
APPLICATION OF BILINEAR METHOD TO INTEGRABLE
DIFFERENTIAL-DIFFERENCE EQUATIONS

XING-BIAO HU
Academy of Mathematics and Systems Sciences, State Key Laboratory of Scientific and Engineering
Computing, Institute of Computational Mathematics and Scientific Engineering Computing, Academia

Sinica, P.O. Box 2719, Beijing 100080, P.R. China
e-mail: hxb@lsec.cc.ac.cn

and HON-WAH TAM
Department of Computer Science, Hong Kong Baptist University, Kowloon Tong, Hong Kong, P.R. China

e-mail: tam@comp.hkbu.edu.hk

(Received 28 December, 1999; revised 21 May, 2000)

Abstract. Two coupled bilinear equations are considered, and then two new
coupled differential-difference systems are found. Also two special reductions of
these two systems are studied. By using Hirota’s method, Bäcklund transformation
and superposition formulae, soliton solutions to these equations are presented.
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1. Introduction. During the past twenty-nine years or so, Hirota’s bilinear
method [1–6] has become a powerful tool to find exact solutions of nonlinear equa-
tions in both continuous and discrete cases. There are two steps in applying Hirota
method, namely, firstly to transform the equations under consideration into bilinear
equations and then use perturbation techniques to solve them. We say that an
equation is a Hirota bilinear equation if it is bilinear with respect to dependent
variables and all the derivatives and differences appearing in the equation can be
expressed in terms of the Hirota bilinear operators Dmz D

k
t and bilinear difference

operator expð�DnÞ defined by [2–5]
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and

expð�DnÞaðnÞ �bðnÞ � exp �
@

@n
�

@

@n0

� �� �
aðnÞbðn0Þjn0¼n ¼ aðnþ �Þbðn� �Þ

respectively. Hirota’s method has been successfully applied to search for integrable
equations by testing for 3-soliton, 4-soliton and even N-soliton solutions and Bäcklund
transformations. (See, e.g., [6,7].) Recently, it has been shown that several integrable
lattices could be transformed into the following coupled bilinear form [8–12]:

F1ðDt;Dz; sinhð�1DnÞ; 
 
 
 ; sinhð�lDnÞÞfðnÞ � fðnÞ ¼ 0; ð1Þ

F2ðDt;Dz; sinhð�1DnÞ; 
 
 
 ; sinhð�lDnÞÞfðnÞ � fðnÞ ¼ 0; ð2Þ

where Fi ði ¼ 1; 2Þ are two even order polynomials in Dt;Dz; sinhð�1DnÞ; . . . and
sinhð�lDnÞ, and l is a given positive integer; the �i; i ¼ 1; 2; 
 
 
 ; l; are l different
constants, and
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Fið0; 0; 
 
 
 ; 0Þ ¼ 0:

As an example, by the dependent variable transformation

bðnÞ ¼ ln
fðnþ 1

2Þ

fðn� 1
2Þ

 !
t

; cðnÞ ¼
fðnþ 5

2Þfðn�
3
2Þ

fðnþ 3
2Þfðn�

1
2Þ
; ð3Þ

the so-called Belov-Chaltikian lattice [13]

btðnÞ ¼ bðnÞðbðnþ 1Þ � bðn� 1ÞÞ � cðnÞ þ cðn� 1Þ; ð4Þ

ctðnÞ ¼ cðnÞðbðnþ 2Þ � bðn� 1ÞÞ; ð5Þ

is transformed into the following bilinear form [11]

ðD2
t e

1
2Dn �Dze

1
2Dn ÞfðnÞ � fðnÞ ¼ 0; ð6Þ

ðDze
Dn �D2

t e
Dn þ 2e2Dn � 2eDnÞfðnÞ � fðnÞ ¼ 0: ð7Þ

The purpose of this paper is to search for new integrable differential-difference sys-
tems which can be written in bilinear form of type (1) and (2), and to further study
their integrable properties such as Bäcklund transformations and soliton solutions.

The paper is organized as follows. In the next section, a new coupled differ-
ential-difference system connected with bilinear equations (6) and (7) is proposed.
As a further reduction, a differential-difference equation is considered. By using
Mathematica, 3-soliton solutions are obtained. Section 3 is devoted to another new
integrable differential-difference system. A Bäcklund transformation and the corre-
sponding nonlinear superposition formula are presented. We also consider a reduced
differential-difference equation and obtain soliton solutions. The conclusion and
discussion are given in Section 4.

2. A differential-difference system connected with the Belov-Chaltikian lattice. In
this section, we will consider the bilinear equations (6) and (7). Firstly, we derive a
new differential-difference system (i.e., z flow) from the bilinear form (6) and (7). For
this purpose, we set

uðnÞ ¼ ln
fðnþ 2ÞfðnÞ

f 2ðnþ 1Þ
; vðnÞ ¼

ftðnþ 1Þ

fðnþ 1Þ
�
ftðnÞ

fðnÞ
; ð8Þ

and then from (6) and (7) we can deduce the following system

uzðnÞ � vðnþ 1Þðvðnþ 2Þ þ vðnþ 1ÞÞ þ vðnÞðvðnÞ þ vðn� 1ÞÞ

þ euðnþ2Þþuðnþ1ÞþuðnÞ � euðnÞþuðn�1Þþuðn�2Þ ¼ 0; ð9Þ

vzðnÞ � vðnÞðvðnþ 1Þ þ vðnÞ þ vðn� 1ÞÞðvðnþ 1Þ � vðn� 1ÞÞ

þ vðnÞ½vðn� 1Þvðn� 2Þ � vðnþ 2Þvðnþ 1Þ þ euðnþ2Þþuðnþ1ÞþuðnÞ

� euðn�1Þþuðn�2Þþuðn�3Þ� þ ðvðnþ 2Þ þ vðnþ 1Þ þ vðnÞÞeuðnþ1ÞþuðnÞþuðn�1Þ

� ðvðnÞ þ vðn� 1Þ þ vðn� 2ÞÞeuðnÞþuðn�1Þþuðn�2Þ ¼ 0: ð10Þ
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Since this system (9) and (10) shares the same bilinear form with the Belov-Chalti-
kian lattice, we can easily obtain its soliton solutions. For example, we have the
following one-soliton solution of (9) and (10):

uðnÞ ¼ ln
fðnþ 2ÞfðnÞ

f 2ðnþ 1Þ
; vðnÞ ¼

ftðnþ 1Þ

fðnþ 1Þ
�
ftðnÞ

fðnÞ
;

fðnÞ ¼ 1þ expð�Þ; � ¼ pnþ qzþ rtþ �0; ð11Þ

with

q ¼ ��2ðe2p � 1Þ; r ¼ ��1ðep � 1Þ; � ¼ 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e
1
2p � e

3
2p

e
3
2p � e�

3
2p

s

and two-soliton solution of (9) and (10):

uðnÞ ¼ ln
fðnþ 2ÞfðnÞ

f 2ðnþ 1Þ
; vðnÞ ¼

ftðnþ 1Þ

fðnþ 1Þ
�
ftðnÞ

fðnÞ
;

fðnÞ ¼ 1þ
�1e

�p1 � �2
�1 � �2

e�1 þ
�1 � �2e

�p2

�1 � �2
e�2 þ

�1e
�p1 � �2e

�p2

�1 � �2
e�1þ�2 ;

�i ¼ pinþ qizþ ritþ �0i ;

with

qi ¼ ��2
i ðe2pi � 1Þ; ri ¼ ��1

i ðepi � 1Þ; �i ¼ 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e

1
2pi � e

3
2pi

e
3
2pi � e�

3
2pi

s
:

Besides, by the same dependent variable transformations as (3), we can derive the
following system from (6) and (7)

bzðnÞ � bðnÞðbðnþ 1Þ þ bðnÞ þ bðn� 1ÞÞðbðnþ 1Þ � bðn� 1ÞÞ

þ bðnÞ½bðn� 1Þbðn� 2Þ � bðnþ 2Þbðnþ 1Þ þ cðnþ 1Þ � cðn� 2Þ�

þ cðnÞðbðnþ 2Þ þ bðnþ 1Þ þ bðnÞÞ

� cðn� 1ÞðbðnÞ þ bðn� 1Þ þ bðn� 2ÞÞ ¼ 0; ð12Þ

czðnÞ þ cðnÞ½cðnþ 2Þ þ cðnþ 1Þ � cðn� 1Þ � cðn� 2Þ�

þ cðnÞ½bðn� 1ÞðbðnÞ þ bðn� 1Þ þ bðn� 2ÞÞ

� bðnþ 2Þðbðnþ 3Þ þ bðnþ 2Þ þ bðnþ 1ÞÞ� ¼ 0: ð13Þ

The z-variable appearing in (12) and (13) might be viewed as another time variable
(as in the continuous case) and then the system (12)–(13) obtained would be a
member of the same hierarchy of the Belov-Chaltikian lattice.

Next, we consider a special reduction of the system (9) and (10). Let vðnÞ ¼ 0, we
have from (9) and (10) the following lattice [12]:

uzðnÞ þ e
uðnþ2Þþuðnþ1ÞþuðnÞ � euðnÞþuðn�1Þþuðn�2Þ ¼ 0: ð14Þ
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In the following, we want to search for soliton solutions of the lattice (14). To this
end, set uðnÞ ¼ ln fðnþ2ÞfðnÞ

f 2ðnþ1Þ
and then (14) can be tranformed into the following bilinear

form

Dzfðnþ 1Þ � fðnÞ ¼ hðnþ 1ÞfðnÞ þ hðnÞfðnþ 1Þ; ð15Þ

Dzfðnþ 1Þ � fðn� 1Þ þ 2fðnþ 2Þfðn� 2Þ � 2fðnþ 1Þfðn� 1Þ

¼ hðnþ 1Þfðn� 1Þ þ hðn� 1Þfðnþ 1Þ: ð16Þ

It can easily be verified that (15) and (16) have the following one-soliton solution

fðnÞ ¼ 1þ A1e
� þ A2e

2�; hðnÞ ¼ e�;

where

A1 ¼
1

2 coshðpÞ � 2 coshð2pÞ
;

A2 ¼
1

2 coshðpÞ � 2 coshð2pÞ
�

1

2 sinhðpÞ
�

sinhðpÞ � sinhð2pÞ

coshð4pÞ � coshð2pÞ
;

� ¼ pnþ
coshð4pÞ � coshð2pÞ

sinhðpÞ � sinhð2pÞ
zþ �0;

with p and �0 being arbitrary constants. It is noted that in the continuous case the
Kaup-Kupershmidt equation also has a soliton solution of such a kind. We now
proceed to search for 3-soliton solution

fðnÞ ¼ 1þ A1e
�1 þ A2e

�2 þ A3e
�3 þ A4e

2�1 þ A5e
2�2 þ A6e

2�3

þ A7e
�1þ�2 þ A8e

�1þ�3 þ A9e
�2þ�3 þ A10e

2�1þ�2 þ A11e
2�1þ�3

þ A12e
�1þ2�2 þ A13e

2�2þ�3 þ A14e
�1þ2�3 þ A15e

�2þ2�3 þ A16e
�1þ�2þ�3

þ A17e
2�1þ2�2 þ A18e

2�1þ2�3 þ A19e
2�2þ2�3 þ A20e

2�1þ�2þ�3

þ A21e
�1þ2�2þ�3 þ A22e

�1þ�2þ2�3 þ A23e
2�1þ2�2þ�3

þ A24e
2�1þ�2þ2�3 þ A25e

�1þ2�2þ2�3 þ A26e
2�1þ2�2þ2�3 ; ð17Þ

hðnÞ ¼ B1e
�1 þ B2e

�2 þ B3e
�3 þ B4e

�1þ�2 þ B5e
�1þ�3

þ B6e
�2þ�3 þ B7e

2�1þ�2 þ B8e
2�1þ�3 þ B9e

�1þ2�2

þ B10e
2�2þ�3 þ B11e

�1þ2�3 þ B12e
�2þ2�3 þ B13e

�1þ�2þ�3

þ B14e
2�1þ�2þ�3 þ B15e

�1þ2�2þ�3 þ B16e
�1þ�2þ2�3

þ B17e
2�1þ2�2þ�3 þ B18e

2�1þ�2þ2�3 þ B19e
�1þ2�2þ2�3 ; ð18Þ

where

�i ¼ pinþ qizþ �0i ; qi ¼
x4i þ x

�4
i � x2i � x

�2
i

xi � x
�1
i � x2i þ x

�2
i

; epi � xi

with pi and �0i being arbitrary parameters ði ¼ 1; 2; 3Þ. Without loss of generality, we
set B1 ¼ B2 ¼ B3 ¼ 1. Substituting them into (15) and (16) and by using Mathema-
tica [15], we get the coefficients listed in an Appendix.
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3. Another new integrable differential-difference system. In this section, we
propose the coupled bilinear equations

ðD2
t e

1
2Dn �Dze

1
2Dn ÞfðnÞ � fðnÞ ¼ 0; ð19Þ

ðDze
Dn þD2

t e
Dn � 2eDn þ 2ÞfðnÞ � fðnÞ ¼ 0; ð20Þ

which are very similar to (6) and (7). It can be shown that by the dependent variable
transformation uðnÞ ¼ ðln fðnÞÞt we can deduce the following t�flow from (19) and
(20)

ðuðnþ 1Þ þ uðnÞ þ uðn� 1ÞÞtt þ ðuðnþ 1Þ � uðnÞÞðutðnþ 1Þ � utðnÞÞ

þ ðuðnÞ � uðn� 1ÞÞðutðnÞ � utðn� 1ÞÞ þ ðuðnþ 1Þ � uðn� 1ÞÞðutðnþ 1Þ

� utðn� 1ÞÞ þ 2uðnÞ � uðn� 1Þ � uðnþ 1Þ þ ðuðnþ 1Þ þ uðn� 1Þ � 2uðnÞÞ

� ðuðnþ 1Þ þ uðnÞ þ uðn� 1ÞÞt þ ðuðnþ 1Þ þ uðn� 1Þ � 2uðnÞÞ

� ½ðuðnþ 1Þ � uðn� 1ÞÞ2 � ðuðnþ 1Þ � uðnÞÞðuðnÞ � uðn� 1ÞÞ� ¼ 0; ð21Þ

which is nothing but the lattice proposed in [12] under the rescaling transformation
t�!2t; uðnÞ�! 1

2 uðnÞ. We now deduce a new system, i.e. z�flow from (19) and (20).
In this regard, we set

uðnÞ ¼ ln
fðnþ 1Þ

fðnÞ
; vðnÞ ¼

ftðnþ 1Þ

fðnþ 1Þ
�
ftðnÞ

fðnÞ
:

From (19) and (20) we can deduce the following system

uzðnþ 1Þ þ uzðnÞ þ uzðn� 1Þ þ vðnÞðvðnþ 1Þ þ vðnÞ þ vðn� 1ÞÞ

þ euðnÞ�uðnþ1Þ þ euðn�1Þ�uðnÞ � 2 ¼ 0; ð22Þ

ðvðnþ 1Þ þ vðnÞ þ vðn� 1ÞÞz þ vðn� 1Þeuðn�1Þ�uðnÞ � vðnþ 1ÞeuðnÞ�uðnþ1Þ

þ vðnÞðvðnþ 1Þ þ vðnÞ þ vðn� 1ÞÞ2 � ðvðnþ 1Þ þ vðnÞ þ vðn� 1ÞÞ

� ½ð2uðnþ 1Þ þ uðnÞÞt � 2ð1� euðnÞ�uðnþ1ÞÞ� ¼ 0: ð23Þ

We have the following results for the bilinear equations (19) and (20):

Proposition 1. A Bäcklund transformation for (19) and (20) is

ðDte
1
2Dn þ ��1e�

1
2Dn þ �e

1
2DnÞfðnÞ �gðnÞ ¼ 0; ð24Þ

ðDze
1
2Dn � ��1Dte

�1
2Dn � ��1�e�

1
2Dn � !e

1
2DnÞfðnÞ �gðnÞ ¼ 0; ð25Þ

½�Dze
�
Dn
2 þ !e�

Dn
2 þ 2�Dte

�1
2Dn

þ �2e�
1
2Dn þD2

t e
�1

2Dn þ 
e
1
2Dn � 2e�

1
2Dn �fðnÞ �gðnÞ ¼ 0 ð26Þ

where �; �, ! and 
 are arbitrary constants.

Proposition 2. Let f0 be a solution of equations (19) and (20) and suppose that
fiði ¼ 1; 2Þ are solutions of (19) and (20) which are related to f0 under the BT

equations (24)–(26) with parameters ð�i; �i; !i; 
iÞ, i.e., f0 �!
ð�i;�i;!i;
iÞ

fi ði ¼ 1; 2Þ,
�1�2 6¼ 0, fj 6¼ 0 ð j ¼ 0; 1; 2Þ. Then f12 defined by
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exp �
1

2
Dn

� �
f0 � f12 ¼ k �1 exp �

1

2
Dn

� �
� �2 exp

1

2
Dn

� �� �
f1 � f2 ð27Þ

is a new solution which is related to f1 and f2 under the BT(24)–(26) with para-
meters ð�2; �2; !2; 
2Þ, ð�1; �1; !1; 
1Þ respectively. Here k is a nonzero constant.

These results can be proved by using Hirota’s bilinear operator identities. We do
not give the details of the proof. Instead by using the Bäcklund transformation (24)–
(26) and superposition formula (27), we write down the one-soliton solution of (19)
and (20)

fðnÞ ¼ 1þ expð�Þ; � ¼ pnþ qtþ rzþ �0;

with

q ¼ ��1ðep � 1Þ; r ¼ ��2ðe2p � 1Þ; � ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2p þ ep þ 1

p
;

and two-soliton solutions of (19) and (20)

fðnÞ ¼ 1þ
�1e

�p1 � �2
�1 � �2

e�1 þ
�1 � �2e

�p2

�1 � �2
e�2 þ

�1e
�p1 � �2e

�p2

�1 � �2
e�1þ�2 ;

�i ¼ pinþ qitþ rizþ �0i ;

with

qi ¼ ��1
i ðepi � 1Þ; ri ¼ ��2

i ðe2pi � 1Þ; �i ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2pi þ epi þ 1

p
:

Next, we consider a special reduction of the system (22) and (23). Let vðnÞ ¼ 0, we
have from (22) and (23) the following lattice [14]:

uzðnþ 1Þ þ uzðnÞ þ uzðn� 1Þ þ euðn�1Þ�uðnÞ þ euðnÞ�uðnþ1Þ � 2 ¼ 0: ð28Þ

In the following we also search for soliton solutions of the lattice (28). To this end
set uðnÞ ¼ ln fðnþ1Þ

fðnÞ and equation (28) can be transformed into the bilinear form

Dzfðnþ 1Þ � fðnÞ ¼ hðnþ 1ÞfðnÞ þ hðnÞfðnþ 1Þ; ð29Þ

Dzfðnþ 1Þ � fðn� 1Þ � 2fðnþ 1Þfðn� 1Þ þ 2f 2ðnÞ

¼ �hðnþ 1Þfðn� 1Þ � hðn� 1Þfðnþ 1Þ: ð30Þ

It can be easily verified that (29) and (30) have the following one-soliton solution

fðnÞ ¼ 1þ A1e
� þ A2e

2�; hðnÞ ¼ e�;

where

A1 ¼
1þ 2 coshðpÞ

2 coshðpÞ � 2
;

A2 ¼
1þ 2 coshðpÞ

2 coshðpÞ � 2
�

1

2 sinhðpÞ
�

sinhðpÞ þ sinhð2pÞ

coshð2pÞ � 1
;

� ¼ pnþ
coshð2pÞ � 1

sinhðpÞ þ sinhð2pÞ
zþ �0;

48 XING-BIAO HU AND HON-WAH TAM

https://doi.org/10.1017/S0017089501000052 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089501000052


with p and �0 being arbitrary constants. By using Hirota’s method, we can also
obtain 3-soliton solutions [14].

4. Conclusion and discussion. In summary, we have considered two coupled
bilinear equations. As a result, two new coupled differential-difference systems are
found. The first new system shares the same bilinear equations with the Belov-
Chaltikian lattice while the second new system shares the same bilinear equations
with the lattice proposed in [12]. We have also considered two special reductions of
these two systems. By using the Hirota method, soliton solutions of the two reduced
equations are obtained with the assistance of Mathematica. It is noted that these
two reduced equations exhibit soliton solutions of the Kaup-Kupershmidt equation
type. Since integrable systems share many common integrable properties, it would
be interesting to study some other integrable properties of these new systems found
in the paper. Besides, one could start to think about the construction of the Belov-
Chaltikian hierarchy in view of the fact that (12)–(13) is a member of the same
hierarchy of the Belov-Chaltikian lattice.
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5. Appendix. The coefficients of the 3-soliton solution (17) and (18).

Ai ¼
x2i

�1þ xi þ x
3
i � x

4
i

ði ¼ 1; 2; 3Þ;

Aiþ3 ¼
x5i

ðxi � 1Þ4ðxi þ 1Þ2ð1þ xi þ x
2
i Þ

2
; ði ¼ 1; 2; 3Þ;

A7 ¼ A1A2Q12; A8 ¼ A1A3Q13; A9 ¼ A2A3Q23;

Qij ¼
ðxi þ xjÞð1� xixj � x

2
i x

2
j þ x

3
i x

3
j Þ þ x

3
i þ x

3
j � 4x2i x

2
j þ x

4
i xj þ xix

4
j

ðxixj � 1Þ2ð1þ xi þ xj þ 3xixj þ x
2
i xj þ xix

2
j þ x

2
i x

2
j Þ

;

ði; j ¼ 1; 2; 3Þ;

A10 ¼ A2A4P12; A11 ¼ A3A4P13; A12 ¼ A1A5P12;

A13 ¼ A3A5P23; A14 ¼ A1A6P13; A15 ¼ A2A6P23;

Pij ¼
ðxi � xjÞ

2
ðx2i þ x

2
j þ xi þ xj þ x

2
i xj þ xix

2
j þ 3xixjÞ

ðxixj � 1Þ2ð1þ xi þ xj þ 3xixj þ x
2
i xj þ xix

2
j þ x

2
i x

2
j Þ
; ði; j ¼ 1; 2; 3Þ;

A17 ¼ A4A5P
2
12; A18 ¼ A4A6P

2
13; A19 ¼ A5A6P

2
23;

A20 ¼ A2A3A4P12P13Q23; A21 ¼ A1A3A5P12P23Q13; A22 ¼ A1A2A6P13P23Q12;

A23 ¼ A3A4A5P
2
12P13P23; A24 ¼ A2A4A6P

2
13P12P23; A25 ¼ A1A5A6P

2
23P12P13;

A26 ¼ A4A5A6P
2
12P

2
13P

2
23; ;B4 ¼ R12; B5 ¼ R13; B6 ¼ R23;
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Rij ¼ �ðxi � xjÞ
2
ðxi þ xj þ x

3
i þ x

3
j þ 3x2i xj þ 3xix

2
j þ xixj þ 3x2i x

2
j

þ 3x2i x
3
j þ 3x3i x

2
j þ x

4
i xj þ xix

4
j

þ xix
3
j þ x

3
i xj þ x

3
i x

3
j þ x

3
i x

4
j þ x

4
i x

3
j Þ=

½ðxi � 1Þ2ðxj � 1Þ2ð1þ xi þ x
2
i Þð1þ xj þ x

2
j Þ

� ð1þ xi þ xj þ 3xixj þ x
2
i xj þ xix

2
j þ x

2
i x

2
j Þ�; ði; j ¼ 1; 2; 3Þ;

B7 ¼ A4P12; B8 ¼ A4P13; B9 ¼ A5P12; B10 ¼ A5P23;

B11 ¼ A6P13; B12 ¼ A6P23; B14 ¼ A4P12P13B6;

B15 ¼ A5P12P23B5; B16 ¼ A6P13P23B4; B17 ¼ A4A5P
2
12P13P23;

B18 ¼ A4A6P
2
13P12P23; B19 ¼ A5A6P

2
23P12P13;

A16 ¼ fP4ðp1 þ p2 þ p3Þ½�A1A9P1ð�p1 þ p2 þ p3Þ � A2A8P1ðp1 � p2 þ p3Þ

� A3A7P1ðp1 þ p2 � p3Þ þ ðA9 þ B6A1ÞP2ð�p1 þ p2 þ p3Þ

þ ðA8 þ B5A2ÞP2ðp1 � p2 þ p3Þ þ ðA7 þ B4A3ÞP2ðp1 þ p2 � p3Þ�

� P2ðp1 þ p2 þ p3Þ½�A1A9P3ð�p1 þ p2 þ p3Þ � A2A8P3ðp1 � p2 þ p3Þ

� A3A7P3ðp1 þ p2 � p3Þ þ ðA9 þ B6A1ÞP4ð�p1 þ p2 þ p3Þ

þ ðA8 þ B5A2ÞP4ðp1 � p2 þ p3Þ þ ðA7 þ B4A3ÞP4ðp1 þ p2 � p3Þ�g

=½P1ðp1 þ p2 þ p3ÞP4ðp1 þ p2 þ p3Þ � P2ðp1 þ p2 þ p3ÞP3ðp1 þ p2 þ p3Þ�

B13 ¼ fP3ðp1 þ p2 þ p3Þ½�A1A9P1ð�p1 þ p2 þ p3Þ � A2A8P1ðp1 � p2 þ p3Þ

� A3A7P1ðp1 þ p2 � p3Þ þ ðA9 þ B6A1ÞP2ð�p1 þ p2 þ p3Þ

þ ðA8 þ B5A2ÞP2ðp1 � p2 þ p3Þ þ ðA7 þ B4A3ÞP2ðp1 þ p2 � p3Þ�

� P1ðp1 þ p2 þ p3Þ½�A1A9P3ð�p1 þ p2 þ p3Þ � A2A8P3ðp1 � p2 þ p3Þ

� A3A7P3ðp1 þ p2 � p3Þ þ ðA9 þ B6A1ÞP4ð�p1 þ p2 þ p3Þ

þ ðA8 þ B5A2ÞP4ðp1 � p2 þ p3Þ þ ðA7 þ B4A3ÞP4ðp1 þ p2 � p3Þ�g

=½P1ðp1 þ p2 þ p3ÞP4ðp1 þ p2 þ p3Þ � P2ðp1 þ p2 þ p3ÞP3ðp1 þ p2 þ p3Þ�

where

Pj
X3
i¼1

�ipi

 !
� Pj

X3
i¼1

�ipi;
X3
i¼1

�iqi

 !
; ð j ¼ 1; 2; 3; 4Þ

P1ðx; yÞ � y sinh
x

2

� �
; P2ðx; yÞ � cosh

x

2

� �
;

P3ðx; yÞ � y sinhðxÞ þ 2 coshð2xÞ � 2 coshðxÞ; P4ðx; yÞ � coshðxÞ; �i ¼ 1:
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