<{\,\\ Compositio Math. 141 (2005) 1589-1601

S y
/// doi:10.1112/S0010437X05001570

\

Zeros of symmetric Laurent polynomials of
type (BC),, and Koornwinder—Macdonald
polynomials specialized at t*t1¢g"! =1

Masahiro Kasatani

ABSTRACT

A characterization of the space of symmetric Laurent polynomials of type (BC),,, which
vanish on a certain set of submanifolds, is given by using the Koornwinder—-Macdonald
polynomials. A similar characterization was given previously for symmetric polynomials
of type A, by using the Macdonald polynomials. We use a new method which exploits
the duality relation. The method simplifies a part of the proof in the A,, case.

1. Introduction

Let k,r,n be positive integers. We assume that n > k + 1 and r > 2. In [FJMMO3], n-variable
symmetric polynomials satisfying certain zero conditions are characterized by using the Macdonald
polynomials [Mac95] specialized at
tk-l—lqr—l - 1. (1)

To be precise, the paper [FJMMO03] works in the following setting. Denote by m the greatest common
divisor of k + 1 and r — 1. Let w be an mth primitive root of unity. Then, the variety given by
D /mgr=1)/m — ¢, is an irreducible component of (1). It is uniformized as follows. Let w; € C
be such that wY_l)/ "™ = w. We consider the specialization of ¢,q in terms of the uniformization
parameter wu,

t = u(r—l)/m’ q= wlu—(k’-l-l)/m. (2)
The following result was obtained in [FJMMO03].
THEOREM 1.1. For a partition A = (A1,...,\,) satisfying

)\i_)\i+k>r (1<i<n—/~c), (3)

the Macdonald polynomial Py € C(t,q)[z1,...,2,]®" has no pole at (2), and when it is specialized
at (2), it vanishes on the submanifold given by
xi/xip1 =tq¢" for1 <i<k (4)
<

for each choice of non-negative integers s; such that Zle s; < r—1. Moreover, a basis of the space
of symmetric polynomials P € C(u)[xy,...,x,|%" satisfying the above condition is given by the
Macdonald polynomials Py specialized at (2) where \ satisfies (3).

The condition that a polynomial vanishes on the submanifold (4) is called the wheel con-
dition corresponding to the submanifold (4) and a partition A\ satisfying the condition (3) is
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called a (k,r,n)-admissible partition. Note that if we set sp1 1 =7 —1 — Ele s;, it follows that
Tpy1/x1 = tg®+! from (4) and (1).

In this paper, we obtain a similar result in the case of n-variable symmetric Laurent polynomials
of type (BC),. Here we say a Laurent polynomial in the variables z1,...,z, is of type (BC), if
and only if it is symmetric and invariant for the change of the variable x; to ml_l. The original case
in [FJMMO3] corresponds to A,. We use the Koornwinder-Macdonald polynomials Py of type
(BC), (see [Koo092]) in order to characterize the space of symmetric Laurent polynomials of
type (BC),, satisfying the wheel conditions. The Koornwinder-Macdonald polynomials depend on
six parameters t,q,a, b, ¢, d.

We set W,, := &,, x (Z2)". Our main result is the following.

THEOREM 1.2. Let A = (A1,...,\n) be a (k,r,n)-admissible partition. Then, the Koornwinder—
Macdonald polynomial Py € C(t,q,a,b,c,d)[zE',...,2;-']"" has no pole at (2), and when it is
specialized at (2), it satisfies the wheel conditions corresponding to (4). Moreover, a basis of the
space of symmetric Laurent polynomials of type (BC), in C(u,a,b,c,d)[zf!, ...z |Wn satisfying
the wheel conditions is given by the Koornwinder—Macdonald polynomials Py specialized at (2)
where \ are (k,r,n)-admissible partitions.

We explain a motivation to study the wheel condition in terms of representation theory of double
affine Hecke algebra. In [Sah99], Sahi introduced the double affine Hecke algebra H of type (C,/, C,).
The algebra H has six parameters ¢, q, a, b, ¢ and d. He defined the n-variable Laurent polynomial
representation R of the algebra H by inducing up the Noumi representation [Nou95] of affine Hecke
algebra. In R, the element X; € H (1 < i < n) is the multiplicative action of the variable z; and the
element Y; € H (1 <i < n) is a pairwise-commuting g¢-difference operator called ¢g-Dunkl operator.
Sahi also showed that R is irreducible for generic parameters.

Let J®7) be the space of (BC),-symmetric polynomials satisfying the wheel condition. Then we
have that J*7) is invariant under (a) the multiplicative action of (BC'),-symmetric polynomials
and (b) the action of g-difference operators {D;; ¢ = 1,...,n} defined in § 2. The invariance by
{D;} can easily be checked because the basis of J*7) is given by {Py} which are simultaneous
eigenfunctions with respect to {D;}.

In the Laurent polynomial representation R, two actions (a) and (b) are (BC'),-symmetrized
actions of X; and Y}, respectively. Namely, the ideal J (k) ig a subrepresentation of some subalgebra
of H which acts on RW»,

This observation suggests that for specialized parameters at t*T1¢"~1 = 1, there exists a sub-
representation Z C R of the algebra H defined by some vanishing condition such as the wheel
condition. (Actually, for the double affine Hecke algebra of type G L,,, there exist such subrepresen-
tations. See [Kas05] for more details.)

Although the statement of Theorem 1.2 is quite analogous to that of Theorem 1.1, our proof of
Theorem 1.2 is different from that of Theorem 1.1 given in [FJMMO3]. In fact, our method gives an
alternative proof simpler than that given in [FJMMO03]| for the A,, case. We use the duality relation
for the Koornwinder-Macdonald polynomials Py. In [KMSV04], we obtain a further result by an
application of the method used in this paper.

Let us explain the duality relation and the method of our proof. We denote by Py the dual
Koornwinder-Macdonald polynomial [Van96] defined by dual parameters t, ¢, a*, b*, c*, d*:

at = —a1/2b1/261/2d1/2q_1/2, - —a1/2b1/20_1/2d_1/2q1/2,

5
¢ = —al 222122 g = 2126121202, (5)
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For any partition p = (p1,...,pu,) and f € C(t, q,a,b,c,d) [xfl, ..., Y, we define specializations
uy(f), uy(f) of f by
uu(f) = fA"gma* "2 gM2at, L ¢*rat),
uy,(f) = ft" tg"a, t" 2g*2a, ... ¢*a).

(6)

In particular, we have

The duality relations reads as

up(Py) _ ua(Bp) )

ug(Py) - uo(Py)

To prove the two statements, (i) Py has no pole at (2) and (ii) P\ specialized at (2) satisfies
the wheel conditions corresponding to (4), we use the duality relation with special choices of pu.
Here, we explain only the latter assuming that the former is already proved. The details of the
proofs are given in the main body of the paper.

In order to study the values of Py on the submanifold (4), we use (7) by choosing = (f1, ..., fin)
in such a way that

pi — pip1 = s; fori=1,...k, (8)
i1 > 2| |(r—1) fori=k+1 —1 9)
i — fhis1 1| or i = T R

From the definition of the dual polynomial Py, it has no pole at the specialization (2) if (9) is valid.
Without specialization (2) we have an explicit formula for uf(Py) and ug(F);), and we can easily
count the order of zeros (or poles) for them. Using (7), we can prove that u},(Py) vanishes at (2).
Since enough pu satisfying the conditions (8) and (9) exist, the Laurent polynomial Pj itself should
vanish at (4).

This much is the proof of the first half of Theorem 1.2. Let J®*7) be the space of symmetric
Laurent polynomials P of type (BC'),, satisfying the wheel conditions, and for a positive integer M,

let JJ(\]/;’T) be its subspace consisting of P such that the degree of P in each variable z; is less
than M. Due to the invariance for x; < x,; ! the dimension of this subspace is finite. From the first

half of the proof, we have a lower estimate of the dimension of JJ(\I/;’T). We give an upper estimate
of the dimension of the same space by considering its dual space. This is a standard technique that
originated in the papers by Feigin and Stoyanovsky [FS93, FS94]. Showing that these two estimates
are equal, we finish the proof of Theorem 1.2.

2. Properties of the Koornwinder—Macdonald polynomials

Let n be the number of variables. We denote by W), the group generated by permutations and sign
flips (W, = &,, X (Z2)™). We consider a W,,-symmetric Laurent polynomial ring

A, =CzE!, ... 2t Wn, (10)
We denote by 7, the set of partitions of length n, A = (A1,...,\,). We denote by m) a monomial
Wy-symmetric Laurent polynomial:
()= Y ]

veWp 1t
1591

https://doi.org/10.1112/50010437X05001570 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X05001570

M. KASATANI

Let A, = A, ® C(t,q,a,b,c,d). The Koornwinder-Macdonald polynomial Py(x) corresponding
to A is a simultaneous eigenfunction of the difference operators {D,; 1 < r < n} (see [Van96)).

(r)

The corresponding eigenvalues Ey
Ey) = uy(mqr) Z ap suy(Mmys)
0<s<r
where uy is that in (5) and a, s € C[tT!, ¢*1, a® b5 L dFL, (a*)F].

To be precise,

are of the form

D,« = Z UJC’T_IJ‘(:L‘)‘/E(LJC (ZL‘)TE‘Lq
JC{1,...,n},0<|J|<r
Ej::tl,jEJ
€5 €5 €5 €5 47 '
Vo k(@) '—Ha*l_amj] 1—bx;/ 1—cx/ 1—ala:»J H t_ll—tx] ' 1—tq:r :1:
e, T _ €j g2z 1/2 € & € =z
e 1 T, 1—1—33]- 1-— /:1: 14 q'/22 ] jied i<t 1—mj]a;ji 1—qmj]a;ji

1— tme-ja:k 1-— tme-ja:,zl

-1

th_

jeJkeK
1—azi'l—0bat 1 —cat 1—dxt
U o) = (—1)7 o ) 1 l !
7P( ) ( ) LC[{zlgllzp ZGHL 1— xlﬁl 1 _|_xl5l 1— q1/2 lEZ 1 + q1/2xlﬁl
a—+1,lcL

1—3: 1, 1—:1: a:k

1—tafa 1 —tqg Lo ),V (1 —taflap 1 —to)' _1
% H 1 ll qa T I H 1 1 Tk 1 x

— Vo g-lp G 1 — g6y _ 1
LUeLl<l 1 xl Ty 1—gq xr; Ty leLkeK\L 1Tk 1 I'l I‘k

and

r—s
s = (_1)7"—3 Z H(tn—lia* + t—n—i—li (a*)—l)’

r<hi < Slr—ssn =1

where T, 74 := H]EJ e;jiq » and
(T:I:j,qf)(mla e ,xn) = f((l,‘l, e ,(L‘j_l, qill‘j, .’Ej+1, . ,xn).

For an indeterminate X, by taking the linear combination of {D, }, we can define the operator
D(X)

n
-3 b
(3 Y
i=0

where {D!; 0 <i < n} are defined inductively as follows

D=1
Dj=D; - a;;D;
Jj<i

Then the eigenvalue F)(X) of the operator D(X) is given by
D(X)Py = Ex(X)Py

EN(X) o= [[(X + t7ighar + g @) .
=1

We use the dominance ordering A > p for partitions A and p. We have the following.
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LEMMA 2.1. Let ¢y, be
Py, =:m) + Z C)\“T?lu.
p<A

If no v < X exists such that Ex(X) = E,(X) at a certain specialization of parameters, then for any
i < A, ¢y, has no pole at the same specialization.

Proof. 1t is clear from the defining equality of Py

(17 P~ Bu(x)
p= (I H0—200)™ .

pn<A

Remark 2.2. In order to distinguish eigenvalues in the specialization (15), the second-order operator
D alone is not enough. The eigenvalue ES) of Dy is given by

n

Eil) = Z(tn_ZqA'La* + t—n—i—lq—)\z (a*)—l)'
i=1
For example, let n = 4, k = 3, and » = 3. Then t?¢ = —1. Hence, EY - W

(33,20 = L1330 although
E332,0)(X) # E4,.33,0)(X). This is why we use the operator D(X).

We define a dual Koornwinder-Macdonald polynomial Py by dual parameters a*, b*, c*, d* given
in (5).
In [Sah99], we have the following relation.

PROPOSITION 2.3 (Duality). For all A\, u € ,, the Koornwinder-Macdonald polynomial Py and the
dual Koornwinder-Macdonald polynomials P € A,, satisty the following duality relation:
’U,Z(P)\) _ U)\(P;)
up(Py)  uo(Py)

(11)
Here, the definitions of u}, and uy are those in (6).

In [Van96], it is shown that the duality relation (11) implies the following evaluation formula.

ProrosiTioN 2.4. We have

ug(Py) = Py x Pt pyinsle

2 +1—
Pium . Ht (Ni+A; )/2( " - J( ) ) Q))\ +X; (12)
BT O
t] i+1. .
pift .= Ht (Ni—Aj /2( ; XUy A]7 (13)
1<j t] Q) d
Psingle ':HG_)\i (tn Z( ) = 7 *b* = za ,t”_ia*d*; Q)Ai (14)
A (tn—za ,_tn za*’tn iq* q1/27_tn—ia*q1/2; q))\i

7
Here, (a; q); == [[1Z5(1 — ag’) and (a1, a2, ..., ap; @)= [17_y(ai; @)

Remark 2.5. Note that in (13), there appear only factors of the form (1 —t*¢¥), x,y € Z>¢. In (12),
there appear only factors of the form (1 —t*¢¥(a*)?), z,y € Z>0. In (14), there appear only factors
of the form (1 —t%¢¥(a*)?), (1 — t*¢Ya*b*), (1 — t*¢Ya*c*), (1 — t*qYa*d*), x,y € Z>o.
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3. The spaces Ixc[’r) and J](\fl’r)

In this section, we describe zero conditions and construct symmetric Laurent polynomials satisfying
the zero conditions.

First, we describe a specialization of the parameters. Let k,r be integers such that 1 <k <n—1
and r > 2. Let m be the greatest common divisor of (k + 1) and (r — 1). Let w be a primitive mth

root of unity. Let wy € C be such that wgr_l)/m =

DEFINITION 3.1. For an indeterminate u, we consider the specialization of ¢ and ¢:
¢ = u(r—l)/m’ q= wlu—(k-l-l)/m' (15)

Then for integers z,y € Z, t*qY = 1 if and only if z = (k + 1)I,

= (r — 1) for some | € Z.
Moreover, the multiplicity of (¢ +1/mgr=1/m _ ) in (¢t+Dlgr=1L _ )

We define the subject of our study. We denote by A/ the corresponding space A/ := A, ®

C(u,a,b,c,d).
DEFINITION 3.2. A sequence (si,...,8k+1) (S1,...,8k41 € Zxo) is called a wheel sequence if
$14+ -+ sgr1 =r— 1. For f € A/, we consider the following wheel condition:
f=0, ifx;11 =tg®x; (1 <i<k) for all wheel sequences (s1,...,Sg+1). (16)
We consider the subspace J*7) C AL,
JE = e A f satisfies (16)}. (17)

We denote by A;% s the subspace consisting of f € A}, such that the degree of f in each z; is
less than M. We set J](\];’r) = Jkr) N AL

Remark 3.3. For any partition u € m,, u),(71)/uy,(Tr41) = thgi—rx+1, Hence, the condition ju; —
tk+1 < 7 — 1 corresponds to the existence of the wheel sequence: sx 1 =7 — 1 — (1 — pgr1) = 0.
The wheel conditions for f(z) € Aj, correspond to uy(f) = 0 at the specialization (15) for any
partition p € m, such that pu; — ppy1 <7 — 1.

Remark 3.4. In [VS98], it is proved that uj,(Py) = 0 for gy < N and A; > N under the spe-
cialization of parameters "~ labg¥ = 1. As it were, this is the zero condition on the finite set
{(u;‘;(azl), cos U (Th)); € TRy < N}. On the other hand, in this paper, the wheel condition is
on the infinite set, because it determines at most the ratio of variables.

For f(t,q,a,b,c,d) € C[t,q,a,b,c,d], we use a specialization mapping ¢
¢ : Clt,q,a,b,¢,d] — C(u,a,b,c,d)
f(t7 q7 a7 b7 C7 d) f( T l /m 1 _(k+1)/m7a7 b? c7 d)7

and we extend ¢ to those elements of the field C(¢, g, a, b, ¢, d) for which the specialized denominator
does not vanish.

LEMMA 3.5. If \ € m,, satisfies

n
)\Z—>\Z+k+1>2|:k—_|_1:|(7"—1) fOl“l Z 'I’L—k'—l,

then Py and Py have no pole at the specialization (15).
Proof. First, we discuss Py. Suppose that there exists p such that (£, (X)) = ¢(E\(X)), that is
{go(t”_iq’”a* —i—t‘””q_’”(a*)_l); 1<i< Tl} — {go(t”_iq)‘ia* +t_”+iq_>‘i(a*)_1); 1<i< Tl}
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Since u and a* are generic, it must be satisfied that
{p(t"~k+DI=ighieii): | € Zsg and 1< (k+ 1)1+ < n}
= {p("FHEDIZ At | € Zsg and 1< (k+ 1)1 40 < n}
for 1 < i < k+ 1. Hence,
{(r =Dl + pggryigis | € Zzo and 1 < (k+ 1)1 +4 < n}
={(r =Dl +Aps1)y+i3 L €Zzoand 1 < (kK + 1)l +i < n}

for1<i<k+1.

Then for any 1 <4 < k + 1, there exists /; > 0 such that (r — 1)l; + p441);,44 = A and there
exists [; > 0 such that (r — 1)l; + Agq1y4s = pi- I 1} # 0, then by the hypothesis,

1ti = By = (7= DI+ Aggnygs — X+ (0= Dl

<(r—D)U+1) -2 [kL—i—l} (r— 1)l

<2/ fe-va-n
<0.

Hence, I must be equal to 0, namely \; = p;. Inductively, we have A(k41)1+i = H(k+1)i4i for all 1 > 0.
It follows that A = p. Therefore, from Lemma 2.1, P, has no pole at the specialization (15).

For Py, its eigenvalue E}(X) is given by replacing a* with a in F)(X). Hence, we can similarly
show that Py has no pole at the specialization (15). O

We are going to construct a basis of J ﬁ’r).
DEFINITION 3.6. A € 7, is called (k,r,n)-admissible if
Ai— A =71 (forall 1 <i<n—k). (18)
Our main result is the following.

THEOREM 3.7. For any (k,r,n)-admissible A\, Koornwinder—Macdonald polynomial P\ has no pole
at the specialization (15). Moreover, for any positive integer M, we have

I = gkn,
Here, we define a subspace I*") of Al
k) = span(c(%b’c,d){go(P)\); A is (k,r,n)-admissible},
and we set
I](\Z’r) 1= spanc(ypea){@(P2); A ds (k,7,n)-admissible and Ay < M}.
First, we prepare some propositions and lemmas.

DEFINITION 3.8. For p € C(t,q,a,b,c,d), we denote by Z(p) € Z the multiplicity of (tk+1/m
q"=Y/™ — ) in p. That is,

p= (tk-l-lqr—l - 1)Z(p)p/7
where the factor p’ € C(t,q,a,b, ¢, d) has neither pole nor zero at (15).
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ProrosITION 3.9. For any partition A € 7,, we have

Z(ug(Py)) = Z(uo(FR)) = #{(i,1) € Z205 A\ = Niphrayi1 >
—#{(i,1) € Z20; Ai — Aig(priy = (r — DI+ 1}

Proof. Recall Remark 2.5. The factor P{ff has the factors of the form (1 — t%¢¥) (z,y € Zxo).

Ifj—i+1=(k+1)land \; — \; > (r — 1)l + 1, then u}(Py) has the factor (1 — ¢t(F+Dlg(r=10)
in the numerator of PUf. If j — 4 = (k+ 1)l and A\; — \; > (r — 1) + 1, then uj(Py) has the
factor (1 — ¢t +Digr=1!) in the denominator of Pf\“ﬁ. Otherwise, there does not exist the factor
(1 — ¢+ Dig(r=Dly i pdiff

On the other hand, P{"™ and P;ingle have neither pole nor zero at the specialization (15).

The specialization ug(Py) is given by replacing parameters with dual ones in u;(Py). Since the
specialization (15) is invariant under acting * on parameters, we have Z(ug(Py)) = Z(uj(Py)). O

COROLLARY 3.10. For any (k,r,n)-admissible X\, we have Z(ui(Py)) = [n/(k + 1)].
Proof. Since A\ — Aivg = 7,
Z(ui(Py) = £{(i,0) € Z20; i+ (k+ 1)l =1 < n} —#{(i,1) € Z2¢; i + (K + 1)l < n}
=> max{(n— (k+ 1)l +1),1} =Y max{(n— (k+1)I),1}

I>1 1>1
| on
k1) O
Remark 3.11. For g € A,,, we take an integer IV such that the degree of g in each variable x; is
less than N/2. Then to prove that g = 0 (respectively, g has no pole) at the specialization (15), it

is sufficient to show that there exist n subsets C1,...,C, C C(a,b,c,d)[¢gF!, '], which satisfy the
following two conditions:

(i) for each 4, #(p(C;)) = N in C(u, a, b, ¢, d);
(ii) for all choices of ¢; € C;, Z(g(c1,...,cn)) > 0 (respectively > 0).

Motivated by the observation above, we define certain sets of partitions.

DEFINITION 3.12. A partition 7 is called thick if n; > n;+1 > 0 for all <. For a thick partition n € m,,
a set of N™ partitions is defined by m, n := {p € m,; p; = 1; + d; for all i where 0 < d; < N — 1}.

For a thick partition n € m,_j, we define 7T7,7’N = € mp; 1 — 1 < 1y = Ni—g + di—g for
kE+1<i<nwhere0<d; <N -1}

When we use these sets 7, y and 777’7’ N+ We choose a sufficiently large N such that N > M and
any thick partition 7 such that

n

n
i — Nig1 > max(M,2[k+ J(r = 1)>, n; > max<M,2[k—+1] (r— 1)>

We do not specify N and 7 in the following.

LEMMA 3.13. For u € my N or ju € 7T7,7’N, B, and P} have no pole at the specialization (15). Moreover

o if € mN (n€m)
: o JlEET TN T
Z(ug(Fu)) = Z(uo(Fy)) = .
|:k——|—]_:| —1 If/L S 7T7/7,N (7] S 7Tn_k).
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Proof. 1f 1 is an element of m, n or 7T;77N, then p; > pijvpy1 for 1 < i < n—k— 1. Hence, from
Lemma 3.5, we see that P, and P have no pole at (15).

If p € my N, then for each 1 <1 < [n/(k+1)], i > pigprii—1 (1 <i<n—(k+1)1+1)
and p; > piqg1y (1 <@ <n— (k+1)0). Hence, from Proposition 3.9, Z (ug(F, ug

w)) = Z(uo(Fy)) =

n/(k+1)].
If p € m y, then py — p1 < r — 1. Hence, from Proposition 3.9, (i,1) = (1,1) is the only
different situation from the case y € m, n. Therefore, Z(uf(Py)) = Z(uo(Py)) = [n/(k +1)] - O

Now we are ready to prove a part of Theorem 3.7.

THEOREM 3.14. For any (k,r,n)-admissible A\, Koornwinder—Macdonald polynomial Py has no pole
at the specialization (15) and ¢(P)) satisfies the wheel condition (16).

Proof. Since A is (k,r,n)-admissible, Z(uy(Py)) = [n/(k + 1)] from Corollary 3.10.
Let N > |A] and let y € m, n where 7 € m,. Then from Lemma 3.13, P; has no pole at the
specialization (15) and Z(uo(P;)) = [n/(k + 1)]. From the duality relation (11),

ux(Py)

uy, (Py) = (P*)

ug(Py).

Therefore, Z(uy,(Py)) = 0.

Since this holds for all u € 7, n, from Remark 3.11, we see that P has no pole at the special-
ization (15).

Let pu € 7T;77N (1 € mp—g). Then from Lemma 3.13, P} has no pole at the specialization (15) and
Z(uo(Py)) = [n/(k+1)] — 1. From the duality relation (11), through the same argument as the
above, Z(uj,(Py)) > 1

We have shown uj,(Py) = 0 at the specialization (15) for all 4 € m, . Hence, from Remarks 3.3
and 3.11, we conclude that ¢(P)) satisfies the wheel condition (16). O

COROLLARY 3.15. The space I*7) and I](\Z’T)

have J{F7 o (7).

are well defined for any positive integer M, and we

4. Estimate of dim J_,(\f[’r)

We have already constructed the polynomials satisfying the zero conditions. In this section, we show
that JJ(\]/;’T) = I](\?r) by giving an upper estimate of the dimension of JJ(\]/;’T).

Fix g}, ¢}, ¢b, g5 > 1. We take the limit t — 1, ¢ — 7, a — 79, b — —791, ¢ — 7911/2
d — —79%1/2 where 7 is a primitive (r — 1)th root of unity. In this limit the wheel condition (16)
reduces to

f=0 ifeg; =72y (1<i<k+1) (19)
for all p1,...,prr1 € Z and g € C. We denote by Jkr) C A,, the space of (BC)y,-symmetric
polynomials satisfying (19). We define

T = {f € J®; deg,, f < M.

Note that dimc(y,q,p,c,d) J](\I;’T) < dimg j](\l/;’”.

We consider the commutative ring Ry := Cleg, e1, €2, . . ., epr| for indeterminates {e; }. We count
the weight of e; as 1 and the degree of e; as i. We set ey := H?:l ey, for A € m,. We denote by
Ry € Ry the space spanned by the monomials ey such that A € 7, and Ay < M.
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We use the dual language (see [FJMMO03]). There is a non-degenerate coupling:

RM,n X An,M — G

~ (20)
<e)\7m,u> = 5A,u-
We introduce an abelian current
M
Z ei( 24 2 ) + eo.
=1
It satisfies
(e(z1)e(z2) -+ -e(zn), ) = f(z1,22,...,2,) for f € I_XH,M.
Then for any f € J (k r) , we have
(e(tPrz) - e(TPr12)e(zk12) - - - €e(2n), f) =0 for all (p1,...,prt+1) € 7kt
Hence, the space
spanc{e(mP1z) - e(TP*12)e(zka2) - e(2n); 2, 2k12, -y 2n € Cop1,. . Dky1 € Z} (21)

is the orthogonal complement of j](v[’T) with respect to the coupling (-,-). For p = (p1,...,pr+1) €
ZF L, let v be the coefficient of 24

e(TP12) - - - e(TPE12) Z Td

By the symmetry of exchanging z <+ 2~ ! in the current e(z), we have rf =" ;. We denote by Jas
the ideal of Rjs generated by the elements g et T = I N Ry, Then the space (21) coincides
with Ju . Since dim Ryr /Ty = dim JJ(\]/; T), the condition (19) is equivalent to the relations in
the quotient space

=0 forall p=(p1,...,prs1) € Z¥*! and d > 0.

PROPOSITION 4.1. The image of the set {ey; A\ € m, is (k,r,n)-admissible, A\ < M} spans the
quotient space Rasn/JInn-

Proof. We introduce a total ordering for partitions and monomials. For two partitions A and p such
that |[A| > |u|, we define A > p. For two partitions A and p such that |A| = |u|, we define A > p
if Ay > p1 or Ay = p1, A9 > o or A\ = g, Ao = o, A3 > us, etc. We define for the corresponding
monomials ey and e, e\ = €.

Let us calculate rs .

k41 M
e(tPlz) - -e(rtPrtiz) = H E e‘ij|(7'pﬂz) J
j=1 ij=—M
k+1
= E zd< Z H eiijjlj + Z c)\7d6)\>.
dez i1+ tip 1 =|d j=1 NETp 41
i;20 IAI>|d]
Hence, for any non-negative integer d,
k+1
rh E H e, TP + E CA €N
i1+ tipp1=d j=1 AETL 11
1520 [A|>d
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We define RE\(/?,C 41 by

(d) —
Ry i1 = @ Ce,,
AETh 41, A Z2d, <M

and we consider a quotient space
(d) (d+1
RM,k+l/<R Mp+1 T Z CTd)
pEZk+1

In this space,
k+1

Y E: - Pit
0=ry, He%T

i1+ Fippr1=d j=1

1520
_ § : Tp1111+...+pk+11/k+1< § Heﬂj>
k+1 k+1 ]

vezkh neEZE S nj=d J

v <r—2 uj—uj—l—(r 1)kj,kj€EL>0
— E < § Tp1u1+~~-+pk+1uk+1> < E H euj>'

ie;l'kJrlQ VEGkJrl)\ Z];T)l’Z], Mj:d J

IS8T ;LJ—)\ +(7‘ 1)l‘€j7/‘€j€Z>0
We set w14 :={\ € mpo1; |A| = d}. For a sequence of non-negative integers m := (myg, ..., My—o
+1, +1s ’ ’

such that > m; = k + 1, we define a subset 71 4(m) by
Tht1,d(m) == {pn € mpr1.4; #{; i = a mod(r — 1)} = m, for every 0 < a <r —2}.
M) the multiplicity of ¢ in A. Define m(X) := (my ()‘) ,mfig). Then,

D _ P1V1I+ Pk 1VE+1
=X (X ) X s )

AETL41 “pET R 1,a(m(N)) €S 11A
A1 <r—2

SO (D S o

AETRp1 HET41, a(m(N))
A1Sr—2

We denote by m;

Here, ¢y, =[], m M 1L m "V and m is the monomial & 1-symmetric polynomial (not Laurent).
Since A\; < r — 2, the degree of

> < > Cw%) m(T1,. ., Thr1) (22)

NETpy1 HETK11,a(m(N))

A <r—
in each variable x; is less than r — 2. On the other hand, we can choose the values of z; from
T U independently Hence, the expression (22) is identically zero in the quotient space

Rg\?k 1/ (R(d MEi1 T Z Crl)). Since monomial symmetric polynomials are linearly independent, it

follows that
Z ceapeuy =0

HEME41,a(m(A))

in RE\?kJrl/( xﬁil +2 Crh). Note that Ty k1 = ZMkH > Crh. Therefore, in Rz i1/ T k41

we have
g Capulpy = g Culpu-

BETR41,d(m(N)) WET ot 1, | Zd+1,u1 <M
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For any (k,r, k + 1)-non-admissible partition A € 711 such that \y < M, there exist some d
and m so that A € my41 ¢4(m). Moreover, the set 741 4(m) contains at most one (k,r, k + 1)-non-
admissible partition A, and for all u € w41 g(m) such that u # X, we have p > A. Therefore, ey can
be written in Rysy1/Tm k+1 as follows:

_ /
e\ = E cpep-

p=Api <M
Let A € m, be a (k,r,n)-non-admissible partition such that Ay < M. Then there exists i such
that \j—X\j1x < 7. Weset = (Ai, ..., Aigg) € T and v = (A1, . ooy Ao 1, Adipkt 1y - - -5 A ). Since p
is (k,r, k + 1)-non-admissible, from the above argument, we can rewrite e, as a linear combination
of greater monomials {e,/; ' > p} in Rarpi1/Tnrk+1. Hence, ey can be rewritten in Rar,,/JTwvn
as follows:

ex = ety

:< > cu/e,/>ey

Wy KM
= E C €N
N = AN <M

Here, in the last equality, we set X := p/ U v.

If ey is still (k, r, n)-non-admissible for some X', we further rewrite ey as a linear combination of
greater monomials. Since {\ € 7,; A\; < M} is a finite set, this procedure stops in finite times. [

COROLLARY 4.2. We have dim J](\?T) < #{\ € m; N is (k,r,n)-admissible and Ay < M}.

By Corollaries 3.15 and 4.2, we complete the proof of Theorem 3.7.

5. Application to Macdonald symmetric polynomials

We can apply the method in Section 3 to a proof of Theorem 1.1.

In [Mac95], symmetry relations [Mac95, ch. VI, (6.6)] and special values [Mac95, ch. VI, (6.11")]
of Macdonald symmetric polynomials have been given. By a combinatorial argument similar to that
employed in this paper, we see that for any (k,r,n)-admissible partition A, the multiplicity of the
factor (1 —t*"1¢g"~1) in the right-hand side of (6.11") is [n/(k + 1)]. Moreover, for yu € m, x or T N
the same results as Lemma 3.13 also follow. Hence, from symmetry relations, through the same
argument as Theorem 3.14, we conclude that the Macdonald symmetric polynomial is well defined
and satisfies the wheel conditions if A is (k,r, n)-admissible.
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