Ergod. Th. & Dynam. Sys., (2024), 44, 50-117 © The Author(s), 2023. Published by Cambridge 50
University Press.
doi:10.1017/etds.2023.15

Conditioned limit theorems for hyperbolic
dynamical systems

ION GRAMA@ ¥, JEAN-FRANCOIS QUINT:: and HUI XTAO® §

T Université de Bretagne Sud, CNRS UMR 6205 LMBA,
Campus de Tohannic 56017, Vannes, France
(e-mail: ion.grama@univ-ubs.fr)
¥ Université de Bordeaux, CNRS, Bordeaux INP, IMB, UMR 5251,
F-33405 Talence, France
(e-mail: jean-francois.quint@math.u-bordeaux.fr)
§ Academy of Mathematics and Systems Science, Chinese Academy of Sciences,
Beijing 100190, China
(e-mail: xiaohui @amss.ac.cn)

(Received 22 March 2022 and accepted in revised form 1 February 2023)

Abstract. Let (X, T) be a subshift of finite type equipped with the Gibbs measure
v and let f be a real-valued Holder continuous function on X such that v(f) =0.
Consider the Birkhoff sums S, f = ZZ;(I) fo T* n > 1. For any t € R, denote by ttf
the first time when the sum ¢ 4 S, f leaves the positive half-line for some n > 1. By
analogy with the case of random walks with independent and identically distributed
increments, we study the asymptotic as n — 00 of the probabilities v(x € X : r,f (x) >n)
andv(x € X: r,f (x) = n). We also establish integral and local-type limit theorems for the
sum ¢t 4+ Sy, f (x) conditioned on the set {x € X : r,f (x) > n}.
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1. Statement of the results and motivation

1.1. Main results. Consider a subshift of finite type (X, T) endowed with a Gibbs
measure v and let f be a real-valued Holder continuous function on X (the precise
definitions are given in §2). Define the Birkhoff sums

Sof=f+folT+-+foT" ', n>1.

A fundamental result of the theory of dynamical systems is the celebrated Birkhoff ergodic
theorem which asserts that v-almost surely,

. Snf
im

n—oo n

- / FOOv(dx) =2 v(f).
X

Much effort was made to establish another important property: the central limit theorem
for S, f. To formulate the corresponding statement, we first note that the following limit
exists:

of = lim l/(s,,f—m)(f))2 dv.
X

It is known that o]% = 0 if and only if f is a coboundary with respect to 7, which means
that there exists a Holder continuous function g on X such that f(x) = g(Tx) — g(x) for
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any x € X. In the case when oy > 0 (or, equivalently, when f is not a coboundary) the
following central limit theorem holds: for any bounded continuous function F : R — R,

F(snﬂx) — v (f) .y
X or/n V2r Jr

All these statements, which can be found in the excellent book of Parry and Pollicott
[24], are consequences of many successive works such as Sinai [27, 28], Ratner [25],
Ruelle [26] and Denker and Phillip [9], to cite only a few. The goal of this paper is to
complement the central limit theorem (1.1) by proving limit theorems for the Birkhoff
sum ¢ + S, f under the condition that the trajectory (¢ + Sk f)1<k<n Stays positive, where
t € R is a starting point.

There is a vast body of literature on the properties of conditioned random walks and
their applications based on independent observations: a brief historical foray into the
subject of conditioned limit theorems and our motivation are presented in §1.2. At this
point let us note that finding the corresponding asymptotics for Birkhoff sums encounters
major problems. One of them is related to the fact that Wiener—Hopf factorization
techniques do not apply in these settings. The other, and this is one of the main findings
of the paper, is that the asymptotic analysis requires the introduction of the new object, the
harmonic measure, which makes an important difference with the case of simple random
walks. Regarding potential applications, we note that counting for trajectories conditioned
to stay in some conic domains of R? (for instance, the Weyl chamber) is of interest
in statistical physics, see Fisher [14]. Our study which deals with the one-dimensional
observable f is the first step in considering such problems, and open ways to cope also
with observables taking values in R9.

To state our results assume that v(f) = 0 and that f is not a coboundary. For any ¢ € R,
the following exit time is finite for v-almost every x € X:

lim F()e "1 dt. (1.1)
n—oo

)v(dx) =

v/ () i=inflk > 1: 1+ S f(x) <O

Thus, by definition, {x € X : ttf (x) > n} is the set where the trajectory (¢ + Sk f)1<k<n
stays non-negative, thatis, r + Sy f > Ofor 1 <k < n.

Our first theorem states the existence of a special Radon measure which will play a
central role in the paper and will be used in the formulations of the subsequent results.

THEOREM 1.1. Let fbe a Holder continuous function on X such that v(f) = 0 and f is not
a coboundary. Then, there exists a unique Radon measure 1f on X x R such that for any
continuous compactly supported function ¢ on X x R,

; : — !
Jim . e, DS fOOL 7,V (dX) dt_/sng p(x, p’ (dx,dr).  (L2)

Moreover, the Radon measure u/ satisfies the following quasi-invariance property: for
every continuous compactly supported function ¢ on X x R,

/ go(x,t)u,f(dx,dt)z'/ o(T x, t — F(T 7 o)Ly’ (dx, dr). (1.3)
XxR XxR
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The limit (1.2) takes a simpler form when the function ¢ does not depend on the first
argument. Indeed, we show in §3.3 that the marginal of ./ on R is absolutely continuous
with respect to the Lebesgue measure. Its density function is a non-decreasing function on
R that will be denoted by V /. In particular, by standard arguments, the asymptotic (1.2) is
valid for functions ¢ of the form ¢(x, t) = 1(44)(¢) for x € X and ¢ € R. This leads to the
following.

COROLLARY 1.2. Let fbe a Holder continuous function on X such that v(f) = 0 and f'is
not a coboundary. Then, for any real numbers —o0 < a < b < 00, we have

b b
lim / f S, fOO1, ¢ v(dx) dt = pf (X x [a, b)) = f Vi dr. (1.4)
n—oo J, Jx {r; (x)>n} p

Note that (1.2) and (1.4) are stated in integral forms with respect to . It is an open ques-
tion whether it is possible to give an asymptotic of the integral /X Spf(x0)1 o/ (x)>n}v(dx)
for a fixed value of 7.

The Radon measure ;/ appearing in Theorem 1.1 will be called the harmonic measure
associated to the dynamical system (X, 7', v) with the observable f. The reason for this
is that the measure / is related to the harmonicity property that appears in the study of
killed random walks on the half line. We refer to §3.3 for precise statements.

The following results describe the limit behavior of the Birkhoff sum 7 4 S, f under
the condition that the trajectory (f + Sk f)1<k<n Stays non-negative. We start by giving
the equivalent of the probability that the trajectory (f + Sk f)1<k<n Stays non-negative.
Denote by i/ the harmonic measure related to the reversed dynamical system (X, 77!, v)
with the observable f o 7!,

THEOREM 1.3. Let fbe a Holder continuous function on X such that f is not a coboundary
and v(f) = 0. Then, for any continuous compactly supported function ¢ on X x R, we

have
V2 .

lim ZAYR o, D1 v(dx)dt:/ o, Dl (dx,dr)  (1.5)

n—00 xR {zr/ (x)>n} xR
and

V2

lim 2L O(T"x, 1+ Sy fFONT, s w(dx)dt :/ o(x, DD (dx, dr).
n—00 XxR {z; (x)>n} xR

(1.6)

As the measure 1/ has absolutely continuous marginal on R, Theorem 1.3 also applies
to the function ¢(x,t) = Lj45)(t) for x € X and ¢t € R. In particular, this gives the
following corollary.

COROLLARY 1.4. Let f be a Holder continuous function on X such that f is not a

coboundary and v(f) = 0. Then, for any real numbers —o00 < a < b < 00, we have

Ofv 2n /b
2 a

lim
n— 00

b
vx eX:t/ (x)>n)dt =/ v/ @) dr.

a
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Now we give a conditioned central limit theorem for the Birkhoff sum S, f, which states
that the law of S, f conditioned to stay positive converges weakly to the Rayleigh law. In
the following, we denote by ¢ and ®* the Rayleigh density and cumulative distribution
functions, respectively:

2 2
o () =ue™ o, OTw) =1 —e s, ueR. (1.7)

THEOREM 1.5. Let f be a Holder continuous function on X such that f is not a

coboundary and v(f) = 0. Then, for any continuous compactly supported function F on
X x X xR xR, we have

Wir Suf (x)
2

n
F(.X, T x,t, o‘]c—ﬁ>ﬂ{fif()‘)>”}])(dx) dt

= / / F(x,x', 1, )¢ yv(dx") di’ w” (dx, dt).
XxR JXxR

lim
n— 00 XxR

As previously, we can actually apply Theorem 1.5 to the function F(x, x',f,1') =
Ljap) (L py(t') for x,x" € X and 1,1’ € R. Therefore, this implies the following
corollary.

COROLLARY 1.6. Let f be a Holder continuous function on X such that f is not a
coboundary and v(f) = 0. Then, for any real numbers —o0 < a < b < 00 and —oo <
a’ < b < oo, we have

V2 b S
lim 2V / v(x eX: nf () eld. b7/ x) > n> dt
n—00 2 a O'fﬁ

b
:/ Vi) di (@) — ().

a

Next we formulate a conditioned local limit theorem for S, f, which is a refinement of
the previous result.

THEOREM 1.7. Let f be a Holder continuous function on X such that v(f) = 0. Assume
that for any p # 0 and q € R, the function pf + q is not cohomologous to a function with
values in 7.. Then, for any continuous compactly supported function Fon X x X x R x R,
we have

2roin3/?
lim —/ Fx, T"x, 1,1 + S, f()1 v(dx) dt
2 XxR

n—oo

=f / F(x,x',t, ) yu! dx, dyp =P dx', dt)). (1.8)
XxR JXxR

{7/ @>n—1)

In Theorem 1.7, we assumed that the function f satisfies a non-arithmeticity condition.
When this is not the case but f is still not cohomologous to 0, we could still get an analogue
of this result by the same method.

In the particular case when the function F has the form F(x, x’,z,t") = Li4p(t)
Ljo (') for x, x" € Xand ¢, ¢’ € R, from the previous theorem we obtain the following.
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COROLLARY 1.8. Let fbe a Holder continuous function on X such that v(f) = 0. Assume
that for any p # 0and q € R, the function pf + q is not cohomologous to a function with
values in 7. Then, for any real numbers —00 < a < b < ocoand —c0 < a’ < b’ < oo, we

have
2mo3n3/2 b
lim —’/ vx eX it + S fx) eld bt (x) >n—1)dt
n—o00 2 a
b A b . i
=f Vf(t)dt/ vED@y dr.
a a’

In this corollary we have denoted by VD) the density function with respect to the
Lebesgue measure of the marginal on R of the Radon measure n=h,

From Corollary 1.8 we get a local limit theorem for r,f (x). Indeed, by taking the interval
[a’, D) to be [—c, 0) for ¢ > 0 large enough, as f is bounded, we deduce the following.

COROLLARY 1.9. Let fbe a Holder continuous function on X such that v(f) = 0. Assume
that for any p # 0 and q € R, the function pf + q is not cohomologous to a function with
values in Z. Then, for any real numbers —0o0 < a < b < 00, we have

«/2710}113/2
lim ——

b b 0
/ vxeX:t/ () =n)dr = / v/ (@) dt / VED Gy dr.

n— 00 2 a a —o0

Our Corollary 1.9 could be extended without difficulties to the case when one only
assumes that f is not cohomologous to 0. This assertion could be deduced from a version
of Theorem 1.7 for functions f that are cohomologous to functions with values in a set of
the form aZ + B for some «, B € R.

Similarly to the comment after Corollary 1.2, Theorems 1.3, 1.5 and 1.7 are stated in
integral forms with respect to ¢. It is an open problem to obtain asymptotics for a fixed
value of ¢ € R of the following probabilities:

Sp f (x)
of/n
vx €X: S, f(x) eld, b1, 7 (x) > n).

vxeX:it/ )y >n), vixreX: eld, b, 7 (x) > n),

Remark 1.10. In the previous theorems we have considered the two-sided subshift.
However, all the above results apply as well to the case of one-sided subshift. The latter is
a particular case of the two-sided one with a function f depending only on the future (or
on the past). Indeed, let (X*, T) be the one-sided shift associated with X, ¥ : XT — R
be the potential of the Gibbs measures v and the function f only depends on the future
coordinates in X. Then, for instance, the conclusions (1.2) and (1.3) of Theorem 1.1 may
be rewritten as follows: for any continuous compactly supported function ¢ on X+ x R,

lim 00080 ()L, s

n—oo X+t xR

) di = f o(x, Dl (dx,dr)  (1.9)

(x)>n X+xR
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and

| etoudaran= [ 5 e Optn - fontisanddn,
X+ xR X+ xR Ty=x

(1.10)

where v is the marginal of v and ,u_{ is the marginal of w/ on Xt x R. In Theorem 1.3,
in the case of a one-sided shift, the limit in the right-hand side of (1.6) exists. Nevertheless,
even if the function f depends only on future coordinates, in order to construct the marginal
of the measure /2~), we need to work in the full shift X and to apply Theorem 1.1 to the
inverse map T-!. In the same way, in Theorem 1.7, the left-hand side of (1.8) makes sense
in a one-sided shift, but we need to use the two-sided shift in order to make sense of the
right-hand side. We refer to §§2.1 and 2.2 for more details about the relation between
one-sided and two-sided subshifts.

Due to the theory of Markov partitions (see Appendix III of [24] and Ch. 18.7 of [20]),
Theorems 1.1, 1.3, 1.5 and 1.7 can be applied without any changes to hyperbolic dynamical
systems. Finally, using the approach of this paper, one can obtain analogous results for
hyperbolic flows. The latter is beyond the scope of this article and will be done in another
work.

1.2. Previous work and motivation. The first examples of conditioned limit theorems
for sums of independent random variables are due to the pioneering work of Spitzer [29]
and Feller [13]. Since then integral and local limit theorems for random walks conditioned
to stay positive attracted a lot of attention. Very many authors contributed to this subject,
among them Borovkov [3-5], Bolthausen [2], Iglehart [22], Eppel [12], Bertoin and Doney
[1], Caravenna [6], Vatutin and Wachtel [32], Doney [10] and Kersting and Vatutin [23].
Most of this work is based on the Wiener—Hopf factorization and various factorization
identities. Varopoulos [30, 31], Eichelsbacher and Konig [11] and Denisov and Wachtel
[7, 8] have studied the setting of random walks in cones and have developed a new
approach for obtaining exact asymptotics based on the construction of a harmonic function
for a certain operator. This construction therefore avoids the use of the Wiener—Hopf
factorization. Following this method, in the case of dependent random variables recent
progress was made in [17, 15], where conditioned integral limit theorems for products
of random matrices and for Markov chains satisfying spectral gap properties have been
obtained. In [16] a conditioned local limit theorem for a Markov chain with finite state
space was considered.

As far as we know, conditioned integral and local limit theorems for Birkhoff sums have
not yet been considered in the literature. In establishing these results we encountered two
main difficulties.

The first is actually related with the statement of the conditioned limit theorems
themselves. In the case of Markov chain, the statement of results requires the use of the
corresponding harmonic function. In some cases, the subshift comes with an auxiliary
Markov chain and the statement of the conditioned central limit theorem can be deduced
from the Markov case. However, in general, to state the result for our dynamical system,
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we need a replacement for the harmonic function. Indeed, one of the major findings of the
paper is that, in the case for the subshift of finite type (X, 7', v) with a general Holder
continuous observable f, a more general object, the harmonic measure uf , has to be
considered. The conditioned central limit theorem for the Birkhoff sum 7 + S, f is stated
in terms of the harmonic measure /', whose use cannot be avoided and which constitutes
an essential characteristic of the model. The construction of 1/ is performed first for the
sum ¢ + S, f with an observable f depending only on the past coordinates, which in the
reversed setting corresponds to studying a Markov chain. Then it is extended gradually to
a function f depending on the whole set of coordinates using smoothing techniques and a
vague convergence argument, see §3.

Once this construction is achieved we are able to adapt several statements from the
Markov chain case, such as the conditioned central limit theorem, to the dynamical system
setting. We were motivated by the previous developments in [15, 16] for the Markov
chains. To put it in a nutshell, we shall first establish the corresponding theorems for the
Birkhoff sum ¢ 4 S, f with an observable f depending only on the future coordinates,
which corresponds to dealing with some Markov chain. Then we extend them to the general
case of subshifts of finite type, using the technique similar to that developed for the proof
of the existence of the harmonic measure.

The second difficulty is related to the proof of the corresponding conditioned local
limit theorem. For proving the conditioned local limit theorem in the case of finite Markov
chains [16] it is necessary to consider the reversed walk, which in this particular case is
again a Markov chain. For the subshift of finite type the situation is trickier, but can be
handled using the reversed subshift. Once the harmonic measure ./ is constructed for any
Holder continuous observable f, this construction can be applied to the reversed subshift
(X, T~!, v) with observable —f o T~! yielding the reverse harmonic measure i/,
which is necessary to state the conditioned local limit theorem. To prove the conditioned
local limit theorem we are able to patch up the two conditioned integral limit theorems for
the direct and reversed walks to establish a conditioned local limit theorem, where both
measures 1/ and ;2= will show up. We use the techniques from [7, 18] which deal with
random walks with independent increments.

In a perspective, it is possible to apply the developed approach for studying conditioned
local limit theorems for products of random matrices and more generally for Markov chains
with values in general state spaces, in contrast to [16] where a chain with finite state spaces
has been considered. This will be the subject of a forthcoming paper.

2. Background and auxiliary statements

2.1. Subshift of finite type and Gibbs measure. ~We start by precisely introducing the
subshift of finite type. Let k > 2 be anintegerand A = {1, 2, . . ., k}. Let M be a transition
matrix on A, thatis, M = (M (i, j))i, jea is amatrix with coefficients in {0, 1}. We assume
that the transition matrix M is aperiodic in the sense that there exists an integer p > 1
such that all the coefficients of the matrix M7 are strictly positive. Consider the associated
subshift of finite type

X ={x = (p)nez € A% : M(xn, xn41) = L, n € Z} C A%,
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equipped with the shift map T defined by (7x), = x,41 for x € X and n € Z. The set
{1,2,...,k}is equipped with the discrete topology, so the space AZ is compact with the
corresponding Tychonov product topology. We equip X with the induced topology, which
is also compact. For any x = (x;,)nez € X and y = (yn)nez € X, define

w(x,y) =min{k > 0: xp # yg Or x_p # y_x}.

Note that for any constant o € (0, 1), the function (x, y) — a®®Y) is a distance on X
which induces the natural product topology.

The space of real-valued continuous functions f : X — R is denoted by C(X). For any
function f € C(X), we say that f is Holder continuous on X if there exist constants C > 0
and o € (0, 1) such that forall x, y € X,

If(x) = FO)] < Ca®™. @.1)

For a fixed « € (0, 1), denote by %,, the space of all real-valued functions on X satisfying
(2.1) for some constant C, equipped with the following norm

1£O) = FOI

) 2.2)

I fllz, ==sup [ f(x)|+  sup
xeX x,yeXix#y

The function dy : (x, y) — a®®Y) is a distance on X, and %, is the space of Lipschitz
continuous functions with respect to the distance d,. Note that the notion of Lipschitz
continuity depends on the index «, but the notion of Holder continuity does not. It is
clear that the set of all real-valued Holder continuous functions on X can be written as

B = U0<a<l PBa.
For any f € 2, we consider the Birkhoff sum process (S, f),>0 by setting So f = 0
and

Suf =f+- -+ foT" ', n>1.
Let us denote by Xt c AN the set
Xt = {x = (nen € AV - M(xp, x041) = 1, n € N} c AN,

The set of continuous functions on X* is denoted by C(X™). By abuse of notation, the
one-sided shift map X +— X will still be denoted by T.

The Ruelle operator £ ¢ : C(X1) — C(X™) related to f € C(XT) is defined as follows:
for any g € C(X™),

Ligx)y= Y e /We(y), xeXt (2.3)
y: Ty=x

One can easily see that £ ¢ is a bounded linear operator on C (X*). From (2.3), by iteration,
it follows that for any n > 1,

'}»g(x) = Z e_S"f(y)g(y), x e X',
y: T'y=x

In addition, if 2 € C(X™), we have the conjugacy relation

Lpinor—ng =e "Ly, (2.4)
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which tells us that the spectral properties of the transfer operator £ s only depend on the
cohomology class of f. We say that a real-valued and Holder continuous function v on X+
is normalized if £, 1 = 1. By [24, Ch. 2, Theorem 2.2], there exist a real-valued Holder
continuous function % and a real number A such that £1/,eh = ¢**"". From the conjugacy
relation (2.4), this tells us that the function ¥ —hoT + h + A is also normalized.
Therefore, throughout the paper, we assume that v is normalized. In this case, it is
well known (e.g. [24]) that the adjoint operator ET& admits a unique invariant probability
measure v, The measure v is called the Gibbs measure related to the potential . As yr
is normalized, the measure v is T-invariant, that is, for any f € C(X™),

vi(foT) =v(f), 2.5)

see [24, Ch. 2].
Note that v is also T-ergodic, meaning that any T-invariant Borel subset B of X has
vt measure 0 or 1:

T'B=B=v"(B)e{0,1}.

Thanks to the following lemma, the measure v* allows to define a T-invariant measure
on X.

LEMMA 2.1. Let v™ be a Borel probability measure on X+ which is T-invariant. Then
there exists a unique T-invariant Borel probability measure v on X such that the image of
v under the natural projection map X — X7 is equal to v™.

The proof of this lemma is just a consequence of Kolmogorov’s extension theorem. We
actually give an explicit formula for the measure v in the following.

2.2. Conditional measures on the past. For any z € X7+, we shall construct a measure
v;", which is the conditional measure of v with respect to the map x € X - x4 € XT. To
this end, for any a € A, let

X, ={ye AN MGy _1,a) =1, M(y_p_1. y_p) =1, foralln > 1},

where M is the transition matrix on the set A which was used to define the finite-type
subshift X ¢ AZ. For any z € X7, we set X, = X;o’ where zq is the first coordinate of
z € X*. We have the decomposition

X = U X7 x {z}.
zeX+t

The point z may be thought of as the future of the trajectory whereas the elements of X
describe the pasts which are compatible with this future. Let us introduce some notation
related to this decomposition. For any z € Xt and y € X ,wedenotey -z = (y,2) € X.
Forz e XT and k > 1, we set

AY =k yor) € AR
M@y-1,z0) =1, M(y—pn—1,y-n) =1, forall 1 <n < k—1}.
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For (y_k,...,y-1) € A’Z‘, we set y_g ... y_1 -z to be the element w € X* defined by
Y-k HO0<n<k—1,
wy, = )
In—k lfn 2 k

Fora € A’;,let
Coz=0yeX 1y p=ay,...,y-1=a_1} (2.6)

be the associated cylinder of length k in X7.

Recall that the two-sided shift map 7 : X — X and its inverse 7! are defined by
(Tx);, = xp+1 and (T~1x), = x,_; for any x € X and n € Z. By abuse of notation,
the one-sided forward shift map will be denoted by T : X* > X* and is defined by
T (x) = (x1, x2, X3, . ..), for any x = (xq, X1, X2, ...) € XT. Let us define conditional
measures on the past of trajectories. For k > 0, define vé‘ as a function on cylinders of
length k in X7 by the formula

VE(Cuz) = exp(— Sk (a - 2)), 2.7)

fora € A’z‘. As L1 = 1, we have that for any a € AIZ‘,

V¥(Ca) = D v (Chao) (2.8)
beA
M(b,a_)=1

By Kolmogorov’s extension theorem, from equation (2.8) it follows that there exists a
unique Borel probability measure v, on X7~ such that for any k£ > 0, vf is the restriction
of v, to cylinders of length k.

We can now give an explicit formula for the measure v in terms of the measures v
and v .

+

LEMMA 2.2. Let ¢ € C(X). Then we have
v(p) = / / o(y - 2)v; dy)v(d2).
x+ Jx;

Proof. By Lemma 2.1, it suffices to prove that the measure v on X defined by the above
equation is T-invariant. This property is a direct consequence of the definition of the
measures v, z € X, and of the fact that v" is £y, -invariant. O

We use the fact that the measures v~ and v, are equivalent.

LEMMA 2.3. There exists a real-valued continuous function 0 on the set
Xs:={(y,2,2) e AN xXT x Xt :z0= 20 ¥ €X; =X}

/ + . . —
such that for any z, 7' € X™ and any continuous function ¢ on X7, one has

/ p(y)v, (dy) = / (e’ 0=V (dy).
Xz Xz

https://doi.org/10.1017/etds.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.15

Conditioned limit theorems 61

In addition, there exists a constant ¢ > 0 such that for any (y, z,7') € X3,
100y, 2 )] < e,

Proof. Indeed, it suffices to set

0(v,2.2) =) T G- 20) -y T - O

k=1

2.3. General properties of exit times. From the following lemma it follows that the
function x +— r,f (x) is finite v-almost surely.

LEMMA 2.4. Let f € B with v(f) = 0. Assume that f is not a coboundary. Then for
v-almost every x € X, one has

nlgl; Sn f(x) = —oo0.

Proof. Consider the Borel set

A:{xeX:nigt; S,,f(x)>—oo}.

It is clear that the set A is T-invariant. Therefore, v(A) = 0 or v(A) = 1. Assume that
v(A) = 1, then let us show that f is a coboundary. Indeed, for any x € A, we have that
h(x) :=liminf, o S, f(x) > —00. As v(f) =0, it is well known that S, f(x) admits
finite limit points for v-almost every x € X, so that #(x) < co. Now, by definition, we have
h(Tx) = h(x) — f(x), hence f is a coboundary as a measurable function on X. Therefore,
by [24, Proposition 6.2], we get that f is a coboundary as a Holder continuous function
on X. O

For notational reasons, it is more convenient to study objects defined by the reverse shift
T~ Note that the two studies are equivalent.

Indeed, let us define the flip map ¢ : A% — AZ by the following relation: for any
x=0(..,X_1,X0,X1,...) € AZ it holds tx)=0(..,x1,X0,X~1,...) € AZ, that is
(tx), = x_, for n € Z. The following lemma is classical (see [24, Ch. 2]).

LEMMA 2.5. The set (X is a subshift of finite type and the measure 1,v is a Gibbs measure
on (X,

For f € 4, consider the reversed Birkhoff sum process (§n SIn>1 which is defined as
follows: for any x € X,

Saf()=fF@ )+ FT20) 4+ F(T7"%) = Sy f(T"x), n>1.

In the same way, denote by f,f . (x) the first time when 7 + 5‘,, f(x) becomes negative: for
any x € X,
i (x) == inflk > 1, t + Si £ (x) < O}. (2.9)

Then the relation between the exit times r,f and ftf ° is given by

r,f(Tx) = f,foz(cx), xeX.
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In the present paper we deal with the measure
vx e Xt/ (x) > n) (2.10)
which, by the previous discussion, is equivalent to studying the measure
vix e X: & (x) > n). 2.11)
In turn, Lemma 2.2 shows that in order to study (2.11), it suffices to investigate
vy eXo i H (v > n), 2.12)

for z € X*. We do it by using tools from the theory of Markov chains [15]. In particular,
we make use of the martingale approximation for the process (S, f)n>1.

2.4. Martingale approximation. Recall that 8 = | J,_, .| PBa, Where A, is the space
of real-valued a-Holder continuous functions on X endowed with the norm (2.2). In the
same way, we denote by % the space of real-valued a-Holder continuous functions on
X+ endowed with the norm

£ = FOIL

||f||@; = sup [f(x)[+  sup a@®x.y)

xeX+t x,yeXt:xs£y

Let 7 = Jy_y-1 Bi. Note that every Holder continuous function f on X* can be
extended to a Holder continuous function on X defined by

x=(..,x_-1,%0,X1,...) € Xt~ f(x0, X1,...),

so we can identify %" with a subspace of .
Let f € A. Define the cohomology class of f as the following set of Holder continuous
functions:

AfHr={foeB|lfo=f—hoT+h, heRB.
The following proposition tells us that there exists a natural choice in 6(f).

PROPOSITION 2.6. Let f € % be such that v(f) = 0. Then there exists a unique function
fo € B such that Ly fo = 0 and its extension on X belongs to 6( f).

Proof. First we prove the existence of fjy. By Proposition 1.2 in [24], there exists a Holder
continuous function g on X*, whose extension to X is cohomologous to f. As v(f) = 0,
we have v (g) = 0. Now we choose a € (0, 1) close enough to 1 so that Ly is bounded
on %, and g € %,. By the spectral gap property for the operator Ly, (see Theorem 2.2 of
[24]), there exists a Holder continuous function & € %, such that

h — ,th = CI/,g. (2.13)
Ash =hLyl = Ly (hoT),it follows that
Ly(g—hoT+h)=0.

Hence, there exists a function fy := g —h o T + h € ¢(f) satisfying Ly fo = 0.
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Now we prove the uniqueness of fy. Suppose that there exist fy, fo/ € 6(f) such that
Ly fo= Ly fy=0.Then fo — f;is a coboundary, namely, there exists 71 € 2 such that
fo— fo=h1oT —hi. As fy and f;; depend only on the future coordinates, it is well
known that /21 depends only on the future coordinates. It follows that Ly (b1 o T — h1) =0
and, hence, Ly h1 = hy. This implies that /11 is a constant and, therefore, f(; = fo. O

For any z € X', we have defined a probability measure v on the set X C AN of
past sequences which are compatible with z. For n > 1, we let .%, denote the o -algebra of
subsets of A~ generated by the coordinate maps y +— (y_i, ..., y—n). By convention,
we also define .7 as the trivial o-algebra. We let .7, be the o-algebra induced on X .
The following proposition is a classical result from [24]:

PROPOSITION 2.7. Let fo € C(X1). Then Ly fo =0 if and only if for any z € XT, the
sequence of random variables

yeX; > Sufoly-2), n=0

is a martingale on X7 equipped with the probability measure v, with respect to the
filtration (F%)n>0.

Proof. Denote by g : X — R the function y S fo(y - 2). Then for y € X7 and
n > 1, we have by the definition of the measure v,

v (g | Fo_ D) =g () + Ly fo(TT"(y - 2)).
From this identity, the assertion follows. O

The following result shows that the difference S, f— S, g is bounded, for f and g in the
same cohomology class.

LEMMA 2.8. Let f € Band g € 6(f). Leth € Bbesuchthat f —g =hoT — h. Then,
for any x € X and anyn > 1, we have

1S, f () = Sug ()] < ¢ = 2/|h oo

Proof. Indeed, we have S, f — S,g =hoT" —h. As S’nf = (S, f)oT™", we obtain
Sof — Sug =h — h o T7", which proves the assertion. O

2.5. The Hoélder continuity and approximation. We establish several technical results
which will be used in the proofs of the main results of the paper. In particular, they allow
us to prove that several convergences hold uniformly in 7 € X7

LEMMA 2.9. Forany g € B, there exist constants o € (0, 1) and co > 0 such that for any
n>127eXtwithzy = zgandy € X7 (= X7), one has

15,8y - 2) = Sug(y - )] < coa® @), (2.14)
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In particular, for any g € B, there exists a constant co > 0 such that for any n > 1,
2,7 € Xt withzo = zjand y € X] (= X2), it holds

$:8(y-2) < Spg(y - 2) +co.
Proof. As g € %, there exists a constant L, such that for any x, x" € X,
18(x) — g(x)] < Lya”™),

where 0 < o < 1. Hence, for any z, 7/ € X+ with zg = zpand y € X7, andn > 1, one has

n—1

1S08(v - 2) = Sug (v - 2N <Y Lo koG

k=0
’
qlte@)

< Lgﬁ = o

w(z,z’).

The desired result follows. O

COROLLARY 2.10. For any g € %, there exist constants o € (0, 1) and co > 0 such that
foranyn > 1, z,7 € XT withzg = zgandy € X7 (= X)), we have

n $ .2 — min S N < w(z.2) 215
fmin i8(y-2) Zin i8(y - 2| < cou (2.15)

Proof. By Lemma 2.9, there exist constants cop > 0 and « € (0, 1) such that for any
nzjzl,
ng Sigly-2) < Sjg(y-2) < Sjg(y 7Y + coa @),

I<j<

Taking the minimum over 1 < j < n on the right-hand side, we get

n S ) < n S o w(z.2) 216
 in j8(y-2) < (min, j8(y - 7) + cox (2.16)
In the same way, again by Lemma 2.9, there exist constants cp > 0 and « € (0, 1) such

that foranyn > j > 1,
$ig(y-2) > 3jg(y-2) = o@D > min $ig(y-2) — cou” ).

SR

Taking the minimum over 1 < j < n on the left-hand side, we get

in S;g(y-2)> min S;g(y-z) — coa” . 2.17
| Jun i8(y-2) | in ig(y-z) — cox (2.17)
Combining (2.16) and (2.17), we conclude the proof of (2.15). ]

We also need the following technical lemma that allows us to approximate the function
g € % by afunction x — g, (x) on X which only depends on the coordinates {xi }r>—m-.

LEMMA 2.11. Let g € B. Then there exist constants o € (0, 1), ¢c; > 0 and a sequence
of Hélder continuous functions (gm)m>0 on X which only depend on the coordinates

https://doi.org/10.1017/etds.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.15

Conditioned limit theorems 65

{Xt}k>—m such that Ly go = 0 and for any m > 0,

sup [1Sugm — Sngllco < cra™. (2.18)
n>1

Proof. By Proposition 2.6, there exist go € %" and h € % with Ly, g9 = 0 and
go=g—hoT+h. (2.19)

Ash € A, thereisa € (0, 1) such that h € %,. Then, for any m > 0, there exists a Holder
continuous function %, on X which only depends on the coordinates {xi};>_, such that

7= hmlloo < cra™, (2.20)

where ¢; > 0 is a fixed constant not depending on m and, by convention, iy = 0. We define
for any m > 0,

gn =80+ hyoT — hy,. (2.21)
From (2.19), (2.20) and (2.21), we get (2.18). O]
2.6. Duality. The next duality property is crucial in the proof of the main results.

LEMMA 2.12. Let g € B. For any n > 1 and any non-negative measurable function F :
X xR xXxR— R, we have

/R/XF(x,t, T*"x,t+S,,g(x))]l{flg(xbn_l}v(dx) dt

= /R /X F(T"x,u — S,g(x), x, u)]l{r;g(xbn_l}v(dx) du.

Proof. By a change of variable t = u — Sy g(x), it follows that

which ends the proof of the lemma. O

3. Harmonicity for dynamical system

3.1. Existence of the harmonic function. The aim of this section is to prove the existence
of a function V/ on the state space R which we call the harmonic function of f by analogy
with the theory developed for Markov chains in [15]. Our main result is the following
theorem.
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THEOREM 3.1. Let fbe a Holder continuous function on X such that f'is not a coboundary

and v(f) = 0. Then there exists a unique non-decreasing and right continuous function

VI : R — Ry such that for any continuous compactly supported function ¢ on R,

lim (1) / Spf()1, v(dx) dt = / eV (1) dr. 3.D
R X {r/ (x)>n} R

n—oo
In addition, there exists a constant ¢ > 0 such that for any t € R,
max{t — ¢, 0} < V(1) < max{t, 0} + c. (3.2)

Note that the bound (3.2) implies that VIit)/t - last — oo.

The proof of Theorem 3.1 is given at the end of this section. At this point, we start by
giving an explicit formula for the harmonic function in the case where the observable
only depends on future coordinates. Let g € " with v(g) =0 and assume that g is
not a coboundary. Let gy be the unique element of %' such that Lygo =0 and go is
cohomologous to g, as in Proposition 2.6. For z € X+t and 7 € R, we set

VE(z, 1) = — /X Sy 800y - DV (@) (33)
This integral makes sense. Indeed, first, by Lemma 3.3, the stopping time y > (y - z)
is finite v, -almost everywhere. Second, the Birkhoff sum ¢ + szg (y-2) g(y - 7) takes values
in the interval [—||g]l 0, O] When ¢ is non-negative, and in the interval [t — || g||co, 0] When
t is negative. Third, by Lemma 2.8, the difference of the Birkhoff sums for g and gg is
uniformly bounded.
The function V8(z, ) plays a crucial role in proving conditioned limit theorems for
products of random matrices and more generally for Markov chains, see [15, 17]. From the
results of [15] it follows that V&(z, -) has the following harmonicity property.

LEMMA 3.2. Let g be in " such that vt (g) = 0 and g is not a coboundary. Then for
any (z,t) € X x R, we have

Vi = > e VO iz VEE 1+ 8E)). (34)

7eX+t:T(z)=z

The proof of the existence of the harmonic function Ve given in [15] is rather difficult.
In the case of the subshift of finite type (because the jumps are bounded) it is possible to
give a much shorter direct proof, which is not included because of the space limitations.

We extend the definition of \V/g(z, -) to the case of any function g € %, that is, the
case of a function g that depends on both the past and the future coordinates. We use the
following technical assertion.

LEMMA 3.3. Let g € A such that v(g) = 0 and g is not a coboundary with respect to T.
Then, for any t € R, it holds uniformly in z € XV that

nli)rglov;(yexg:ff(y-z)>n):0.

Proof. Let cp > 0 be as in Lemma 2.9. By Lemma 2.4 and Fubini’s theorem, for any
a € A, we can find z’ € X such that z{, = a and the function y — £, . (v -2') on X, is
finite v_ -almost everywhere. Then for any z € X* with zo = a, we have
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eX, :# @y -0>nClyeX) i, ) >n).
From Lemma 2.3, we get that for some constant ¢ > 0,
v (yeX; ity > <o (yeX, it (-2

Thus, the lemma follows from the fact that v, (y € XZ_, : ff’;_co (y - ') > n) converges to 0
asn — oQ. O

Now we give an alternative definition of the function Ve (z,-) for g € P, where the
key point is that in this case, the function y > £°(y - z) is a stopping time with respect to
the filtration {.7 };>0.

LEMMA 3.4. Let g € %" with v(g) = 0 and assume that g is not a coboundary. Let gy be
the unique element of %" such that Ly (go) = 0 and gg is cohomologous to g. Then, for
any t € R, we have, uniformly in z € X¥,

n—o0

‘v/g(Z, t) = lim /X*(t + §ng()’ : Z))]l{ff(y.z)>n}vz_(d)’)

n—0o0

= lim . S'ngo(y~Z)]l{ftg(y,z)>n}v;(dy). (3.5)

Z

In addition, there is a constant ¢ > 0 such that, forany z € X7, t e Randn > 1,

/X* S'ng(y . Z)]l{%,g()v-z)>n}vg(dY) < max{t, 0} + ¢, 3.6)

foranyz € XT andt € Ry,
t—c< V1) <t+c, (3.7)

and for any 7z € X and t < —c, it holds that V8o (z,t) =0.
Moreover, for any z € X, the function V&(z, -) is non-decreasing on R.

Proof. As g is cohomologous to gp, by Lemma 2.8, all Birkhoff sums S, g(y - z) stay
at bounded distance from the Birkhoff sums S,go(y - z). Therefore, one can deal with
Sng0(y - z) instead of S, g(y - z). By the optional stopping theorem, for any n > 1,

/X 50800y DLy oV (@)

= f ~ Sugo(y - v (dy) — fx 5800y DUz (@)

=" /X* gf}q(y-z)g()(y ’ Z)]l{ff(y-z)én}vz_(dy)‘

The bound (3.6) follows because t + S'ig (y-2) go(y - z) is bounded from below, because
t+ Sf,g(y~z)—1g(y -z) 2 0 and g is bounded.

Note that, as r + Sﬁg(yl)g(y - z) < 0, the quantity ¢ + Sig(ylz)go(y - 7) is also bounded
from above. Therefore, by Lemma 3.3, we obtain (3.5) uniformly in 7 € X*.
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Still because the function y +— ¢ + 3%5@-2) go(y - z) is uniformly bounded, we get

V8(z,t) € [t —c, t + c], for some constant ¢ > 0. In addition, if 7 < —llglloo, We get
ftg(y -z) = 1 everywhere for all z € XT; thus, by (2.7) and (2.3) we have

8z, 1) = fA (o1 -y 1) = Ly(20)) =0,

It remains to prove the monotonicity of ¢ Ve (z,1). As %,‘31’ < %,i for any t; < #, and
1+ Sug > 0 on the set {#} > n}, it follows that

/X 0 S0 DD )
< / (tz + S‘ng()’ . Z))]].{ftg(yz)>n}vz_(dy)
X;

Letting n — oo yields that the function V&(z, ) is non-decreasing on R. O

By using Lemma 3.4, we can now give a definition of V¢ for a function g only depending
on finitely many negative coordinates.

LEMMA 3.5. Let g € A such that v(g) = 0 and g is not a coboundary. Assume that g
only depends on m negative coordinates for some m = 0, in other words, that the function
h = g o t"™ belongs to B*. Then, for any t € R, we have uniformly in 7 € X7,

. G - “h
nll>n<>lo . Sng(y - Z)]l{ff(y.z)>n}vz (dy) = £$(V ¢, ))(2).
Let g and & be as in Lemma 3.5. We set for z € XT and r € R,

VE@ 1) = LE(V" (D))

Lemma 3.5 implies that this notation is coherent with that introduced in (3.3).

Proof of Lemma 3.5. By conditioning over the m first coordinates of y, we get, forn > 0,

/SC $n8(Y DL 38 y.2ym V7 ()

= Y exp(=Sp¥(a-2)) /x* Su8((y - @) “DLiz8 (y.a)-)>n) Var (@Y)

acAl
= Y =S ) [ ShaTT @) g Vi (dy)
_ { t (( ‘B ))> a-z
acAm Xaz K y-a)z)>n)
= X oS ) [ S0 @D gyt @),
acAl a2

where we have used the relations (y-a)-z=T"(y-(a-z)) and f,h°T_m = fth oT™™,

The conclusion now follows from Lemma 3.4 and the definition of the transfer operator

L. O
4
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We prove that the convergence in Lemma 3.5 holds in a weak sense for every function
g € A. The key step to prove Theorem 3.1 is the following technical lemma which shows
that the convergence of Lemma 3.5 holds for all functions g € % in a weak sense.

LEMMA 3.6. Assume that g € % is not a coboundary with respect to T and v(g) = 0.
Then, for any continuous compactly supported function ¢ on R, uniformly in z € X, the
following limit exists and is finite:

nlggo /R @(1) /Xz Sng(y - z)ﬂ{;f(y.z)m}v;(dy) dt.
Proof. Assume that g € %. Let (gm)m>0,c1 > 0and o € (0, 1) be as in Lemma 2.11. Set
Wz 1) = /X 45080 DLt (V7 (@)

and

Wm(z, 1) = /_(t + Sugm(y - DLz 0y Vs (@).

Z

By (2.18), we have the inclusions

{8 an > 1) SH{E > n) CHES o > 1),
which imply that
Wam(z, t —2c10™) < Wyp(z, 1) < Wy (z, t + 2c12™). (3.8)

In the same way, we have
Wam(z, 1) < Wyo(z, t + 2c1) < max{t, 0} + c2, (3.9)

where the last bound follows from (3.6).
By Lemma 3.5, for fixed m > 0, as n — oo, the function W, ,,(z,t) converges to
V8n (z, 1), uniformly in z € XT. From (3.8) we get

Ve (z, t —2c1a™) < lim inf W, (z, 1) < lim sup W, (z,1) < Ve (z, t + 2c10™).
n— oo

n—oo

Now we have
/R<P(f)[‘v/g’" (2,1 4 2c1a™) — V8 (2, t — 2c10™)] dt
= A[go(t —2c1a™) — @t + 2010™) V" (7, 1) dt.
Using (3.9) and Lemma 3.5, we have that Vém (z, 1) < ca + max{z, 0}. As ¢ is continuous

on R with compact support, by the Lebesgue-dominated convergence theorem, we get that
uniformly in z € X*,

m— o0

lim | oO[VE (z, 1+ 2cia™) — V8 (2,1 — 2c10™)] di = 0.
R

This tells us that fR @(t)Wy(z, t) dt has a uniform limit as n — oo. O
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We use the previous lemma to build a function Vs (z, t). The existence of this function
will be deduced from the following elementary fact from the theory of distributions.

LEMMA 3.7. Let (Vy)u>1 be a sequence of non-decreasing functions on R. Assume that
for every continuous compactly supported function ¢ on R, the sequence flR Vau(®)e(t) dt
admits a finite limit. Then there exists a unique right continuous and non-decreasing
Sfunction V on R such that for any continuous compactly supported function ¢, we have

lim / Va(H)o(2) dt:f V(t)e(t) dt.

Now we construct the function V¢ (z,t) for any g € A.

LEMMA 3.8. Assume that g € A is not a coboundary with respect to T and v(g) = 0.
Then, for any z € X, there exists a unique non-decreasing and right continuous function

Ve (z, -) on R such that the following hold.

(1)  For any continuous compactly supported function ¢ on R, uniformly in 7 € XT,

n—oo

lim . (1) /X‘ S'ng(y . Z)ﬂ{f,g(y<z)>n}vz_(dy) dr = ]]I‘Q (p(t)‘vfg(z, t)dt. (3.10)

(2) For any continuous compactly supported function ¢ on R, the mapping
2> [p @) VE(z, 1) dt is continuous on X
(3) There exists a constant ¢ > 0 such that for any z € X+ andt € Ry,

t—c< V1) <t+c. (3.11)
In addition, for any z € Xt and t < —c, we have Vs (z,t) =0.
By Lemma 3.4, in the case g € %™, the notation ‘V/g(z, -) is coherent with that in (3.3).

Proof of Lemma 3.8. Fix z € XT. By Lemmas 3.3 and 3.6, the following limit exists: for
any continuous compactly supported function ¢ on R,

lim /R ¢ (1) /X L Sn8 0 D gy v @) (3.12)
Fort € R, set

Viz. 1) = /X A+ 808 D (o Vi (@) (3.13)

Then the function V,#(z, -) is non-decreasing on R. By Lemma 3.7, there exists a unique
non-decreasing and right continuous function V&(z, -) on R such that for any continuous
function ¢ on R with compact support,

n—oo

lim [ VS Do) dt = / V&(z, (1) dt.
R R

Note that for # < —||g|lco, We have %tg =1 everywhere. Hence, Vg(z, t) =0 for
t < —c.
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We now prove (3.11). By Proposition 2.6, there exists gg € " such that Ly(go) =0
and g is cohomologous to gg. By Lemma 2.11, we can choose a constant ¢ > 0 large enough
such that for any n > 1, it holds that ||Sn g— Sn 80lloo < ¢. By Lemmas 3.3 and 3.6, we
have, for any continuous non-negative function ¢ on R with compact support,

Jim fR 70 /X (4 €+ Su8000 - DLy () df = fR VE(z De() dr.

Note that from Lemma 3.3, we have v (y € X7 : f,g(y -z) >n) — 0asn — oo. As we
have the following inclusion: for any ¢ € R,

{'E,g_o n} C {7:, >n} C {‘L’H_L > n},

andast+c+ Sngo 0 on the set {TH_L > n}, we obtain

/ V(2,1 — e)g(r) d < / VE(z, (1) dt < / V(2,1 4 c)g(1) dt.
R R R
As this holds for any continuous non-negative test function ¢ on R, we obtain
V(2,1 —¢) < VE(z,1) < V(2,1 + ). (3.14)

This, together with Lemma 3.7, concludes the proof of (3.11).

We now want to prove the continuity in z € X of the function z > [ ¢(1) VE&(z, 1) dt.
To this aim, we establish a uniform bound for the quantity ‘V/,,g (z, t) defined in (3.13).
Indeed, as usual, we have ‘V/,f (z,1) < \V/,,go (z, t + ¢). Now the optional stopping theorem
gives

Vi, ) =1, (y € X; £y -2) > n)

_/x S. 90y Z)go(y z)]l{reo() a<mVz . (4y)

Z

< e+ 11+ llgolloo = 212 + (180 lloo-
From (3.14) we get
Vi (2. 1) < 21t] + 2 + llgolloo- (3.15)

It remains to prove that for any continuous compactly supported function ¢ on R, the
mapping 7 fR o(t) V&(z, 1) dt is continuous on X*. It suffices to prove that for any
n > 1, the mapping z — [ @(1) V,$(z, t) dt is continuous on X .

A priori, for fixed ¢ € R, the function z \7ng (z, t) is not continuous. Nevertheless, we
claim that it satisfies the following weak continuity property: for ¢ > 0, there exists k € N
such that for any z, 7/ € X with w(z, z’) > k we have

VEGz t—e) < VEE, 1) < Vi@t +e).

Indeed, this follows from the inequality (2.14) in Lemma 2.9. This, together with the
bound (3.15) and the uniform continuity of the function ¢, implies that the mapping
2> Jg 9(OVF(z, 1) dt is continuous on X O

The previous statements can be summarized as follows.
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THEOREM 3.9. Let g be a Holder continuous function on X such that v(g) = 0 and g is
not a coboundary. Then there exists a unique non-decreasing and right continuous function
V& : R — Ry with the following properties.

(1)  For any continuous compactly supported function ¢ on R,

n—o0

lim i 0) /X Sng(x)]l{f;(xm}u(dx) dt = /R e()VE(t) dt. (3.16)
(2)  There exists a constant ¢ > 0 such that for any t € R it holds
max{t — ¢, 0} < V&(t) < max{z, 0} + c. (3.17)

Proof. Letg € . Fort € R, we set
V() = f VE(z, vt (d2).
X+

Then the points (1) and (2) of Theorem 3.9 follow from (3.10) and (3.11) in Lemma 3.8,
respectively. O

Proof of Theorem 3.1. 1t is easy to see that Theorem 3.1 is equivalent to Theorem 3.9 for
the reversed dynamics, i.e. by replacing f with g = foT ' ot = foioT, and v with
Ly V. O

3.2. Properties of the harmonic function. The goal of this section is to give some
additional properties of the harmonic function V8 which will be necessary for the proof of
Theorem 1.3. We start with a continuity result on the cohomology class of the function g.

LEMMA 3.10. Let g € Bwithv(g) = 0. Assume that g is not a coboundary. Let o« € (0, 1)
and (hy)n>0 be a sequence of element of %, that converges to 0 with respect to the Holder
norm || - ||lq. Forn > 0, set g, = g + hy, o T — hy,. Then, there exists a constant ¢ > 0 such
that foranyn > 0, z € X" and t € R, one has

V& (z, 1) < max{t, 0} + c. (3.18)

Moreover, for any continuous compactly supported function ¢ on R, we have, uniformly in
z € Xt

lim /<p(t)\78n(z, 1) dt:/ e(VE(z, 1) dt. (3.19)
n—oo R R

Proof. The bound (3.18) follows from (3.11) and the relation g, = g + h,, o T — hy. The
construction of the function V¢ in (3.19) can be performed in the same way as in Lemmas
3.6 and 3.8. O]

We can also describe how the function V¢ behaves when the function g is shifted by the
dynamics.

LEMMA 3.11. Let g € A with v(g) = 0. Assume that g is not a coboundary. Then, for any
ze€ Xt andt € R, we have

Vel @ ) =Ly (VEG D) ().
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Proof. By Lemma 3.8, for any continuous compactly supported function ¢ on R, we have
v 00T~ . 2 _ _
[oovem cnar= tim [ o0 [ Se oot o @
R =00 JR Xz @ (yz)>n}
By conditioning on the coordinate y_{, we get

/ Sug(T7 My - o)1 fre
X T

Z

()
(y~z)>n}vz @)

o - 1
= ./Ag /XZ Spg(w - (y—1 - Z))]l{%,g(w-(y_l»z))>n}vz (d)’)‘)z (dy-1)-
Again by Lemma 3.8, we obtain
veel () = /1 VE(y_1 -z, vl dy_1) = Ly (VA1) (@),
AT
as desired. O

3.3. The harmonic measure and the proof of Theorem 1.1. In the case when g depends
only on the future (g € %), the function V¢ satisfies the harmonicity equation (3.4). In
general, when g depends also on the past, this property may not hold. It turns out that
equation (3.4) can be reinterpreted as a kind of invariance property of a certain Radon
measure, which we introduce at the end of this section. Indeed, we have:

LEMMA 3.12. Let g be in %" and let V be a locally integrable non-negative function on
X* x R. Then the following are equivalent.

(1) Forv™ ® dt almost every (z,t) in X+ x R, we have

Ven= Y eV Oy esg V@t +g@).

77eX+t:T(Z)=¢z

(2)  For any continuous compactly supported function ¢ on X+ x R, we have
[e )
| ecoventanda= [ [ o= g@ventan
X+ xR X+ Jo

(3.20)

Proof. The proof is a direct computation. Indeed, for any continuous compactly supported
function ¢ on X' x R, by a change of variable, the right-hand side of (3.20) can be
written as

/R/X+ (T2, Dlj1e>00V (2. t + (@) (d2) dt.

As vt is Ly invariant, by using (2.5), we get for t € R,

/Xer(TZ, D=0V (2t + g(2))vT(dz)
= fx RS r)( > e*”<Z’>11{z+g<z/)>mv<z’,z+g(z’>))v+(dz).

TZ=z

This proves the lemma. O
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We now show that the functions V¢ and V8 can be seen as the densities with respect to
the Lebesgue measure on R of the projections on R of certain natural Radon measures (18
and 8 on X x R, which satisfy an invariance property similar to (3.20). Those measures
will play a key role in the statement of the conditioned local limit theorem. The purpose
of this subsection is to build them. This construction will follow the same lines as that of
the harmonic functions. We first use Markov chain arguments to define these objects when
g € %" and then use approximation arguments to extend the definition to the general case.

We first assume that g is in . In that case, for (z, 1) € Xt x R with Vg(z t) >0,
let us introduce a Borel probability measure p,z » on X7 . To do this, forn > 1, let A” be
as in the definition (2.7). For a € A?, let us write a - z for the element X' whose n ﬁrst
coordinates are a_,,, . . . , a_; and whose kth coordinate is z;_, for k >

LEMMA 3.13. Let g be in %" such that v*(g) =0 and g is not cohomologous to 0.
Let (z, 1) be in Xt x R with V8(z,t) > 0. Then, there exists a unique Borel probability
measure uzt on X7 such that for any n > 0 and any a € A} we have

B Ay eXo iy n=a—p,....y-1=a_})

= ——exp(—=Sy¥(a-2)VE(@a-z,t + Sugla - 2)), (3.21)
V&(z,t)

as soon ast + Skg(Tk(a 2)) 2 0foralll <k < n.

Proof. The proof is a translation of the general construction of the Markov measures on
the set of trajectories of a Markov chain.

Recall that, fora € A7, we denoted by C,; (see (2.6)) the associated cylinder of length
nin X7 . Forn > 0, deﬁne I’Lz "' as a function on cylinders of length 7 in X7 by the formula

. 1 .

151 (Cag) = =——exp(=S;¥(@-2))\VE(@a-z,1 + Sugla - 2)),
VE&(z, 1)

if t + Skg(T*(a - z)) > 0 for all 1 < k < n; if not, we set ,le”,"((Ca,Z) = 0, (compare with

(2.7)). We claim that for any a € A7, we have

. . 1
R Ca) = Y T (Chan), (3.22)
beA
M(ba_p)=1
(compare with (2.8)). Indeed, this follows from the harmonicity property of the function
V8 established in Lemma 3.2. By Kolmogorov’s extension theorem, equation (3.22)

implies that there exists a unique Borel probability measure [Lf,_ on X7 such that for
any n > 0, 157 is the restriction of 15 to cylinders of length n. The lemma follows. [

In the same way as for the function V8, we can give an alternative definition of the
measures /iit_, which relies on a convergence property.
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LEMMA 3.14. Letg € %" withv(g) = 0 and assume that g is not a coboundary. Let (z, t)
be in Xt x R and ¢ be a continuous function on X7 . Then, we have

vg,— ~, T & _
nzy (p)VE(z, 1) = nll)n;o /X: Sag(y - z)w(y)ﬂ{f;q(y_zbn}vz dy). (3.23)
Proof. By Lemma 3.3, the limit in equation (3.23) is the same as the limit of
/X_(t + S‘ng(y : Z))@(Y)]l{{lg(y.z)>n}Vz_(dy)o

The latter quantity is non-negative whenever ¢ is non-negative. In addition, if ¢ = 1, the
convergence follows from Lemma 3.4. Therefore, it suffices to check the convergence when
¢ is the indicator function of a cylinder set. Thus, let m > 0 be an integer. Pick a € AZ’
and let C, ; be the associated cylinder in X7 If Skg(T*(a - z)) < 0 for some 1 < k < m,
we have for n > m,

f (r+ Svng(y )1, ()’)]l{{tg(v.z)>n}‘)z (dy) =0.
X7 :
If not, we have forn > m,

/X_ (+ Sng(y : Z))]lca,z(y)]l{ftg(y.z)m}‘};(dy) =exp(—Sm¥(a-2))
. Xaz @+ Sh-mg(y-a-2)+ Sngla- Z))ﬂ{fﬁrsmg(a.z)(3"”‘Z)>"_’"}v‘:z(dy)'
By Lemma 3.4, as n — o0, this converges to
exp(—Su(a-2))VE(@ -z, t + Swgla - 2).
which, by the definition of 2if; in Lemma 3.13, is equal to 2257 (Cq,.) V8(z,1). O

Using Lemma 3.14, we can now give a definition of /lf”t_ for a function g only depending
on finitely many negative coordinates.

LEMMA 3.15. Let g € B such that v(g) = 0 and g is not a coboundary. Assume that g
only depends on m negative coordinates for some m > 0. In other words, the function
h=goT™ e %B". Let (z,1) be in X+ x R and ¢ be a continuous function on X7. For
a € AT, set @4 to be the function y — @(y - a) on X .. Then, we have

Jim - Sn8(y - DL z2 (.0 myvz (dY)

= Y exp(—=Su¥(a-2)V"@ -z, il (ga).

acAl

Before proving this lemma, we recall some useful facts. Let g and /1 be as in Lemma 3.15.
Forz € XT andt € R,

V8@, 1) = LYV (@) = ) exp(=Sp¥(a-2)V (@ z,1).

acAm
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If Ve (z,t) > 0 and ¢ is a continuous function on XZ_, we set

o 1 v wh_
18 (p) = o XAj exp(=Sutr(a - )V (@ -z, DAL, (9a)- (3.24)

Lemma 3.15 implies that the notation (3.24) is coherent with that introduced in
Lemma 3.13.

Proof of Lemma 3.15. As in the proof of Lemma 3.5, by conditioning over the m first
coordinates of y, we get forn > 0,

/X 508y - DO sy Vs (@)

Z

= 3 exp(—Sup(a-2) /X 5080 @ D00 DT 35y ey Ve @)

acAl

= Z exp(—Sp ¥ (a - 7)) /7 Suh(T™"(y - a) P gnor= (1 ) oy Varz (@Y)
acAl Xaz !

= Z exp(—Sm¥ (a - 2)) ~/X’ th(y “(a 'Z))‘pa(y)]l{{th(y‘(a‘z))>n}v(zz(d)’),
acAl a2

where we have used the relations (y-a) -z =T"(y-(a-z)) and fth°T_m = fth oT™™,
The conclusion now follows from Lemma 3.14. O

Now we prove that the convergence in Lemma 3.15 holds in a weak sense for every
function g € A.

LEMMA 3.16. Assume that g € A is not a coboundary with respect to T and v(g) = 0.
Then, for any z € X7, for any continuous compactly supported function ¢ on X7 xR, the
following limit exists and is finite:

n—oo

tim [ [ Sug0r 9000ty @)

Proof. First let us assume that ¢ is of the form (y, t) — ¢1(y)@2(¢), where ¢ and ¢, are
non-negative continuous functions on X7 and R, and ¢, is compactly supported. In that
case, let (g,)m>0,c1 > 0and o € (0, 1) be as in Lemma 2.11. Set

Wiz, 1) = /X‘ (t+ S’ng(y - 2)1 ()’)]l{{tg(y‘zbn}l);(dy)
and
Wam(z, 1) = fx_ (t + Spgm(y - DDPL O L gom (V7 (@)

By (2.18), we have the inclusions

{E5 e an > 1) SHEE > n) S {EY!

t4+2cia™ > I’l},
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which imply that
Wam(z, t =2c1a™) < Wu(z, 1) < Wym(z, t 4 2c1a™). (3.25)
By Lemma 3.15, for fixed m > 0, as n — oo, the function W, (z, ) converges to

57 (@1) V& (2, 1). From (3.25) we get

ﬁfj;’_;mm(gol)\?gm(z,z—zcla ) < lim inf W (z, 1) < lim sup W, (2, 1)

n—oo
< RE o (@D VE (2,1 4 2c10™).

Now we have

/R Q2O e o (D VE (2, £+ 201@™) — 15075 (@D VE (2, t = 2c10™)] dt
= / [p2(t — 2c10™) — @2t + 2c10™) 1S} (1) VE" (2. 1) dt. (3.26)

Using (3.9) and Lemma 3.5, we have that Vm (z, 1) < o + max{t, 0}. As ¢ is continuous
on R with compact support, by the Lebesgue-dominated convergence theorem, we
get that the left-hand side of (3.26) converges to 0 as m — oo. This tells us that
fR @2(t)W,(z,t) dt has a limit as n — oo. In other words, the lemma holds for the
function ¢(y, t) = @1(y)¢@2(t). This is also true when ¢ and ¢, are not necessarily
non-negative.

The general case follows from a standard but tedious approximation argument. Indeed,
we can find a continuous compactly supported function & on R with support K such
that for any & > 0, there exist an integer p > 0 and continuous functions ¢;; on X7
and continuous compactly supported functions ¢; > on R with support included in K,
1 <i < p,with

sup |p(y, 1) —@e(y, )| < e6(1), teR, (3.27)
yexy

where ¢ (y, t) = Z{;l ©i1(¥)pi2(t). We set tg = sup,cg |t|. By Lemma 3.3, we need to
show that

Uy = f / (t0 + 508y - DDP0 DLt 0y v7 (@) di
has a limit as n — oo. By the first case, we know that
Une = / / (10 + 508y - D)0 (2 W55 oy V7 (@) d
has a limit Ug as n — oo. In addition, by Lemma 3.6, we get that
/R fX 0+ 308y - DO 5,y vy (@) di

converges to [ V&(z, 1)0(t) dt. By (3.27), we have

n—oo

U, — / V8(z,)0(t) dt < hm 1nf U, <limsup U, < U; +¢ / V8(z,)0(t) dt,
R
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which gives

lim sup U,, — lim inf U, < 2¢ / V8(z, )O(t) dt.
n— o0 R

n—oo

Hence, the proof of Lemma 3.16 is complete. O

Now we use the previous lemma to build a Radon measure /15~ on X7 x R for any
geRB.

LEMMA 3.17. Assume that g € A is not a coboundary with respect to T and v(g) = 0.
Then, for any z € X7, there exists a unique Radon measure [15°~ on X7 x R such that for
any continuous compactly supported function ¢ on X X R,

. & - _ 18
"IEEO/R/XZ P, )Sng(y - DL z2 (0 pyv; (dy) dt —fRfXZ p(y, Hpz" (dy, dr).
(3.28)

In addition, the marginal measure of {15~ on R under the natural projection map is the
absolutely continuous measure V8(z, t) dt.

Proof. By Lemma 3.16, the limit on the left-hand side of (3.28) exists. By Lemma 3.3, the

limit is the same as that of

n—oo

lim A /X* QD()’, t)(to + S‘l’lg(y : Z))]l{{tg(y.z)>n}v;(dy) dt7

where 79 > 0 is arbitrarily large. In particular, this limit is non-negative. By Riesz
representation theorem, it may be written as 18"~ (¢), where /15" is a Radon measure on
X7 x R. By Lemma 3.8, the marginal measure of 28"~ on R under the natural projection
map is the absolutely continuous measure VE&(z, 1) dr. O

We define the Radon measure (18 on X x R by setting, for any continuous compactly
supported function ¢ on X x R,

ﬁg(cp):/ f/ e(y -z, AL (dy, d)vT (dz).
x+ JR JX;

The main result of this section is stated as follows.

THEOREM 3.18. Let g be a Holder continuous function on X such that v(g) = 0 and g is
not a coboundary. Then, for any continuous compactly supported function ¢ on X x R, we
have

lim f / 9, 0838 (WL 8 )V () dt = f o(x, i (dx,dr).  (3.29)
X JR ! XxR

n—o0

Moreover, the following harmonicity property holds:

/ o(x, Hé(dx, dt) = / /OO o(Tx, t — g(x)ué(dx, dr). (3.30)
XxR X JO
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Proof. We can assume that ¢ is non-negative. By Lemma 3.17, for every z € Xt and
t € R, we have

n—0o0

=/ /w(y-z, DS (dy, dt).
X; JR

Thanks to the dominated convergence theorem, this will imply (3.29). Indeed, for ¢ € R,
set 6(¢) = sup,x ¢(x, 1), so that 6 is a continuous compactly supported function on R.
Note that

lim /};_ /Rﬁo(y -z, D+ sng(y : Z))]l{{tg(y.zbn}‘);(dy) dt

/X; A O -2 D + 5,80y - Dz oy vs (dy) di
< fX fR@(I)(t + 508(y - Dz (o vs (dy) dt.
By Lemma 3.8, we have, uniformly in z € X*,
n—00

lim R@(l)(t—}-S’ng(y-Z))]l{ftg(y,z)>n}v;(dy) dt:/Re(r)Vg(z, 1) dt.

By the dominated convergence theorem, we get (3.29).
Now we prove (3.30). By (3.29),

vg _ . p4 .
/X 9Dt v dn) = lim fx /R 005, DSug (L 55 1)y V() dt.
As v is T-invariant, we have
/ / <p(x,t)Sng(x)]l{f[g(x)M}v(dx) dt
X JR
= / / @(Tx, 1)(Su—18(x) + 8 Lzs oy Li4en>0yv(dy) dt
X JR t+g(x)
=/ / (p(Tx,t—g(x))(S'n_lg(x)+g(x))]l{{tg(x)>n_1}]l{t>0}v(dx) dt.
X JR
By Lemma 3.3, the latter has the same limit, as n — o0, as
/ / §0(Tx,l—g(x))gn—lg(x)]l{;;’(x)>n_1}]1{z>()}v(dx) dt.
X JR

We prove in the following that we can apply (3.29) to the function (x,?) — ¢(Tx,
t— g(x))]l{,>()} to get

nl_i)H;O/;g/R<P(Tx,f—g(x))Sn—lg(x)]l{;f(x)>,,,1}]l{t>0}v(dx) dt

=/ /OO ¢(Tx,t — g(x) s (dx, di),
x Jo

which proves (3.30).
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To finish the proof, we need to show that (3.29) implies that for any continuous compact
supported function ¢ on X x R, as n — oo, the quantity

o0
I, = /X/O go(x,t)Sng(x)]l{;tg(x)M}v(dx) dt

converges to

//OO (x, )18 (dx, dt). (3.31)
X JO

This is a standard argument by an approximation. Indeed, for ¢ > 0 and 7 € R, set
Xe ) =01if 1t <0; x; (1) =1t/ if 0<t<¢e and x; (1) =1 if t > £. Define also
xj(t) = x; (t +¢). Then, for any n > 0, we have

/X R Xe Mex, D)+ §ng(x))]l{;§(x)>n}v(dx) dt

<I < fx X O9 G D+ 518 12 V() .
X

By (3.30) and Lemma 3.3, we obtain
/ Xe (D@(Cx, )8 (dx, dt)
XxR

< liminf I, < limsup I, < / xFOex, 8 (dx, dr).
n—00 1n—00 XxR

We claim that the left- and right-hand sides of the latter inequality converge to the integral

in (3.31). Indeed, for (x, t) € X x R, we have that Ixj(t)q)(x, 1| and |x; (H)e(x, t)| are

dominated by |¢(x, t)|. The conclusion now follows from the dominated convergence

theorem. O

As for the function V¢, the measure (18 enjoys the following continuity property on
cohomology classes.

LEMMA 3.19. Let g € Bwithv(g) = 0. Assume that g is not a coboundary. Let o € (0, 1)
and (hy)m>0 be a sequence of element of % that converges to O with respect to the Holder
norm || - ||lo. Form > 0, set g, = g + hyy o T — hyy,. Then, for any continuous compactly
supported function ¢ on X x R, we have

lim o(x, s (dx, dt) = /

m—=00 JXxR Xx

o(x, s (dx, dt). (3.32)
R

Proof. We can assume that ¢ is non-negative. By Theorem 3.18, for m > 0, we have

/ o(x, Hud" (dx,dr) = lim o(x, )t + §,,gm(x))]l{fgm (x)>n}v(dx) dt.
XxR =0 JxXxR !

For any n > 0, we have S,gm < S,g + 2|lhmllco- Hence, for r € R, we have ftg’" <
ftg+2\| - We obtain
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/ o(x, D)+ Sngm (x))]l{{tgm (x)>n}V(dx) dt
XxR

g/ 90, Dt + Spgm ()T 32 v (dx) dt.
XxR

1+2lhm lloo

Again by Theorem 3.18, as n — o0, the latter quantity converges to

/ @(x, t = 2|k lloo) 8 (dx, dt).
XxR
Thus, we have

/ p(x, s (dx, dt) < / @(x, t = 2|lhmloo) 28 (dx, dt).
XxR XxR

In the same way, one also has

/ @(x, s (dx, dt) > / @(x, t 4 2)|hm o) 18 (dx, dt).
XxR XxR
As ¢ is continuous, the conclusion follows from the dominated convergence theorem. [

Proof of Theorem 1.1. So far we have proved Theorem 3.18 which is an analogue
of Theorem 1.1 for the reversed dynamical system (X, T, v). By Lemma 2.5, this
dynamical system is isomorphic to a subshift of finite type equipped with a Gibbs measure.
Therefore, Theorem 1.1 is actually equivalent to Theorem 3.18. Formally, the former can
be obtained from the latter by replacing f with g = fo T ' ot = fotoT, and v with
Ly V. O]

The reader may note that (3.20) is a particular case of (1.3), which is the reason to call
the Radon measure 1/ harmonic.

4. Conditioned limit theorems
In this section we prove Theorems 1.3 and 1.5.

4.1. Proof of Theorem 1.3.  As in the construction of the harmonic function V¢ and the
harmonic measure j18, we prove Theorem 1.3 in several steps. The first step is to deal with
the case of functions g depending only on the future. The following result follows from
the general result for Markov chains established in [15, Theorem 2.3]. The assumptions of
this statement can be checked to hold thanks to the spectral gap properties of the Ruelle
operator formulated in §5.1.

LEMMA 4.1. Let g € " with v(g) = 0 and assume that g is not a coboundary. Then,
uniformly in 7 € XT and t in compact subsets of R,

lim ogvV2rnv; (ye X, : 1 (y-2) >n) = 2VE(z, 1).

n—oo

We have to strengthen Lemma 4.1 by proving the following integral form.

LEMMA 4.2. Let g € " with v(g) = 0 and assume that g is not a coboundary. Then, for
any continuous compactly supported function ¢ on X, we have, uniformly in z € Xt and
t in compact subsets of R,
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lim oev/27 [ 00 g5y s @0 =205 1) [0y @)

n—oo

Proof. Tt suffices to prove this result when ¢ is the indicator function of a cylinder set

in X, because the general case follows by a standard approximation argument. Thus, let

m > 0and a € A” and, as before, denote by C, ; the associated cylinder in X~ (see (2.6)).
Ifr + Skg(T’"_k(a - 7)) = 0forevery 1 < k < m, we have

OgV 27n /X_ ]l(ca,z(y)]l{f,g(y~z)>n}vz_(dy)

= ogV2rn exp(—=Su¥(a - z)) /X* L Z)(y~(a~z))>n—m}”;z(dy)~

8
t+Smg(a-

By Lemma 4.1, as n — oo, the latter quantity converges, uniformly in z € X* and ¢ in
compact subsets of R, to

2VE(a -z, t 4 Sugla-2)) exp(—Spi(a - 2)),

which, by definition, is equal to 2V (z, 1) 157 (Cy.).
If there exists 1 < k < m witht + Syg(T™ *(a - z)) < 0, we have ;if,’,_ (Csz) =0and

/};_ ]1@“,1(y)]l{ff(y.z)>,,}v{(dy) =0,
for n > k. The conclusion follows. O]

From Lemmas 4.1 and 4.2, we deduce the analogous result for functions which depend
only on finitely many negative coordinates.

LEMMA 4.3. Let g € % be such that v(g) = 0 and there exists m > 0 with g o T™ € H™.
Assume that g is not a coboundary. Then, uniformly in z € Xt and t in compact subsets
of R,

lim o,v2mn v, (y € X7 : ¥(y-2)>n) = 2VE(z, 1).

n—o0

Moreover, for any continuous compactly supported function ¢ on X7, uniformly in z € X+
and t in compact subsets of R,

n—oo

lim ogv2mn /X_ P2 (0= Vy (@Y) = 2VE(z, 1) fx_ PR, (dy).

Proof. AsinLemma 3.15, fora € A7, let ¢, be the continuous function y > ¢(a - y) on
X;_z. We have, by settingh = g o T™,

/X’ ‘p(}’)]l{ff(y.z)>n}vz_(d)’)

Z

= Z exp(—=Sm¥ (a - 2)) é_ @a()’)]l{fth(y.(a.z))>n}V(;Z(dy)~

acAl

The conclusion now follows from Lemmas 4.1 and 4.2 and (3.24). O]
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Now we use the same approximation argument as before to deduce from Lemma 4.3 a
slightly weaker statement that works for every function g in 8. This is the main result of
this section.

THEOREM 4.4. Let g € P be such that v(g) = 0. Assume that g is not a coboundary.

Then, for any continuous compactly supported function ¢ on R, we have, uniformly in
z € Xt

n—oo

lim o,v2mn / pM)v; (y € X7 : f[g(y -7) >n)dt = 2/ ¢(t)\7g(z, t) dt.
R R
Moreover, for any continuous compactly supported function ¢ on X x R, we have

lim o,v2mn / (x, DL ze (o v(dx) di =2 / o(x, Hud(dx, dr).
XxR !

n—0oo XxR
Proof. For (z,1) € Xt x R, denote
VE(z, 1) = looV2mn v (y e X 118 (yv - 2) > n).

Let (gm)m>0 be the sequence of Holder continuous functions as in Lemma 2.11. For
z € Xt and ¢ € R, we have

Vi (2, 1 = 2e10™) < ViE (2, 1) S Vi (2 1+ 2c10™).
By taking the limit as n — oo, we get by Lemma 4.3,

Ven(z, 1 —2c10™) < liminf ViE(z, 1) <limsup V,S(z, 1) < V& (2, t + 2c1a™).
n—oo

n—oo

The first part of the lemma now follows from Lemma 3.10.
Let now ¢ be a non-negative continuous compactly supported function on X x R. For
m, n > 0, we have

/XxR p(x, t)]l{f}gf"zqam ()>mV(dx) dt < /XxR PO, D8 (o v (dx) di
< fXXR o(x, t)]]-{ftg-f;clam (x)>n}v(dx) dt.
The conclusion follows from Lemmas 3.19 and 4.3. O]

Now we prove Theorem 1.3.

Proof of Theorem 1.3. The first assertion of Theorem 1.3 follows from the second assertion
of Theorem 4.4 by replacing f with g = foT ot = fotoT, and v with 1,v. The
second assertion is also obtained from Theorem 4.4 by using Lemma 2.12. O

From Theorem 1.3, we get the following coarse domination which will be used in the
proof of the conditioned local limit theorem (Theorem 1.7).

COROLLARY 4.5. Let g be in % with v(g) = 0. Assume that g is not cohomologous
to 0. Let G be a continuous compactly supported function on X x R. Then there exists a
constant ¢ > 0 such that for anyn > 1,
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v c
su GT "y -2D)g, t+ S o)) P v (dy) dt < —.
/Rzexp+ /Xz_ ( -2+ n8(Y - 2)) (£ (y-2)>n} Yz (dy) \/’Tl
Proof. By replacing G with the function sup,x+ |G(z, t)|, we can assume that G does
not depend on the first coordinate. Let ¢y be as in Lemma 2.9. For ¢ € R, set G1(¢) =

SUP|,_1<co |G (@)]. Then for any 1 € R and z, 7’ € X* with zg = z{,, we have
/3;, G+ ~§ng(y : Z))]l{ff’(y.z)>n}vz_(dy)

< /7 Gi(t+ Spg(y - Z/))]l{f;ico(yz’»n}”z_(dy)

X:

<o [ Gt Sigt Mg T @,

!

for some constant ¢ > 0 coming from Lemma 2.3. By integrating over 7’ € X, we get

sup /}; G(t + Sug(y - D ize (. z)=myVz @)

zeXt

Z

C v
< a . Gi(t —co+ Sng(x))]l{ftg(x)>n}v(dx),

where ¢; = infyepq V{7 € XT: z(, = a}. Integrating over ¢ € R, we get the result by
Theorem 1.3. O

4.2. Proof of Theorem 1.5. Again we start with the case of Markov chains. As in the
previous section, using the argument of [15, Theorem 2.5], we get the following result.

LEMMA 4.6. Let g € " with v(g) = 0 and assume that g is not a coboundary. Then, for
any continuous compactly supported function F on X x R, we have, uniformly in z € X+
and t in compact subsets of R,

. _ Sng(y - 2) _
lim o,v27n fx_ F((T Ty - 2)) g, — )n{f,g(y_zm}uz (dy)

n— 00 Ug\/ﬁ

=2V8(z, 1) F(Z, w)¢™ W) duvt(dz).

Xt xR
We extend the previous lemma to allow functions F' depending on the past coordinates

in X.

LEMMA 4.7. Let g € B with v(g) = 0 and assume that g is not a coboundary. Then, for
any continuous compactly supported function F on X x R, we have, uniformly in z € X+
and t in compact subsets of R,

, _ Sug(y -z _
lim o,v/2mn /X_ F<T "(y-2), 80y )>11{ftg(y.z)>,,}vz (dy)

n— 00 Ug\/ﬁ

=2V8(z, 1) F(x, )¢t ) duv(dx).
XxR
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Proof. Fora € A7 setCp={x eX:x_pm=a—pm,...,x_1 =a_1}. By a stan-
dard approximation argument, it suffices to prove the result for the set of functions F of the
form (x, t) — 1¢,(x)Fi(x4, t), where Fy is a continuous compactly supported function
on Xt x R, and a € AU"—1} with M(a;_1,a;) = 1 for —m + 1 <i < —1. We want
to determine the limit as n — oo,

, _ Sug(y - 2) _
In = /X, F<T ”(y ‘Z)s %—ﬁ ]l{f,g(y-z)>n}vz (dy)

Note that in this integral, all the terms only depend on the coordinates y_,, y_n+1, - - ., ¥—1
except T 7" (y - z). By integrating first over the deep past coordinates . . ., y_,_2, Y—_n—1,
we get by using Lemma 2.2,

_ $u8(y - 2) _
Iy = /X £ ((T ")+ Togdn Lzt (yoy=m Ve (@)

where, for (z/, 1) € XT x R,
P 1) = exp(=Su¥(a—pm . . .a—1 - ) F1(Z, 1).

Lemma 4.6 gives uniformly in z € X' and ¢ in compact subsets of R,

. - $:8(y - 2) _
Jim ogv2mn /Xz Fz((T D)+ Togdn Lzt (y-gy>myVz (dY)

=2V8(z, 1) / Fr (7, wot W) duvt(dz).
X+ xR
By construction of the measure v in Lemma 2.2, we have

f Fr (7, w)¢T ) duvt(dZ) = / F(x,u)¢t(u) duv(dx),
Xt xR

XxR

which ends the proof of the lemma. O

As for Theorem 1.3, we get the following version of Lemma 4.7, where we add a source
target function.

LEMMA 4.8. Let g € " with v(g) = 0 and assume that g is not a coboundary. Then,
for any continuous compactly supported function F on X x X x R, we have, uniformly
inz € XT and t in compact subsets of R,

. _ Sng(y - 2) _
n
Jim og /270 /XZ F<y, T7"(y-2), Toodi Liz¢(yzyom V2 (dY)

=2VE(z, 1) FOY, x, w)¢T )i, (dy)v(dx) du.
X7 xXxR

The proof of Lemma 4.8 can be carried out in the same way as that of Lemma 4.2 and
therefore is left to the reader. By using again conditioning and Lemma 3.15, we extend the
previous lemma to functions g depending on finitely many coordinates of the past.
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LEMMA 4.9. Let g € P be such that v(g) = 0 and there existsm > O withg o T™ € B™.
Assume that g is not a coboundary. Then, for any continuous compactly supported function
Fon X x R, we have, uniformly in z € X* and t in compact subsets of R,

. — _ Sig(y - 2) _
lim Og 2mn /5;_ F<T "(y 'Z), n8Y )ll{f,g(y-zbn}vz (dy)

n— 00 Ug\/ﬁ

=2V8(z, 1) F(x, )¢t w)v(dx) du.
XxR
Moreover, for any continuous compactly supported function F on X7 x X x R, we have,
uniformly in z € X* and t in compact subsets of R,

| et )
lim o+ 2mn /;v F<y, T7"(y-2), nel) ))]l{f;g(y~z)>n}vz (dy)

n— 00 Ggﬁ

=2V8(z, 1) F(, x,u)¢T )i, (dy)v(dx) du.
X7 xXxR
Proof. We prove only the second assertion, because the first is a particular case of the
second. As in Lemma 3.15, fora € A;”, set Fy, to be the function on X x X x R defined
by F,(y,x,t) = F(y-a, T"x, t). We have, by setting h = g o T™,

_ Sng(y -2) _
/5( F(y, T7"(y-2), ag—ﬁ Lizs gy omy vz @y)

=Y exp(=Su¥a-2) /X Fa<y, T"(y-(a-2),

ac Al
z

og/n
X ]1{%!'()"(141))>n}v1;z(dy).

The conclusion now follows from Lemma 4.8 and (3.24). O]
The same technique as in Lemma 4.4 gives the following result.

LEMMA 4.10. Let g € B with v(g) = 0 and assume that g is not a coboundary. Then, for
any continuous compactly supported function F on X x X x R x R, we have

. — s Sugly - 2)
n n
nll?(}o Og 2nn . F(x, T X, t, o'g—ﬁ ]l{ftg(xbn}v(dx) dt

=2 / F(x,x',t, Yot (t)v(dx") dt’ 18 (dx, dt).
XxRxXxR
Theorem 1.5 easily follows from Lemma 4.10.
5. Effective local limit theorems
So far we have adapted some results from the theory of Markov chains to the case of
hyperbolic dynamical systems by constructing the analogues of the harmonic functions

V¢ and V¢ and building the harmonic measures ¢ and 8. In the remaining part of the
paper, we use these objects to establish conditioned limit theorems, by adapting the strategy
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from the case of sums of independent random variables [18]. We start with formulating an
effective version of the ordinary local limit theorem which is adapted to our needs.

5.1. Spectral gap theory. Fix o € (0, 1) such that ¢ € %’;{, where 1 is the potential
function used for the construction of the Gibbs measure v (see §2.1). Denote by
ABY, B) the set of all bounded linear operators from %} to %} equipped with the
standard operator norm || - || BB From the general construction of the Ruelle operator,
every f € % gives rise to a family of perturbed operators (Ly4irf) defined as follows:
for any ¢ € %,

Lysipe@) = Y e VOO, rexXt, reR. (5.1)

7:T7=z

By iteration, it follows that for any ¢, f € %, andt € R,

L@ = Y e SUHNOE e Xt
7:T"7'=z
The following result (see [24]) provides the spectral gap properties for the perturbed
operator Ly i r. For similar statements in the case of Markov chains we refer to [21].

LEMMA 5.1. Assume that f € 933 is not a coboundary and that v(f) = 0. Then, there
exists a constant § > 0 such that for any t € (-6, 3),

Lhvir =M+ N, n>1, (5.2)

where the mappings t+ I, : (=8,8) — .,i”(%;‘, f%’;ﬁ') and 7+ N;:(=68,8) —
Z(g@;;, %{;) are analytic in the operator norm topology, T, is a rank-one projection
with Tlo(p)(z) = v (@) for any ¢ € %’:{ and z € Xt, II;N, = N,T1, = 0. Moreover,
there exist ng > 1 and g € (0, 1) such that for any t € (=36, §) the ||N,”°||<@;r_)’%$ <gq.

The eigenvalue A; has the asymptotic expansion: as t — O,

2
a=1— 7’# +o(tP). (5.3)

Note that because f is not a coboundary with respect to 7, the asymptotic variance (r]%

appearing in (5.3) is strictly positive.

LEMMA 5.2. Let f € t%’;f andt # 0. Assume that for any p # 0 and q € R, the function
pf + q is not cohomologous to a function with values in Z. Then, for any t # 0, the
operator Ly i ¢ has spectral radius strictly less than 1 in ,%‘;; More precisely, for any
compact set K C R\ {0}, there exist constants ck, ¢ > 0 such that for any ¢ € %{; and
n=l,

sup ”E:;/—}-itf(p“:@;’ < C/Ke_ckn”(/’”gg;‘ (5.4
tekK ’

Proof. The proof of the first assertion can be found in [24, Theorem 4.5]. Now

we prove (5.4). For every t € K, there exist ng(t) > 1 and «(z) € (0, 1) such that

||,C'$J(:i)l sl gt < a(r). As the operator Ly iy depends continuously on 7 for the
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operator norm topology, there exists 6 = §(¢) such that for any s e (r —§8(t), ¢ +
8(1)), we still have ”E:;/O-Yi)sf” BB < 1. In particular, for every n > 0 we have
||,C’:b+isf||%$_)%; < c(®)a(r)™D  for some c(r) > 0. By compactness, we can find
f,...,t, € K such that K C {J;_,;(t —&(;), t; +8(t;)). In particular, by setting
¢ =max|gigr ¢(t), o =maxigigr o) and no = maxig;<r no(t;), we get for any
s€ Kandn > 0, ”L:lﬁ+isf”33;r_>¢%;r < ca/Mo, 0
5.2. Local limit theorem for smooth target functions. In the following we establish a
local limit theorem for Markov chains with a precise estimation of the remainder term. Let
F be a measurable non-negative bounded target function on X x R. The probability we are
interested in can be written as follows: for any z € X,

fx CF(TT"y 24 Sug(y - ) (@y).

Z

The main difficulty is to give a local limit theorem with the explicit dependence of the
remainder terms on F.
We first describe the kind of target functions that we will use.

LEMMA 5.3. Let X be a compact metric space and o > 0. Let F be a real-valued function
on X x R such that:

(1) foranyt € R, the function 7z — F(z,t) is a-Holder continuous on X;

(2) forany z € X, the function t — F(z, t) is measurable on R.

Then, the function (z,t) v F(z,t) is measurable on X xR and the function
t— ||F(-, t)|lq is measurable on R, where the norm || - |o is the usual norm on the
space of a-Holder continuous functions on X. A}oreover, if the integral fR NF(, 1)l dtis
finite, we define the partial Fourier transform F of F by setting for any z € X andu € R,

F(z,u) = / e F(z, 1) dt.
R

This is a continuous function on X x R. In addition, for every u € R, the function
z +— F(z,u) is a-Holder continuous and || F (-, u) || < fR NF(, 1) dt.

Proof. As the space X is separable and the function z — F(z, t) is continuous on X
for any t € R, the supremum sup, .y [F(z, t)| can be taken over a countable dense
subset, so that f — sup_.y |F(z, )| is measurable. In the same way, because the function
7+ F(z,t) is a-Holder continuous on X for any ¢ € R, one can also verify that
sup, yex(|F(z, 1) — F(Z, t)|/oz‘°(z’z/)) is a measurable function in ¢.

In case the integral fR |F (-, t)|l« dt is finite, the partial Fourier transform F is well
defined and continuous by the dominated convergence theorem. The norm domination is
obvious. O

We denote by %’jﬁ the set of real-valued functions on X1 x R such that conditions (1)
and (2) of Lemma 5.3 hold and the integral fR | F(-, £)|l g5+ dt is finite. For any compact
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set K C R, denote by Jff}( the set of functions F € 2, " such that the Fourier transform
F (z, -) has a support contained in K for any z € XT. Let ¢ be the standard normal density:

1 2
pu) = ——e /%, uek
2

THEOREM 5.4. Let o € (0, 1). Assume that g € %;' such that v*t(g) =0 and for any
p # 0 and q € R, the function pg + q is not cohomologous to a function with values in
Z. Let K C R be a compact set. Then there exists a constant cx > 0 such that for any

FeA,n>landz e XT,
’ﬁ/x FUT™y - 2)+, Sng(y - D)v2 (dy)

—f i( = )F(’ ) duvt (dz)
x+xR0g¢ og/n oo e

Proof. Without loss of generality, we assume that o, = 1. By the Fourier inversion
formula, the Fubini theorem and a change of variable # to (t//n), we get

<C—Kf||F< Dll g di. (5.5
DIVCE S R

N /X Ry 24 gy )V, (@)

— = e USSODF(T "y - 2) 4 I (dy) di
27 JXo xR
1 . g ~ t

- =@t/ mSus-DF( 77y . ~(dv) dt =: I.
7 X;XRe (( Y-+, ﬁ>v2( y)

Note that the Fubini theorem can be applied because the integral on X7 is, in fact, a finite

sum. Denote
J(@) = /
Xz

) F /L t(d7
‘ /x+ (Z’ﬁ>v(Z)'

We decompose the integral / into three parts: [ = I} + I + I3, where

e_(iz/ﬁ)sng(y-z)ﬁ<(T_”y "), v, (dy)

7)

I = — J(t) dt,
27 Jj<s
1 I ~ t

L=— [ f e—<"/ﬁ>sng<y'z>F<(T—”y-z) ,—>v—<dy)] dr,
21 Js <] - )

1 [, ¢
L= — [e—’2/2 f F(z/, —)v+(dz/)] dt.
27 Jui<oya X+ a

Estimate of Ij. As fR | F(-, w)ll g+ du < oo, the function z f(z, t) is Holder
continuous on X+ with Holder norm at most fR |F (-, u)|| g+ du, for any fixed ¢ € R.
Applying (5.2), we get
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_ = 4 e yy) (. 1 g
~ t
= (A?/ﬁ - e_t2/2> Ht/ﬁF<" ﬁ)(Z)

) ~ t n ~ t
+e! /2<H1/ﬁ - HO)F<', ﬁ)@ + Nt/ﬁF<-, ﬁ>(z)
=:J1(t) + () + J3(1).

For the first term, by (5.3) and simple calculations, we get

) ~ C _p2p4
1] < e, ——e | sup |F(, )y < —=e "/ / IF (-, w)ll g+ du.
t//n 1<s 7 Jn & Kz

For the second and third terms, using again Lemma 5.1, we obtain
@] +1J30)] < C(ﬂe—’z/2 + e—“"> / IFC,w)ll g du
NG R *
Therefore, we obtain the following upper bound for /;:
e (i n Ce_"") [ircolg i< o [1Fcoly i 5o
NG R o vn Jr @

Estimate of I,. As the function F (z, -) is compactly supported on K C [—Cy, C1],
where C; > 0 is a constant not depending on z € X™, we have

1 . P2 ~ t
b= — |:/ e—(lz/ﬁ)Sng(y~z)F<(T—ny )4, _) dti| uz_(dy)
21 Jx; LJsym<m<erva Vv
NG =
=Y (L s FCo0)()] de.
21 Jsapce, VT

Note that, for any 7 satisfying § < |t| < Cy,

Sl;g |£’1;/+itff('a D@ < NLY 43 FC Mg < ||[’n1//+itf||[:(=@;',33;) IEC Ol -
ze

Then, by Lemma 5.2, it follows that

1 .
|| = — / VLY il pa ey dt o sup [E (1) || g+
27 Js<pi<c, YA S e B T s “

< /e K" sup | F (1)l g <c’,<e*”<”/ IF( Dl df.  (5.7)
o R [*3

['|€[8,C1]
)v*(dz)] dt

LA et
(Z, ﬁ)v (dz)i| dt.

Estimate of I3. Note that

1 ~
L =— |:et2/2 / F(Z,
27 Jr X+
1
L
27 Jity>sm X

+~n> §|“
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For the first term, by the Fourier inversion formula,

1

1 42/2/ "( L) + _ 1 / / —2/2n +

e Flz, vi(dz) dt = —— e F(z,t)dtvT(dz).
2r Jr X+ Jn (@) 2an Jx+ Jr @0 (@2)
(5.8)

For the second term, using the fact that F(z, 1//n) < Jg |F(z, u)| du, we have

— e Flz,— |vT(dz) | dt
27 Jyjssyn |: X+ Vn

1
< — e 12 dt/ |F(z, u)| duv(dz) gcﬂz/“”/ IF (. u)l e du.
27 Jity>sm X+ xR R o
(5.9)

Combining (5.6), (5.7), (5.8) and (5.9), and taking into account that § is a fixed constant,
we conclude the proof of (5.5). O]

5.3. Local limit theorem for e-dominated target functions. Let ¢ > 0. Let f, g be
functions on R. We say that the function g e-dominates the function f (or f e-minorates
g) if for any r € R, it holds that

f@) <gt+v) forall |v|<Le.

In this case, we write f <, g or g >, f. For any functions F' and G on Xt x R, we say
that F <, G if F(z,-) <¢ G(z,-) forany z € X*.

In the proofs we make use of the following assertion. Denote by p the non-negative
density function on R, which is the Fourier transform of the function (1 — [¢])1 ;< for
t e R.Set ps(u) =(1/e)p(u/e) foru € Rand ¢ > 0.

LEMMA 5.5. Lete € (0,1/4). Let f : R — Ry and g : R — R be integrable functions
satisfying f <g g. Then, foranyu € R,

1
W) S 758 % pa(),  gu) 2 f ok peau) —/ Jfu—v)pa2(v) dv.

lv|>¢e

Remark 5.6. The domination property <. implies, in particular, that if f <, g and the
function g is integrable, then f is bounded and lim,_,» f(x) =0, lim,—, _~ f(u) =0.
Indeed, because f <. g and g is an integrable function, by Lemma 5.5 we have f <
(1/(1 —2¢))g * p,2. As the Fourier transform of g * p,» is compactly supported on
[—1/ &2, 1 / 82], by the Fourier inversion formula,

1 oy
|g * pe2(x)| = ‘— / e g p2(t) di| < c.
2w R
Therefore, g * p,2 is bounded on R, so that f is bounded on R.

In the following, for any function F € %’jﬁ, we use the notation

F*psz(z,t)zf F(z,t —v)p.2(v) dv, zeXT, t eR,
R
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and
IE M o+ = / IFC Wl gt du,  I1FllytgLes = / / |F(z, u)|v* (dz) du.
“ R “ R JX+
The following properties are useful in the proofs.

LEMMA 5.7. Let F € 7,7 and p € L'(R). Then F xp € " and |F x pll jp+ <
||F||%+||P||L1(R)-

THEOREM 5.8. Leta € (0,1) and g € %{; be such that v*t(g) = 0. Assume that for any
p # 0and g € R, the function pg + q is not cohomologous to a function with values in Z.
There exists ¢ > 0 with the following property: for any ¢ € (0, %), there exists a constant
ce > 0 such that for any non-negative function F and any function G € %‘fﬁ satisfying
F<.,Gn>1landzeXT,

/X_ FT™"y - 2)1, $18(y - 2))v] (dy)

<i/ /iqs(L)G(’ ) duvt(dz))
VTR R AN Y

ce C,
+ G lhreLen + — NGl (5.10)

and for any non-negative function F and non-negative functions G, H € <%”a+ satisfying
H<, F<.G n>1landze X",

/X CF(T™"y - 2)4, Sug(y - )] (dy)
\ 1 1 u / —+ /
> ﬁ/wéaqS(_ﬂgﬁ)H(z’u) duv™(dz')
- ;—‘;nan@Leb - %(IIGII%+ + 1 Hlly +)- (5.11)

Proof. Without loss of generality, we assume that o, = 1. We first prove the upper bound
(5.10). By Lemma 5.5, we have F < (1 4 4¢)G * p,2 and, hence,

/X CF(T"y 24 808y - ) (dy)
< (1 +4e) /x* G # p2(T™"y - 2)4. Sng(y - )7 (dy). (5.12)
By Lemma 5.7, G*pgz e%*, and the support of the function G/*zz(z, )=

@(z, )@2() is included in [— 1/82 1/82] for all z € XT. Using Theorem 5.4, for any
e € (0, 4) there exists ¢, > O such that foralln > 1 and z € XT,

f G 4 pa (T - 2)1, Sug (v - D)7 (@)

f/x/ (%)G*pgz(z’”)d”“(dzwr—“Gllw (5.13)
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By a change of variable and Fubini’s theorem, we have for any z € X,
u
. [0 ﬁ G * po2(z,u) du = /n A ¢ s * pe2(1)G(z, 1) dt, (5.14)

where ¢ /(1) = (1 J2n)e=*/?" t € R. For brevity, denote ¥ (1) = Sup|y < @ (t +v),
t € R. Using the second inequality in Lemma 5.5, we have

f ¢ ynx p2(1)G(z, 1) dt
R

< / Y(t)G(z,t)dt +/ / ¢ﬁ(t —v)p2(v) dvG(z, t) dt =: Ji + Jo.
R R J|v|>e

For J1, by Taylor’s expansion and the fact that the function ¢’ is bounded on R, we derive
that

J= B "N G dr G(z,t) dt Oot_thdt
1——|:/ ¢(\/—>(Z) +/—(Z,) +/€ ¢<7> (Z,)]

\/_ / ( )G(z, tdt + — f G(z, 1) dt. (5.15)

For J;, because d)f 1/4/n and flv\>e P2 (v) dv < 2¢g, we get

J < ﬁ /R (/lv% Pe2(V) dv)G(z, 1) dt < % /R G(z,t) dt. (5.16)

From (5.15) and (5.16), together with (5.12) and (5.13), we get (5.10).
Now we prove the lower bound (5.11). As F >, H, using the second inequality in
Lemma 5.5, we get

fxf FU(T™"y - 2+, Spg(y - 2)v (dy)
> /X CH (T 24, Sug(y - 2)v2 (dy)

_/7 /|> H(T ™y 24 8ug(y - 2) — 0)py2 (v) dovs (dy). (5.17)

For the first term, by Theorem 5.4, for any ¢ > 0, there exists ¢ > 0 such that for alln > 1
and z € X,

/ H o p2(T™"y - 2) 4, Sug(y - 2))v7 (dy)

// ( )H*pgz(z,u)duv“‘(dz) 5/||H(~,u)||@+a’u. (5.18)
\/_ X+ R @

In the same way as in (5.14), we have

/%(ﬁ(%)H * p2(2, u) du = \/ﬁquﬁﬁ * p2(t)H(z, 1) dt. (5.19)

Using the first inequality in Lemma 5.5, we have S xp2(1) = (1 — 2e)yr(t), fort € R,
where ¥ (¢) = inf}y|<¢ ¢ u(t +v). Proceeding in the same way as in (5.15) and (5.16), we
obtain that
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/ / ( )H * pg2(z, u) duvt (dz)
X+
/ / ( )H(z u) duvt(dz) — ce / f H(z, u) duvt(dz). (5.20)
X+ X+ JR

For the second term on the right-hand side of (5.17), using (5.10) and the fact that H <7 G
and ¢ < 1, we get that there exist constants ¢, ¢, > 0 such that for any v € Randn > 1,

/X CHT ™y 24, $ag (- 2) — w)u (@)

c Coe
< — G,d+d+—/G~, o+ du.
ﬁ/X+fR (z,u) duv™ (dz) " Rll(u)llg;u

This, together with the fact that || v >e Pe? (v)dv < 2¢, implies
f fl y H(T™y - 2)4, Sig(y - 2) — v)pa(v)dvv; (dy)
. Jv|=e

208/ /G(z,u) duvt(dz) + £ / IGCw)ll e du.  (5.21)
X+ R «

From (5.17), (5.18), (5.20) and (5.21), we obtain the lower bound (5.11). ]

6. Effective conditioned local limit theorems

6.1. Formulation of the result. 'We prove the following conditioned local limit theorem
for Markov chains which provides a rate of order n~!. This result will serve as an
intermediate step between the conditioned central limit Theorem 1.5 and the conditioned
local limit Theorem 1.7. The interest of this result lies in the fact that it is uniform in the
function F. In particular, the theorem is effective when the support of the function F moves
to infinity with the rate /n. This strategy is inspired by [7] for random walks in cones of
R4, see also [16] for finite Markov chains and [18] for random walks on R. For a different
approach based on the Wiener—Hopf factorisation we refer to [6, 10, 32].

THEOREM 6.1. Leta € (0, 1) and g € e%’of be such that v (g) = 0. Assume that for any

p # 0and g € R, the function pg + q is not cohomologous to a function with values in 7.

Let ty € Ry. Then, there exist a constant ¢ > 0 and a sequence (ry,) of positive numbers

satisfying lim,— o r, = 0 with the following properties.

(1) Foranye € (0, 8) there exists a constant c; > 0 such that for any n > 1, z € X1,
t < to, any functions F, G : XT x R — Ry satisfying F <. G, G € %"',

n /;g F((T_ny : Z)-i-? r+ Sng(y . Z))]]'{f’g(y z)>n}vz_(dy)

2Vg(z, ) u’ ) )
D | o (s

.
+c(gl/4+ 1/4>||G||v+®Leb+7||G||j;ﬂ+ 6.1)
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(2) For any ¢ € (0, 8) there exists a constant c; > 0 such that for any n > 1, z €
X*, t <to, any functions F,G, H : XT xR — R satisfying H <, F < G,
G, H e ",

nfx FT™"y - )t 4 508 - DDz (0o Vi (@)

/ZVS(z,t) /§§+‘/H(Z u)¢+< u\//_)dqur(dz)

1/12 "n
—c(e/ 1/4>||G||V+®Leb J%(HGM%HHHHW). 6.2)

6.2. Preparatory statements. The normal density of variance v > 0 is denoted by

1 2
(X) = ——=e /7, xeR,
v V2mv

and the Rayleigh density with scale parameter /v is denoted by
¢, (x) = %efxz/zv]lRJr(x), x eR.

The standard normal density is denoted by ¢ (x) = ¢1(x), x € R. The following lemma
from [18] shows that when v is small the convolution ¢, * ¢f‘_ , behaves like the Rayleigh
density.

LEMMA 6.2. Foranyv € (0, 1/2] and x € R, it holds
2 _
—Ixle ™ L) < o * D, (1) — VT — 0t (0) < Voe 2 4 fxle ™ Py,

We need the following inequality of Haeusler [19, Lemma 1], which is a generalisation
of Fuk’s inequality for martingales.

LEMMA 6.3. Let &, ...,&, be a martingale difference sequence with respect to the
non-decreasing a-ﬁelds ZF0, Fi, ..., Fy. Then, for allu, v, w > 0,

u uv
> )§2exp{—<l—log —>}
v w

+ Y P& > v) + 21@( Y EEFion) > w). (6.3)

i=1 i=1

max
1<k<n

Using this lemma we establish the following Fuk-type inequality involving a target
function on the Markov chain ((T ™"y - 2) 4 )n>o0.

LEMMA 6.4. Leta € (0, 1), g € B such that v (g) = 0 and ¢ € B} be non-negative.
There exist constants c, ¢’, ¢y > 0 such that for any M > co andn > 1,

I:= /X’ |:<p((T_"y ' Z)+)ﬂ{maxlgj§n ijg(y-Z)>Mﬁ}:|vz_(dy)

Z

<20 (p) exp(—cM) + /e ||¢II,@;'
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Proof. By Propositions 2.6 and 2.7 and Lemma 2.8, there exists a Holder contin-
uous function gg on X* satisfying Ev,go =0 such that {y — Skgo((y D)) hso is
a martingale on X7 and sup;>g ||Skg0 — Skg||0O < ¢ for some constant ¢ > 0. Let

co =144 |lgollco < o0.In addition, with p =n — [n1/3], we have maxigj<n |S]g0(x/)| <
maxi<j<p |S;80(x")| + con'/3. With these properties, it holds that, for n large enough,

IS @)= /X |:<,0((T_”y . Z)+)1{maX1<j<p Ig_fgo(y-z)>;M‘/7’}:|vz_(dy). 4

Note that Elf/fga(z) = fx.— (T Fy . 2)+)v; (dy) withk > 1, where Ef// is defined by (2.3).
Moreover, by Lemma 5.1 witht = 0, fork > 1,

sup |L3,0(2) — v (@) < e Flgll g

zeX+

By the Markov property, we have that for any z € X* and ¢ € R,

[n!/3] —-p
Ju(2) = Xfﬁ,p (T y-z)+)11{

v, (d
max; < <p |S,g0(y )= f} ‘ @

_ _ 13
<vie (y e XD ax 1Sig0(y - 2)| = zM«/ﬁ) +e™ " gl gr. (6.5)

We apply Fuk’s inequality for martingales (Lemma 6.3) with u = M ./n, v = 3/ and
w = (cé /8)Mn, so that the second and the third terms in the right-hand side of (6.3)
vanish. This gives

vz_(y € X7 : max |S’jgo(y-z)| > %M«/ﬁ
1<j<p

< (vex;: max 185600y -9l > \Myn)

u uv M 4
< 2exp " 1—10g; = exp —Elog; .
0

This ends the proof of the lemma. O

In order to control certain natural quantities appearing in the proof, we need the
following definitions. For ¢ > 0,

xe(w) =0foru < —e, x.(u) = ¢ foru € (—e,0), xc(w) =1foru >0. (6.6)

Denote . (#) = 1 — x¢(u) and note that
et — &) < L0,00) (1) < xe(®), X () < L(—00,01() < X (2 —8). 6.7

LEMMA 6.5. Let @ € (0,1) and g € ,@;f be such that vt (g) = 0. Assume that g is not
a coboundary. Let k be a smooth compactly supported function on R and ¢ > 0. Then

there exists a constant ¢ > 0 such that for any G € JZ, * and any m > 1, the function A,,
defined on X x R by
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Am(z, 1) 1=/ GHk((T™"y ), + Sng(y-2)
-

X Xt — &+ 1in~i2 Sig(y-2))v; (dy),

IMm

belongs to %’jf and satisfies
[Amllv+@Leb < /R k()] dt||Glly+gLebs [Amll s+ < EIIGII%+-
Proof. For the first inequality, we write
[Am(z, DI < /X: G k| (T™™y 2)4s £+ Sug(y - ) (dy),
which gives &

[Amllv+eLes < /

Xx

=/ |G*K|<x+,t>v(dx>dt</ e ()] |G|+ -
XxR R

G # 1| (T™"x) 4, 1 + Spg(x))v(dx) dr
R

This finishes the proof of the first inequality.
For the second inequality, recall that

sup dt.

a® @)

A ’t _A /,t
||Am||%+=/ sup |Am(z,t)|dt+/ |An(z. 1) = An(@. 1)]

zeX+t z,7eXt

We pick ¢o > 0 as in Lemma 2.9 and for 7 € R we set k1 (f) = sup <., Ik (f + )| and
H (1) = sup,cx+ |G(z, 1)]. We get for z, 2/ € Xt withzo = zj and 7 € R,

|An (2. 1) < /X Hoxoker (0 + Sng(y - w2 (@dy).
By Lemma 2.3, we get ~

Az D] < ¢ /}; Hoxker (0 + Sng(y - v dy),
for some constant c. By integrating olfer 7/, we get

Az 1) <c’/ H % k1 + Smg(0)v(d).
X

By integrating over ¢, it follows that

/ sup |Am(z,t)|dt<c// H*;q(t)dtzc’/ |K1(t)|dt/ H(t) dt.
R R R R

zeX+t

Now we dominate the second term in the norm [|A;ll ;- +. For t € R, set «a(t) =
SUP||<co |’ (t + 5)|, where cg is the constant from Lemma 2.9. We get for |t — /| < ¢o
and 7 € XT,

|G xKk(z,t) — G xk(z,t)| < |t = |H % k2(t).
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Hence, for z, 7/, z” € Xt with zg = z{;, = zj and € R,
I (z, Z/, t) = ’Am(z, t) — / G * K((Timy : Z)-i-, tr+ 5‘mg(y : Z/))
X;
Y.t — in Sig(y-2))v.(d
X X ( 8+1£nj12m &y -2, (dy)

< ca®@) H*i2(t + Spg(y - )v; (dy)
Xz

<ca®C) [ Hurs(t + Sug(y - )v7 (dy)
X7

<10 | Hoxks(t + Sugly - )02 (@y),
X5

where «3(t) = supjs <, |k2(t + 5)| with ¢p from Lemma 2.9 for the second inequality we
have applied Lemma 2.9 and for the last inequality we have used Lemma 2.3. Again by
integrating over z”, we get that

Li(z, 7. 1) < cpa® @) f H % k3(t + Spg(x)v(dx). (6.8)
X

In addition, as G is in ji’j;’, the function L(t) = sup, ,/cx+ o@D |G(z,1) — G(Z/, b)| is
integrable on R and for z, 7 € Xt with zg = zpand r € R, we have

h(z, 7, 1) = ' / [G $k(T™™y - 2) gt + Sug(y - 7))
Xz
—GHk(T™™y -2yt + Sug(y - z’))]
X At —e+ lgl_igm Sig(y- z))v;(dy)‘

SAS

< @@ / Lxk(t+ Smg(y : Z/))vz_ dy)
X

Z

< ca®@) / L k1 (f + Spg(x)v(dx), (6.9)
X

where we have again used Lemmas 2.3 and 2.9.
As X, is 1/e-Lipschitz continuous on R, by reasoning in the same way and using
Corollary 2.10, we get

L(z,Z,t): = ' /X* Gxr((T™™y- Z’)Jr’ r+ S‘mg(y D)
x [EU—H min S0 9) X, G-+ min S0 z’))]vz_(dy)'
&

< Sgoed) / H *k1(t + Smg(x))v(dx). (6.10)
X
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By Lemma 2.3, we have

Iz, 7, 1) = /7 GHie((T™"y -2t + Spg(y - )
XXelt—e+ min $;g(y-2Nv; (@) = An(@1)
< ca®@?) / H % k1 (t + Spg(x))v(dx). (6.11)
X

Putting (6.8), (6.9), (6.10) and (6.11) together, and integrating over ¢ € R, yields the
required domination. O

6.3. Proof of the upper bound. We prove the inequality (6.1) in Theorem 6.1. It is
enough to prove (6.1) only for sufficiently large n > ng(e), where ng(e) depends on &,
otherwise the bound becomes trivial.

Without loss of generality, we assume that o, = 1. Let ¢ € (0, %). With § = /e, set
m = [én] and k = n — m. Note that %6 <m/k <8/(1 —8) for n > 2/./e. Denote, for
zeXtandr e R,

Wy (z. 1) = /X CFTTY 2 £+ 80805 D) s gy Vi (@),
By the Markov property, we have that for any z € X* and ¢ € R,
W, (z, 1) = f \Ijm((T_ky "4, b+ S‘kg(y : Z))]l{ff(y.z)>k}‘)z_(d)’)' (6.12)
Xz

By bounding the indicator function by 1 | in the definition of W,,, we get

{t+§mg(y'z) =0

\Ijm(z’ t) < /7 F((T_my : Z)Jra r+ Smg(y : Z))]l{t+5mg(y Z)>0} z (dy) - Jm(Z, t)
” (6.13)

Let Ge(z,u) = G(z, u)xs(u — &) for z € Xt and u € R, where ¢ € (0,1) and yx, is
defined in (6.6). By the local limit theorem (cf. Theorem 5.8), there exist constants
¢, ce > Osuchthat foranym > 1,z € X" and t € R,

In(z 1) < Hu()) + ~=||G. ||v+®Leb+ ”Gs”ff‘h (6.14)

Jm

where, for brevity, we set

H, (t)_/ /G (z, ) — <f>duv+(dz) (6.15)

Using (6.12), (6.13) and (6.14), and Lemma 4.1, we get that uniformly in z € X+ and ¢ < 1o,

Uz 1) < / Hat+ $ig(y- z))ll{f,g(y.z)>k}v;<dy>

ce
+ —=||G¢ll+ + —— |Gl o +- (6.16)
m ellvt®Leb m\/— ell 7,
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Now we deal with the first term on the right-hand side of (6.16). Denote L,,(s) = Hy, (Wks)
for s € R. We have

. 1 S —u I
Lon(s) = /X . /R Ge(z, ﬁu)—m¢( m) duvt(dz). (6.17)

As the function s — L,,(s) is differentiable on R and vanishes as s — —o0, using
integration by parts, we have, for any z € XT and r € R,

Hpi(z, 1) = / Hin(t + Sk8(y - D)Lz (3.0 V5 (@)
X;

t+ Skg(y - 2) _
N /7 b (T Lizs (y.0)-k) V2 (@Y)

= /ﬂh L, (s)v, <% > 5,15 (y-z) > k) ds. (6.18)

Applying the conditioned central limit theorem (see Lemma 4.6), we have

Hoat, 1) < 2VE(z, 1)
k\Z, S y———
" V2rk IRy

where r; — 0 as k — oo and by ®T we denoted the Rayleigh cumulative distribution
function (1.7). By (6.17), we have

/ _ —u du ds
/R L. (5)lds = /w//(;s(z\/_ ) (\/m/k%m/wm/kmdz)

=/ f/GE(z, Jmu)¢' (s — u) ds duv™ (dz)
X+ JR JR

C/ f Ge(z, V) duvt (dz) = ——||Gellv+gren. (6.20)
x+ Jr Jm

By integration by parts and a change of variable, we have

Ll ()1 — & (s)) ds + —= k1/2 /R+ IL! ()| ds, (6.19)

/ L)1 =®T(s)ds= | Hu(s)p" (L)ﬂ
Ry Ry vk /) Vk

Hence, from (6.18), (6.19) and (6.20), we obtain

Hyp(z,1) < LAALER)) H (s)¢+(—) s T Gl (6.21)
m,k\<Zs S m R, m «/_ \/— \/— ellvt®Leb- .

Implementing this bound into (6.16) and using the fact that | G¢ || j+g1eb < |Gl +gLeb and
IGell o+ < IGll 4+, we get, uniformly in z € Xt and ¢ < 1,

X ,k —
n — m ellvt®Leb \/— ell 2
2‘/ 8 N t ce +

\Wlm,k‘i‘ \/k—”G”v*@Leb"i‘ f||G||f+s
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where

et o ()

By the definition of H,, (cf. (6.15)) and Fubini’s theorem, it follows that

d
mk—/ﬂh /w/ ¢ ym( —$)Ge(z, u) duv*(dz)qb*(ﬁ) ks

fo Gez. u>[/ ¢f(u—s)¢+<j_) }dm(dz)

Denote 8, = m/n = [én]/n. By a change of variable, we have

I = % /X ) /R Ge(z, ﬁw[ /R =0, 9 ds] duv* (dz)
1
- [ [ Getc g, x 67, w0 dus* @

1 u
= ; /};+ /R Ga(Z, M)¢3n *(b?_—%(ﬁ) dMV+(dZ)
1 o u
= /X+ /_S Ge(z, u)ds, Mﬁ_sn(ﬁ) duvt(dz), (6.23)

where in the last line we used the fact that G.(z, u) = 0 for any z € X and u < —s. We
handle the convolution ¢, * ¢f: 5 using Lemma 6.2 together with the fact that §,, = m/n,

1—6,=k/nandu > —

¢ ¢1 5n< ) \/7¢+(%>+\/(? —u /2n8n+|\/_| —u /Zn]l{u 0

k u m _2 u | _»2

=t () e [ e
k u m e

N EA S
n n n n

As G, < G, it follows that

n3/2/ / G(z, u)¢+< - >duv+(dz)

n3/2/ /G(Z,u)duﬁ(dz)—i- 3/2/ / G(z, u) duvt(dz)

1/4
<2 [ o 0 (J= ) awtas + 2,

G llv+gLeb-
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Substituting this into (6.22), and using the fact that Ve (z,t) < t+cgives
2VE(z, t u
Wz, 1) < ( ) {/2 / f G, u)¢+< ) duv® (dz)
X+

cs—i—rk el
o= + = )IG oL + Gl

AselZn>m > éel/zn andn > k > 2n we obtain

W,(z, 1) < 2V, ’)/ /G(z u)¢+( “ )duv+(dz)
X+

2nn

€. 1/4 'n e
+n(8 +_81/4>||G||U+®ch+_n3/2||G||%+,
which finishes the proof of the upper bound (6.1).

6.4. Proof of the lower bound. We now proceed to prove the second assertion (6.2) of
Theorem 6.1. We use the same notation as that in the proof of the upper bound. Recall that
§=./e,m=[6nlandk =n—m.Forz € XT,r € Rand n > 1, denote

Wn(z, 1) 0= /7 FUT™"y - )4t 4 508 - DDz (0o Vi (@)

Note that ¥, (z, 1) = 0 fort < —cg = —||g]lco because ]l{rg(y Dy=n) = = 0 for these values of
t, and therefore in the following we can consider that t < #y. By the Markov property, we

have that for any z € X* and ¢ € R,

W(z, 1) = /y W (T 7y 2D)es 1+ Sk8 (5 - D)oy Vs (). (6.24)

We write W, as a sum of two terms: for any z € XTandr € R,

Uy (2, 1) = Am(z, 1) — Ap(z, 1), (6.25)

where
An(z, 1) = /x— FUT™y 2)4. 1+ Sug(y -2))v; (dy), (6.26)
Ap(z, 1) = /X_ FUT ™™y - D)4yt + Sug(y - DLzt g0y com Vs @y). (6.27)

This implies that for any z € X* and 7 € R,

(2, 1) = Jn(z, 1) — Kn(z, 1), (6.28)

where
Jn(z, 1) == f_ An(T 7 y -2yt + 5kg(y-z))ll{;lg(y.zpk}v;(dy), (6.29)
Ku(z, 1) := /x* An((T7Fy - 2 14 Skg (v - Doy Vs (). (6.30)
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We proceed to give a lower bound for the term J,(z, t) in (6.28). It can be handled as
the case of the upper bound, but here the situation is more complicated. By the local limit
theorem (cf. Theorem 5.8), we get that there exist constants ¢, ¢, > 0 such that for any
m>1,ze Xt andt € R,

CcE C
An(z,1) > Hy (1) — ﬁ||G||v+®Leb—§(||G||%++||H||%+>, (6.31)

where, for brevity, we set

Hy(t) = / / < )H(z, u) duvt (dz). (6.32)
X+

Using (6.26), (6.29) and (6.31), and Lemma 4.1, we get that for any z € X+ and ¢ € R,

(et > fX Honlt £ 5805 - D) gV (@)

ce Ce
——IIGllv+ — UGl o+ + I Hl y +)- (6.33)
M vT®Leb \/Em jﬁx jf;

For the first term on the right-hand side of (6.33), proceeding in the same way as that in

the proof of (6.21), using the lower bound in the conditioned central limit theorem (see
Lemma 4.6), one can verify that

fx Honlt 4 S8y - D) st V()

> —v ( ’ t) ( ) ( ) k ” ( )
P> ¢ + . 6.34
2k R. m \/_ \/_ vk vreLeb
Implementing this bound into (6.33), we get that for any z (S X N
J( t)>—v (’t)l —_k ” ”
2, = ,k
n ,—2 m ,—k H vt ®Leb
ce Ce
/—k G vT®Leb \/E ji(a jfa

where

Ly = Hm(s)¢+<i)d_s
R, Vk) k

In the same way as in the proof of (6.23), we have
1 u
Ipi = — H(z, o l—=)dwt@
mk N /X+ /IA{ (z u)d)én *¢1_8n<«/ﬁ> uv™(dz)
1 o0 u
Z / / H(z, u)¢s, * ¢1_5 (ﬁ) duvt(dz)

T / / H(z, u)¢+< S )duv+<dz)

\\/

\\/
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where in the last inequality we applied Lemma 6.2 and the fact that ¢ (u) =0 for
u < 0. Substituting this into (6.35), and using the fact that H <, G and V8(z,1) <t +c,
we get

2V8
Tz 1) > Vi, t)n{/z/ /H(z, u)¢>+< “ )duu+(dz)

CcE + 1

C,
Gl +gLeb — ——
Vkm \/Em

As /nfk <14ce'/* m> 81/21’1 and k > 2n using again H <, G we deduce that for
n sufficiently large,

Iz, t) > — H(z, —)d d
(z, 1) Ton e Ja (z, u)p N uv™ (dz)

C n C
—;<81/4+ 1/4)||G||v+®mb UG +1H ). (636)

UGl + I1H ).

We now deal with K, (z, t) which is the second term in (6.28). Bounding K, (z, t) is
one of the difficult points of the paper and needs to make use of the duality. We start by
splitting K, (z, t) into two parts according to whether the values of 7 + Sk g(y - z) are less
or larger than e/n: forz € X* and 7 € R,

Ku(z,t) = K1 + K2, (6.37)

where

K, = '/;( Zm((T_ky "4, t+ Skg(y : Z))1{t+5‘kg(}v~z)<sl/6ﬁ}]l{f,g(y-z)>k}vz_(dy)’

K> = f}( An(T ™ y )t + Seg(y - D15 ern=e1/6gm Lizs (o)=k) Ve (@dD)-

For K1, using the upper bound in the local limit theorem (cf. Theorem 5.8) and taking into
account that ¢ < 1, we get

Ly (e)
Jm’

This and the fact that «/n/k < c imply

Zm(Z’ 1) <

where L, (¢) = c||Glly+gLeb + —=

1G1l 0+
«/_ I,

Lin(e)

K1 < N (14505 (2 <e /6 iy Lt (o) =k V2 (@Y)

L (e) <t + Skg(y - 2)
v, <

1/6 x&
< ce'’?, 1 (y-2) >k>.
Jm N Py
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172

Using Lemma 4.6 and the fact that m = [¢!/?n], we get that uniformly in z € X¥,

Li(e) (2V8(z,1) ce! o(1)
K < i ( / ¢+(;)dt+k1/2)
1/6

Ly (e) / ) di’ 1)
m(o priydrrold)
Ly (e)

7 '3 +0(1))

Ly (e) o(1)
c : (81/12 1/4)

c o(1)
=n(||G||v+®Leb+f||Gllﬂ+)< 1“2+1—/4>

c o(1) 2
; n( v, l_/4)||c;||v+®Leb + Gl (6.38)

N

N

N

We proceed to give an upper bound for K>, see (6.37). Recall that the function (z, t) >
A (z, 1), which is involved in the definition of K>, is defined by (6.27) and does not,
in general, belong to the space %’ff. We start by smoothing the indicator function in
(6.27). Let k be a non-negative smooth compactly supported function in [—1, 1] such that
f_]l k() du = 1andset k. (u) = (1/e)k(u/¢e) foru € R. Define

Zm,s(zv t) = / G * KS/Z((T_my ‘D4, 1+ Smg(y - 7))
-

¥.(t — in Sig(y- )‘d ,
xxs( 8+1£njl£m ig(y-2))v, (dy)

where x. is the same as in (6.6) and ¥, =1 — x.. Note that the function F is
&/2-dominated by the function G * k¢ /2. By the identity

Lzt (y.oyomy = Li0oe) (t + min Sig(y-2). (6.39)

\\

using the bounds (6.7) and F(z,-) < G * k¢/2(z, ), we get that the function A is
&/2-dominated by the function A, .. Moreover, by Lemma 6.5, there exists a constant
ce such that for any m > 1, the function Km,s belongs to jﬁf and satisfies

IAmell o+ < cellGllz+ IAmelvteres < G+ gLeb-

Denote

Wine(z, 1) = Ame(z, D51/ sy (6.40)

Using the upper bound (6.1) and the fact that ¢ < 1, we obtain

/ Wone (T ™5y - 20, 4 Sy - D)3y Vs (@)

Vg(Zy t) c 1/4 n Ce
< (—,—zﬂk + ;(8 + o1/4 ||Wm,£||u+®Leb + W”Wm,g”%+. (6.41)
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For the first term on the right-hand side of (6.41), by the definition of W), . and Fubini’s
theorem, we have

||Wm,s||v+®Leb = / / Wm,s(z/a u) du‘)+(dz/)
X+ JR

< [ [16 sk (@t Suso)
X 1{M+miﬂlgjgm Sig(x)go}]l{u>£1/6ﬁ}]v(dx) du =:U. (6.42)
Using the duality (Lemma 2.12) yields that
U= /}; /IR[G * kg2 (xly, u/)]]-{u’—minlgjgm S,-g(x’)<0}]1{u/—smg(x/)>gl/éﬁ}]v(dx/) du'.
As the measure v is T-invariant, it follows that
U= /X A;[G # 1o 2 (T X)), D) L —min <, ;0T -m2)<0)
X Lpurs,, g(r-mxnyze a1V (@x') du’
= /}; /R[G * ke 2 (T7"x") ., ”/)]l{u'—Emg(x’Hmaxlg_,gm Sy j8(x")<0)

X L8, ze/0 ym 1V (@X) du!

< [ 16 ke T Wy et 10

- /R /X+ /W[G*"S/Z((T_my'Z)+’“/)]1{maX1gj<,,l 18580012 /0 v
x v> (dy)v*(dz) du’, (6.43)

where for the last line we made use of Lemma 2.2. By the Fuk inequality of Lemma 6.4
with M = ¢~1/12 and & small enough, it follows that

_ / _
/};gr[G * e (T7"y - D) u )]l{maxlgjgm ISjg(y~z)I>e’/6ﬁ}]VZ (dy)

s ./X*[G * KS/Z((T_my "D+ u/)]l{maxléjém |§jg(y»z)|>Mﬁ}]vZ_(dy)

<207 /+ G oo (2 W (d2) + e NG ko (o )| -
X o
Implementing this into (6.43), by (6.42), we have

I Wine v+ reb < 2e*"€*'“2/ / G * e 2z, u' W (dz) du’
R JX+

o 1/6,1/3
+clemeen / 1G # koo o)l g
R

_ee—l/12 1 216,173
<o [ kep) die PG ora + e G
R

1/12 1 _pel6,1/3
le ce''®n

<ce™ TNGllyrgLe + e Gl e+ (6.44)

where for the last line we made use of bounds similar to those in Lemma 6.5.
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The norm ||Wy, ¢ 4+ in the second term on the right-hand side of (6.41) is bounded
using Lemma 6.5. Taking into account (6.40), we get

Wl s+ < WAmell g+ < cellGll o s (6.45)

Therefore, from (6.41), (6.44) and (6.45), we derive the upper bound for K5: uniformly in
zeXtandr < 19,

2V8(z, ’) 14 , In ~1/12 Ce

K < 2( \/_n " (8 + m CXp(—C&“ )”G”\ﬁr@Leb + WHG”%Jr
cel/4

<

C
1G v +eLen + 751G lL s+ (6.46)

Combining (6.28), (6.36), (6.37), (6.38) and (6.46), the lower bound (6.2) follows.

7. Proof of Theorem 1.7
As for Theorems 1.3 and 1.5, we first establish the result when g is in BT . The general
case of a function g in & will follow using the same method as in §4.

THEOREM 7.1. Let g € %" be such that vt (g) = 0. Assume that for any p # 0 and q €
R, the function pg + q is not cohomologous to a function with values in Z. Let F be a
continuous compactly supported function on X x R. Then, we have, uniformly in z € X+
and t in a compact subset of R,

n—oo

lim n?/2 fx FUT™y - 240t 4+ 508 D)W 5y n Ve (@)

_2VE(z, 1)

F(xy, thp'=% @x’, dr').
27 O'g’ XxR

In the proof of this theorem, we make use of several technical lemmas which are stated
in the following. We say that a function G on X x R is a-regular if there is a constant ¢
such that for any (z, #) and (z/, ') in XT x R, we have |G(z, 1) — G(Z, t")| < c(|t — /| +
«®@2))_ In other words, a function is a-regular if and only if it is Lipschitz continuous
on X* x R when R is equipped with the standard distance and X* is equipped with the
distance (z, 7') — a®@?) The following result is similar to Lemma 6.5. It will allow us
to smooth certain functions appearing in the proof of Theorem 7.1 in order to be able to
apply Theorem 6.1. Recall that for ¢ € (0, 1), x.(u) =0 foru < —e, x.(u) = (u+¢)/¢
foru € (—¢,0),and x.(u) = 1 foru > 0.

LEMMA 7.2. Let ¢ € (0, 1) and g € %j{' be such that v (g) = 0. Assume that g is not
a coboundary. Let G be an a-regular function with compact support on X x R. For
(7, 1) eXT xR, m > land e > 0, define

Wpe(z, 1) = f— GUT ™y 2)4.t + Sng(y - 2))

r4

X xe(t +¢e+ glg S,g(y 2))v; (dy).

\\

Then W, e € A% and | Wyl o+ < c/ey/m.
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Proof. 1t is enough to prove the lemma for a non-negative function G. Recall that

|Em,e(2a t) _Em,s(zl» t)| dt
a®(@2) '

”Emelbf";r :/ sup |wm,£(2» )| dt +/R sup

R zeX+ 72,7/ eXt

By Corollary 4.5, the first term is dominated by c¢/+/m for some constant ¢ > 0.
For the second term, we start by noting that by Lemma 2.9, there exists a constant co > 0
such that for any z, 2/ € Xt withzg =z, t € Rand y € X[,

t in S;g(y-z) — xelt in Sig(y-7
Xe( +8+1£}12m 18y -2)) — Xe( +8+1£1jl£m gy -2))

= (e +e+ min $ig(y-2) = xe(t+e+ min Sig(y-2)

X/ X AP

x 1 . S
{r+miny <j<m Sjg()"z) =—co}

1 .y .
< —| min S;g(y-z)— min S;g(y-z)[1

g 1< <m 1<j<m {t+mini<j<m Sjg(v-2)=—co}

C1 ’
< _aa)(Z,Z )

P {++mini<j<m Sjg(r-2)>—co)’

where in the last inequality we used Corollary 2.10. It follows that

f GUT™y st + Smg(y - 2)
Xz
X | xe(t +e+ lgigm Sig(y-2)) — xe(t + &+ lénjigm Sig(y -2 NIvI (dy)
C1l (2 /) _ v _
S ;a“) - /X: GUT™y 24t + Smg(y- Z))]l{t+min1<j<m $i8(y-z—coVz (dy).

By using again Corollary 4.5, we get

/ sup Ol_“’(“/)/ GUT™y - 2) 4t + Spg(y - 2))
R Xo

2.7/ eXt 0=z

X |xe(t + ¢+ 1£nji2m Sig(y-2) — xe(t + ¢+ 13}2 Sig(y -2 (dy)

2

< .
S eym

In addition, as G is a-regular and has compact support, we have for any z, 7/ € X+ with
20 = z(, and ¢ € R, by Lemma 2.9,

(7.1)

/X NGUT ™y -2t + Sug(y-2) — GUT ™y - gt + Smg(y - )

X xe(t +e+ min S;g(y-2))v; (dy)
1<i<m

/X

<O H@W (ye X, tt+¢ +  min $ig(y-2) > 0),

AV
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for some compactly supported continuous function H on R and some ¢’ > 0. Again by
Corollary 4.5, we get

/ sup o~ @@)
R z,7/eXt:z9=z]
x /x* IGUT ™y )4t + 85ng(y - 2) = GUT "y - )t + Sug(y - )

X Xe(t + &+ min S;g(y-2))v(dy)dt < (7.2)
1<j<m

c4
N

Finally, for any z, 7/ € Xt with zg = 7.1 € R, we have

/ CGUTT"y 2Dt Sng (v et e+ min Sg(y-2)vI(dy)

z X/ X

= f GUT™y -2t + Sug(y - ZNxe(t + e+ min S;g(y -2’7 (dy),
X5 ISjsm

where 6 is as in Lemma 2.3. By the Holder continuous domination of 6 in Lemma 2.3, we
derive that

/ sup a—?@)
R z.2/eX*:z0=z,

/X_ GUT™y )t + Sug(y - Nxet + & +  nin $jg(y-2))v; (dy)

SIS

X

—/_ GUT™y )t + Smg(y - I xelt + & +  Inin Sjg(y 2wy (dy)| dt

X, \j\
z

<caf sup f GUT ™™yt +5ug(y - N xe(t+e+ min Sig(y -2y (dy)d
X7 1<j<m :
’ _
<

R z7eXxt
5
X T —> 73
NG (7.3)
where the last inequality follows from Corollary 4.5. Putting together (7.1), (7.2) and (7.3)
gives
/ sup |Em,a (z, 1) — W/m,a (Z/, 3] dt < C6 )
R z.7eX*:z0=z a® @) 8\/’7—1
The lemma follows. O

Now we write a technical version of Theorem 7.1.

LEMMA 7.3. Let « € (0, 1) and g € ,@;‘ be such that v*(g) = 0. Assume that for any
p #0and q € R, the function pg + q is not cohomologous to a function with values in Z.
Let t € R. Then, for any ¢ € (0, %) and z € X, and for any non-negative function F and
non-negative a-regular compactly supported functions G, H satisfying H <. F <. G, we
have
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lim sup }’l3/2 /};_ F((T’"y ‘4.t + Sng(y : Z))]l{.;tg(y,z)>n,]}1};(dy)

n—oo z

A
< V&(z, 1)

<= Gy, )" (dx, d 74
agm/x/R (e D9 . d) (1.4

and

c. 3/2 — b —
hnrgg.gfn / /7 FUT™"y 241+ 85080y - DLz (ypymn—1y vz @Y)

L 2VEG. )
- Ug3/\/27'[

Proof. We first prove (7.4). As in (6.24), denote, for z € X* and 7 € R,

//H(M,t)m*g)(dx,dt). (7.5)
X JR

Wy (2, 1) =/ F(T™"y D4t 4 8080 - DLy yn 1y Vs (@)
Xz

Set m = [n/2] and k = n — m. By the Markov property we have that for any z € X* and
t e R,

W, (z,1) = /_ \Ilm((Tiky ‘)4t 5‘kg(y : Z))]l{{tg(y.z)>k}‘);(d)’)- (7.6)

Z

For any 7/ € X' and ¢’ € R, we set

V(2 1) = /_ GUT™"y -2t + Spg(y - )

o
4

x xe(t' + ¢+ 1%“,-12,” §jg(y .z’))v;,(dy).

By using F <, G, we get that ¥,, <, ¥,,. Note that by Lemma 7.2, the function W,
belongs to the space j‘fjﬁ, so that we are exactly in the setting of Theorem 6.1. Therefore,
using the bound (6.1) of Theorem 6.1, we get

W ( r><2‘7g(z’”f f T2 />¢+< i
<, X 5 = z,u

" og 2k Jx+ JR, " Og Vi
Cf.ya . T o Ce g

E(S s m) IWmllv+@Leb + W”‘I’m”%jﬁ

= J1+ h+ /5

) du'vt(dz7)

=+

For Jj, applying the duality (Lemma 2.12), we deduce that

U, (2, )™ ”)d *(d
/;Q/R+ (zu)¢<agﬁ uv™(dz)

</ / / GUT™™y - 2)4s tt + Smg (v - 2))
x+ Jr, Jxs

(y~z)>m]}vz(dy)¢+< li/];> duv™ (dz)

X 1yxe
{ru+25 O—g
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= / /RJr GUT™"x)4,u+ gmg(x))¢+(ﬁ)ﬂ{ﬁfﬂe(x»m—l} duv(dx)
+ Smg(x)
G(x+, t—28)¢ f ﬂ{r,_g(x)>m—l} dtv(dx).

Using the conditioned central limit theorem (Theorem 1.5), we get

V2rm oyt (1 Sme) — 26
nll)ngoag 2nm/§;/RG(x+,t 2e)¢ ( ag«/E ]l{rt’g(x)>m—1} dtv(dx)

:2/ / G(x+,;—2g)mg(dx,dz)/ (@t (t")?* dt’
X JR Ry
:ﬁ/ / G(xg, t —26)u"8 (dx, dr).

2 JxJr

Therefore, we obtain

, 2VE(z, 1) _
lim n3/2J; = —f f G(xp,t —2e)u"8 (dx, dr).
n—0o00 05\/27[ X JR " a

For J, by Corollary 4.5, we have
c

W llv+@reb <
A/m

Taking into account that m = [n/2] and k = n — m, we get lim sup,,_, . n3/*>J> < ce'/*.

For J3, by Lemma 7.2, we have lim,,_, o, n°/2J3 = 0. This finishes the proof of the upper
bound. The proof of the lower bound can be carried out in the same way. O

From Lemma 7.3, we get Theorem 7.1 by a standard approximation procedure.

LEMMA 74. Fix a € (0, 1). Let F be a non-negative continuous compactly supported
function on X x R. Then, there exist a decreasing sequence (Gi)k>1 and an increasing
sequence (Hy)x>1 of compactly supported o-regular functions, such that Hy <1/x F <1k
Gy for any k > 1, and Gy and Hy converge uniformly to F as k — oo.

Proof of Theorem 7.1. This follows directly from Lemmas 7.3 and 7.4. O

From Theorem 7.1 we deduce a new lemma in which the target function ' may depend
on the past coordinates.

LEMMA 7.5. Let g € B be such that vt(g) = 0. Assume that for any p # 0 and q € R,
the function pg + q is not cohomologous to a function with values in Z. Let F be a
continuous compactly supported function on X x R. Then, uniformly in z € X and tina
compact subset of R,

n—oo

lim n3/2/X F(T7"(y-2) 1 4 82800 - Dzt (y0ym 1y Vs (@)

_2VE(z 1)

= 7n F(x', tHn8dx', dt').
O XxR
8
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Proof. As in the proof of Lemma 4.7, it suffices to prove this result when F is of the form

i < —1, and F is a continuous compactly supported function on Xt x R. For such a
function, we have

/X CF(TT(y 20 808 - D)t gy V2 (@)

- /X BT ) 8080 DV V@),
where, for (z/,t') € XT x R,

Fa@. 1) = exp(=Sp¥(a—m - . .a_1 - I NFIE. 1) = f CF(y-2 v dy).

"
z

As F»(-, t") depends only on the future, we can apply Theorem 7.1, which gives

lim 12 /X BT ) 8080 VLt ey V(@)

n—oo

_2VE(z, 1)
\/Znog XxR

To conclude, it remains to show that

R, (8 @dx', dr).

/ Fz(x+,t)u(_g)(dx,dt)=/ F(x, Hu'™8 (dx, dt).
XxR XxR

Indeed, by the definition of the measure (~# (see Theorem 1.1) and by using Lemma 2.2,
we get

/ F(x, Hp "8 (dx, di)
XxR

= lim [ FOu0(=S,80)1 o, vdx) dr

n—oo XxR

= tim [ [ S o, [P0z @n vt
+

Z
n—oo

= Jim [ [ Sty Faten divtda)
.

= [ PO @xan,
XxR
which ends the proof of the lemma. O
Now we place a target on the starting point y € X7

LEMMA 7.6. Let g € B be such that vt (g) = 0. Assume that for any p # 0 and q € R,
the function pg + q is not cohomologous to a function with values in 7. Then, for any
(z, 1) € XT x R and any continuous compactly supported function F on X7 x X xR, we
have
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.30 - < _
lim n / /XZ F. Ty 2,1+ 8508y - D)L iz8 4 0yon1yVz (@Y)
_2VE(z, 1)

= W S F(y/, x', thu# @dx’, diiz, (dy').
o - xXx
g Z

Proof. As usual, it suffices to prove the lemma when F is of the form (y, x, ') —
Ic,.(»)G(x, t"), where a € A7 and G is a continuous compactly supported function on
X x R.

Ifr + Skg(Tm_k(a -7)) =2 0 for every 1 < k < m, we have that for n > m,

n3/? / F(y,T™"y -zt + S,g(y - Dz (yysn—1yVz (dY)
X;

=32 exp(—Su¥(a - 2))

x f G~ "™y . (a-2),t+ Sng(@-2) + Su—mg(y - (a-2)))
Xaz

x ]1{ffﬁmg(wo(y'(“'Z))”’*m*l}v‘;z (dy)-
By Lemma 7.5, as n — oo, the latter quantity converges to

2VE(a -z, t + Spgla - 2))
«/2710; XxR

G/, "8 (dx', dt') exp(—=Su¥ (a - 2)),

which, by the definition of measure ,Llf,’,_ (see (3.21)), is equal to
2VE(z, 1) g
—
V2ro} “f
_2VE(z D)
A/ 27‘[0’; X7 xXxR

(Caz) / G/, tHu "8 @x', dt)
XxR
FO/\x, ' ™8@x', dih iy dy').
If there exists 1 < k < m witht + Syg(T™ ¥(a - z)) < 0, we have fz; (Cqz) =0and

| Oy S D @) =0

for n > k. The conclusion follows. O]
As usual, from Lemma 7.6, we want to deduce the analogous result for functions which

depend only on finitely many negative coordinates. We use the following easy formula that

relates the measures & and p8°7.

LEMMA 7.7. Let g € P be such that v(g) = 0 and g is not a coboundary. Then, for any
continuous compactly supported function F on X x R, we have

/ F(x,t)ugc’T(dx,dt):f F(T 'x, Hub(dx, dr).
XxR XxR
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Proof. By using the relation t,gOT =15 0T, we get
/ F(x, t)ug"T(dx, dt) = lim F(x,0)S,(goT)(x)1, gor v(dx) dt
XxR n—>o0 JxyR {7 (0)>n}
= lim F(T 'x, S8 ()8 () v (d) di

n—oo XxR

/ F(T 'x, tyus(dx, dt),
XxR
as desired. O]

LEMMA 7.8. Let g € % be such that v(g) = 0 and there exists m > O with g o T™ € AT.
Assume that for any p # 0 and q € R, the function pg + q is not cohomologous to a
function with values in Z. Then, for any (z,t) € Xt x R and any continuous compactly
supported function F on X x X x R, we have

lim 7/ f— FuT™"y 204 858(y - DDz gy pnyvi (@)

n—o0

_2VE(z, )

27‘[(Tg3 X7 xXxR

FO/\ ' 9@y, dihisy dy).

Proof. Asin Lemma 3.15, fora € A’Z", set F, to be the function on X, x X x R defined
by F,(y,x,t) = F(y -a, T"x, t). Then we have, by settingh = go T,

n/? /_ FOu T (52, 80800 - D pzs (y0ymn1y Vs (@)

r4

=’ )" exp(=Su¥(a-2) /X C F(, T (@ 2), Sah(y - (@ 2))

aeA?
X Lign a2y >n—1) Va2 (4Y)-

By Lemma 7.6, as n — o0, this converges to

2Vh(a -z, 1)
> exp(=Sp¥(a - 2)—F=——"
acA} 27[08%

[ RO O @ O @),
Xaz xXxR
By (3.24), the latter quantity is equal to
| RO T e @),
X xXxR '
As h = g o T™, the conclusion now follows from Lemma 7.7. U

Now we can give a result for any function g in 4.

LEMMA 7.9. Let g € & be such that v(g) = 0. Assume that for any p # 0 and q € R,
the function pg + q is not cohomologous to a function with values in Z. Then, for any
continuous compactly supported function F on X x X x R x R, we have
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n—o00

lim n3/2/X . F(x, T "x, t»t+gng(x))ﬂ{ff(X)>n71}v(dx) dt
X

2
5 3/ F(x,x', 1, t)n'=8(dx’, dt') i (dx, dt).
V2mo3 JXxXxRxR
g

Proof. We can assume that the function F is non-negative. For (z, 1) € X* x R, denote
W (z, 1) = n>/? fy FO -z, T2t 4 8080 - D)Ly 1y Vs (@)

Let (gm)m>0 be the sequence of Holder continuous functions as in Lemma 2.11. For any
n,m = 0, we set

Fro,x',t,t)=sup F(x,x',t —2c1a",t' +5),
/| <2ci0™
— / / . / m / U
F,x,x,t,t')y=inf F(x,x,t+2ca”, t +5),
[s'|<2c1a™

and

Wbz, 1) =n? /X Fp ez, T2t t 4 Sugm(y - 2)

Z

X ]l{frgm (y-z)>n—1}‘)z_ (dy),

anm(z’ 1= n3/2 / F,;(y s Tﬂl(y “z), Lt + gngm(y 7))
=

X Ligem (.05 n-1yVe (@¥).
For z € XT and ¢ € R, it holds that
W, (@t —2c1a™) < Wz, 1) < W, (2, 1 4 2c1a™).
By taking the limit as n — 0o, we get by Lemma 7.8,

2V 8m (z,t —2c1a™)
A/ 27‘[0; X7 xXxR

x W', )i, g (d)

F (y-z,x',t—2c1ad", 1)

< lim inf W, (z, t) < lim sup W, (z, t)
n—0oo

n—o0

_ 2V (z,t + 2c1a™)

S

Fr(y-z,x',t +2c1a™, t)
2no} X7 xXxR
x w8 (dx, A8 (). (1.7)

On the one hand, after integrating over X1 x R in (7.7) with respect to the product of v+
with the Lebesgue measure, by Fatou’s lemma and Lemma 7.8, we get
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2 / Fo(x, ', 1, 1)=& (dx', dt') 87 (dx, dt)
A/ 27T0’§’ XxXxRxR
PP V) —n < 5
< lhniér.gfn /XxR Fx, T "x,t,t+ Sng(x))]l{rtg(x)>n71}v(dx) dt. (7.8)

To conclude, we need to show the reverse Fatou property holds. To this aim, we choose
a non-negative continuous compactly supported function G on R such that for any
(x,x,t,t) e X x X xR xR, one has FJ(x, x', 1,1y < G@)G(t'). Then, we get for
(z,t) e XT xR,

W2, ) < Un(z. 1) :=n*?G(t) fX G+ 880y D)ooy pyVz (@)
By Lemma 7.1, U,(z, t) converges uniformly in (z, t) € Xt x R. Therefore, by applying

Fatou’s lemma to the sequence U, (z, t) — W, (z, t), we get by integrating over X x R in
(7.7) with respect to the product of v with the Lebesgue measure,

ot |
Free, x/s o, )yn T8 (dx', di") 8 (dx, dt)
o XxXxRxR
2o} "
> lim sup n>/? f F(x, T7"x,t,t + §,,g(x))]l{fg(x)>n71}v(dx) dt. (7.9)
n—00 XxR !
By letting m — o0, the conclusion follows from (7.8), (7.9) and Lemma 3.19. O]

Proof of Theorem 1.7. By the duality lemma (Lemma 2.12), we have
n .
/XxR F(x, T"x,t,t+ S,,f(x))]l{qf (X)>n_1}v(dx) dt

— —n _ < ,
= /XxR F(T 7 "x,x,t — S, f(x), t)]l{%,(‘“(x)>n—1}v(dx) drt.

Now the conclusion follows from Lemma 7.9. O]
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