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Abstract. For the family of double standard maps f, = 2x 4+ a + (b/7) sin 2wx(mod 1)
we investigate the structure of the space of parameters a when » = 1 and when b € [0, 1).
In the first case the maps have a critical point, but for a set of parameters E;| of positive
Lebesgue measure there is an invariant absolutely continuous measure for f; 1. In the
second case there is an open non-empty set Ej; of parameters for which the map f, 4 is
expanding. We show that as b 7 1, the set E}, accumulates on many points of Ej in a
regular way from the measure point of view.
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1. Introduction
In one-dimensional dynamics, a lot is known about the families of smooth maps with a
critical point, such as quadratic maps, and about the maps that have no critical points (local
diffeomorphisms of the circle). Here we start to investigate what happens at the interface
of those two cases.

Consider the family of double standard maps of the circle onto itself, given by

b
fap =2x +a+ — sin 2rx(mod 1), (1.1
T

where the parameters a, b are real, a € [0, 1) and b € [0, 1]. In fact, we consider a from
the circle R/Z, but since we are mostly working locally (and far from a = 0), considering
a real is simpler. This family of maps was introduced in [19].

For b = 1, maps of the family (1.1) have a unique cubic critical point (at ¢ = 1/2)
and negative Schwarzian derivative. Thus, they behave similarly to quadratic maps. In
particular, there is a set of parameters a for which there is an invariant probability measure,
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absolutely continuous with respect to the Lebesgue measure. For b < 1, there is no critical
point, so the maps are local diffeomorphisms. Complexification of the maps, obtained by
conjugacy via e>7*  gives the family

ga,b(Z) — eZm‘aZZeb(z—l/z)'

Those maps are symmetric with respect to the unit circle, and factored by this symmetry,
they have only one critical point and no asymptotic values in C \ {0}. Therefore a map f;
has at most one attracting or neutral periodic orbit (see [9, 10, 19]).

One can also look at the family of double standard maps as a hybrid between the
family of standard maps, studied by Arnold (see [1]) and important in the creation of
the Kolmogorov—Arnold—Moser theory, and expanding maps of the circle (see [23]). Of
course instead of maps of degree 2 one can take maps of higher degrees and the results
will be practically the same (but we would introduce one more parameter and lose the nice
name of the family).

Some recent work has been done for classes of families that include double standard
maps. Misiurewicz and Rodrigues studied them in [19, 20]. Benedicks and Rodrigues [4]
investigated symbolic dynamics for this family. Universality for critical circle covers was
studied by Levin and Swiatek [14]. Levin and van Strien [15] proved complex bounds,
quasisymmetric rigidity and density of hyperbolicity for a class of real analytic maps which
includes the double standard maps. Fagella and Garijo [10] studied a class of complex
maps containing the maps g, 5. Dezotti [9] also considered maps g, and, using complex
methods, obtained important results on the real case.

As for the Arnold family, for the double standard family we call the sets for which there
is an attracting periodic orbit of a given type (period plus combinatorics) tongues. Dezotti
[9] proved that tongues are connected. The lowest tongue tip is at b = 1/2, for the period-1
tongue. If 0 < b < 1/2, the map f, p is expanding. At higher b-levels there may be finitely
or infinitely many tongues (see [19]). In particular, at the critical level b = 1 all tongues
are present, and it is easy to prove that they are dense at this level (see [15]). We show (in
Theorem A) that at the lower levels f, , can have an attracting or neutral periodic orbit, and
otherwise it is expanding. Moreover, the set of expanding maps is dense in the complement
of the tongues.

For simplicity, we will be using the notation f;, for f, 1. A parameter ap will be called
an MT parameter (for Misiurewicz—Thurston) if the trajectory of the critical point ¢ = 1/2
is preperiodic (but not periodic).

In this case f,, has an absolutely continuous invariant measure [17], and it is also true
that the critical value fao(%) satisfies the Collet—Eckmann condition, that is, that there
exist Ccg > 0 and k1 > 0 such that for a = ao,

(f1 (fa(c)) = Ccge "™ foralln > 0, (1.2)

which implies the existence of an absolutely continuous invariant measure [22, 25].
Using the methods of [2] it is possible to prove the following proposition.

PROPOSITION 1.1. There is a set of positive Lebesgue measure E| so that for all a € E;
there is ng(a) such that

£ (fa(e)) = & foralln > no(a), (1.3)
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Here % can be replaced by any constant ¢ < 1.

A parameter exclusion requiring

dist(£) (c),0) = eI, j>1, (1.4)

will be sufficient to prove (1.3) and then Jacobson’s theorem also follows.
Using the methods of Large deviations of [3] it is possible to prove the following result.

PROPOSITION 1.2. There is a set of positive Lebesgue measure E1 and some k > 0 such
that for all a € Eq,

(f) (fa(c)) = Ce"  foralln > 0. (1.5)

For a similar result, see [24].
In the present paper we will consider the non-critical case 0 < b < 1 and use more
elementary methods based on [2], which give stretched exponential growth of the type

(1) fap(©) = €, ng <n < Na, b, (1.6)

foralla € E » for a set E », which is a finite union of intervals. To obtain this it is sufficient
to carry out parameter exclusions of the type

dist(f),(c).¢) = Cre™V7,  j =1, (1.7)

and then prove exponential expansion in §8. The proof is discussed further at the end of
this section.

We will outline the proof of Proposition 1.1 after the proof of Theorem A.

By the results of [5, 6], if f,(c) satisfies the Collet—-Eckmann condition, then f, has an
absolutely continuous invariant measure. This is the analogue of Jakobson’s theorem [11]
in this case.

It is also possible to prove (1.2) for a in a set E of positive Lebesgue measure, but with
the present setup this would require the method of large deviations of [3], and this is not
required when 0 < b < 1.

Let us introduce some notation. For a fixed b, let us denote the sets of those parameters
a for which f,; has an attracting (respectively, neutral) orbit 7} (respectively, T Np).
Moreover, let Ep, be the set of those parameters a for which f,, is expanding, that is,
there exist C > 0 and « > 0 such that

(fan,b)/(x) > Ce" foralln >0, forall x € T. (1.8)

By the result of Mafié [16], if a does not belong to T}, or T Nj, then it belongs to Ep.
Observe that by the definition, a small perturbation of an expanding map is also expanding,
so Ej is open. In fact, the set E = {(a,b) : a € Ep,0 < b < 1} isopenin [0, 1) x [0, 1).
Note that our definition of E| or E 1 is quite different from the non-critical case, that is,
the case of Ej, for b < 1. Nevertheless, there are some common features of the non-critical
case, because if f, j is expanding, then by the results of Krzyzewski and Szlenk [12], or by
the Lasota—Yorke theorem [13], there exists an absolutely continuous invariant measure.
Extending the methods of the proof of (1.3), we prove the following theorem.
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THEOREM A. Let ag be an MT parameter for the family { f,}. Denote w(e) = (ap — ¢,
ao + &). Then for some gy > 0 there is a function by : (0, g9) — (0, 1) such that
inf{|Ep Nw(e)] 1 b € (bo(e), 11} |
m =
e—0 lw(e)]

Here |A| denotes the Lebesgue measure of the set A.

This can be considered as the main result of the paper. It gives a quantitative relation
between the behavior of the system for b < 1, where the maps are local diffeomorphisms,
and for b = 1, the critical case.

Finally, we prove a topological result, using very different methods.

THEOREM B. Foreach b < 1, the set Ey, is dense in the complement of Tp. In particular,
every interval of the parameters a either is contained in a closure of one tongue or
intersects Ep.

The above theorem in some sense complements Theorem A. Locally it says less about
the set Ep, but it applies to all b < 1, not only to b sufficiently close to 1 (moreover, this
closeness in Theorem A depends on ag).

This paper is organized as follows. In §2 we introduce notation and some definitions
that we will use throughout the paper. In §3 we prove the transversality condition for maps
of the family (1.1). In §4 we prove that we have exponential growth of the derivative for
an orbit of a map f,, that moves outside an open interval containing the critical point
when (a, b) is a small perturbation of an MT parameter (ap, 1). In §5 we describe the
induction including its startup and prove that the conditions on the induction statement are
satisfied for the first free return time. Furthermore, we define the bound period and prove
some results concerning the derivative growth during the bound period. In §6 we prove the
global distortion lemma and in §7 we start the proof of Theorem A. In §8 we finish this
proof. Finally, in §9 we prove Theorem B.

Let us indicate what is technically new in this paper compared to previous work. The
proof of Theorem A is based on techniques in [2, 3].

The main strategy of the proof of Theorem A is the inductive proof of

(1) (Fap(©)) = C2e™", (1.9)

up to a certain time N.
The set E7 in the critical case b = 1 is a Cantor set of positive measure represented as

00
E| = m Ay,
n=0

where each A, is a disjoint union of intervals {I,{}. Here A, +1 C A, and the set A,y are
defined by removing subintervals of each I,/ according to two rules. First those subintervals
that do not satisfy an approach rate condition (1.4) for the critical point (or inflexion point)
c= % are deleted. This replaces the basic assumption (BA) in [2, 3]. In the non-critical
case 0 < b < 1 this condition corresponds to (1.7).
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The proof of Theorem A is different from that of Proposition 1.1 in the critical case due
to the fact that the behavior at the inflexion point ¢ = % is given by the Taylor series

1 ot 1 2k+1
Jap(x)=a+ (2 - 2b)<x - 5) + ; a2k+1<x _ 5)
=a+2- 2b)<x — %) + g(x).

Here g(x)/(x — %)3 is bounded above and below by strictly numerical positive constants,
depending only on the MT map f,,. Furthermore, g'(x)/(x — %)2 has similar bounds from
above and below.

This means that when a point y = f;b (x)isclosetoc = % the derivative fé,b (y) will
be dominated either by 2 — 2b or by the quadratic term g’(y) and these two cases will be
treated differently.

The induction in the non-critical case b < 1 can actually be terminated at the time N
defined by the condition that the constant term in the derivative 2 — 2b can be of size
comparable to g’(x), which is quadratic, that is,

2-2b~ (e*‘/ﬁ)z, (1.10)

where ~ means that the two sides are comparable within fixed constants, which depend
only on fy,. Defining N this way, we can stop the induction at time N and the remaining

set £ = ﬂ,ivzo A, (b) is a finite union of intervals.
Another new aspect of the present paper is that for b < 1 the condition of
Collet—Eckmann type (again with ¢ = %)

(1) (fap(©) = Ce" foralln = 0, (L11)

is no longer sufficient for the existence of absolutely continuous invariant measures for
fab- There is, however, another argument given in §8 which uses (1.11) together with
bound period estimates (see §4) which prove uniform hyperbolicity (1.8). As general
references for the theory of one-dimensional maps we mention [7, 8, 18, 21].

2. Notation
Throughout this paper, C is a general numeric constant. For a set A C R we will denote by
|A] its Lebesgue measure.

Consider the family of double standard maps given by (1.1) with b = 1. Throughout
this paper we write f,(x) = f,,1(x) and denote by &;(a) the orbit of the critical point:
gj(@) = £ (o). .

For a general b < 1, we also use the notation &;(a, b) = f, a]’b(c). It is clear that when
b < 1, the point ¢ = % is an inflexion point. Sometimes we also use the notation f (x, a, b)
for fap(x) and f(x, a) for fq(x). _

By 9, fa]’b(x) we denote the partial derivative of faj’b(x) with respect to a and by

0q faj (x) the partial derivative of faj (x) with respect to a.
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Definition 2.1. A parameter a = ag will be called an MT parameter (for Misiurewicz—
Thurston), if there exist an integer m and a period length ¢ such that &, (ag) is a periodic
point of f, of period £ and the multiplier A := ( ffo)’(ém (ap)) is greater than 1.

As in [2, 3], we define a partition Q = {I,;} of the return interval I* = (¢ — §, ¢ + §),
where § = e~ "%, We first divide I*,

o0 o
I*:UI,UUI_r,

r=rs r=rs

r

where I, is the interval (¢ + e~ et e ") for rs <r < oo, and I_, is the interval

(c—e ", c—e .
We then subdivide I, into r2 intervals of equal length with disjoint interiors as follows:

r2—1
L= e
=0

For convenience we also use the convention that 7, ,» = I,—10, r > 0, and the analogous
convention for r < 0.

Note that we have |/, ;| = e_’/rz(l —e Yand|I,| = e (1 —e1). We will also need
the extended interval

I,Jfg =L 1UL Ul

For technical reasons we will also need a partition @ = {1, ;}, |r| > ral, of an interval
I* = (c — 81, ¢ + 81), where || > r}, for some r} < rs, thatis, §; = e~ > 6.

An important tool in this paper is a sequence of partitions $,, n =0, 1,2, .. ., of the
parameter space which is induced by the phase space partition. We define

En = Ua)

weP,

We call a time n a free return if there is a parameter interval o belonging to a partition
P, such that

&r(w) = re-
Similarly, if we fix b < 1, we will have
&n(w, b) = re-

(In some cases, for technical reasons, these two conditions will have to be replaced by
Irg Cén(@) C Ly or Ig Cén(w,b) C 1T,)

3. Transversality
In this section we prove the transversality condition for maps belonging to the family (1.1).
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LEMMA 3.1. The following formula holds:

n— n—1 1
dafly () =Y _(FE) (@) = (£ fap ) Y ———— (3D
[y (x 2_: L) (1K) = (0D (fap () Z oo

Proof. We have

da 111 () = L4 £, (2, (X)) - B f (x) (3.2)

(note that 9, foh(x) =0 and 9, fal’b(x) = 1). Using this formula, we prove by induction

that
fiy ) = Z(f ) (5 ). (33)

If n = 0, then both sides of (3.3) are 0. Assume now that (3.3) holds for some n and
prove it for n + 1 instead:

n—1 n—1
0 1510y = 14 f1,(fry () - D (k) (fiy () =1 +Z( )

k=0

k— D—k
—1+Z(f§b>( . “(x))—Z(f;‘m T ).
k=1 k=0
Thus, by induction, (3.3) holds for every n.
Now we have

S0 N Sap @) - (£33 (F2 5 @) = (151 (fap ().
From this and (3.3) we get

1

() = (1 ”fab("))z 3 Ui e )

= (f)5 ) (fapx >>Zm O
We get the following immediate corollary.
COROLLARY 3.2. We have 9, f45(x) = 1 and if n > 0 then 9, fa",h(x) > 1. Moreover,
M Z L 3.4)
(o ) Sap(e)) = (fap) (fab(C))
so, in particular,
dakn(a, b) = (£ (fan(c)). (3.5
In a special case, when there is a constant Cy such that
(L) ap(©@) = C2e”", v =0,1,2,...,n—1, (3.6)
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then for all v < n we obtain, by combining the inequality with the lower bound (3.5),

| < 0a&n(a, b) < g, 3.7

T (fan(@) T

where
Z C2 1 —l

Remark 3.3. We would like to emphasize the central role that Corollary 3.2 plays in this
paper. We prove the estimate (3.6) successively by induction on v. We can then conclude
that (3.7) holds with n replaced by v for a given v. From this estimate we conclude that
the x- and a-derivative are comparable at a given time v. It is important that we prove the
x-expansion first and then verify the comparison. The constant ¢, will be fixed, that is, it
only depends on fy,.

We will also need the following lemma which can be viewed as a lower bound for the
Radon—-Nikodym derivative of &, (a, b) — &, (a, b), v < p (with respect to a € ).

LEMMA 3.4. Suppose that w is a parameter interval and v < (1. Assume further that there
is a constant q' such that for all t € w,

S fiple)) > %aaéua, b). (3.8)
Then
£ (. b)| > i inf (1) (12000 - (@, b,
Proof. By Corollary 3.2,

61 (@, b)) = fw 0u (1, b) di > f Ly Y frn(e)) dr. (3.9)
However, by (3.8) we have
Ly @) = 5V @) - (£ )/(ft,b(C))
> inf (/15 (f2p()) - a £u(1, ).

Together with (3.9), we get

£ (o, b>|>—/ inf (15" (L) / DuE (1, b) di

w

1
= Z 1nf(f )(f 5©) - [§v(w, D)]. [

4. The outside expansion
The aim of this section is to prove that we have exponential growth of the derivative for an
orbit of amap f; 5 that moves outside an open interval / containing ¢, when (a, b) is a small
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perturbation of an MT parameter (ag, 1). We consider the parameter space R/Z x (0, 1],
and when we speak of a neighborhood of (ag, 1), we mean its neighborhood in this space.

By |x — y| we denote the distance between x and y on the circle. Since the points x and
y will be usually close to each other, this makes perfect sense. Denote

d = min e — fi ()] 4.1
=

By the definition of an MT parameter, we have d > 0.
Since fy, has negative Schwarzian derivative, the following lemma follows immediately
from Theorem 1.3 of [17] (in a general case one could use also the result of Maiié (see

[16])).

LEMMA 4.1. Let I be an open interval containing c. Then there exist a neighborhood N of
(ao, 1), positive constants C3, kp, and an integer M such that if (a, b) € N then:

() ifx, fap @)oo f1y () ¢ 1, then
(f1,) (x) > C3€";
(i) ifx, fap() ..., f1,'(x) ¢ I andn > My, then
(fap) (x) > 2"

Proof. By Theorem 1.3 of [17] (or a result of Mafié [16]), there exist L > 0 and
Kb > 0 such that if x, fo,(x), ..., fE71(x) ¢ I, then (f£)(x) > 2L, Therefore, if N
is a sufficiently small neighborhood of (ag, 1), then for all (a, b) € N and x such that
X, fap(X), .., faljljl(x) ¢ I, we have ( afb)/(x) > 2L Since the infimum of (fih)/(x)
over (a,b) e Nyx ¢ Tandi =0, 1,..., L — 1is positive, there exists a positive constant
C3 such that (i) holds with kp = Ké. Thus it also holds with k; = Ké /2, and then (ii) holds
with any
— log C3
My > K—z O

Now we fix a positive constant 8 > 0. It will depend only on the unperturbed map f,
and can be chosen as, say ﬁ min(k, x3). Here « = (1/£) log A, where A is the multiplier
of the repelling periodic point of the MT point, and «3 is the Lyapunov exponent in Lemma
4.6.

Definition 4.2. Let x € I™ = (¢ — §1, ¢ + 81). We say that x is B-bound to the critical
point ¢ up to time p for f,p if p is the maximal integer such that

£y = fly@l = e forall j < p. “2)
Observe that for every a, b (where b < 1) and every x we have
f;’b(x) <4 and |f(:/,b(x)| <47 < 13. 4.3)

Let us state a version of the bound distortion lemma (see [2, 3]).
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LEMMA 4.3. If & is sufficiently small, then there is a constant C4(81) > 1, which
converges to 1 as 81 — 0, such that for every x € I = (¢ — 81, ¢ + 81) if x is -bound
to ¢ up to time p for fq,, then

1 (Y (fap ()
— < <
Ca ~ (fE) (fay(©))

for all k < p. Moreover, there is a constant Cs = Cs5(81) > 0, which converges to 0 as
81 — 0, such that

Cy (4.4)

| £ () = fox (©)] < Cs (4.5)

forallk < p.

Proof. Assume that x is bound to ¢ up to time p. Now choose p; = 11—0 log(1/681). Then by
(4.3) we can estimate

| x) = £l (o)) < 8,40 < 5,47
if j < p; and
) = fah (@] < e < e7Pm

if p1 < j < p. Thus, if § is sufficiently small then | fuj0 (x) — faj0 (c)| < d/2 and therefore

; d
| fap () — ¢| = 5 (4.6)
forall j < p.
This also proves the last statement of the lemma.
We have
(fi) Fag ) _ lﬁl < . fao i @) = fa’o(f,{;mc)))
() (fap(©)) i £ (fn(©))
k J Y
< exp <Z 131 fay () - fa0(0)|> @7
j=1 féo(fa]o(c))
k
< exp {K1<81p14p‘ + Z e_ﬂj)}.
j=pi+l1
The last sum in the exponential may be empty.
Similarly, using (4.6), we get
(fEY (fay (€)) { ( Lo
ot SR < K 819147 + /3!)}. 4.8
Ty = 0 [Fo s 2 e “

The sums in (4.7) and (4.8) are bounded by a constant, which only depends on &1, so
we get (4.4). Moreover, by (4.7) and (4.8), C4 > 1 converges to 1 as §;1 — O. O]
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Set k = (1/£) log A. Then there is a constant C¢ = Cg(ag) such that

(f) (fa(€)) = Coe®i 4.9)

forall j > 1.
At c, the first two derivatives of f, vanish, but the third one does not. Therefore, there
are positive constants C7, Cg such that for all a sufficiently close to ag,

Crlx — ¢l < |fa(x) = falo)| < Cslx — ¢ (4.10)

whenever x € I'**. If §; is small, the constants C7 and Cg can be made close to each other.
Similarly, for some positive constants C§ and Cj(,

Co(x —¢)? < fl(x) < Clyx —)? @.11)

whenever x € I**. If instead of f, we consider f,; with b sufficiently close to 1, we
similarly obtain

Ix —cl2 = 2b + C7(x — %) < | fap(x) = fap(©)] < |x — |2 —2b+ Cs(x — ¢)?)
(4.12)

and
2—2b+Co(x —)* < f,(x) <2—2b+ Co(x — ), (4.13)

and we chose Cg and C1g so that these estimates are valid for all » < 1. Moreover, we have

| £, ()] < 87%)x — ¢| < 80x — |- (4.14)
In the following lemma we estimate the length of the bound period.

LEMMA 4.4. If &1 is sufficiently small, x is B-bound to c up to time p for fyu,, and x €
I\ {c}, then

4
p<—=log|x —c| (4.15)
K
In the particular case when x € Iy, we obtain
4
p= Tr (4.16)
K
Proof. By Lemma 4.3, we have
(f) (far (©)
| fio(X) = fag(©)] > %Ifao(ﬂ = fap (O

Taking into account (4.9) and (4.10), we get
CeC7 ;
1> |fal())(x) - fal(’)(c)l > C—4€Kp|x — C|3.

If 61 is small, then C4 < 2, so taking logarithms gives us

CeCr

log +kp+3loglx —c| <O.
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If §; is small, then — log |x — c] is large, so we get — log(CsC7/2) < — log |x — ¢|, and
therefore kp < —4 log |x — c|. O]

We need a derivative estimate for an orbit of f,, that moves completely outside I* =
(c —38,c+8) or I*™ = (¢ — 81, ¢ + &) but returns to one of these intervals at time n.

In the proof of the next lemma we will use the fact that f, has negative Schwarzian
derivative. This result can be generalized to the C 2 case (see van Strien [25]).

LEMMA 4.5. Let d be as in (4.1). For every 81 € (0, d/2) and for every n > 1, if x is such
that fa,(x) & I** for j =0,...,n—1,and f} (x) € I**, then (f}}) (x) > d/2.

Proof. On each side of x there are the two closest preimages of ¢ of order less than
n: n1 <x and n > x. Then f;g has positive derivative on (11, n2) and has negative
Schwarzian derivative on that interval. Therefore on one of the intervals [n;, x] and [x, 12]
the maximum of the derivative ( fa"o)/ is attained at x. We may assume that this is the
interval [, x]. Then ;O(m) = fako(c) for some k > 0, so

|2 () — £ ()] = d — 81 > d/2.
By the mean value theorem,
L£2 () — f 0l = () Ol — x| < (f2) ()
for some ¢ € (11, x), and thus,
() (x) = (f) (1) > d /2. O
In the following lemma we consider what we call a free period.

LEMMA 4.6. Given &1 sufficiently small, there exist a neighborhood N of (ag, 1) in
the parameter space and positive constants C* and k3, such that if (a, b) € N, then if

X fap@)s oo £V ) & I and £2,(x) € I** then
(1) (x) = C*e. (4.17)
Here the constant C* depends only on the unperturbed map f,, while k3 depends on §;.

Proof. By Lemma 4.1, (f{%" ) (x) > 2 M1 _For a general g write ¢ = kM +£,0 < £ <
M;. Choose «% so that M < 0

Since £ < M|, we have (fal’b)’(fﬁll1 (x)) > d/4 by Lemma 4.5 (here we can extend the
estimate to a neighborhood of N, of (ap, 1) because we consider only finitely many iterates
of the map). Then for (a, b) € N = N1 NN,

d
a0 = Sy @ Sp) Sy () z 24 2

> eszM] é . eKéM[ > geszM|+K§£

s

so (4.17) follows with C* = d/8 and k3 = min(x», Ké). Note that, as required, C* only
depends on the unperturbed map f,,, while «3 depends on §;. O
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We will also need an estimate of the derivative during the bound period.

LEMMA 4.7. Assume that 98 < k. Let C* be the constant from Lemma 4.6. Then there is
an arbitrarily small 8\ such that if x is B-bound to c up to time p for fu, and x € I'* =
(¢ — 81, ¢+ 61) then

(fRY(x) > %e“/“”’. (4.18)

Proof. By the mean value theorem, there is a y between fy,(x) and f,,(c) such that

| () = fh @1 = (Fl ™ O fag () = fap (@)1

By this, Lemma 4.3 and (4.10), there exists a constant K3 such that if §; is sufficiently
small then

| fio () — far(©)] < K3eP|x — c|>.

Similarly, since (f4;)'(x) = f;,(xX) - ( fa’;‘l)/( fao (%)), we get by Lemma 4.3 and (4.11) that
there exists a constant K4 such that if §; is sufficiently small then

(B (x) > K4eP|x — c|*.
By the definition of p we have
LT ) = 1T @) > e Peth,

and therefore for some constant K,

| fio 00) = fap(©)] > Kse PP
Thus,

K3eP|x — c]? > Kse PP,
o)

Ix —c® > K52/3K3_2/3e(2/3)(7’37’2)p.
Together with an earlier estimate, this gives us
(D) (x) > KaeFPKRIPRTHPe@DF=0p = g k23K H31DE2P)0,

Since 98 < k, we have

L& —2p) > =k
Sk —28) > &,
3 27"
and therefore (4.18) holds if

C* > K KPP RGP e ®N109p60), (4.19)

where p(81) is the bound period associated with §;. Since p(§;) — oo as §; — 0, and C*
is independent of §1, the above inequality holds if §; is sufficiently small. O

Remark 4.8. 1f in (4.18) we replace (on both sides of the inequality) pby p — 1 or p + 1,
then at the right-hand side of in (4.19) there will be one more multiplicative constant. Since
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it was irrelevant in the proof what constant is there, Lemma 4.7 still holds with a suitably
modified inequality (4.18).

The following lemma is very similar to Lemma 4.1, but the exponent in the estimate
does not depend on the size of the neighborhood of ¢ that we consider. In this lemma we
assume that & is sufficiently small (so that the lemmas that we use in the proof hold) but
fixed.

LEMMA 4.9. Let I be an open symmetric interval around c, whose closure is contained in
I**. Fix a sufficiently small neighborhood N of (ag, 1) (depending on I). Then there are
constants C11 > 0 and k4 > 0, (independent of 1) and an integer M (depending on I) such
that for (a, b) € N:

@) ifx, fap(). ..o 2y () & Tand f7,(x) € I*™, then
(fip) (x) = Cyye”
(i) ifx, fap()s ..., f1'(x) ¢ T andn > M, then
(f1) () = e

Remark. Note that we state (i) with the weaker assumption f ; »(x) € I"* instead of the
more natural f', (x) € I. This slightly stronger statement will be used in the proof of (ii).

Proof. Let 0=ty <t) <th <---<ts <tsy1 =n, where t; fori e {1,2,..., S} are
the times when f ati »(x) € I\ 1. We want to estimate

fip) () = ]_[(f”“ Y, 0).

The times from [#y, #1) form a free period; let #{ — o = go. Hence, by Lemma 4.6,
(f) (x) = C*es,

Consider now times from [7;, ¢;11), where j > 0. We can write this interval as a union
of a bound period [¢;, t; + p;) and a free period [¢; + p;, t;11), and we write its length
astjy1 —t; = p; + q;. For the bound periods [¢;, t; + p;) we can use the estimate from
Lemma 4.7 if N is sufficiently small, because by Lemma 4.4 we work only with the finite
number of iterates (for [ fixed; this is why N depends on 7). Although p may depend on
the map that we are using, if NV is sufficiently small, it may only change to p & 1, and then
by Remark 4.8 we can still use Lemma 4.7.
Thus, for the bound periods [z}, t; + p;) we get

- t | R .
L) S = e (4.20)
and for the free period, as before, the estimate from Lemma 4.6 gives us

LIV T () = C*eksdi.
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Combining these estimates, we get

S

(fa”,b)/(X) > C*e/ 3 1_[ %e(’z/“)l’j LC*eMi > CFekn,
j=1
with /cf‘ = min(k3, K /4). This completes the proof of (i). O]

Under the assumptions of (ii) instead of (i) we make the same construction and
estimates. The only difference is that we do not know that fa"’b(x) e I**, so we lose
information about the last period. There are two cases.

Case 1. f a” »(x) is still in bound state to the last return to /** at time 7s. At time g we
can use the estimate of (i),

tq ’
(15 (x) = Cppetits,
The derivative contribution at time g is
fap(f25 () = C8°
ab\Ja,b = +9% -

Then there is a derivative contribution from the time [rs + 1, ts + jl, j = n — ts. Since
1 < j < ps we can use the Collet-Eckmann condition (1.2) and the distortion estimate
Lemma 4.3, combined with continuity in a for a € A, and the fact that pg is bounded to
conclude that, say

. : .
1) (57 () = 3Cepe.
Combining these estimates and using the chain rule, we get that
(f1) (x) = Cpye's - C46* - §Cpe ™/

and since n > M, where M is allowed to depend on §, this gives estimate (ii) with a suitable
Ky < K.
Case 2. n > tg + ps. In this case we can use (4.20) with j = § to obtain

(1) (f2y ) = ée“/‘”"s. (4.21)
Then
(i) ) = (£33 VLY (5, NS (5,75 (),

where gs = n — (ts + ps). Using Lemma 4.1 and the simple estimate (f, ) (x) > Cééf
for [x — c| > &1, we get that

e, qs = M,
) oy P @) = -
abs iab (C)82), g5 < M.
Using that the constants §1, Cé, k> and M, only depend on f;,, we conclude that (ii)

holds with k4 = k" for n = M, if M is sufficiently large. The final k4 is then chosen as

K4 = min(ky, k), k).

https://doi.org/10.1017/etds.2022.45 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.45

2564 M. Benedicks et al

Remark 4.10. Note that we in this setting will have an analogue of Lemma 4.4 and the
estimate

4r
p<— 4.22)
K4

holds.

Remark 4.11. We will on several occasions need a distortion estimate in the situation of
Lemma 4.9, that is, for orbits located outside of I. We need the estimate for parameter
dynamics, that is, we have a parameter interval w in the space of a-parameters, and
we consider &;(w, b) for j satisfying v < j < u =n, where §;(w,b) NI =0 for j =

V,...,n—1and & (w,b) NI # @. Let o C w be the interval that is mapped onto 1.
Then Lemma 4.9(i) implies that
inf (f,") (f(0) = Cpe" ™), (4.23)
acw’ > ?

We also assume that (3.6) holds at time v, that is, for a € w,
(1) (fap(@) =2 C2e?™, 1 <j<v—1, (4.24)
Then by Corollary 3.2,

=< M < (4.25)
25N fan(@)
Then we conclude from Lemma 3.4 that
1
&n (', b)| = . aiélcf,(f;,;”)/(f;,b(C)) &0 (@, D). (4.26)

LEMMA 4.12. There exists a constant C1> such that in the situation of Remark 4.11, if
a',a’ € o then

Uy VU@ _ p<C12|f 40 “””’(C)') (427)

(fary ) (fnp(©)

Proof. Set x; = f, "'H‘(c) and y; = fa",ﬂj (c¢). Note that fé’b(x) is independent of a.

Therefore,
(f Y (xo) !
—o (log for,(xx) —log fu ,(¥))
(fn,,)(y) g) @b @b
n—v—1 "
| far ()]
< — e — yk|>
g ( fa//’b(ﬂk)
for some 7y between x; and yk. Since g ¢ [* fork =0,...,n—v — 1, we get, by (4.13)
and (4.14),
|fo Ol 80

om0 Ceb (429
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Therefore,

(fu,) (o) 80 "L
W s D b — el (4.29)
" b Yo 9 k=0
We have x; = &,14(a’, b) and y; = &,44(a”, b). Therefore, by Remark 4.11,

9 K4(n v— k)lx

Xk — Ykl < — Ci — Yn—vl.
Thus,
n—v—1 g 00 q
— < _* —k4qm J— _ = —* —y — —vl-
]; |xk — yil < Ci mz=:0€ Xp—v = Yn—vl cnd —e_K4)|xn v = Yn—vl
Together with (4.29), we get
L i) 80,
[Xn—v = Yn—vl.

(f ) (o) = CoCn(l—e )5
and we have proved (4.27) with

160g

Cp=——"-——"7-——+.
2 CoCr1(1 —e4)

O

Remark 4.13. We note that the distortion in Lemma 4.12 is uniformly bounded since
| fap(©) = f (O] = 26.

We will need a distortion estimate of the same type as Lemma 4.12 in the situation when
we only assume estimates such as (4.23) for all v < n and with another Lyapunov exponent
k5 > 0, together with (4.24). This is the case of hyperbolic times in the sense of Alves.

LEMMA 4.14. Assume that£j(w,b), j = v, ..., n, is located in U = S'\ I'**, and
inf (£, (f] () = Cie "= forall j, v<j<n. (4.30)
acw ” ’

Furthermore, assume that (4.24) is satisfied. Then

(fas) (farp(©)
(f,/b) (farp(©)

Here the constant Ci3 can be chosen as Ci3 = Ci3N(fN, U)/(1 —e™"5), where
N (fwn, U) is the maximal nonlinearity

< exp(Ci3l Sy ,(©) = fn (D). (4.31)

/4
a.b(X)
N(fn,U)= sup max ——— (O
(a,b)eN X€U f b(x)

N(fn. U) depends only on fq, and hence not on 8, and C\5 is a constant that only depends

on fu.
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Proof. We will not give the proof since it is virtually word for word the same as that of
Lemma 4.12. The only difference that the upper bound 80/(Co9d) in (4.28) is replaced by
NN, U). O

5. Induction

Recall that the partition of the return interval I* = (¢ — &, ¢ 4+ §) was introduced in §2.
Recall also that we defined &, (a, b) = a" »(©).
The next lemma will be used to start the induction.

LEMMA 5.1. Assume that 8| is sufficiently small and the neighborhood N of (ag, 1) is
sufficiently small. Then there are constants C1, Ca, k¢ > 0 such that for every & = 2770
sufficiently small, there is a function bo(e) such that for every bo(¢) < b < 1 one can
partition (ag — &, ag — &%) into a partition Q of countable number of parameter intervals
w and an exceptional set & of measure o(€), such that for all w € Q there is an ny = no(w)
such that for some (r, £), with r < /ng (or equivalently e™" > e“/’TO),

Ly Cé&ny(w,b) C I;f,j,
and such that for every a € w:
@ (f]) fap(@) = C2¢] for0 < j <ng - 1;
®) 3 f],() = C2UD for 1 < j < ng;
© & b)—c|>CreViforl < j<no;

@ (5 Faple)) = 200D
) & (a,b) —c| = e V™,

The corresponding statement holds also for the interval (ag + €2, ag + €).

Proof. We partition (ap — €, ag — 82) into subintervals 1; = (ag — 27, a9 —2717 =
(a}, a}/ ), j = Jo,...,2Jo— 1. The critical point ¢ of unperturbed map f,, is mapped to
a repelling periodic point P in m iterates. Let Uy be a symmetric interval contained in the
linearization domain of P such that

(fL)) @) =a{=A1>1 forx e Up.
Let; = (ap — 277, ap). Then there is a constant Cy4 so that
(fi,) (Ema, b)) > Cudi foralla € ij;,

as long as &,,4, (17, b) C Up. We now state a version of Lemma 4.12 which will be used in
the startup construction.

LEMMA 5.2. Suppose that for a € w there is a constant C = %, say, such that

1
|Em (', b)| = . aig/(ffbfv)’(f(ﬁb(d) &0 (', b)| (5.1)
and

(L) Jap@)) = Cefb 1 < j<v—1. (52)
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Then there is a constant Cyy such that

f ) () [0, (e) = £l ()]
b b p(Clz b b )

L < ex (5.3)
(fa//,b )/(fav//’b(c)) 8

We will not give the proof of this lemma since it is identical to that of Lemma 4.12. We
conclude that

. Cu -
(Emti(mj, D) > q—)»ll “N&m (N, b)
*

and g, has a uniform control by Corollary 3.2.
We also get a uniform distortion control of d, fa",b(éj (a, b)), that is, there is a constant
C depending only on ag such that for all a, a’ in 7 Iz
1 0af pGja, b))
< e <6 v=1,2,..., (5.4)
¢~ af), & b)
as long as &, (77, b) C Up.
It follows that there is a first time L such that &, ;41(7;, b) ¢ Up. We write 7; as the
disjoint union (except for an endpoint)

iy =n;Unj.

By (5.4) it follows that &, (n;, b) and §m+L(77;-’ b) are comparable within a fixed
constant Cys, which only depends on f,.

We continue to iterate &y, 74;(n;,b) fori =1,2,.... By Lemmas 4.9, 3.4 and the
control of the constant g, it follows that at the first time J such that &7, 7(n;, b) N
I* #0,

Cn

Emt1+7 (T, b)Y = ——€“Y & (17, D).

*

Then k¢ = min(log A1, k4) is the required Lyapunov exponent in (a). It follows by Lemmas
4.9(i1), 3.4 and the control of g, that the time J will be finite. At time No =m + L + J,
we partition

(c=68,c+8) Né&ny(nj,b)

into preimages {w} under the map a +— &y, (a, b) of the partition Q = {/,;} and define
ng = No for these ws. In the special case when &y,(n;, b) only intersects partially
an end interval of Q = {I,;}, we just keep iterating until we cover complete intervals
of Q. In other special case when &y,(n;, b) only partially covers an I,; interval we
adjoin the corresponding preimage to the adjacent interval. Simultaneously we delete
the part of n; that is mapped to (c — e™V™ ¢ 4 ¢~v™) By the uniform distortion
of both the x-derivative and a-derivative which follows from Lemmas 4.9, 4.12 and
Corollary 3.2 a proportion of at most Cige™v"0/8 of the piece of 7 j is mapped into
(c — e V™0, ¢4 ¢=V"0) Here Cjg is a constant only depending on fao- We continue to
iterate &y,(n;, b) \ (¢ — 6, ¢ +§), still using Lemmas 4.9, 4.12 and Corollary 3.2. For
the new returning interval w formed in this way no(w) > Ny and still only a quantity
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proportional to e~V /§ is deleted. Conclusions (a)—(e) of Lemma 5.1 are immediately
verified. O

Remark 5.3. The startup argument is essentially the same as the free period argument
in the main induction and the argument in Lemma 4.9 in §4. See the main induction
below in this section for a more thorough discussion. The only difference is the initial
period that is spent close to the repelling periodic point which in some sense replaces
the bound period. The expansive behavior close to the repelling periodic point allows
us to avoid inessential free returns and gives the initial exclusion ratio of at most

Cige V™0 /8.

Let us now fix b, 0 < bg(e) < b < 1. Note that for every positive integer n we have
a family P, of subintervals of (ap — €, ap + €) (as in Lemma 5.1) with pairwise disjoint
interiors, such that each element of #,1 is contained in some element of #,,. In the set of
pairs (n, w) such that w € P, there is a natural structure of a combinatorial tree that goes
down with its branches. Pairs (n, w) are vertices of this tree; n is the level on which the
vertex lies; there is an edge from (n, ®) to (n + 1, ') if and only if &' C w.

Certain pairs with the property &, (w, b) C I'* will be called free return pairs.

The induction will be separate on every branch of the tree. Fixing the branch results in
considering a descending sequence of intervals w, € P,. If (n, w,) is a free return pair,
then we will call n a free return time. An important feature of the construction is that if
n is not a free return time then w,, = w,—. The main induction step will be from a free
return time to the next free return time. The constants C, and C; are as in Lemma 5.1.
Throughout the entire induction they will stay the same.

Our induction statement is as follows. If » is a free return time and a € w, then:

(i) we have

I fap(e)) = 007 (5.5)
(i) forevery v € [ng, n),
(1) fap(e)) = (5.6)
(iii) forevery v € [1, n),
(2 (fap(@) = Coe”™; (5.7)
@iv) if v < nis also a free return time, then
1) (1) = C6) > 1; (5.8)
(v) forevery v € [ng, nl,
€@, b) —c| = eV (5.9)
(vi) forevery v € [0, n],
|&v(a, b) —c| = Cre V. (5.10)

In [2, 3] statements (v) and (vi) are called the basic assumption (BA).
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Remember that b sufficiently close to 1 is fixed. We set P, = {wp} for n =
1,2, ..., No. Thus, this is the beginning of every branch. Then we declare ng = no(w) to
be the first free return time according to the startup construction. Thus, for every branch we
have to start induction by checking that the above conditions are satisfied for n = ng(w).

LEMMA 5.4. The induction statement conditions (i)—(vi) are satisfied for n = ny.

This is a consequence of the startup construction, Lemma 5.1.
Now we make a small modification to Definition 4.2.

Definition 5.5. Let a’ be the midpoint of the interval w such that
&n(w, b) C Ir-{— =L UL ;UL

for some n, r,l. We define the bound period as the maximal integer p such that for all
Jj < p,ac€w,andx € §(w, b),

]G0 = £2 ()] < V1. (5.11)
By (4.3) and Lemma 3.1, we get for every n, a, b, x,

n—1 4

a fl,(x) <Y 4k = < 4", (5.12)
k=0

In the next several lemmas we will be using the same set of assumptions. We formalize
these in the following definition.

Definition 5.6. We say that condition (*) is satisfied if:
e w,n,r, 1, panda’ are as in Definition 5.5,
e conditions (iii), (v) and (vi) of the induction statement hold.

Next we formulate another version of the bound distortion lemma.

LEMMA 5.7. There is a constant C17 such that if condition (*) holds, then

k N/
L < M <Cp (5.13)
Cr7 (fap)' (Jap(c))
and
k N/
1 - (fap) (fap () <ch (5.14)

Cr = (ff ) (farp(©) ~
forevery x € I, y between x and ¢, a € w, and k < max(p, n). By making 6 sufficiently

small, the constant C17 = C17(8) > 1 can be chosen arbitrarily close to 1.

Proof. The proof will proceed by induction on k. Using (4.3), we get, in the same way as
in the proof of Lemma 4.3,

(S5 (fap() ( LB — f;,,,(c>|>

<exp .

< _ (5.15)
(f35) (fab(c)) pr i N6 2R (9)
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Furthermore,
£, 0) = £, < 1£,0) = £, < 1f],0) = f2,@1 + 1) ,© — £, @l
(5.16)
and by (5.11) we have
|faj,b(x) — aj/’b(c)l <e i, (5.17)

Thus, we need to estimate | f, él/ »(©) — . a/ »(c)|. Note that by the mean value theorem there
is a” between a and a’ such that

)@ = L@l =8t ,(0) - la—dl. (5.18)

Note that |a — a’| can be interpreted as |& (a, b) — & (d’, b)|. By Lemma 3.4,

1
|&n(a, b) — &u(a’, b)| = — ~ei[gfa/](f&",;l)’(ﬁ;,b(C)) “[€1(a, b) — &1(d, D).

g« a

By induction statement (iii), ( f&"};l)/ (fap(0) = Cze("_l)m. We may therefore conclude

that |a — d’| < Cz_lq*e’(”’l)z/3 -|&n(a, b) — &,(d’, b)|. But by the mean value theorem,

£, = £, @1 = £, (fan ) = £, (fan(©)]
= (1 Fab D) - 1 fan(©) = fap(o)]- (5.19)
However, since |&,(a, b) — &,(a’, b)| < e™", we have

| fab(©) = fap(@)] = C7 - |x —c]? = C7* 77D o7 g, (a, b) — £,(a’, ). (5.20)

By the basic assumption e~ > Cie~V". Note also that by Corollary 3.2, 9, faj,, »(©)

is comparable within the multiplicative constant g, to ( fa.,,j b] Y (far5(c)). But this
quantity is in itself by induction comparable within a multiplicative constant Cj7 to
infae[a,ar](f;’;l )Y (fap(c)). We use the statement of our result for k = j — 1.

We use (5.18) and note that |a — a’| can also be written as |£(a, b) — &1(a’, b)|. By
Lemma 3.4,

% a

1
|81 (a, b) — &x(a'b)| > - ﬂei[lgfa,](f”_])’(fa,b(c‘))~ (5.21)
By combining (5.19), (5.20) and (5.21), we obtain
11,0 = £,

L Fan@) = £ s = I Gan 0D fa @) = fan (O]
inf (15D GabOD 1 fab @) = fap(©)

v

>

> Cre™ inf N Fap))

= Cre ™ inf (1Y (apODlen(a, ) = & (@’ D)
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= Cre ™ inf (£ ap OGN Il 8 (@)IE1 (@ b) = E1(a', D)

o infyer, (£ (fan(3)) /
> Cpe —SSah SISt g, £ () 165G, b) — & @ b
up.cr, (£, (fup @) acla’

Now sup,¢;. (fajh ) (fap(2)) and infyey, (fa]b Y (fa.(¥)) are comparable within constant
C f7, by the statement of Lemma 5.7 with k = j — 1. This is where the inductive step
is used. Moreover, by Corollary 3.2 and induction statement (i), we have 9, f;',(c) >

2/3 . . .
qs 12— Fyrthermore ¢~2" > 2V, by induction statement (v). Combining these

estimates, we get

€, b) — &5’ )| < S1£L,00 = £,

since n > ng(a) and ng(a) can be chosen arbitrarily large.
When inserting this estimate in (5.16) we conclude that

Ifaj,;,(y) - f] H(O] < 2047, (5.22)

To estimate ft; 5 faj’ »(c)) from below, we use induction statement (vi) and (4.13). We
get

fip(f]y(©) = CoCPe™Vi, (5.23)
Putting together (5.15), (5.22) and (5.23), we obtain
(fp) (fap () 13:2 e Vi
e Ganle) ~ (69 L e )
For the lower bound, we obtain, in a similar way to (5.15),
(fap)' Sab(©) 131,00 = £,
(S (fa. o P < T Fad) (00 )
Note, however, that
(fa) (fL,0) = Co(f1,(0) = 0* = Colle — £, = £, () — £, D%
and, using (5.9) and (5.22), we get
F1p(fL,3)) > Co(Cre™T —2e747)?

(5.24)

whenever C 16_“/7 > 2¢=4J Now C 1 is fixed, and thus there is a positive integer N such
thatif j > N then Cre™v/ > 2 x 2¢=4VJ, and then

: CoC2 |
Fap(FlL,(0) > %672\5.

By making N and 7* sufficiently small, we can make | f] 50 — faj, » ()| smaller than
e~ instead of 2¢=4V7 , and then we get

fip(fL,(0)) = CoClKge V7
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for some constant K¢ depending only on ag. Thus, in the same way as we obtained (5.24),
we get a similar estimate for the reciprocal ratio, but with a different constant. We choose
the larger of those constants as Cy7 and we get (5.13). The proof of (5.14) is completely
analogous and will be omitted. As for the statement that C7 can be chosen arbitrarily close
to 1 (but larger than 1), we refer to the argument in Lemma 4.3. O

LEMMA 5.8. Assume that condition (*) holds. Then the bound period p in the sense of
Definition 5.5 satisfies

p < 832,

Proof. We claim that p < 8r3/2. Note that 8r3/ 2 < 8n3/* < n. We argue by contradiction.
Assume that there is k > 8r/% such that £, (fu.5(2) is still bound to f;/ , (fa.s(c) for all
x € I, and all z between x and c. By the mean value theorem, there is a point y between x
and c such that

1£5, @) = £ 01 = 1 fas () = fap @1 - (F25) (fas ().

By Lemma 5.7 and induction statement (iii),
k—1y/ 1 k—1vs Cy (k—1)2/3
(S ) fap() = =—(f,p ) (Jap(c)) = ——e .
’ Cyp "% Cr7
Since |x —¢| > e "L, by (4.13) we get

C
| fub(X) = fup(©)] = ?%—3*-3.

Putting the last three inequalities together, we get

¢ C
FR, () = R0 = =2 ek 2233,
’ | Crr 3

Taking into account (5.22) (which is valid also for y = x), we get

2520 Ve G206y k=D (=3r=3,
3C17

Therefore,
(k — 1)2/3 < 3r —log K7

where K7 is a constant only depending on ag.
If § is sufficiently small, then %r > —log K7, and we get k*3 < (k —1)?/3 +
%k‘l/ 3 < 4r. We conclude that k < 873/ and this gives a contradiction. O

Let us prove an elementary lemma about our family.

LEMMA 5.9. For the family of double standard maps, if 0 < |x —c| < % then

|fa,b(x) - fab(c)|

lx —cl

fa/,b(x) >

(5.25)
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Proof. We have ¢ = % and fa” (1) = —4mb sin(2rt). Therefore f,, is strictly convex in
(c,c+ %), and thus for x € (c, ¢ + %) we get (5.25). Similarly, in (c — , ¢) the function
fap 18 strictly concave, and (5.25) follows. U

LEMMA 5.10. There exists a positive constant C1g such that if condition (*) holds, then
(2 @) > Cise’ - e P, (5.26)
Proof. By Definition 5.5, there exists a € w such that
2y = £ O = e P, (5.27)
We have
@ = = 1 o = @+ 15 o = el (528)
By the mean value theorem, there is a point y between x and ¢ such that

AP @) = 25 O = 1fab ) = fab @1 (£ Fan (). (5.29)

Now we estimate the second summand in (5.28). As in the proof of Lemma 5.7, we can
prove that

175 o = @ < St e - 7 ool
Therefore
P = 2o = Sl @ = £05 o) = Jem T

From Lemma 5.7 we get

(S (fap(x)) = 3 (fip) (fap ()
17
SO
Py L 4y, !
Uap) UarC) = 503 Far @) — far @1

By the chain rule and Lemma 5.9 we get, from this inequality,

4P
2c% Ix —c|’

(fp-H

Since x € I, we have |x — ¢| < e™", and we get (5.26) with a suitable choice of Cig. [

Let (n, w) be a free return pair. Consider the intervals &,4 p4145(w,b), s =0, ...,
so — 1, where sg is the smallest non-negative integer such that

Enypritsy (@, D)y NI* # .

For 0 < s < 50, we say that &, 1 14s(w, b) is in free orbit and the length of this orbit is
s0. We also use the notation n’ = n + p + 1 + s¢ and it is our new free return time.
At the first free return there are different cases that can occur.
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Case 1. 2, = &, (w, b) is completely contained in I* but does not contain a complete
interval I, ¢. Then either &, 1144, (w, b) is contained in an interval I, ; or it is contained
in the union of two adjacent intervals I, ; U I, 14 1.

This is called an inessential free return. In this case w € P,/, and we just continue to
iterate. This also applies if €2, intersects the boundary of /* but does not contain any of
the end intervals.

Case 2. 2,y contains at least one of the partition intervals I, ;. This is the case of an
essential free return. We then proceed to define a new partition on a subset of w according
to the following algorithm.

e We do not include the preimage of (¢ — e‘ﬁ, c+ e‘ﬁ) under a — &,(a, b) in
U e, @', in order that (BA) should be satisfied.

e The intervals w,, and a);’e are defined as the preimages of /., under w > a —
&y (a, b). Because of the double covering property of f,;, there could be no, one
or two such intervals. These will be new partition intervals of #,. At the two ends of
o we could have the property that some intervals only partially cover I, 4. In that case
we use the special rule that we adjoin the corresponding subintervals to the adjacent
intervals of P,,.

e There may be at most three subintervals of w (call them w;, wr and w3) that are
mapped outside I* by w 3 a — &, (a, b). At the beginning of the procedure there
are at most two intervals mapped outside, but at later stages, because of the double
covering property of f, 5, there can be three. In this case these intervals are long,
that is, they are not contained in intervals adjacent to the end intervals in the partition
of (¢ — et o4 e””l), they are considered to be still free, and the free period
continues for these intervals. If one or more of the intervals w;, wy or w3 are short,
rather than long, they are adjoined to their adjacent neighbor.

Let Xga be the set that is mapped to (c — e’ﬁ, c+ e’“/’?). Then we define the
partition P,/|(w \ XBa) as the intervals {w, ¢}, {a);’z} and w;, i = 1, 2, 3. Some of these
intervals may be empty.

Later we will see that deletions because of (BA) do not happen in Case 1, because the
interval €2, is too long.

In order to proceed, we need to verify, at least partially, the induction step from time
n to time n’. Here n’ is interpreted as the first free return to I* after n. There may be
previous returns v, where another partition element of #, has a free return, while the
present parameter interval does not return.

LEMMA 5.11. Assume induction statements (i)—(vi). Then induction statement conditions
(i), (i), (iii) and (iv) hold for any free return pair (n', @), where n' is as above.

Proof. Let n be the distance from &, (w, b) to c. Therefore, by induction statement (i) and
(4.13),

(f;,b)/(fa,b(C)) > C9n262(n—1)2/3_

However, by (v), n > Cle_ﬁ, SO we get

(1) (fap(€)) > CoCR2=D =2V, (5.30)
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After time n there follows the bound period p, and by Lemma 5.7 and (iii) we get

, _ _ 2/3
(fE) (Fi 1 ©) = CH (f2) (fan(©) = €' Caek (5.31)
for all k < p. Combining (5.30) and (5.31), we conclude that

I35 Jab(@) = (F) Fa©@) - (FE) (F151(©) > CoCRCy Coer= D=4V,

(5.32)
Fork <p < 8r3/2 < 8n3/4, we conclude that
2 fap(e)) = €m0
At time n 4+ p 4 1 the bound period has expired and we have for all a € w,
(L) (1 (e)e™™ = CroeWPHT, (5.33)

where Cyg is a constant only depending on f,.
For the total derivative we obtain

(f"PY (£l (€)) = Croe™ : _Zr(fpb) 1y o). (5.34)

After raising (5.33) to the power % we obtain

ST (f2,(00) = CR2 e (£F) (fy(e)) P83V, (5.35)

Looking at the exponents, we get, using (5.7), the lower bound

8 1
_2 1>2 2/3 2/3
3\/p—l— >2(n+ p) —l——lop

Here we have used the information from Lemma 5.8, p < 813/% and that if p < 1/100n
then

1
23y 5p2/3

223 4 1p¥3 > 2+ p)?3 + 1 p?R,
Now, if k = p+sand 0 < s < 59, then we can use Lemma 4.9(ii). If s > M then
S (P e)) = ek,

If s < M we use Lemma 4.5, which allows a perturbation to (a, b) € N with a worse
constant d /4 instead of d/2 and we get

SW|

S g™ @ = 7.

Thus, independently of whether s > M or s < M, we have

20 (17 o) = leg(s—Mm_
Together with (5.32) (where we substitute k = p + s), we get
I Fap(@) = (F3 ") Sap (@) - (f2p) g " e

> CoC? C171C2d 2(n—1)*3—4/n+1/10p*3+(s— M)y
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Note that since the constants C3, C1, C17, Cy are absolute constants, p can be made
arbitrarily large by making § sufficiently small. Doing this, we conclude that induction
statements (ii) and (iii) hold for v satisfying n + p < v < n’ where n’ is the next free
return time.

We now turn to verifying (i) at the next free return time n’. Using the previous derivative
estimates and (i) of Lemma 4.9, we get, after writingn’ =n + p + 1 + ¢, that

Sl fap)(e) = 20083 H 0 sl
where Cp; is an absolute constant only depending on ag. Arguing in different cases
depending on the relative sizes of n and ¢, one can verify that induction statement (i)
with n replaced by n’ holds.

Since C1; and Cig do not depend on §, while by making § sufficiently small we can
make p as large as we want, we conclude using Lemma 5.8 that

CiCige" - e VP > €} Cig exp 1p*P —a/p+1) > 1.
This proves (iv) for n’. O
We now delete the parameters that are mapped to
(c = Cr* eV e+ Cyte ™),

where Cp* = max(Cy, 1). We conclude that induction statements (v) and (vi) also hold.
This completes the proof of the induction step.
We note that the proof also gives the information

I (S (@) = es@ =, (5.36)
Remark 5.12. From (5.36) it immediately follows that

n'—1y/ n—1-~7 1.3
(fap ) fap () = (£ ) (fap(0) - ee?, (5.37)

which will be used later. We will also later use (5.36).

Remark 5.13. Clearly, in Lemma 3.4, w can be replaced by any subinterval o’ C w.
If we choose u =n' and if &, (o', b) CI*, and n+ p+1 <v < u =n/, we can use
Lemma 4.9(i) to estimate inf, ¢, (f a"’/b*”)’ (f,5(c)) from below by C11€40"=Y) Moreover,
by Lemma 5.11 we know that induction statement (iii) holds for v < n’. Therefore, we

conclude from (3.7) that (3.8) holds with ¢’ = g,. We thus get

C ,
I (@, B)] > —Le40 Vg, (), b))

*

6. The global distortion lemma
LEMMA 6.1. There exists a constant C13, such that if a and a’ are two parameter points,
sothata,a’ € w € P, where n is a free return time and the induction statement for n (and
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all smaller free return times) holds, then

k \/
(fZ,;,) Yar©@) _ . o)
(fE ) (farp(©))

forallk <n — 1.

Proof. Letus fixk <n —1. Set o = 1 and let {z; 7‘21 be the free return times arranged
in increasing order. Here m is defined by the condition #,—1 <k <1, — 1, and we
can assume that #, =n. Observe that for all free returns ¢; there is r; such that
étj (a, b), ft,— (a',b) € Irj-

Note that fl:’b(x) =f /»(x). Thus, using the mean value theorem, we can write the
logarithm of the left-hand side of (6.1) as

(5, (fap(©)) T2 £, (a, b))
08 s o =gy
(S5 ) (far () T £, b))

m—1 ,ti+p; ” tip1—ti—pi—1y/

£1,p) / (fs ) (i +pi+1(a, b))
52(2 22 5 (a, b) — &(a', )| + log —eb P )
=\ Wap(i) P E a1 (@ D))

for some 1 ; between &;(a, b) and &;(a’, b), where p; is the corresponding bound time and
po = —1. We will denote the first sum in the parentheses above by S’ and the second term
in the parentheses by S7'. Note that the sum S, is empty.

By (4.13) and (4.14) we get

80
= Colnj —cl

fa/:;,(nj)
f;,b(nj)

Set o; = |&; (a, b) — &, (a’, b)|. We claim that the sum Slf can be estimated from above
by a constant times o;e’i.

First we note that by (6.2), the first term of S[ can be estimated by 800; /(Coe™"7).

For the remaining terms we introduce the reference interval Q;, = I,,4+1 and intervals
Qpyy = f"’b(Q,i), v=0,1,2,..., pi. We have

a

Ev1(a, b) — &, 41(d’, b) = (fap (&, (a, b)) — fap(&,(d, b))
+ (fun (&, (@', b) — fup (& (', b))
= fo,(N(E;(a,b) — &, (@', b)) + (a —a")
for some y between &, (a, b) and &, (¢, b). Furthermore, |2, 41| = fa”b 12| for some

y € Q.
We get

6.2)

&1, b) — &1, D) fap) o la —a'|
12,411 L0011 £, 00121

By the mean value theorem,

(6.3)

la —a’| 1

fLyoi — fl, ()3, (a”, b)
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for some a” between a and a’. By (3.5) and induction statement (iii),
dakr, (@, b) = (fir ) (furp(c)) = Ce¥i 7T,
By (4.13) and induction statement (v),
fip() = CoCle Vi,

Therefore, we get

la—dl e aum-aP)
fapMoi T CoCIC,

Since #; can be made as large as we want (because f; > ng), we get |a — a’| < fé’b(y)o',- /2.
Therefore, from (6.3) we get

1fap® o lei(@b) — i@, b)l_ Jap®) o

211,00 19 12411 £, 19|

—ri -2

Since y, y' € I, U I, 41, we have |y —c| € [e , e~ "], and the same holds for y’.

Therefore, by (4.13), we get

Top _ 2-20+Cpe”
fa”b(y/) T 2—2b+ Cge~2r—4"
The right-hand side above is a weighted average between (2 — 2b)/(2 —2b) =1 and

(Cloe_zr)/(Cge_Z’_4) = Cloe4/C9 > 1, so it is smaller than C1oe4/C9. Since we can
switch y and y’, we get

Co f‘;’b()’) C1064
1< <
Coe Sap ) Co

Thus, we get the following inequality with Co9 = 2Cjge?/Co:

. J— / .
C2_01 lof, < |&s41(a, b) — &, 41(a’, b)| < Ca Oj . 6.4)
12, ] |2 +1] 12, ]

Now we want to estimate

|$t,'+v(a’ b) - ‘S;:li-‘rv(a/’ b)'
|Qti+v|

from above. The numerator can be estimated as follows:
| v(a. b) — &, @ D) < £ o) = £ (i ) (6.5)
1L (i (@) = [y (far ().

By a similar argument to the proof of Lemma 5.8, in particular estimating |a — a’| as in
that lemma, we obtain that

| fap(fr (@) = f p(ff (O] < 31E410(a, b) — &, (@, D).
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Therefore, we get the estimate
|0 (a, b) — &, (@ )] < 2010 (i o) = £ ()] (6.6)
=20£),") )& 41(a. b) — &1, b)),

where y is between &;,,, (a, b) and &;, | (a’, b) (using the mean value theorem). Again by
the same theorem there is y” € ;1 such that

1401 = (£ O 411
By Lemma 5.7, (£;') (0)/(f2; ) (") < C%,. s0 we get

|&,+v(a, b) — &,4v(d’, b)| 5 |&41(a, b) — &, 41(d’, b))
<2Cp .
|Qti+v| |Qt,‘+1|

Let us consider the interval w; € P, containing w and denote its midpoint by @;. Then
by (5.11),

(6.7)

&40 (@, b) — £,(a;, b)| < eV (6.8)

foralla € w; and v < p;.
We claim that for all @ € w; and v < p; we have

|8, 10(@, b) — ¢l = 515,(@i, b) — cl. (6.9)
There is an integer vg such that
I.Cre™" = eV (6.10)

for all v > vg. Note that vy depends only on Cy, which is independent of §. Therefore, we
may assume that § is so small that

284" < L. CreV™, (6.11)
Moreover, by induction statement (v),
€, (i, b) — | = Cre™Y. (6.12)
Consider v < p;. If v > vy, then by (6.8), (6.10) and (6.12), we get
|€+0(@, b) — (@i, b)| < 5160(i, b) — cl. (6.13)
Therefore,
|&+0(@, b) — c| = |£,(@i, b) — c| — 1&,4(@, b) — £,(ai, b)| = 51, (ai, b) — c|

and (6.9) follows.
If v < v then by (4.3) and (5.12),

|§ti+v(d, b) - Ev(&i’ b)' = |§ti+v(5~l, b) - Ev(d, b)' + |‘§U(ds b) - SU(&is b)'
<4%"&,(a, b) —cl +4%1a — a;| <47+ |wil).
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By Lemma 5.1(b) for j = ng and by making n¢ sufficiently large, we get d,&;(a, b) > 1.
Therefore,
o] < |&py(w, D)| < 6.
Thus, |w;| < §, and we get
|&+v(@, b) — &y(a;, b)| <26 -4".

Together with (6.11) and (6.12) in this case we also get (6.13), and (6.9) follows.
Now for each v we choose d, between a and d’, so that &, 1, (d,, b) = ny,4.. Thus, by
(6.9) and (6.12),

v — ¢l = [E40(@y) — | = 316, @@, b) — | > %Cle*ﬁ- (6.14)
By (6.2) we have

ti+pi 1"

Jap()) )
> | e b) — & bl (6.15)
j=ti+1 fa’b(nj)

S ”Z 80 19l (@ b) = Enu(@, )

= Co [ny4v — |2 401

By the definition of bound periods and the definition of 2,4, we have
12 40| < e,

Moreover,

Q| =e 7l —e7i72,

Substituting those two inequalities, (6.14), (6.7) and (6.4) into the right-hand side of (6.15),

we get
| S ) S A
= |lEj(a. b) = £j(@'. D) < Y Cor- o
/;rl Jap@DI™ ! ; eV e

for some constant C»;. This implies that there is a constant C», such that

NERf () oi
> [ @, b) — g’ bl = Coo
j=ti+1 Jap()) <

Together with the estimate on the first term of S, that we obtained long ago, we get a
constant C;3 such that

S! < Ca3

(6.16)

oi
e i’
Note that C»3 depends on k>, but not on 8.

To estimate S/, we use Lemma 4.12, and immediately get

o;
1" i+1
Si < ClzT.
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However, § > e~ "i+1, so
Oi+1
e+l

Sl{/ <Cp (6.17)

This estimate also applies to ).
By Lemma 3.4 applied to a subinterval ' = [a, a’] (or [d’, a]) of @ (made possible by
Remark 5.13) and (5.36) (see Remark 5.12), we get

1. i1 =il CuCis (,*3_4yp
o1 = — inf (f 7 (f7,(0) 01 = ———=€Pi TWPED g,
Q* acw' i i *
As we already noticed in the proof of Lemma 5.11, by taking § sufficiently small we can
make p; as large as we need and we may assume that

CiCis 2/3
T eXP{P,-/ —4y/pi +1} = 2,

*

and therefore we get
Ojtr] = 20;. (6.18)

We are now ready to estimate the logarithm of the left-hand side of (6.1), which is less
then or equal to Z;"z_ol (8] + S7). By (6.16) and (6.17), we get

m—1

m
DS+ < (Cn+Ci) )Y,
=0

i=0 i=

Oj

e~ri’

Rearrange the sum ) ;- 0; /e~ and group it according to the values of r;. Set Wy = {i €
[1, m] : r; = k}. Consider k such that Wy is non-empty. Then we can write Wy = {i; <
is—1 <---<lip}, and by (6.18) we have 0j; < a,-O/Zj. Thus,

o; o
DFFERCY
el T ek

ieWy

where . is the largest element of Wy. However, o, is the length of an interval which
is contained in the union of three subintervals of I, and the length of each of those
subintervals is |I; |/ k*. Moreover, |I;| < e~*. Thus,

.6
Y 2« ot (6.19)
ieWy e

If Wy is empty, then of course (6.19) also holds. In this way we get

m—1 oo 1
D (S +8) =6(Cn+C) Y
=0 k=1

The right-hand side of the above inequality is finite, so we can denote its exponential by
C13 and then (6.1) holds. O

LEMMA 6.2. There exists a constant Coa, such that if a and a’ are two parameter points,
sothata,a € w € Py, where n is a free return time and the induction statement for n (and
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all smaller free return times) holds, then

3 [ ()

< Cou (6.20)
3 £ (©)

forallk < n.

Proof. The lemma follows immediately from Lemma 6.1, Corollary 3.2 and induction
statement (iii). ]

7. Part I of the proof of Theorem A
In this section we prove a proposition which is an essential part of the proof of Theorem A
and is stated as follows.

PROPOSITION 7.1. Let a = ag be an MT parameter for f, and let ¢ > 0 be given. There
exist a function n(e) — 0 and a function by(e) — 1 as ¢ — 0 such that if bo(e) < b < 1,
if wo is a parameter interval such that

wo C (ag — &, a0 — €*) U (ag + €2, ap + ), (7.1)

suchthat I, y C &,,(wo, b) C Ir"' , and such that induction assumptions (i)—(vi) are satisfied

for n = ny, then there is a set Ep C wg such that |Ep| > (1 — n(e))|wol, C = C(ap) and
Kk = Kk(ag) > 0 so that

(f;’b)/(fa,b(c)) > Cef" foralln >0, foralla € Ep. (7.2)

Note that the assumptions of Proposition 7.1 are satisfied by Lemma 5.1.
This, together with Proposition 8.1 in §8, immediately leads to the following corollary.

COROLLARY 7.2. The set E of parameters for which the double standard map is uniformly
expanding accumulates on the MT points (ag, 1) in the parameter space.

However, we will need a more general formulation of the propositions given above in
order to prove Theorem A.

The proofs will be based on the induction formulated in §5. In the critical case b = 1,
which we are not treating in detail, the remaining parameter set is of positive measure,
while in the non-critical case b < 1 the remaining parameter set is a finite union of
intervals.

We first discuss the parameter deletion due to the (BA) assumption.

If n is a free essential return time for a partition element w = (a, a’) of a partition P,,,
let n” be the essential free return immediately before n.

At each time we may have to omit a fraction of the parameter interval because of (BA).
Assume that the previous free return occurred in the interval I~ 4. Its length is ¢/r” 2|1,
1 < ¢ < 3. By the (BA) assumption applied to time n”, we have
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Observe that the minimal length of n — n” has a lower bound n — n” > C log(1/8), where
C is a constant only depending on f,,. Note also that r” < \/n.
During the bound period the interval K, | = (c, ¢ + e DYy of size e s

increased to size e~V P"+! where p” < 8(r")3/? by Lemma 5.8. Our present interval is of
length ¢/ /r"?| 1|, 1 < ¢’ < 3.
For a = a’ the size of f (K, 41) can be estimated by formula (4.12) as follows:
lx —cl2 = 2b + Co(x — ©)*) < | furp(¥) — fwp(©)] < |x — |2 = 2b+ Cro(x — ©)?).

By inserting x = ¢ + e 1

we obtain an estimate for | f; 5 (K,»11)| as follows:
e T2 =2+ Cre ) < | fup (KD < €7 N2 =20+ Cge 7). (13)
For the image of w at time n” 4 1 we obtain the estimate

&1 (a, b) = Ewri1(@, D) = fo,(0) - |6nr(a, b) = Epr(@ D) £ la—a'|.  (74)

Here y € I, so it follows from (4.13) that |a — a’| can be estimated by the first term as in
the estimate of (6.3) and we obtain

2—2b+ Coe ¥ 72 < f1,(y) <2—2b+ Croe™ .

By the definition of a free return we also have the estimate

1 . 3 N
’,,—,26 "< |gw(a,b) — & (d, b)| < me "

By Lemma 5.7 (the bound distortion lemma) and comparison with the orbit of K.~ the size
of |Eyr 4 pry1(a, b) — &yry pr41(a’, b)| has the lower bound

1 1 G 1 1 ,, 1
_ . /_/26—4 Pl > —. Tze—(VS(r )32 > _/6—83/2%3/8.
C17 r C” r C”
We have again used that 6 may be chosen arbitrarily small. Using (6.18) and Lemmas 4.9
and 3.4, it follows that the relative fraction to be deleted is at most
1 e V"

0 o—832n3/8

cirlcn < e 12V (7.5)

since n > ng; at each time n we may in principle to have to do such a deletion. The
remaining fraction of the parameter interval can then be estimated from below as

> 1_[ a- 6*1/2\/2). (7.6)

n=Ny

Note that this is arbitrarily close to 1 as No(¢) — oo ase — 0.

Outline of proof of Proposition 7.1. The proof of Proposition 7.1 is based on induction.
Note that the Cantor set construction can be stopped at a finite stage N, which is defined
by the relation

2-2h> Cge—N_’V.
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After this time the term 2 — 2b of equation (4.12) dominates in the derivative and we
conclude that for all @ € E} there is a constant C > 0 such that

(i) (fab(c)) = Ce " foralln > 0. (1.7)

A more general result with a more detailed proof is given in Proposition 8.1.

Outline of the proof of Proposition 1.1. We proceed as in the proof of Theorem A.
In this case the time N , after which the linear term 2 — 2b dominates in the derivative,
does not exist and the induction proceeds to infinite time. We now have to use the large
deviation argument of [3]. The main idea is that you delete parameters for which the critical
orbits spend too large fractions of the time recovering the derivative loss from returns to
(c — 82, ¢ + 82). However, an estimate similar to (7.6) is still valid. We do not give the full
details.

8. Part Il of the proof of Theorem A: the uniform expansion
In this section we consider b < 1, and we construct a non-empty union of open intervals
Ep D Ep so that for a € Ej, there is an integer N such that faNb is uniformly expanding.

This is formulated in Proposition 8.1. The set E}, is obtained by stopping the construction
of the parameter set E, of Proposition 7.1 at a finite stage.

Let us outline the main idea of the proof of the uniform expansion. We will heavily use
that the fact thatd = 2 — 2b > 0, that is, that the inflexion point is non-critical. In the case
where the starting point x is outside the return interval /* we can use (i) of Lemma 4.9 to
conclude that if x, f,p(x), ..., f (x) ¢ I*, and f"h(x) € I* then

(f7p) (x) = Cpye”

Here it is important that the constant C1; does not depend on &.

At the return time n we have a derivative loss but this derivative loss is compensated
during the bound period by Lemma 4.7. Since p — oo as § — 0, we can make the factor
e compensate Cp/C* by making § sufficiently small. We also use that the derivative of
fa.b 1s bounded below by fa”b(%) = 2 — 2b, and we will also denote this number by d.

We state this result as follows.

PROPOSITION 8.1. Leta = ag be an MT parameter. Then if bo = bo(ag) < 1 is sufficiently
close to 1 then for all b € (by, 1) there is a set Ej, which is a finite union of intervals
{a)j}]J.O:O such that, for a € wj, there is an integer M j such that for all x € T,

(o) @) =2 > 1. (8.1)

Proof. The proof is initially the same as the proof of Proposmon 71.
As before, we carry out the construction only until time N. Here N is the smallest
integer satisfying

e_\/ﬁ <d.

. o .- .. . . My
At time N we have a partition #, consisting of finitely many intervals {w;} j 2
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We now aim to prove that the hyperbolicity statement (8.1) is true.

We first recall the two outside expansion statements of Lemma 4.9. Suppose that
(a,b) € N and chose I = I* = (¢ — 8, ¢ 4+ §) in that lemma. Then the following asser-
tions hold.

(1) Ifx, fapx..... foy x & I*and f",x € I*, then
(fap) (x) = Cpie™".

(2) There is an integer M such that if x, f,px, ..., fa%_lx & I* then

(M) (x) = M.

Let us define Rg as the smallest integer satisfying e 2R < e’\/ﬁ, that is, Rg corre-
sponds to the r where the square term in the expression for the derivative is of the same
size as the constant term d = 2 — 2b. The bound period p(x), x € (¢ — e Ro ¢4 e Roy,
is chosen to be the infimum of the bound period for y € I4g,.

We also know by (5.6) and Lemma 5.7 that

1 2/3
(fapb)/(x) >—el", xe€ly,
’ Cry

and we also have that

1
(fapb)/(X) > C—epz/s, x € (c— e R0 o4 e*RO).
’ 17

Introducing «7 as

1 . . 1
K7 = — min min —1,
2 rs<|r|<Ry x€l, p(x) /3

we can in all cases write these estimates as
(flp) (x) = &P 8.2

The factor % is here used to absorb the constant Cy7.

Let us in the following use the notation I R, for the union of (¢ — e Ro=1 ¢4 e Ro—Ty
and the previously defined /_g, and Ig,. The idea is that the derivative recovery has the
same estimate for these three (original) intervals since ( f; ) (x) ~d =2 — 2b in I R, and
the bound period is defined in terms of Ig,,.

Divide the set T \ 7* into several pieces.

We first consider the set

Xy = {x:x, fapx, ..., f2x & 1"},

For x € X, hyperbolicity is valid by Lemma 4.9(ii):

M M
(FM) (x) = M,
‘We also introduce the sets

Xe=fx:x,....fo xgrrbuffxer), 1<k<M-1
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Pick a k > 1. Now write the set

X = U Xkrs

rs<Ir|<Ro
where X, = {x € Xy : f*,x € I}, Irs] < |r| < Roand
Xk+r, = {x € Xi ¢ f(ibx ec—e R ey e_RO}.
Then we know that for x € Xx .,
(fyd?) () = Criekep = ek,

where kg = min(xy, k7/2).

Here we have used the fact that also for the minimal possible p the factor ¢¥7/2P always
compensates the constant C1; of Lemma 4.9, and this constant is independent of §.

Hence, we know that the entire set T can be written as a disjoint union of sets {Yj}jj,zl
so that for some kg and all x € Y,

(fo) () = €.

We start with an x € Y. After nj, steps we will end up in Y}, and after another nj, steps
we will end up in Y,, and so on. The total time willbe nj, +nj +nj, +---+n; and

njg+etn; s et
fon0Y () = ot

where

m
nj+---+nj ZZkini.

i=1
Let nmax = max<j<y n; and pick an integer N very large so that
eON g > gl (8.3)

Here d| = 1/B, where B = 4 > maxycT |fa’,b(x)|.
For each point x there is ann = n(x) =nj, +nj +nj, +-- -+ nj such that

N <n <N + nmax.
We claim that

(fN) (x) = eron.

https://doi.org/10.1017/etds.2022.45 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.45

Expansion properties of double standard maps 2587

This follows since

(fap)' @) = () @)/ (™) (fi () = eV dimes = o,
for a suitably «19. We conclude that the statement of Proposition 8.1 holds. a

We now have all ingredients for the proof of Theorem A.

Let wp be an interval as defined in Proposition 7.1 satisfying (7.1) and let E}, be the set
defined in this proposition. Let E,=E Iév > Ej, be the set corresponding to the Nth-order
conAstruction of Proposition 8.1. Here N is determined as the smallest integer satisfying
e~N < d as in the proof of Proposition 8.1. By (8.1) it then follows that the conclusion of
Theorem A holds.

9. Proof of Theorem B

In this section we prove our last result. The methods of its proof will be completely different
than the ones used in the rest of the paper. We will use the term ‘countable’ in the sense of
‘at most countable’. For the definitions, see the Introduction.

Proof of Theorem B. Fix b < 1. Each tongue is open, so the set 7} is open. Therefore,
it is the union of countably many components, each of them an open interval. Since the
points on the boundary of a tongue belong to TN, and the sets T and T N are disjoint, each
component is contained in one tongue.

We claim that the intersection of the closures of two distinct components A and A is
empty. Suppose it is not and that a belongs to this intersection. Then (a, b) € TN, so it
has its type. This type must be the same as the type of each of the tongues containing A
and A», so those types are the same, that is, A; and A; are contained in the same tongue.
If n is the period of the neutral periodic orbit of f, 5, the map f, (Zb has an interval on which
it looks like one of Cases 1, 2 or 4 of Lemma 4.1 of [19]. By Theorem 4.1 and Lemma 2.6
of [20], this cannot be Case 4 (a neutral periodic point repelling from both sides), and by
Lemma 4.2 of [19] it cannot be Case 1 or 2 (a neutral periodic point repelling from one
side). This proves our claim.

If a parameter a € T Nj, does not belong to a boundary of a component of 7}, then by
Lemma 4.2 of [19] the neutral periodic orbit of f; is repelling from both sides (Case 4),
so by Theorem 4.1 and Lemma 2.6 of [20] a is isolated in the set of elements of 7, U T'Nj,
which have type of the same period. This proves that there are only countably many such
values of a.

By the claim, the complement of 7}, is a closed set without isolated points. The set 7N,
is countable. Therefore Ej;, (which is the complement of 7, minus 7 Np) is dense in the
complement of Tj.

The second part of the statement follows from the first and the fact that each component
of T}, is contained in one tongue. O
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