¢cCH equation (Equation 1.3) admits the following Lax
pair

b =Uo, ¢ =V, (2.1)

where U = U(z,t; A) and V = V(x,t; A) are 2 X 2 matrices defined by

Q=Qw\) =1/1——, R=u"—uj. (2.3)
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It can be seen that under the following transformations

- 2. V_, o~
x=2I, t= ;t, u(z,t) = \/gu(x,t), (2.4)

Eq. (Equation 1.3) turns to

m; 4+ (MR)z + 20z =0, =1 —izz, R=a? (2.5)
Without loss of generality, we pick v =2. To get rid of the multi-value problem of
square roots, we introduce a new transformation

ngw—i), A §<u+i>. (2.6)

After doing a gauge transformation

=P oe, (2.7)
with
1 _am
P=P(z,t) = ,/%1 ( L ) , (2.8)
q — 1

Foo 2
5=w—/ (q—l)dy—ﬁ, q

m2+1, (2.9)
where we define J = %Q(SO':;. The asymptotic condition is shown as follows

Y(x,t,pu) ~ 1, = — Foo.

Equation (Equation 1.3) has the following form Lax pair

Yy + [Juy ] = X9, (2.10a)

wt + [Jtad)] = Tw7

My m —im 1
X=—"204+— ,
2¢2 ! 2uq< ~1 zm>
. R o 2 1 . 2 o
T:@gl _mbt e —ime L) ( i Ju oy _ 2 im 1
2q 2ug \ -1 im pr+1

-1 im
: 2 1_ _im

RN i N
(p*+1)? moo]-

(2.10b)

where

https://doi.org/10.1017/prm.2024.102 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.102

On RH problem and multiple high-order pole solutions to the cCH 7

there [A, B] = AB — BA and the notations J = J(z,t,p), X = X(x,t,p), T =
T(x,t, 1) are 2 X 2 matrices. The o7 is Pauli matrix and the Pauli matrices are that

o — 0 1 oo — 0 —i oo — 1 0
lro ) i 0 ) P Lo a1 )
The two Jost solutions of (Equation 2.10a) are completely determined by Volterra

integrable equations

x

S )
Vo (0, t, 1) :I+/ e 1) Sy admOs (x4 b (y, 8, )] dy, (2.11)

+oo
where e493B = ¢493Be~ 493, They have the analytic properties, symmetry

properties, and asymptotic properties shown in the following three propositions.

PROPOSITION 2.1. Providing that ug(x) € LY(R¥), the Jost eigenfunctions
Yy (z,t, 1) have the following analytic properties, that is, ¥_1(z,t,p) and
i o(x,t, 1) are analytic in CT, ¢y 1(z,t, 1) and Y_ o(z,t, 1) are analytic in C~,
there Yy j(x,t, 1) (j = 1,2) represent the j-th column of Yy (z,t,u), CT = {pn €
C|/Imp > 0} and C~ = {u € C|Imu < 0}.

PROPOSITION 2.2. The Jost eigenfunctions vy (x,t, u) have the following symme-
try conditions

¢um=mﬁe%wfwwmm@ 1@%e§@. (2.12)

P

PROPOSITION  2.3. The Jost eigenfunctions y(x,t,u) possess asymptotic
behaviour in the p-plane

wgaum=1+06x 1 — £o0o, (2.13)

and according to the symmetry relations of ¥4 (x,t, 1), there are the same relations
when @ — 0.

It can be seen that ¢4 (x,t,u) are two fundamental matrix solutions of Lax

pair (Equation 2.1). As a result, there exists a matrix S(u) which independent of
variables = and t satisfies

o (x,t, 1) = by (2, t,1)S(1), (2.14)

then on the basis of transformation (Equation 2.7), the relation (Equation 2.14)
can be written in the following form

O (z,t, e @0 = g (z,t, w)e T @RS (1), (2.15)
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where S(p) is a 2 x 2 matrix. We can derive the symmetries of S(u) from proposition
2.2 as follows

S(h) = 5°(2) = 045 (=) = 02" () (2.16)

According to symmetry relation (Equation 2.12), we can define the matrix S(u) as
the following form

_ | alp) —bT(p")
S“”‘(b(m a* (1) ) (217

Because tr(U) = 0, based on Abel theorem, we have det(¢1) = 1, then det(S(u)) =
1. By directly calculating Eq. (Equation 2.15), a(u) and b(u) can be expressed as

a(p) =Wr(_1,942), blp) =Wr(hir,¥-1). (2.18)

We define the reflection coefficient

_ b(p)
(n) = ) (2.19)

Taking into account the properties of the Jost eigenfunctions ¥ (z,t, ), we
obtain the corresponding properties to the elements a(u) and b(p) of the scattering
matrix S(u) as follows.

PROPOSITION 2.4. The scattering data a(p) and b(p) satisfy the following proper-
ties

(i) a(u) can be analytically continued in Ct, and b(u) is continuous in R;
(it) a(p) = 1—|—(’)(ﬁ) and b(p) — 0 as p — oo, and from the symmetry relations

of Y4 (z,t, 1), there are the same relations when p — 0;
(iii) the reflection coefficient p(u) possesses the symmetry relations

p(p) = p*(—) = —p(==) = —p"(—1"). (2.20)

It is noticed that, since the branch cut points g = +i exist in the extended
complex p-plane, the asymptotic behaviour of eigenfunctions ¢y (x,t, 1) ought to
be considered as p — =£i. Introducing a new Jost function

i Q. Q.
B (8 1) = u (2, 8, w)e' 277NN, (2.21)

then we have

Yulx,t,p) ~I, z— +oo. (2.22)

The Lax pair (Equation 2.1) can be converted to
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(Ps)e = —%[ag,@ + X, (2.23a)
~ _ Q - -~
(V) = 5los, da] + T, (2.23b)

with

- Q —-xm u—Qug, [ 0 —1
= ()\m —Q>+ A (1 0)'

Taking into account the asymptotic expansion of 1[1 at u — ¢, we have

G=T+P1(u—i)+0((u—1)?), p—i (2.24)

with

= < Y 0 —5(utue) ) : (2.25)

U — Uyg) 0
According to the transformations (Equation 2.7) and (Equation 2.21), we have
Ve @t 1) = P (o, O, 1, p)e 200 Faola=0, (2:26)
Taking the limits of (Equation 2.26) as u — 4, we obtain the asymptotic of a(u)
a(p) = e 2 IR DU L o((u—i)?), p—i (2.27)

The analytic properties of 14 (z,t, 1) stated above allow rewriting the rela-
tion (Equation 2.15) as a sectionally meromorphic matrix.

2.2. RH problem

Define a piecewise meromorphic 2 x 2-matrix valued function

(%ﬂﬂz(m;u)) , asp€CH,

Y_ o(m,t;p) B
(?/J+,1(~’C,t;,u)7 a*zT*)u) , aspeC.

RHP 2.5. Find a matriz M () = M (x,t, 1) satisfies the following conditions

(i) Analyticity: the matriz M (u) is a meromorphic function in C\R.
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(i) Asymptotic behaviour:

M () :I—l-(?(i), 1 — 00, (2.29)

M(p) =PI+ (u — i)]e2 o 00973 L O((u—i)2), p—i.

(2.30)
(iii) Jump condition:
My (p) = M_(1)G(p), peER, (2.31)
where
efQ(S *
o= (134 D).

(iv) Symmetries:
M(/J) = 03M*(—/L*)O'3:O'2M* (M*)Ug = PiQUlM*(—“L*)Ul .
Since the function §(x, ¢, 1) has integral term, which directly lead to the difficulty
to solve Eq. (Equation 1.3), a new space variable is introduced as follows

“+oo
ylx,t) =x — / (q(s,t) — 1)ds. (2.33)
Defining the function M (p) and phase function 8(x) on the new scale y(z, t)
M(u) = M(y,t,p) = M(2(y, t),t, 1), (2:34)
_ 1. Y 2
o) = i) (4 - 5505 ). (2.35)

then, the RH problem 2.5 is transformed as follows.

RHP 2.6. Find a matriz M(p) = M(y,t, 1) satisfies the following conditions

(i) Analyticity: the matriz M(u) is a meromorphic function in C\R.
(i) Asymptotic behaviour:

N(p) =1+o<i), 14— oo, (2.36)

M(p) = PMI + P (p — i)]e Hoo@ W05 L O —i)2),  p— i,
(2.37)
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(i) Jump condition:

M (p) = M_(n)V (1), peR, (2.38)
where
e it0(p) %
Vip) = ( e{;tafu()ﬂp)gi) 2 1/) v ) (2.39)

(iv) Symmetries: . 3
M(p) = o3 M*(—p*)os=0o M*(u*)og = P7201M*(—M%)01.

Using the asymptotic property of function M () as p — 14, the relationship
between the solution of cCH equation and the RH problem is obtained

u(zx,t) = lim -
p=t b —1

1 <1 _ (V) + Mo (40) (Vo) + Aj@@)) )
(M1 (7) + Ma1 (i) (Mi2(i) + Maa(i))

with

(2.41)

z(y,t) =y —In <M12(Z) i Mmm) ,

Mll(l) + Mgl(l)

where M;;(u) (i,7 = 1,2) represents the element in raw i and column j of M (u).

2.3. Single high-order pole solutions

In order to obtain a pure soliton solution, this section we will consider the reflec-
tionless situation, i.e., b(x) = 0. Then V(u) = 0 for p € R. We assume that
po € CT is the only one N-order zero point of the scattering data a(u), then the

1 1

TR } € CT are also obtained from the symmetry
0

N-order zero points {—ua‘, —

of a(p). Additionally, {Mo» —Ho, — } € C~ are the N-order zero points of the

u(’ﬁ )
scattering data a*(u*).
The discrete spectrum is the set Z2 = {iuo,iu(’g,iu—lo,iﬂ%}, which can be
0
shown in Figure 1. After taking vy = pg, vo = ;%*’ the scattering data a(p) can be
0

expressed as

= L0025 ol (2.42)

where ag(u) # 0 for all 4 € CT. Therefore, from the definition of M(y,t, w), i
can be seen that y = v; and p = —vj (j = 1,2) are N-order pole points of MH

Simultaneously, 1 = v} and p = —v, (] =1,2) are N-order pole points of Mjs.
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TImp

Rep

—Ho

Figure 1. Distribution of the discrete spectrum pu.

Based on the definitions of (Equation 2.14) and (Equation 2.15), under the new

scale y(z,t), we define ¢x(y,t,p) = ¢(w,t, 1) and Y (y,t, ) = Y(,t, 1) and
obtain the following relationships

(5— (yatmu) = qvxr(y,t,u)S(u), (243)
and

D (yst, w)e’ 3 = P (y,t, 1)U (), (2.44)

where 6(p) is defined in (Equation 2.35). Under the assumption that p =v; (j =
1,2) are N-order zero points of a(u), from the following two relations, a(u) can be
represented as a Wronskian of analytic Jost solutions

a(p) = Wr(d_1,¢12), (2.45)

then at zero points v; (j = 1
constants b; s (j =1,2) (s =1,

b (y,t, - INb_(y.t,v;
M;/va lg( )Jm”lw’ (2.46)

,2), a(p) vanishes to N-order, there exist complex
2,---, N) satisfy the follows

and

om ,t m a 7 Jt 2zt9(vj)
"t )l _Z( ) Bt b
l

with m=0,1,--- ,N — 1.
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On the basis of the definition of M (u) defined by (Equation 2.28) and the
asymptotic behaviour in RH problem 2.6, we set

2 N s
Mn(y,tu) =1+ ZZ ((M 1 — + (/f;lg*)S) F;s(y,t), (2.48a)

j=1s=1 — ;)
2 N .
Myo(y, t, ) ZZ (_1)&15 Gy, 1), (2.48b)
j=1s=1 o UJ ('u + Uj)

where Fj s(y,t) and G; (y,t) are undetermined functions. Making use of Taylor
series expansion, one can obtain the following relationships

+oo
o0 = Ecﬂy, v) s M =TG- ) (249)
=0

where the element (;;(y,t) is

im L7 4 * 13" o
Cj’l(y7t) - hmj 77le s Cj,l(yat) = #Lril* ﬂap, e’ (H)

It can be obtained that the coefficient of item (i —v;)~* of function My (y,t, 1)
is Fj s(y,t). Now we extend the residue theorem by combining (Equation 2.44) and
(Equation 2.47) and obtain the following relations

I=s m=0p=1g m (2.50)
1)™ —1 m+4q+1
T‘j’lgj»l*S*m { ( Z g+m + ( ) g+m } Gp’q’
U - Up) (U] + UP)
where
b oN -1 —_ N
rj, = lim gt (1= ;) (2.51)

n=vg (N = DO — vVt ap)

S

Likewise, the coefficient of item (u — v})™% of function Mia(y,t, 1) is Gjo(y,t).

Through the same method, we have

N l—s
Gjs = Erjlcjl s E

<q—|—m—1>X
l=s m=0p=1 ¢g=1

2
(2.52)
r C* (_l)m + (_1)m+q F
IU5G,l—s—m (’U; o ’Up)q+m (’U; + ’U;)q+m p.q-

https://doi.org/10.1017/prm.2024.102 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.102

14 W.Y. Zhou, S.F. Tian and Z.Q). Li

Introducing the new notations for j,p =1, 2

N
|77j> = (njl, o van)Ta Njs = — ZT;,IC;,Zfs(yu t)v (253>
l=s

then defining the N x N matrices ¢;, = [0;,]sq and U, = [0;,]sq for s,q =
1,2,--- , N as follows

l—s
_ g+m-—1 =™ (-pmrett
Vjp = Z ( > 75,1C),0—s—m { (vj — vy)a+m + (vj +vp)atm |7

l=s m=0 m
(2.54)
~ _le_i q+m—1 - C* (_1)m (_1)m+q
" l=s m=0 m P Az mm (U* - 'Up)qum (U* + ’U*)q+m ’
(2.55)
Fp) = By, Fpuw) ™y 1Gp) = (G-, Gpon)™,s (2.56)

9= V11 Viz , U= 1?171 1?172 , I, = o , (2.57)
Pa1 Va2 Po1 V22 0 I

where T is a N x N identity matrix. Equations (Equation 2.50)—(Equation 2.52)
can be written as a system of linear equations

1F,) —95,|Gp) =0,
1Fy) = 9,,/Gy) 259)
VjplFp) +11Gp) = [n;).
Then taking
F) = (1), [F2)", 1G) = (IG1), |G2)", (2:59)
) = (Im), [n2))" (2.60)
The system (Equation 2.58) has the following solution
|F) = (I +00) "), |G) = (I +99) " |n). (2.61)
The new expression of (Equation 2.48a) is derived as
y det (Lo + 99 + ) (Y (w)[0)
Mii(y,t,p) = = , 2.62
11(y,t, 1) det(I, + 99) (2.62)
- det(I, + 99 + |n)(Y

det(I, +99)
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with
T = (Cr(], (L2 (6500 = (Cir- . Ty,
(FG0l = (2l (200D, (00 = (T Tor). o
(T ()] = (0L G0 (T3 (D), (X5 ()] = (T, L), |
(T () = (T (Do), (T = (T, ),
A 1 (_1)9 - _ 1 (_1)5-&-1
B s ER prarepecs EL R g E (PRWTR
,  -s SCOM o s S(~1)°
R R e R M T B TR

where we differentiate the components of vector (Y (u)| from variable p to obtain
vector (Y’(y)], the vector (Y’(u)| can also be gained from the same way. In the fol-
lowing content, we will continue to use this definition. On the basis of the symmetry
of M(p) = oo M*(u*)os, we have

det(ly + 970" + ") (X" ()| 97)

, (2.65)
det(I, + 0*9*)

Mos(y, t, 1) =

det(I, + 9*9* + In*}@*(u*)l)
det(I, + 0+0*)

Mo (y,t, 1) = — +1. (2.66)

Hence the precise expression formula for the solution of cCH equation with single
high-order pole under the ZBCs can be obtained in theorem 2.7.

THEOREM 2.7 The solution of cCH equation with single high-order pole under the
ZBCs can be obtained as follows

w(t) = J\:ﬂl(i) + 1\:451(%') n 1\:4{2(2') + 1\:452(2') (2.67)
’ Mll(i> + Mgl(i) Mu(i) + Mzg(i) ’
with
V(i) = det (I, + 90 + [n) (Y (i) 1))
1 det (I, + 0) ’
< det(Io + 00 + ) (X (=)
M (6) = det(L, + 0*0%) b
Ny (i) = det(I, + 99 + [n)(X (D))
2 det(I, + 09)
N (i) = det (I, + 99" + [n*) (X* (=i)[9*)
» det(I, 4 0*9*) ’
L) = det (I, + 09 + ) (X' (i) |[9) ,

det (I, + 99)
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i, (i) = et & 99" + ) (T (=)
det(I, + 9*0*)
< oy _ det(Ly + 99 + ) (T'(0)])
det(I, + 99)
det(I, 4+ 00 + ) (X (—i)[9*)

M, (i) = _ -1,
2() det(I, + 9*9*)

+1,

)

where x = x(y,t) is defined in (Equation 2.41), and the elements |n), I,, ¥,
3, (Y @)|, (X(@)|, (X' (@), and (X' (i)| are respectively defined in (Equation 2.53),
(Equation 2.57), and (Equation 2.64).

2.3.1. One-soliton solution
Next, we construct the simple one-soliton solution and compare the expressions of
the solutions obtained by RH approach and Hirota’s bilinear method. In this case,
the zero points of scattering data are one-order, and there is no need to calculate
the high-order derivative formula of the Jost eigenfunctions and the complex Taylor
expansions, which degenerates into the residue conditions of RH matrix. In order to
compare with the solution obtained by bilinear method, we need to process the RH
matrix and use the above construction process to obtain the simplest expression of
solution.

For one-soliton solution, we have N =1. Supposing v; = g is a first-order zero
point of the scattering data a(u), then the symmetrical relationships indicate that

{—u&—%, ;%*} € C* also are zero points of a(u). Then from Egs. (Equation
0

2.44), (Equation 2.45), and (Equation 2.47), we use the symmetry relationships in

RH problem 2.6 to calculate the following residue conditions

Res M(l)(yv t, /J“) = 60672&9(#0)]\2(2) (y7 L, ,U’0)7
p=pg

Res M(l)(y,t,u) = —%eme*(“o)l\z(z) (y,t, i*%
7 [

“:f* 0 0
S €0 w0 (2.68)
Res MW(y, t, u) = ——5e* MO ME) (y, 1, — ),
p=—pg Ho
- A - 1
Res MM (y,t, 1) = —ge 2000 ;72 (3 ¢, ——).
,u*fﬂ—lo Ho Ho
To simplify the calculation process, we redefine the RH matrix as
Ni(p) = My (p) + Moy (n),  Na(p) = Mo () + Mas(p). (2.69)

The characteristic function satisfies ¥4 (u) = o194+ (—p)or, which means that

M(p) = o1M(—p)oy, then Ni(u) = Na(—p). Calculating from formulas
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(Equation 2.48a) and combining with the symmetries of matrix M (i), we obtain

~ C e_2it9(u()) ~ 6*62“0*(“0) ~ N
Ni(p) =1+ Oﬂ_iuoNl(_Mo) + OMWJ\H(MO)—k
0
9 20t (1) . 7%326%9*(#0) (2.70)
Iz - " -
— L Ni(—) + ———Ni(——),
TP o a3 o

there ¢g = % is some complex number, we can set co = |cole’® (¢ € (0,7)). The
linear equation system shown in formula (Equation 2.58) can be simplified as

B —2it0(pg) *,20t0% (ng)
coe che .
Ni(—po) =1 + ———Ni(—po) + ————N +
(—ko) R— 1(—p my—— 1(10)
cy . —2i ch ito* 2.71
_%6 w(uo)N( | _75262 0 (uo)N( | (2.71)
— N (— )+ ——F—Ni(——),
—Ho + % Ko —Ho — % Ko
N —2it0(ug) _ * 020t0™ (ug)
" cpé Cp€ *
Ni(pg) =1+ ———Ni(—po) + ——Ni(p)+
() =1+ 2 (o) o+ D W)
—i—%e’me(m) o _:75)262“9*(#0) i . (2.72)
* 1 Ni(—) + * 1 Nl(_T)v
Fo + 7o Ho Ho = 3% Ho
1 cne—20t0(r) che2itt (o) _
Ni(—) =1+ =———Ni(—po) + 25— N1 () +
Ho g —Ho no T Ho
_ g o=2it0(110) _ G 2it0° (rg) (2.73)
Iz ~ 1 nir ~
Oi_i_i Ni(—) + Oi_i Nl(_T)v
no ' po Ho T Ho
B 1 coe—2it0(no) c*€2it9*(u0) i}
Ni(=—) =1+ —5— 1(=p0) + T - Nalo)+
Ho 5 Ho wE T Ho
€Q ¢—2it0(pp) ) _ 652 2it0™ (1) . (2.74)
Iz - I -
,OLJFL Nl(; + — Ml E)
T T T °

After solving this linear system, inputting the results into formula (Equation 2.70),
we can obtain the solution of Ny (), then substituting it into the following formula

_ (MG | Ni(=9)
u(z,t) = (Nl(z) + Nl(—z)> ; (2.75)
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where

z(y,t) =y —1In (Ajf{lfl((_zi)> , (2.76)

we can obtain the solution of the cCH equation.

Next, we discuss the solution when scattering data a(u) has only two zero points
through two examples, where the discrete spectrum has four points.

Case 1: Supposing v; = g = €7 € CT (7 € (0,7)), va = % = v1. Then |v1]| = 1,
and we further assume that pp = r1-+irs. It can be obtained that 6(e’”) = 6(—e~"7).
Next we define y; £ 0(e'") = — 22274 4 %, hence e~2#X1 is a real number about

variables y and t. Thus algebraic system (Equation 2.70)—(Equation 2.74) have the
following forms

- colei®ex1 - , lcole i Pex1 -,
N =14+ ——Ny(—e")+ ——— N o 2.77
) =14+ N e + e, )
- ) iPeXx1 . ) —iPex1 ,
Ny (—einy =1 4 L0lee & iry | JeoleTeN G iy
—2e'T e—IiT — etiT
cole®ext cole—itext (2.78)
\T —iT\ __ cole'e \7 T cole "% \7 —iT
N1(6 )—1+WN —€ )+2€TN1(6 ),
then we have the solutions
Y i 1 "1 —iptiT
Ni(—e ):F(l—ﬁkﬂexl ),
11 . 2 (2.79)
N —iTy 1— 1 X1+ip—iT
(€)= (1= grfaale ),
where
r2
Hi =1+ 4—12|CO|62X1 + ileo|eXt sin(¢p — 1), (2.80)
T3
then we have
r1leo|Ze2X1 T4 1 |egl2e2X1— ¢
) L[ leole?™ — % leolex1—¢ — 1l glrze;
N =1+ — - .
1) =1+ - e + PRI ’
(2.81)
after assuming the parameter values are |cy| = 27«2#;(”) and ¢ — 7 = 3, the
expression of solution can be obtained as follows
4 h
u(z,t) = 2 sgn (r1) cosh(1) , (2.82)
r3 1+r%
1 cosh(2x1) + —=
"
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t i : ‘ [—e1—r0—=1]

(2) (b) (c)
Figure 2. (a)—(c) describe the local structure, density, and intensity profiles with different
times of one-soliton solution |u|. Parameters r; = ?, ro=1,7=1%.

with

14 i*ﬁe?m
x=ux(y,t) =y —In 1::; (2.83)

2x
1479 ex1

1+

REMARK 2.8. By comparing with the soliton solution of cCH equation obtained
in reference [31], it can be seen that the solution constructed by the RH method is
exactly the same as the solution obtained by Hirota’s bilinear method after special
parameter selection. Both of the above methods are used to study the construc-
tion of soliton solution for cCH equation under ZBCs. The difference is that [31]
constructs multiple soliton solutions, while our article constructs arbitrary-order
pole solutions. Similarly, when the orders of the zero points degenerate to one, the
expressions of solutions obtained in these two articles are the same for multiple
zero points case.

REMARK 2.9. According to the detailed analysis of literature [31], it can be seen
that when the parameters take different values, we can obtain smooth soliton solu-
tions and symmetric singular soliton solutions. When the selected zero point pg
is complex and its modulus is not equal to zero, the breather solutions can be
obtained.

From expression (Equation 2.83), it can be seen that when x — oo, there
s

exists y — Fo0. The solution (Equation 2.82) indicates that ry =0 (7 = 7) is a

2
singularity point and cosh(2x1) + 1——:;2 has no zero point; otherwise, the following
i

relationship will presence

) 72yr2+2r% 2yro— TSZ )
ri(e 1 +e 1)=-2(14+r3), (2.84)

since the point pg € CT, the right-hand side of the equation is always negative and
the left-hand side is always positive, which leads to a contradiction. According to
our analysis of constructing the RH problem, the points p = 0, +4 are singularities
which corresponding to the obtained solution. There o € CT and it has only one
singularity point pg = 1.

https://doi.org/10.1017/prm.2024.102 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.102

20 W.Y. Zhou, S.F. Tian and Z.Q). Li

(]

(a) (b) (c)

Figure 3. (a)—(c) describe the local structure, density, and intensity profiles with different

times of one-soliton solution |u|. Parameters r; = ?, ro = ?, T=7.

. —
() (b) (©)

Figure 4. (a)—(c) describe the local structure, density, and intensity profiles with different

times of one-soliton solution |u|. Parameters r1 = %, ro = V3 r= 3

To demonstrate the characteristics of solitons, we present wave propagations
including images of local structure, density, and intensity distribution in figures 2—4
after selecting different parameters. It can be seen that the single smooth soliton
solutions are obtained at these values. Specifically, figure 2(a) shows a Hump soliton
solution. figure 3(a) is a critical situation where the soliton exhibits a top horizontal
characteristic. Finally, figure 4(a) shows the M-shape soliton solution. From these
figures, it can be seen that as the values of 7 increasing, the peak of the soliton
first appears in a horizontal state and then sinks inward.

Case 2: Supposing v; = pg = ir € iR, vy = ;1,,: It can be obtained that 6(ug) =

9(%). Next we define y2 £ 0(po) = — 4L <% + (T2821)2>7 hence e—2itX2 is a real

number about variables y and ¢. Thus algebraic system (Equation 2.70)—(Equation
2.74) have the following forms

. ibex2 legle—idexa 4
M) =14 0l 5y =R (=), (2.85)

W—ir ;/,4—% Wr
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; ICO| —i¢ X2
) lcole?ex2 _ p e et 1
Ni(—ir) =1 — e - =
(i) =1+ = in + = G,
ol '¢W (2.86)
-1 lcolet®exe - e ez
Ny(=) =14 190 7§ i)+ 22— Ny (=
1(ir) + %—ir (=) + % 1<i7'>7
the solutions are
~ 1 1—r2
Ny(—ir)=— (1 - ———— x2+¢
(=) =g 0= gy ol ™),
) ) L2 (2.87)
- —7r
N(=)=——(1+— X2 +ey,
G =, U gy ol ™)
with
(7"2 - 1)2 2 2 Z.‘CO|€X2+(25
H=1-——s—"— X2 . —— 2.88
2 4r2(r2 + 1) [eol"e r ( )

Substitute formula (Equation 2.87) into (Equation 2.85) and take an appropriate
value for cg to calculate the solution as follows

1672(1 + 7?) sinh(x2)
u(z,t) = e T (2.89)
COSh(QXQ) + W
with
1+ Ei:;Qezm
1+ (1+r)2€ 2

The solution (Equation 2.89) indicates that r=1 is a singularity point and

2.2, , 2
cosh(2x2) + % has no zero point; otherwise, the following relationship
will presence
(1 B 7"2)2(62X2 + 6_2X2) = _2(1 + r2)2 — 87‘4, (291)

this is clearly impossible.

REMARK 2.10. After comparison, when selecting appropriate parameters, the
expression of solution (Equation 2.89) solved by RH approach is the same as
the solution (3.9a) solved by Hirota’s bilinear method in reference [31]. Then the
antisymmetric singular soliton can be obtained.

2.3.2. Two-order pole solution

For the N =2 case, it corresponds to the solution with a two-order pole. The
expression of u(z,t) defined in theorem 2.7.
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Case 3: Assuming that v; = pg = €7 be one two-order zero point of the
scattering data a(p), then vy = €™ = vy is also the two-order zero point of a(u).
The discrete spectrum is the set Z = {e”, —e‘”,e‘”,—e”}. We choose some
parameters to simulate the solution, then the different dynamic models can be
obtained in Figures (5)—(6).

Setting 7 = & and {ri; =2,712 = 1,721 = 1,722 = 2}. On the basis of the
construction process of single high-order pole solutions, the following relationships
are calculated.

sty 8i(40t — 9y)e ¥ H(iv3 — 1)
Clo=GCo=e3"2, (1=0C1= : 3 5 ;
(iv/3 + 3)3(V/3 + 1)
5v3ed 4 21 427y  3i 9i(y—1) 9
e Y 7 . wy —
V11 ="13= — = 3 A A
LT LS 9 (\/g( 40 y 3 ) T 0 10) :

4t Y
2880¢ % ~ ¥ 6-y it 9iy+1) 1
Prp = s = V] A Y
b2 (¢\/§+3)3(\/§+¢)4( (40 10 9) ' 40 2

10V/3e ¥4 21 + 27y 3 9i(y—1) 9
e Y ? . Wy —
317 Y33 9 <\/§< 40 g 3 ) i 0 4o> ’
5760e 5 % 6 ot 9i(y+2) 1
ga=— e 6oy _ it , %+ 1
R FV N T W RE T (\/g( 40 40+9) R 8)’
.y . 4t _ E
PR 2(iv/3 —2) P 2(2iv/3 + 3)
2,1 2,3 \/3 + i ) 2,2 2,4 (\/> + ’L) )
55(2i/3 — 4) e3 "5 (4i/3 + 6)
1 =V43=— - , Vs =044 =— 3 )
V34 (V3 +1)
Sie® % (1 +iv/3)(40t —
mi = w8 - 2C 1+ iv3) )7 M2 = —e¥ 8,
V3 — 3)3(i — V/3)2
16ie %~ (1 4 iv/3)(40t — 9
at_y ie3 " 2(14iv3)(40t — 9y) s = 2084

e (ivV3—3)3(i—3)2

Substitute the above results into the expression of solution (Equation 2.67) to
obtain the two-order pole solution, and the propagation phenomenon of soliton
is shown in figure 5. It can be seen that the energies of two waves for solution
decrease after collision; thus, it is not an elastic collision that occurs. According to
the previous analysis, the singularity of the solution is g = 1.

Using a similar analysis, when the value is set to pg = %’T, the soliton dynamics
behaviour shown in figure 6. figure 6(b) presents the density image of the wave
propagation process, while figure 6(c) shows the intensity distribution at different
times.
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(a) (b) (c)

Figure 5. (a)—(c) describe the local structure, density, and intensity profiles with different
times of the soliton solutions |u| with one two-order pole. Parameters r1,1 = 2, r12 = 1,

p— — Y
7'2,1 = 1, 7‘2’2 —2, T = 6"

(a) (b) (c)

Figure 6. (a)—(c) describe the local structure, density, and intensity profiles with different
times of the soliton solutions |u| with one two-order pole. Parameters r11 = 2, r12 = 1,

3
r2,1 = 1, r2,2 = 2, T = 2 -

2.4. Multiple high-order pole solutions

Now the general circumstance that a(u) has N high-order zero points
Wiy o, .. N, i € CT for k = 1,2,..., N and the corresponding powers are

n1,Ma, ..., NN, respectively. Assume that v¥ = yy and v§ = ML* Similar to the case
N k

of one high-order pole, from the definition of M (y, ¢, 1), it can be seen that u = v;-“

and p = —v;?* (j = 1,2) are ng-order pole points of M. Simultaneously, p = v;?*

and p = —vf (j = 1,2) are ng-order pole points of M.

Under the assumption that p = v¥ (j = 1,2) are nj-order zero points of a(y) for
k=1,2,..., N, utilizing the Wronskian a(u) = Wr(giv)_l, dv)+2), there exist complex
constants bﬁs (s=1,2,--- ,ny) satisfy the follows

™[4 (y,t,08)]2 _ f:( m ) k M (2.92)

8,um e I J,m—Il+1 8,ul )
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and
- m ~ 2it0 (v
U ( ) AWt
- 7,m—Il+1 1 ) .
opm 1=0 ! op

with m = 0,1,...,ny_1. Utilizing the parallel approach in above, we define the
np X nj matrices @ff’g = [077]5,q and @i’g = [@i’g]sq for s,q = 1,2,--- ,n; and

introduce the following notations for j,p =1, 2
|77;€> = (77?17 Tt 777;'an Ta 77]9 = ZTJZ jl s ya a (294)

bk ny—! — pRyn
’I";-Cl = hm gl ' 8 — ; (M J) , (295)
’ NH’U]- (le - l) a( ) k™ a(“)

D) = (ITY), -, [TY)T, %) = (Int), Ins) " (2.96)

NE l—s m m 1
+m—1 (-1) (—1ymat
@?cfl) Z Z ( 1 > rklcl’{lfsfm { k + k )
=2 m=0 Y (vf —vgr)atm (v +op)am
(2.97)

NE l—s
+m— (=™ (—1)m+a
=33 (1t st { - 7
Jst>7, (Uj _,Uzlf)q+m (Uj +U£ )q+m

l=s m=0
(2.98)
[@J’p] e [e7F] 7 -+ [61%]
- . , ©= , (2.99)
CANNCY SANNC S
I,
I = , I€k<‘, 1) k=1,--,N,  (2.100)
IeN 2nk><2nk
Y ()| = (T ()] Y ()], (Y ()] (Y (),
(70 = (G G0l L GG,
V' ()| = (Y ()], (Y ()], (Y ()], (Y (),
Y ()| = (T )], (5 (), -+ (VY ()], (VY (),
VRl = (k- vE ), vh= L CU
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Vh)| = (T Th, Th= — o LD
e T Gy T ko)
_ _1)s+1

Y-k/ — Yk/ . Yk‘/ Yk‘/ — S S(
< J (/’L)| ( Jjl» ’ jnk) js (M—U;—C)s—’_l (/.L—F’l}k*)s"’_l,
- ~ —s s(—=1)®
<Ykl(ﬂ’)| - (Yk/a e 7Y151l ) Y’Z/ = * +

J Jjl Jng J (,u _ v;? )s+1 (/~L+U;€)S+1

Similar to the theorem 2.7, we give the solution of cCH equation with multiple
high-order poles as follows.

THEOREM 2.11 The solution of cCH equation with multiple high-order poles under
the ZBCs can be obtained as follows

W t) = (Ajﬂl(i) + M, (3) | Mja(0) + %(i)) | (2.102)
My (i) + Mai (i)  Mio(i) + Mao(i)
with
(i) = det(Ic + ©6 + [T) (Y (#)|©) |
det(I. + ©0)
(i) = _ det(e + 06" + D) (V*(=0))) o
det(I. + ©*O*)
i) = det(I. + 00 + ) (Y (i)]) |
det (I, + ©0)
i) = det (I, + O 0" + [T*)(Y*(—i )67
det(I. + 6%6%)
it ) = det(I + ©0 + D) (Y'(i)|©) |
det(I. + ©0)
NI () = _ det(l. + 076" + \r*}(?/*(fim i1
det (I, + ©+6%)
it () = det(I. + 00 + [T)(Y'(i)]) |
det(I, + ©O)
it 6) = det(I + 670" + |D*)(Y"*(=i)|0%) g

det(I. + 6%6%)

and x = x(y,t) can be obtained by (Equation 2.41), the elements |T'), I, ©, )

(Y @), (Y@, (Y'(i)] and (Y'(i)| are defined in (Equation 2.96), (Equation 2.99),
(Equation 2.100), and (Equation 2.101).

https://doi.org/10.1017/prm.2024.102 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.102

26 W.Y. Zhou, S.F. Tian and Z.Q). Li
3. RH problem and high-order pole under NZBCs

3.1. Spectral analysis
After doing the transformations u(x,t) = 4(x — ¢,¢) + 1, m = @ — Gy, + 1 and
R = 4% — 42 + 24, the Lax pair (Equation 2.1) admits the forms

(2)70 = ﬁé? ét = V(Z% (3.1)
A Q Am R % + QR _4-Qag+1l _ ARm
= 2 2 - hY 2 by 2
U= _am Q V= @+Qug+l | AR _Q QR - (32)
2 2 A 2 A2 2

)= F1ge’, (3.3)
with
1 A
F V@2-22+Q
— N :
1

V@Z-22+Q
where we define J = Po3. ’(/AJ satisfies the asymptotic conditions

V(x, t, ) ~ 1, = — Foo.

The parameter p(x,t, \) is defined as follows

p= 7”;”2 (a: - /:oo(m(g, £ — 1)dé — /\2216) . (3.4)

Equation (Equation 1.3) admits the following form Lax pair

Py + [y, 9] = T, (3.5b)

with
c_Am-1Q (0 1 +(m-1)@2 1 0
C2vT—2x2\ -1 0 2wvi—-2x2\0 -1 )’

o oo 2@ 0 -1\ oo 1
T2\/1—2A2(AR(m 1)+A)Q<1 0 >+ A (1 0)
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1

1 A
- (a4 =(h—-1)R+24 2—)\211)07
s (04 (0 - DR+ 200 :
where J = J(x,t,\), X = X(x,t,\), T = T(x,t,)\) are 2 x 2 matrices.
A new spectral parameter k satisfied 2\ = 4k2 + 1 is introduced, and to avoid
multi-value problem, we define

1 1 1 1
A Gat M ) .
then we have
i(p? - oo :
p= _(H4M1) (/ (m(&,t) — 1)dE —x + (M;TWQ ; (3.7)
and
X (e 4 1)2 — 8u?) (i — 1)
Xt u) = 8u(p* —1) 7
+i(u2+1)\/m( - ( 0 1
8|pl(w* — 1) -10 )"

the two Jost solutions of (Equation 3.5a) with the parameter p are completely
determined by Volterra integrable equations

R T ipt=1) —1 . .
dalwtg) =1+ [ e LRI [ (6 st de (39)

+oo

The Jost eigenfunctions zﬂi (x,t, ) have the analytic properties, symmetry
properties, and asymptotic properties shown in the following three propositions.

PROPOSITION 3.1. Providing that ug(x) — 1 € Ll(Ri) the Jost eigenfunctions
wi(x t, 1) have the following analytic properties. 1/1_ 1(z,t, 1) and 1/)+ oz, t, 1) are
analytic in C* and continuously extended to Ct UR except the points u = +1,

Uy (x,t, ) and p_ o(x,t, 1) are analytic in C~ and continuously extended to (C_UR
except the points p = +1, there zﬁi,j(:mt, ) (7 =1,2) represent the j-th column of
Vi (z,t, 1), Ct = {u € C[Imp > 0} and C~ = {u € C|Imu < 0}.

PRrOPOSITION 3.2. The Jost eigenfunctions @i(a:,t,u) have the following symme-
try conditions

i () = o105 (1)or = owvre (—p)os = aﬂmi)al. (3.9)
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ProrosiTION 3.3. The Jost eigenfunctions ﬁi(x,t,u) possess asymptotic
behaviour in the p-plane

N 1
Vi (z,t, 1) :I+(9(;), = 00,
Gp (@t p) =I+0(), p—0,

qﬁi(l‘vtau) = (310)

1
—_ b 1 1
4(u_1)04i(’£7t) 1+0(1), p—1,

1&1(33775711) = — ay(z, )X+ O01), p— -1,

4(p+1)

-1 1 1 1
th ,t ER, E == dz = .
ere ay(z,t) 1 ( 1 ) and Yo < 1 >

REMARK 3.4. It should be noted that the Lax pair (Equation 2.1) for the cCH
equation under ZBCs has singularities at points =0, 4 = oo and branch cut
points p = i in the extended complex p-plane. Besides, the Lax pair (Equation
3.1) for the cCH equation under NZBCs in addition to possessing the above singu-
larities also has the new singularities at points pu = 1. Therefore, the asymptotic
behaviour of these points should be controlled.

Because éi(aj,t,u) are two fundamental matrix solutions of the Lax pair
(Equation 3.1), there exists a linear relation between them.

¢ (x,t, 1) = b (w1, 1) S (), (3.11)

using the transformation (Equation 3.3), matrix S(u) can be introduced as follows
V(@ t, 1) = o (a, 8, p)e PELTB G ()b (s, (3.12)

there 1 € R, pu # +1. On the basis of symmetry conditions of 1+ (x, ¢, 1), the matrix
S(p) can be expressed as

S(p) = ( a(p) b (p*) ) (3.13)

Taking into account the properties of the Jost eigenfunctions 1[& (z,t, 1), we
obtain the corresponding properties to the elements a(u) and b(u) of the scattering
matrix S(u) as follows.

PROPOSITION 3.5. The scattering data a(u) and b(p) satisfy the following relations

(1) a(u) is analytic in CT and continuously extended to Ct U R except the
points = £1, a(u) = 1 as p — oo,
(i) b(w) is continuous in p € R\{-1, O 1} b(p) = 0 as u — oo,

(iii)a()=4(u 1)+O() b(p) = 3 ( )+O() p—1, BER,
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(iv) alw) = gl + O(1), () = — gy +O(1), p——1, BER,
(0) a*(u*) = a(—p) = a(L),  b*(u*) = —b(—p) = b(L),
(0i) la(@)? = b =1, neR, p+ L.

REMARK 3.6. It should be noted that 5+ 0 of proposition 3.5 is generic and when
B =0, we have a3 = 1+ b7 with a(£1) = a1, b(£1) = £b1, a,b; € R. According to
(Equation 3.12), ay(x,t) = (a1 — b1)a—(z,t).

The analytic properties of 1[& (z,t,u) stated above allow rewriting the relation
(Equation 3.12) as a sectionally meromorphic matrix.

3.2. RH problem

A piecewise meromorphic 2 x 2-matrix valued function M (z,t, ) is introduced
as follows

b_ x,t; ~
(Wam,z(x,t;u)) , as Imp >0,
Mlw.t 1) = (3.14)

; P o(@,tin)
<¢+71(x,t;ll)a M) , as Imu < 0.

At the same time, we define the reflection coefficient

r(p) = , MER. (3.15)

RHP 3.7. Find a matric M (pu) = M (x,t, 1) satisfies the following conditions

(i) Analyticity: the matriz M(u) is a meromorphic function in C\R.
(i) Jump condition:

My (z,t,pn) = M_(z,t, 1)G(x, t, 1), p€R pu#+l, (3.16)
where
Gla,t,pu) = e*p(xvtyﬂ)dsGO(M)eP(IJ#)UB’ (3.17)
and
Golp) = ( L—r(u)r(ps) —r*(u") ) , (3.18)
r(i) 1

p(x,t, 1) is shown in (Equation 3.7).
(iii) Normalization condition:

M(z,t,p) = I, p— oo. (3.19)
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(iv) Singularity condition:
iay (z,t) -D 1
= +0@1), p—=1,
4(p—1) D 1
M(z,t,u) = (3.20)

iay (z,t) D 1
(TS b +0(1), p— -1,

where ay(z,t) € R and Imp > 0,

0, B#0,
D:= (3.21)
aEL B=0,

ay

a1 =a(l), by =b(1) and 5 := —2i liml(u — Da(p).
n—

(v) Symmetry conditions:
1
M(,u) :glM*(M*)Ul :O'QM(—/,L)O'Q :O’lM(p)O'l. (322)

(vi) det M (x,t,u) = 1.

We substitute Egs. (Equation 3.6) into Lax pair (Equation 3.5a) and take the
new transformation

Do = pelo, (3.23)
with

R I ()
po = m x (25102 t, (3.24)

there jo = poos, the Lax pair can be converted to

Yoa + [Joxs o] = Xotho, (3.25a)

ot + [Jot, o] = Totbo, (3.25b)

with

Xo(z,t, 1) = (2 ) EE D - 1)

8l (% — 1) 72
i(p2 + )2 = 8u2) (= 1) il =1 = 1)\
" < 8u(p? — 1) dp ) >

https://doi.org/10.1017/prm.2024.102 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.102

On RH problem and multiple high-order pole solutions to the cCH 31

To(x, t, 1) = M

A 7 A
Rios + tog + T'(x,t, p).

()
2u

Then the Jost solutions of Equation 3.25a are expressed as

e il

¢O:I:(xat7ﬂ) = I""A e I (==8)%3 [XO(f,t,M)’L/AJO:t(g,t,M) dg. (326)

Utilizing the transformation (Equation 3.23), there exist matrices r (p) satisfy-
ing

b (b, 1) = Pos (w, £, e 0ro (u)e”. (3.27)

Thus ry(p) = elo(Fetw—J(Eotn) On the basis of (Equation 3.7) and
(Equation 3.24),

2
L) A0 (e )~ 1ydéos

ro(p) =1, r_(p)=e (3.28)
Because Xo(z,t,+i) = 0, making use of (Equation 3.26) and a(y) =
det(w—,1a¢+72)a we have
1 oo
e2 Jo (Mg )—1)dg 0
M ) = 2
(:4,4) ( 0 o5 S e n-1dg | (3.29)

with symmetry of M(z,t, ), we can obtain M(x,t, —i). Besides, the symmetry
conditions (Equation 3.22) indicate M (i) is a diagonal matrix with real entries,
taking into account det M = 1, there exists f(z,t) € R such that Myq(z,t,i) =
f(z,t) and Maos(x,t,i) = m

Based on the new space variable y(z,t) = x—f;“(m(g, t)—1)d¢ and M (y,t, p) =
M (x,t, 1), we have a new RH problem.

RHP 3.8. Find a matrix M(u) = M(y,t,u) satisfies the following conditions

(i) Analyticity: the matriz M (p) is a meromorphic function in C\R.
(i) Jump condition:

M (y,t,p) = M_(y,t, )G(y,t, 1), p€R,pu#+1, (3.30)
where
Gy, t, ) = e PWLT3 GG (1) ePW:t173, (3.31)
(W —1)  4i(p? - Dp
TR
Go(u) defined by (Equation 3.18).

Pyt 1) = t, (3.32)
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(iii) Normalization condition:

My, t,p) =1, p— .

(iv) Singularity condition:

ia -D 1
) +0(1), p—1,
1

4(p—1) D
M(y,t,p) =
_idgy (y,t) D 1
4(p+1) D —1

+O(1)7 ,U’—> _17

with some a4 (y,t) € R and Impu > 0.
(v) Symmetry conditions:

M(p) = o1 M*(p*)oy = oM (—p)oy = UlM(i)al.

(vi) det M(y,t,pu) = 1.

(3.33)

(3.34)

(3.35)

The implicit expression of the potential function u under NZBCs is constructed

by using the solution of RH problem.

THEOREM 3.9 Consider that M(y,t,u) is a solution of RH problem 3.8, accord-
ing to the definition of M(y,t,pu) at p = i, we make <f>1( (y,t),t) = <I>1(y, t) =
Mll(yatai) + M21(y7ta Z) and @2($(y,t),t) = Q)Q(ya ) MlQ(yat Z) + M22(y7t Z)
then the solution u(x,t) of Cauchy problem (Equation 1.3) has the following

representation

(m i;‘) (m+1) = igzg

with

R=4%—02+20, m=10—1y+1.

t)

Proof. Considering the new notations R(

(y7t) - u( (y?t)’ ) and u$(y? ) - uac( &
we have

= R(x(y, t),t), My, t) = i

t),t), Wlth regard to z(y(x,
O(x(y(z,1),1)) = 2y (y, ye(z, 1) + 24 (y, 1) = 0.

Since y(z,t) = = — [ (m(&,t) — 1)d¢, then

1

=
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Based on 7; = —(mR), — 24, and unite (Equation 3.37)—(Equation 3.38), we

have
>, 271(37’7 t)
t) = R(y,t . 3.39
By (Equation 3.29), we have
b1 (2,) = e3 T TEED-DIE G0 4y = o~ ST e -DdE (3.40)
then
Dy (y,t
x=y(x,t) +1n M (3.41)
i3 (yv t)
Differential equation (Equation 3.41) with respect to ¢,
. P (y,t
zy = —(R(y, t)m(y, t) + 2a(y,t)) + O¢In = 1y ), (3.42)
(1)2 (yv t)
making further calculation, we can get (Equation 3.36), then the theorem 3.9 can
be proved. O

Next, in order to obtain the solution of Lax pair (Equation 3.1) represented
by the new variable y(x,t), using the gauge transformation ¢ = F*1d3, there
we have @(y,t,\) = ¢(z,t, ). Taking (Equation 3.38) and (Equation 3.39) into
consideration, the Lax pair (Equation 3.1) turns into

Gy =Up, @ =Vg, (3.43)

there U = X —ikog and V =T + 2;—'21“03. Then we change the parameters to p and
expanding X and T at the singularities p = +1, +i

. N
by + 7/14# o3p = X190, (3.44a)

L i = Dp

with

= Z"Ul 7;’Ul
X, = — > pM ,
1 u— 1 1+u—|—1 2+ V102

~ v v v3A1 + vg A v3\g + V4 A
2 4 WAL A2 | UsAg F Uil
w—1 p+1 w—1 Bt
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where A = ( 8 (1) ), Ay = < ? 8 >, 31 and 3o are shown in proposition

3.3. Besides, we also have vy (y,t) = —%, va(y,t) = 4, vs(y,t) = —@ — U, and
v4(y,t) = U — Ug.

PROPOSITION 3.10. Assume M (y,t, 1) is a solution of RH problem 3.8, then

P(yst, ) = My, t, p)e PWhmos (3.45)
satisfies the Lax pair (Equation 3.44a), there p(y,t, u) is shown in (Equation 3.32).
Proof.

(i) First of all, we think about the y differential part of the Lax pair (Equation
3.44a). From (Equation 3.30) and (Equation 3.45), we can obtain

Gyp = M,M ™" —p,Mos M, (3.46)
then the possible subsistent singularities are © = 0,1, —1,00. Now we esti-
mate ¢, ' at these points. On the basis of the symmetry conditions
(Equation 3.35), expanding M (y, t, n) with p at p — oo

- 1 R B
M=1+ ;[wog + (A + A)] +O(u?), pu— oo, (3.47)

where w = w(y,t) € iR, @ = w(y,t) € R. Considering the expansion of p,
at u — oo, p — 0, and u — £1, we have

Lo i W _
Gyt = Loy~ Ton+ O(uh), oo

Y 4 2
L. ) w
Byp = 405+ 502+ O(p), 0.
" 2
) i (3.48)
Oyp T = — 5 +001), p—1,
w—1
< -1 (1e%]
= Yo+ O(1), — —1.
Py it 2 (1), w

Uniting (Equation 3.48), since M (y, t,) is a diagonal matrix,

Yo%l Yo%l w
by —Y — —
e R

is also diagonal, then w = —ay(y,t), and the y differential part of the
Lax pair (Equation 3.44a) can be attained, where vy (y,t) = a1(y,t).

(ii) Secondly, using the similar method, we think over the ¢ differential part of
the Lax pair (Equation 3.44a). Due to

Bili) = g — g HOM), mi (3.49a)

p—i)?  p—i

https://doi.org/10.1017/prm.2024.102 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.102

On RH problem and multiple high-order pole solutions to the cCH 35

2 21
D =—— - —— 4+ 0(1), — —1, 3.49b
then the possible subsistent singularities are u = 0,1, —1,4, —i,00. Now
estimating ¢~ = MM ' —p,MosM~! at these points at p — 0o, u — 0
and g — 41 we have p;(u) = O(u~1), such that,

Gt =0, p— oo

¢ ' =0(u), p—0.

Gpt = —;?121 +0(1), p—1, (3.50)
iag

A+ 1

= ==1 _

Pty

Subsequently, on the basis of symmetries (Equation 3.35), estimating

M(p) at p — 1,
- 0 0 . |
. ( JS ft >+ ( f3 {)2 )““’”0((#—1)2). (3.51)
We have
Pt = — 2 2 i 2f2f1 @)
Prp Gt ( Lot >+ (1).  (3.52)

By symmetry, at © — —i,

. _ -1
Gip! = (Mii)203+ Mii < P2 ) +00). (353

2faf1 —i
There f; = f;(y,t) (j = 1,2,3). Uniting (Equation 3.50)-(Equation 3.53),
we have g1(y,t) = 2fo(y. )f1(y,t) and g2(y,t) = —2f3(y,1)f7 ' (y, 1) are

holomorphic functions in the whole complex p-plane and vanished as p —
oo. After that, the ¢ differential part of the Lax pair (Equation 3.44a) can
be attained, there vs(y,t) = aa(y,t).

O

For the sake of testifying the compatibility conditions U, — Vy +[U,V] =0 of
Lax pair (Equation 3.43) can be deduced Eq. (Equation 1.3) with variables (y, t),
we have the theorem 3.11 and theorem 3.12.

THEOREM 3.11 Equation (Equation 1.3) with variables (y,t) can be shown as
follows

- - 2 2,
my 1(9; t) = 2ua:(y7t) - m3 (y?t) +

(y,1), (3.54)

ﬁLQ
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with

m(y, t) = 4y, t) — tea(y, ) + 1,  my(y,t) = m " (y, 1)

]iroof. According to equations 1y = —(MR)y — 20, 2¢(y,t) = R(y, t) + ifj((itt)) and
R, = 2miy,,
me(y, 1) = ma(2(y, 1), ) (y, t) + mu(z(y, 1), 1)
2ime  20e\, o -, o
= (_ m3 + ,mz) (=m*) + 21, (—m7),
then we have Eq. (Equation 3.54), and the theorem 3.11 can be proved. O

THEOREM 3.12 It can be demonstrable that the functions oy (y,t), as(y,t), g1(y,t),
and g2(y,t) of proposition 3.10 content the following algebraic system

i+ (g1 +92) =0, (3.55a)

as + (g1 — g2) =0, (3.55h)

(91— 92)y — (L +201)(g1 + g2) = 0, (3.55¢)
(g1 + g2)y + 200 — (1 + 2a1)(91 — g2) =0, (3.55d)

then the compatibility conditions of Lax pair (Equation 3.43) can be satisfied.

Proof. By the definitions about ai(y,t), as(y,t), g1(y,t), and g¢2(y,t) which
are shown in proposition 3.10, there gi(y,t) = 2fa(y,t)f1(y,1), g2(y,t) =

—2f3(y,t) f; *(y,t). Subsequently, estimating the compatibility conditions U; — Vy+
[U,V] =0 at these points px = 0,1, —1,4, —i, 00, the theorem 3.12 can be proved. OJ

PRrROPOSITION 3.13. In compliance with proposition 3.10 and theorem 3.11, the
relations of m and i with notations {a1, as, g1, g2} can be available as follows

1
n = U = 3.56
M T 2, YT (3.56)
with the conditions x, = 142a; and (a102),; = —a%, we can derive Eq. (Equation

3.54) from (Equation 3.55a)—(Equation 3.55d).

Proof. Actually, (Equation 3.55a) can be obtained by (Equation 3.54), and from
(Equation 3.55c) we have

Uy = ﬂyxy_1 = —(g1 + 92)-
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According to

=1 — (i) + 1,

we have
== 9+ (g1 + )y + 1
1420, TR T
which is Eq. (Equation 3.55d). O

Combining Egs. (Equation 3.56) and (Equation 3.55b), we can further obtain the
relationship between the solution of cCH equation and the RH problem as shown
in (Equation 3.82).

3.3. Single high-order pole solutions

In order to obtain a pure soliton solution, this section we will consider the
reflectionless situation, i.e., b(u) = 0 (u € R). Then G(p) = 0 for p € R. Let 2o €
C™* be the N-order zero point of the scattering data a(u), then {—z(’)“, —%, %} €
C™T are also the N-order zero points of the scattering data a(u). Furthermore,

{za‘, —20, —%, %} € C~ are the N-order zero points of the scattering data a*(u*).

The discrete spectrum is the set X = {:tzo,:tza‘,j:%,:tz%}, which is same as
0
the case in figure 1. Taking wi = 2o, wy = Zi*, the scattering data a(u) has the
0

following form

a(u) = [ (e = w)™ (1 +w))Nao (), (3.57)

j=1
where ag(p) # 0 for all 4 € C*. Therefore, from the definition of Z\X(y,t,u)~7 it
can be seen that u = w; and p = —w} (j = 1,2) are N-order pole points of M.
Simultaneously, u = w; and p = —w; (j = 1,2) are N-order pole points of M.
According to the definitions of (Equation 3.11) and (Equation 3.12), under the new
scale y(x,t), we define ¢ (y,t, ) = éi(m,t,u) and Yy (y,t, 1) = z/?i(x,t,u) and
obtain the following relationships

o (y,t, 1) = o4 (y, t, 1) S (1), (3.58)

and

D (y,t, p)e” 073 = i (y, ¢, p)e MBS (), (3.59)

there we redefine relation p(u) = itf(u), p(p) is shown in (Equation 3.32). Under
the assumption that p = w; (j = 1,2) are N-order zero points of a(u), from the

https://doi.org/10.1017/prm.2024.102 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.102

38 W.Y. Zhou, S.F. Tian and Z.Q). Li

following two relations, we have a Wronskian form

a(p) = Wr(d—1,d12), (3.60)

then a(p) vanishes to N-order at zero points w; (j = 1,2), there exist complex
constants b; s (j =1,2) (s =1,2,---, N) satisfy the follows

O puy.tiws _ (m>bm"”[¢<y““” (3.61)

o =\ ! o' 7
and
om W+(yv t,wj)]a S m b [q[;_(y, t, wj)]le%t@(wj)
= bjm— : 3.62
o ; ! j,m—1+1 oy ( )

with m = 0,1,..., N — 1. From the normalization condition of RH problem 3.8,
one can set

; (1 (-1 Gy, t) i (y,t)
M12:ZZ<( >¢5)S+(H+wj)s>Gj,s+4(;l) —4(;+1), (363b)

where D is shown in (Equation 3.21) and &4 (y,t) € R. Besides, F; s = F} s(y,t)
and G s = Gj s(y,t) are undetermined functions. Once these functions are solved,
the solution of cCH equation will be acquired. To address this problem, making use
of Taylor series expansion, one has

+o00
P00 =% Galy, ) (1 —wy), (3.64)
1=0
19 e
Galy,t) = ulggj ﬁ@iule : (3.65)

It can be obtained that the coefficient of item (u —w;)~* of function M (y, t, 1)
is Fj s(y,t). Now we extend the residue theorem by combining (Equation 3.59) and
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(Equation 3.62) and obtain the following relations

F. = (_1)m iaJr(yvt) i lif rj,lgjﬁlfsfm i rj,le,lfsfm
e 4 (w; =)™+ (w; + 1)+

2 N
+ Z Z Z ( K =l ) rj,le,l—s—an (366)

m

(L L,

(wj —wy)at™m — (wj + wp)at™

where

(3.67)

Likewise, the coefficient of item (u — w;-‘)_s of function Mlg(y,t,u) is G s(y,t).
Through the same method, we have

(w; _ 1)m+1 (w;* + 1)m+1

.~ N 1— * ok * ok
G — (*1)m+12a+(y7t)DZ < (Tj,lcj,lsm n 751G = s—m )
s =

+ii+iiii q+m1>x (3.68)

* ok (_l)m (_1)m+q
T‘"lc"lisim * m + * * m F »q)
2,659 { (wj _ wp)qu (w] + wp)q+ p,q

The system (Equation 2.58) has the following solution For the sake of convenience,
selecting the suitable notations for j,p =1, 2,

) =)™ ) =0T (3.69)

.~ l—s

1 io(y,t) ( (=™ (=™ >

Nig = —— - 7,1Cj1—s—m>

" 4 27;3 (wj — 1)mFt - (wy + 1yt )
N I—s

2 k%
njs - Z Z Tj,l(:j,lfsfm

l=s m=0

. N l-s
iy (y,1) (=Hm (=™ .
B D22<<w;—1>m+1+<w;+1>m+l 3G e

l=s m=0
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then defining the N x N matrices Q;, = [Qj,]sq and Q;, = [,]sq for s,q¢ =
1,2,---, N as follows

N Il-s m m 1
_ G+m-1 (1) (ot
Ur =2 2 ( ) e e A ey

l=s m=0 m
(3.70)
l—s
~ g+m-—1 v (=™ (—1)m+a
Qjp = j,155,l—s—m + )
J,P ;% ( m > T]JCJJ { (w; _ wp)q-i—m (w;‘ + w;)q-i—m

(3.71)
[A) = (Ind), [N, [A2) = (=Ini), —Im5))", (3.72)
\Ey) = (Fp1,. o Fpn)Ty |G = (Gpay oo, Gon) T, (3.73)

I B T B P R I A e (3.74)
Qo1 oo Qa1 Qoo 0o -7
where I is a N x N identity matrix and the definition of Q matrix and { matrix is

the same. Combining functions (Equation 3.66)—(Equation 3.68), we have

I|Fy) = Q5| Gp) = |nj),

- 9 (3.75)
Qj,p‘Fp> —1|Gp) = _‘Wj>~
After taking
K1) = (IF), [F2))T, |Ka) = (IGh),|G2)T, (3.76)
by straight calculation, we have
|K1) = (I. + Q) 71Q|Ay) — (I. + QQ) 7L Ay), 3.7)
[K2) = —(I + Q) 71O A1) + (I + Q92) 7! Ap). '
The new expression of Equation 3.63a are derived as
~ Xo 1 1
M11:1—’°‘+(y’t)p< + )
4 p—1 " p+1 (3.78)
 detle + Q0 + Q| Ag) (E(p)]) — det(le + Q0 + [A1){E(u)]) '
det(I. + QQ) ’
~ iy (y,t 1 1
My, = +(y:t) _
4 p—1 pu+1
(3.79)

- det(l + Q0 + | 45) (B(p)]) — det(L + QQ + Q) A1) (E(w)])
det(I. + QQ)

)
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with
(E(w] = (Er(wl, (E2(w)]),  (E;j(p)| = (Ej, .-, Ejn),
(Ew] = (Bl (B2())), (B ()] = (Ejrs- -, Ejn), (3.80)
(E' ()] = (E1(w)], (B3 (w)]),  (Ej(u)| = (Ejy, - - Ejn), '
(E' (W] = (B1(W (Bs(w)),  (Ej(w)] = (Ejy. .-, Bjy),
1 (=1° | (=1)**
R e L ) L S e L R
B, - —s N s(—1)st1 o —s s(—1)8

’ S * + :
N R e N S R

According to the symmetry conditions (Equation 3.22), we get that

M 777’d+(yat) 1 . 1
2 4 p—1 p+1

n det(l. + Q" 4 |A3) (E* (u7)]) — det(L. + Q*Q* + Q7| A]) (B (1))
det(I. + Q) '

(3.81)

Hence the precise expression formula for the solution of cCH equation with single
high-order pole under the NZBCs can be obtained in theorem 3.14.

THEOREM 3.14 The solution of cCH equation with single high-order pole under the
nonzero condition can be derived as the form

i@, t) = —2(Mjy () M (i) + My (i) My (0)), (3.82)

x = 2(y,t) =y + 2In My (4),
with

@y (y,t)D N det(Ie + QQ + QA (E()]) — det(le + QQ + |A1)(E(3)])
4 det(I. + Q) '
Wil (i) = S @t) | det(le + QQ + |Ag)(E' (i)]) — det(Ic + QQ + QA1) (B (i)])
' det(I. + Q)

My (i) =1-—

)

ity (5) = -2+

N det(Is 4+ Q*Q* + |A5)(E"™ (—i)|) — det(Ie + Q*Q* + Q* | AT (E"™* (—i)])
det(I. + Q*Q) ’

where D is shown in (Equation 3.21), a1 (y,t) € R, and the elements |Ay), |Asz),
L, Q,Q, (E®@)|, (E®@)|, (E'()], (E'(i)| are defined in (Equation 3.72), (Equation
3.74), and (Equation 3.80).
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3.3.1. One-soliton solution
Next, to construct the simple one-soliton solution of cCH equation under NZBCs,
we consider the specific data as follows.

Case 4: For this case, we consider the situation N =1, Assuming w; = zg =
e € C*, (A € (0,m)) is one-order pole of scattering data a(u), then we have

we = zi* = wi. It can be obtained that #(e™*) = (—e~**). Next we define §; =
0 ..

6(e) = % 262212“;‘ hence €292 is real. Suppose that D=1, a1 =1, 7111 = 2,

ro1 = 1. Then the parameters satisfy the following relatlonshlps there Ql’l =

) ) 0 ) 1 1.1 2 1,2
M2=01 =02, Q11=02=01=02, 1 =301, 151 = 3Mi1, C1,0 = (2,0

___4sin )\ Y\ 20N Y 4iX
ClO:e cos? Ae2tA (t+8)e 16 +1)>

)

4sin )\ Y\ 2ty AiX
011 =2 cos?Ae2iX ((t+8)e +i6e +1)) 1
: oin ‘ ’
_ _ ((16t+2y)e_2i>‘+y(e_4i)‘+1)) sin A 1
— 2 \e2tA
Ql,l = 2¢ 4 cos?® Ae e—'A — ei)\ — T ,
2¢—1IA
) __4sin ) Y\ 2t Y 4iX
7]%1 = , 1 — = 1 e cos2 Xe2iA ((H—S)e +16(c +1))7
2\er—1 er+1
) 4sin )\ Y\ 20N Y AiA
e (1o (1)) () )
2\er—1 er+1

substituting the above results into the formula (Equation 3.82) we can obtain the
one-soliton solution of cCH equation under NZBCs.
Supposing A = %, the expression for the solution is

Tl
i(e,t) = <T2 T+ Tl) (3.83)
r=ux(yt) = y+21nT117

12ie=% % + 153iv/3e 5 ¥ + 20iv/3 — 2465 ¥ — 20

T! =

(iv3 — 1) (276—1* +18ie—*t—%\/§+4)

L Mlie 8 8363 % 4 216e 8 2 4 32

T2 = 16t 7773 )
27e” "3 2+18'Le 23+ 4
. _8_y _ 16ty

L 18(iv/3 — 1)e™ 3 72 — (351i/3 4+ 189)e™ 3 ~ 2 32zf+32

e -

(iv3 —1) (1&(*”? —9Te”
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(a) (b) (c)

Figure 7. (a)—(c) describe the local structure, density, and intensity profiles with different
times of one-soliton solution |u|. Parameters r1,1 =2, 721 =1, A = %.

In accordance with the construction process of the RH problem, it can be known
that there are singularities {0, £1, +4} of the spectral parameter z Since we choose
zp € C* here and |zo| = 1, 29 = 7 is the singularity of solution 4. From the propa-
gation of waves in figure 7, the bright soliton solution is the hump-kink interacted
solution. Based on the intensity distribution figure captured at various time points,
when the wave peaks and then drops a certain height, it continues to propagate
but does not return to the same height as before.

Supposing A = %, the solution can be obtained as follows

e, ) = —2 <T2 T2 4 £> (3.84)

r=x(y,t) =y +2InT?,
1
T2 =— ((5520 — 6967 + (1080 — 816i)\/§)e(_16t_y)\/‘3’) +
1

1 \f(l t+y)
—2<320e “V/3 4 64 — 96i + (64i — 32)\/§>,

wi
1
=— ((~1056 — 1728 — (192 + 1248i)v/3)e(~16t=¥)V3 | 896 — 15361 + 512\/5) +
w3
1 V3(16t+y)
—5 ( (~15360 + 28800i + (—9600 + 15360i)V3)e”~ 2 “ o 896i\/§) ,
w2

V5] &

1

- ( 1056 + 1728i — (192 + 1248)/3)e(~164=¥)V3 _ 896 1 15361 + 512\/5) +
W
=1

V3(16t+y)
(—7680 + 17280i + (5760 — 7680i)v/3)e 2 —896z‘\/§),

wN

= 80(1 +iv/3)(2 — V3)((3 + 6iv/3)e~161-v)V3) | 4

V3(16t+
wi = —40(3 +2V3)(iv3 — 1)((3 + 6@')6_*27( 9y 4),
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(a) (b) (c)

Figure 8. (a)—(c) describe the local structure, density, and intensity profiles with different

times of one-soliton solutions |u|. Parameters ri1 =2, r21 =1, A = Z.

3 = ~320(2 — VB3 + 1)((6iv3 - g)e T

From figure 8, it can be seen that the peak of soliton does not immediately
propagate smoothly when it falls from the highest point but rather fluctuates and
appears as a smaller peak.

3.3.2. Two-order pole solution

In an effort to construct the two-order pole solution of cCH equation under NZBCs,
we consider the specific data as follows. This is for N =2 case, and the expression
of u(x,t) defined in theorem 3.14.

Case 5: Assuming that w; = zy = e'* € Ct be the two-order zero point of
the scattering data a(u), then wy = wy is also the two-order zero point of a(u).
The discrete spectrum is the set X = {e*, —e=* e —¢'*}. For the purpose
of displaying characteristics of soliton propagations more clearly, we select some
appropriate parameters to construct the two-order pole solutions of cCH equation.
The dynamic behaviours of solitons are shown in Figures (9)—(10).

Setting A\ = &, {ri1=1,112=1,r01 = 1,20 =1}, D=1, &y = 1. Besides,
Mg —913—931 =33, Q12 =014 =039 =34, Q21 —923 =1 =g,
Qoo = Qa4 = Quo = Quy, Q11 = Q13 = Q31 = Q33 Q12 = Q14 = Q32 =
934, le = 923 = 941 = 943, QQQ = QQ4 = Q42 = Q44 In view of the
construction process for simple high-order pole solutions under NZBCs and the
parameter expressions of obtained solutions in theorem 3.14, we further obtain

2y
Clo=Co=¢ 3 2,

8i(20t + 9y)e~ 3~ (iv/3 - 1)
(iV3+3B3(3+i)2

53 ([ 2+2Ty 3 %i(y—1) 9
D= f((— - y+2’—3t)\/§+z‘t+z(y>—>e—?—%7

11 =C1 =

’ 18 20 20 10

https://doi.org/10.1017/prm.2024.102 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.102

On RH problem and multiple high-order pole solutions to the cCH 45

2t _ Y
1440¢~ %% y—6 i t\  9i(y+1) 1
B2 VB4 3)3(V3B + i) (f( 20 +10+9>+“r 20  2)
e F 8 (—2+iv3) e 35 (—3 - 2i\/3)
Qo1 =— Qo9 =

’ B+i (V3 +i)?

1
Gia= o ((—6 + 30 + 206t + 9iy)V/3 + 27 + 18i + 20t + 9y> e F%

)

3 3i 9 . 9i 27 9i\ —2t_Y
o, 120 (5 + 3 + 5+ 25) V3+it + 53 — Z + %) e 372
’ (iv3 = 3)3(i — V/3)* ’
6 _—iVEETE o @ivB-ne¥h
2,1 71,_\/5 ) 2,2 (i—\/§)2 )
12804 6 | 3i %Y\ /3 +i giy\ —%-%

’I]l :771 :— 801((—34‘3_ _%) 3+Zt+70)6
e 4(iv/3 = 1)2(iv/3 + 3)3(V3 + i)? ’
) 5 (—1920iy/3 — 7680it — 34564y + 5760 — 23041')6*%*%

M1 =71 = 403+ 1)2(iv/3 — 3)3(i — v/3)2 )

L _2t_ Y _2t_y

1 1 e 32 9 3e” 372

o = T2 = ;o T =T = — )
iv3—1 2

then substituting the above results into the expression of solution (Equation
3.82), we can obtain the two-order pole solution of cCH equation, Figure 9 shows
the dynamic behaviour of soliton propagation, with three images presenting the
local structure, density, and intensity profiles at different times of two-order pole
solutions with the above parameters.

In addition, we select parameter A = %’r and use the same process to obtain the
dynamic propagation of the solution shown in Figure 10. From these two Figures
9-10, it can be seen that when the two waves collide at the centre, a larger peak is
generated, and then they continue to propagate along the previous trajectory, but

the energy decreases.

3.4. Multiple high-order pole solutions

The general circumstance that scattering data a(u) has N high-order poles
21,22, - ,2zn will be considered, there z;, € Ct for all k = 1,2,..., N, and their
powers are ni,ns,...,ny, respectively. Let w’f = 2 and w§ = zi*, k=1,2,...,N,

k

just like the case of one high-order pole, from the definition of M (y,t, 1), it can

be seen that pu = wf and p = —w}* (j = 1,2) are N-order pole points of M.

Simultaneously, p = wf* and p = —w;? (j = 1,2) are N-order pole points of Mjs.
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(2) (b) (©)

Figure 9. (a)—(c) describe the local structure, density, and intensity profiles with different
times of the soliton solutions |u| with one two-order pole. Parameters 1,1 = 1, r12 = 1,
7'2,1 = 1, 7‘272 = 1, )\ = %

(a) (b) (c)

Figure 10. (a)—(c) describe the local structure, density, and intensity profiles with different
times of the soliton solutions |u| with one two-order pole. Parameters 11,1 = 1, r12 = 1,
r2,1 = 1, r22 = ]., )\ = 5?7\'

Under the assumption that p = w} (j = 1,2) are nj-order zero points of a(u)

for k =1,2,...,N, by the WI‘OIlSkIaIl a(p) = Wr(d_1,d42), there exist complex
constants b;-“’s (s=1,2,...,nn) satisfy the follows

m{ k m e K
[P+ (vt wh)l2 3 ( Tln > b;m_lﬂw, (3.85)
=0

oum ot
and

. ok

Oy, tw)le & Oy, t, wh)]pe™" ")
8 Z Jm +1 aul ) (386)

1=0

with m = 0,1,...,ny_1. Utilizing the parallel approach in above, we define the
N X ny matrices chfl) = [E}P)sq and EJP = [E1F], , for s,q = 1,2,...,n;, and
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introduce the following notations for j,p =1, 2

") = (75 omin) s 2R = (s i) (3.87)
ia y ok S —1)m (=)™
+ y - k rk
MNjs = ;%( w _ 1 m+1 (wf + 1)m+1> TjJCj,l—s—m?
NE l—s
njs ZZ l s—m
l=s m=0
_ia y ok 3 (=)™
+\Y, - kx ~kx
DZ Z < m+1 (wk* + 1)m+1> T5165,1—s—m>
=5 m=0 J
bk, ok — wk)"k
k= lim , Nl Vi (3.88)
’ u%w] (nk _l) a(,u w; ) k= a’(u)
1By) = (JA]),1AD), -+, [AY DT, AY) = (Im*), Ins* )T, (3.89)
|B2) = (143),143), -+, [AY)T,  A5) = (=[ni*), =[n3"))7,
ng l—s
=P _ g+m-—1 k Ak =" (=pmatt
Skd = 22y < " ) T3 16 —s—m { (w;“ —wheyaem (w T wk)atm , (3.90)

n 1— m
A [ gtm-1 phx ok =1 (-yme (3.91)
T4,165,1—s—m (wk* _ wllg)qJFm (wé_c* + wlg*)qum )

J

CHER Sy B
== o oE= N (3.92)
AR EN BN
Is,
Is = R e (‘I I) k=1,...,N, (3.93)
I6N - 2np, X2ng
(A = (AT, Azl -, (A ()], (A ())),
(M)l = (AL, Azl -, A ()], A ())),
/ 17 17 N/ N/ (3'94)
(A ()| = (AL (], (A ()]s (AT ()], (A ()],
(N ()] = (A ()], (RS ()]s AT ()], (A (),
with
k _ k k k _ 1 (_1)8
<AJ(/‘L) - (Aglv ‘7Ajnk)a A]s (N_wf)s (M+w§*)s7
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1 (—1)5+1
= L AF Ak =
< ( )| ( g1 J”k:) js (M U)k*) + (M + ’U};-C)s,
Kkt Kt ks ki —S$ 3(_1)s+1
<A] ( )‘_(A]].?" Agnk) Ajs_ (M w )s—i—l —+ (,u—i—wf*)s‘*‘l’
~ ~ —s s(—1)®
(A ()] = (NS, AL ), A=

+ .
(= wi)st - (ptwh)H

Similar to theorem 3.14, we give the solution of ¢cCH equation with multiple
high-order poles as follows.

THEOREM 3.15 The multiple high-order pole solutions of cCH equation under the
nonzero condition can be obtained as follows

A, t) = =2(Mp (i) M1 (i) + My () My (0)), (3.95)

x=x(y,t) =y + 2In My (i),

with
V(i) =1 - S+ @D | det(ls + E2 + 5| Ba) (A@)) — det(ls + 52 + |B1){(A@)
" 4 det(I5 + ZE) :
N (i) = a4 (y,t) I det(I5 + == + |B2><A'(l)|) — det(Is + E= + E‘B1></~\/(Z)D
" det(Is -‘,—éE) ’

N det(I5 + E*E* + |A5 (A (—0)]) — det(I5 + E*E* 4+ Z*|AF)(A™(—5)|)
det(Is + =*=*)

)

where D is shown in (Equation 3.21), .y (y,t) € R, the elements |By1), |Ba), I5,

=, 2, (AG)|, (A@)], (N (3)|, and (N'(7)| are defined in (Equation 3.89), (Equation
3.92), (Equation 3.93), and (Equation 8.94).

4. Conclusions

In summary, we have studied the multiple high-order pole solutions of the cCH
equation with a linear dispersion term by the RH method with ZBCs and NZBCs. In
comparison to the previous work presented in reference [43], we not only provide the
multi-soliton solutions for this equation but also examine the multiple high-order
pole solutions in the context of both boundary conditions.

Under ZBCs, in the direct scattering part, we make spectral analysis to the Lax
pair. To address the issue of the multi-value problem arising from square roots, a
uniformization variable p is introduced, which leads to the Lax matrices U and V'
have singularities at the points =0, yu = 0o, and the branch cut points p = =+
in the extended complex p-plane. In order to control the behaviour of the eigen-
functions at these singular points, we introduce the suitable gauge transformations.
This method has been developed by Boutet de Monvel and Shepelsky [6, 7]. In the
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inverse scattering part, we construct the RH problem. According to the asymp-
totic behaviour of spectral parameter at point 4 = ¢, we successfully restore the
solution of potential function u. Since the function a(u) as a Wronskian of analytic
Jost solutions, which vanishes to N-order at the N-order zero points, we obtain a
linear expression for the Nth derivative of Jost solutions. Through solving an alge-
braic expression, we establish the solution of RH problem, which is the constituent
elements of the solution of cCH equation. We select special parameters to provide
specific examples of one-soliton solutions and two-order pole solutions and analysed
the dynamic behaviours of solutions by analysing figures.

Under NZBCs, after making a transformation, the NZBCs are converted to ZBCs.
Using a similar methodology as described earlier, we conduct spectral analysis on
the new Lax pair and establish the RH problem. The differences between them are
that the asymptotic behaviour at the new singularity point 4 = +1 need to be
controlled. There we generalize the processing method described in [5] and further
using the RH method to study the high-order pole solutions of cCH equation with
linear dispersion term vu,. Then the solution of RH problem is used to construct
the explicit and implicit expressions of the potential function w. Finally, we use
the solution of RH problem to construct the high-order pole solutions of the cCH
equation and analyse the propagation characteristics of solutions through some
examples.
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