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THE PROJECTIVE DIMENSION OF THE EDGE IDEAL
OF A VERY WELL-COVERED GRAPH

KYOUKO KIMURA, NAOKI TERAI anD STAMAK YASSEMI

Abstract. A very well-covered graph is an unmixed graph whose covering
number is half of the number of vertices. We construct an explicit minimal
free resolution of the cover ideal of a Cohen—Macaulay very well-covered graph.
Using this resolution, we characterize the projective dimension of the edge ideal
of a very well-covered graph in terms of a pairwise 3-disjoint set of complete
bipartite subgraphs of the graph. We also show nondecreasing property of the
projective dimension of symbolic powers of the edge ideal of a very well-covered
graph with respect to the exponents.

81. Introduction

Let G be a finite simple graph. We denote V = V(G) the vertex set of G
and E(G) the edge set of G. Let K be a field and S = K[V] the polynomial
ring whose variables are identified with the vertices of G. We consider the
standard (multi-)grading on K[V]. We can associate with G the ideal of S:

1(G) = (w2 : {1, 2} € B(G)).

The ideal I(G) is called the edge ideal of G. Let J(G) be the Alexander dual
ideal of I(G). Actually, J(G) is the cover ideal of G, the ideal generated by
all monomials which are products of the vertices of minimal vertex covers of
G. The main theme of the study of these ideals is to investigate the relations
between the ring properties of I(G) and J(G) and the combinatorics of G.
We are interested in characterizing homological invariants of these ideals.
There are some results about this direction; see for example, [3, 5, 7-13, 19,
21, 22] and the references therein.

A subset C' CV is called a vertex cover of G if CNe#( for each e €
E(G). A vertex cover is said to be minimal if it has no proper subset which is
also a vertex cover. A graph G is called unmixed if all minimal vertex covers
of G have the same cardinality. When G is unmixed and has no isolated
vertex, it is known that 2 height I(G) > #V. When the equality holds, G
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is called very well-covered. Note that the class of very well-covered graphs
contains the class of unmixed bipartite graphs with no isolated vertex. Also
the class of unmixed bipartite graphs contains the class of Cohen—Macaulay
bipartite graphs. Here we say that a graph G is Cohen-Macaulay if the
quotient ring S/I(G) is Cohen-Macaulay.

In general, it is hard to construct an explicit minimal free resolution of
an ideal. But Herzog and Hibi [6] succeeded in constructing a resolution
of J(G) when G is a Cohen—Macaulay bipartite graph. Also Mohammadi
and Moradi [12] investigated a resolution of J(G) when G is an unmixed
bipartite graph. The first main result of the present paper is a construction
of an explicit minimal free resolution of J(G) when G is a Cohen—Macaulay
very well-covered graph (Theorem 3.2).

Using our first main result, we derive the characterization of the projective
dimension of S/I(G) over S, denoted by pd S/I(G) when G is a very well-
covered graph.

Two edges {1, y1}, {2, y2} € E(G) are said to be 3-disjoint in G if there
is no other edge in G between vertices x1, x2, Y1, y2. Let B={Bi,..., B}
be a set of complete bipartite subgraphs of G. We set V(B) =V (B;)U- - - U
V(B,). We say B is pairwise 3-disjoint if V(By) NV (By) =0 for any k # ¢
and there exists e, € F(By) for each k=1,...,r such that e, ..., e, are
pairwise 3-disjoint.

THEOREM 1.1. Let G be a very well-covered graph. Then
pd S/1(G) =

e {#V(B) e B={Bi,...,B.} is a pairwise 3-disjoint set} .

of complete bipartite subgraphs of G

Herzog and Hibi [6] characterized Cohen—Macaulay bipartite graphs in
terms of the original graph. Crupi et al. [2] expanded their result for very
well-covered graphs. When G is an unmixed bipartite graph, Kummini [10,
Proposition 3.2] gave a combinatorial characterization of pd S/I(G). Later
Kimura[9, Theorem 7.1] translated his result in terms of G and Theorem 1.1
is a generalization of it. The characterization for the regularity of I(G),
denoted by reg I(G) has already been done; Kummini [10] studied when G
is an unmixed bipartite graph and later Mahmoudi et al. [11] generalized
Kummini’s result for a very well-covered graph G. Theorem 1.1 stands the
Alexander dual version of their generalization since pd S/I(G) =reg J(G);
see [18].
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In this article we also treat the projective dimension of symbolic powers
of the edge ideal of a very well-covered graph. The following problem is
widely open:

PrROBLEM 1.2. Let G be a graph. Then is it true that
pd S/I(G)D = pd S/1(G)—)
for 1 > 27

We give a partial affirmative answer for the case that G is a very well-
covered graph. We also point out that the corresponding result also holds
for Stanley depth.

Now we explain the organization of the paper. In Section 2, we recall the
structure of a very well-covered graph which was given by Crupi et al. [2]
and the association a very well-covered graph with semidirected graph by
Mahmoudi et al. [11]. In Section 3, we construct an explicit minimal free
resolution of J(G) for a Cohen-Macaulay very well-covered graph G and in
Section 4, we prove Theorem 1.1. In Section 5, we show that the projective
dimension of symbolic powers of the edge ideal of a very well-covered graph
is nondecreasing.

82. The structure of very well-covered graphs

In this section, we recall the structure of very well-covered graphs. Almost
all of the results in this section are proved by Crupi et al. [2] and Mahmoudi
et al. [11].

Let G be a finite simple graph with no isolated vertex. If G is unmixed,
then 2 height I(G) > #V(G) is known. A graph G is called very well-covered
if G is unmixed with 2 height I(G) = #V (G).

A subset W C V(QG) is called an independent set if there is no edge of G
between any two vertices in W. An independent set is said to be maximal
if it is maximal among independent sets of G.

A very well-covered graph has the following structure.

THEOREM 2.1. [2, Proposition 2.3] Let G be a wvery well-covered
graph with height h. Then there is a relabeling of vertices V(G)=
{z1,...,2n, Y1, ..., yn} such that the following conditions are satisfied:

(i) X =A{x1,...,zn} is a minimal vertex cover of G andY ={y1, ..., yn}
is a mazimal independent set of G;

(ii) {zk,yx} € E(G) fork=1,...,h;
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(i) if {zi, z;}, {yj, xx} € E(G), then {z;, 1} € E(G) for distinct i, j, k and
for zi € {zi, yi};
(iv) if {zs,y;} € E(G), then {z;, z;} ¢ E(G).

On the other hand, the graph G on V = {z1, ..., zp, y1, ..., yp} with (i),
(ii), (iii), (iv) in Theorem 2.1 is a very well-covered graph.

Cohen—Macaulay very well-covered graphs have the following additional
property.

THEOREM 2.2. [2, Theorem 3.6] Let G be a very well-covered graph with
height h. Then G is Cohen—Macaulay if and only if there is a relabeling of
vertices V(G) ={z1,...,xn, Y1, - .., yn} with (i), (ii), (i), (iv) of Theorem
2.1 and the following property:

(v) if{zi,y;} € E(G), then i < j.

Now we associate a very well-covered graph GG with a semidirected graph
0¢ as in [11]. We recall the notion of a semidirected graph. A semidirected
graph 0 consists of the vertex set V(9) = {p1, ..., pn}, the set of undirected
edges E,(0), and the set of directed edges E4(d), where if pip; € E4(0),
then {p;,p;} ¢ E,(d). We say A CV(d) is independent if {p;, p;} ¢ E,(0)
and p;pj, pjpi ¢ Eq(d) for any p;, pj € A, i # j. Let Ay denote the set of all
independent sets in 9. Then A, is a simplicial complex on V(9) and is called
the independence complex of 0.

A semidirected graph 0 is called acyclic if @ has no directed cycle and is
called transitively closed if the following two properties are satisfied for any
distinct i, 7, k:

(TC1) if pipj € Eq(0) and pjpy. € E4(0), then pipy, € E4(0);
(TC2) if pipj € E4(?) and {pj;, p} € Eu(?), then {p;, pr} € Ey(0).
Let 0 be an acyclic and transitively closed semidirected graph. We define

pj > i if pip; € Eq(0), and pj = p; if pj = p; or p; > p;. Then < is a partial
order on V(9). For a subset A C V(0), we define p; = A if p; = p; for some

p; € A.
Let 9 be a transitively closed semidirected graph. Two vertices p;, p; €
V() are called strongly connected if p;pj, pjpi € E4(0). Let Z1, ..., Z; be

the strongly connected components of 9. Note that V(d) can be decomposed
as Z1U---UZ;. Then we define a new semidirected graph 0, called the
acyclic reduction of 9, as follows:
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V(/a\) = {Qh sy qt}7
E,0) = {40, @} : {pi» pj} € Eu(d) for some p; € Z, and for some p; € Z};
E;0) = {quq :pip;j € E4(0) for some p; € Z, and for some p; € Z}.

Note that D is acyclic. Also D is transitively closed since 0 is transitively
closed.

Let G be a very well-covered graph with (i), (ii), (iii), (iv) of Theorem
2.1. Then we define the semidirected graph 0¢ as follows:

V(DG) = {p17 cee 7ph};
E.(0c)={{pi,pj} :{zi,zj} € BE(G)};
Eq(0c) = {pipj : {zi,y;} € E(G)}.

Note that d¢ is transitively closed. Now let us consider the acyclic reduction
0c. We define a new graph G, called the acyclic reduction of G as follows:

V(a) ={uy,...,ufU{vr, ..., 0 };
E(G) = {{ug, v} :a=1,...,t}
U {{ta wp} : {da, b} € Eu(36)} U {{tta, v} : gty € Ea(dc)}-

Then G is a Cohen—Macaulay very well-covered graph [11, Lemma 4.5]. Note
that 95 =0¢ and we denote it by 5g.

For @#EE Aﬁc’ we set (17 := UqbtA Zy and Qp :=0.

LEMMA 2.3. [11, Lemma 4.10] Let G be a very well-covered graph sat-
isfying (i), (i), (i), (iv) of Theorem 2.1. Then

Ass(S/I(G)) ={(wi 1 pi € Q) + (yi 1 pi €Q3) : A€ A5}

Finally, we note the following lemma, which will be a key to the
construction of a minimal free resolution of J(G) when G is a Cohen—
Macaulay very well-covered graph; see the next section.

LEMMA 2.4. [11, Lemma 4.9] Let G be a very well-covered graph satis-
fying (i), (i), (iii), (iv) of Theorem 2.1. Then 3 does not contain any

undirected edge in 0g for any Ac Aﬁg'
§3. A minimal free resolution of J(G) where G is Cohen—Macaulay

The proof of Theorem 1.1 is inspired of that for the case of Cohen—
Macaulay bipartite graphs in [9]. This proof is based on an explicit minimal
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free resolution of the cover ideal J(G) given by Herzog and Hibi [6]. In
this section, we construct an explicit minimal free resolution of J(G) for
a Cohen—Macaulay very well-covered graph G. This is done by a similar
construction to the one by Herzog and Hibi [6].

Let G be a Cohen—Macaulay very well-covered graph on V =
{z1,...,2n,y1,...,yn} with the properties (i), (ii), (iii), (iv) in Theorem
2.1 and (v) in Theorem 2.2. For A € A;,, we denote

ur= [T @ ] v
pi¢Qa  Pi€Qa

By Lemma 2.3, we know
J(G)=(ua:AeDy,).

REMARK 3.1. Our notation of z;,y; are converse to the one in Herzog
and Hibi [6]. Also “minimal” in our construction corresponds to “maximal”
in that of [6].

We set L={Q4: A€ Ay,}. For Qe L, let A(Q) denote the minimal
elements in 2 with respect to <. Note that by Lemma 2.4, no two vertices in
) form an undirected edge in d¢. It then follows that A(£2) is independent
in 0¢ and the set A(2) is the unique face A in Ay, with Q= Q4. Hence
there is a one-to-one correspondence between Q2 € £ and A € Ay,.

Now we construct a (N?"-graded) minimal free resolution F, of J(G) as
follows. For all i > 0, let F; denote the free S-module with basis e(Q2, T,
where Q € £ and T'C V(d¢) satisfying

QNTCAQ), #QNT)=i, QUT=V(g).

The degree of e(£2, T') is defined by deg u4(q),r where we define
UAT ‘= UA H Tg = H Yi H Z; H X5
pi€QANT Pi€Qa  pigQa  pi€QaNT

for A € Ay,,. Also for all i > 1, we define the differential 0;: F; — F;—1 by

0(e(, 7)) = Y (=17 (yee(Q\ {pe}, T) — wee(2, T\ {pe})),

pe€eQNT

where for Q C V(0¢) and p; € Q, we set o(Q, pe) := #{pr € Q : k < £}. Since
(2 contains no undirected edge in d¢, we have that Q \ {p,} = Q4 € £ where
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A’ is the set of minimal elements of Q \ {p,} with respect to < and it is an
independent set in dg. Then it is easy to see that e(Q\ {p¢}, T), e(2, T\
{pe}) are free bases of F;_; and 9; possesses the multidegree.

The following is the main result of this section.

THEOREM 3.2. (F., 0) is a N*'_graded minimal free resolution of J(G).

Before proving the theorem, we recall some notion on graphs. Let G be
a simple graph on the vertex set V. Take W C V. The induced subgraph
of G on W is the graph whose vertex set is W and whose edge set is the
set of all edges of G whose two end vertices are in W. Also, G \ W denotes
the induced subgraph Gy . For x €V, we denote by Ng(z) the set of
neighbors of z in G: Ng(z) :={y €V :{z,y} € E(G)}.

Proof of Theorem 3.2. We use arguments similar to those of Herzog and
Hibi [6, Theorem 2.1].

Set V':=V(0g). The free basis e(Q,T) of Fy satisfies QNT =0 and
QUT =V'. Thus T is uniquely determined by Qe £: T=V"\ Q. Also
deg e(Q, T') = deg ug T = deg uy(q). Define the augmentation e: Fo —
J(G) by e(%, T) = uyq)-

Claim 1. Fi 25 Fy - J(G) — 0 is a complex.

Take a free basis e(2, T") of F;. Note that #(Q2N7T)=1and set QNT =
{p¢}. Then

g0 0i1(e(, 1)) = e(yee(Q\ {pe}, T) — wee(2, T\ {pe}))

= Yeua@\{p,}) — Teva@) =0,

as desired.

Claim 2. 61 o 61;1 =0.
Note that

81' @) 81'71(6(9, T))

=0 [ Y (=17 (yee(Q\ {pe}, T) — wee(Q T\ {pe}))

peeQNT
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— Z (_]JO’(QQT,I)@)

peeQNT

X |y Z (_1)‘7((9\{?2})0T7Pk)

prEQNT
k#L

X (yre(Q\ {pe, b}, T) — ze(Q\ {pe}, T\ {px}))
— 2y Z (_1)U(QQ(T\{P5})7P1€)

pLEQNT
k#L

X (yre(Q\A{pe}, T\ {pe}) — wre(Q, T\ {pe, pr}))

Then the coefficient of e(Q \ {p¢, pr}, T), k # £ vanishes since the differences
of o(Q\{pe})NT,pr) and o((Q2\ {px}) N T, pe) is just 1. Similarly, the
coefficient of e(2, T'\ {p¢, pr}), k # ¢ vanishes. Finally we check the coeffi-
cient of e(Q\ {p¢}, T\ {pr}). In this case, o((2\ {p¢}) N T, px) and o (2N
(T'\ {pr}), pe) also differ just by 1. Therefore, we have 0; 0 9;_1(e(Q,T)) =
0.

Claim 3. Fq RN Fo — J(G) — 0 is exact.
We first note that the first syzygy module of J(G) is generated by

ro.6 = yo\aTo\ec( V' \ Q) —yagere\0e(©, V' \0), Q,0cL,

where for Q C V’, we denote

T = H Ty and Yq 1= H Ye-

J S | 2SS

For 2, © € L, the intersection 2 N O is in L because 2N O = Q4 where
A’ is the set of minimal elements of 2 N © with respect to <. Also we can
easily check that

0,0 = Yo\Qr2,.0ne — Y0\e7e,0ne-

Therefore, in order to prove the claim, it is sufficient to prove that
roe € 01(F1) for Q,0 € L with © CQ; let 2,0 € L be such a pair. Set
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Q\ O ={pky,--.,pk,}, where ky >--- > kp,, and

Q(J:@v
Qj:Qj—lU{pkj}7 j=1...,m.

We show that Q; € £ for each j.

Let A; denote the set of minimal elements of €2;. We prove Q; = Q4. It
is enough to show that ©; D Q4;. Take p; € Q4,. Then there exists py € A;
with pr < pe. We note that k < ¢ by the property (v) of Theorem 2.2. We
also note that p, € A; C ; C ), and combining this with 2 € £, we have
pe € §). By the same reason, when p; € ©, we have p, € ©. Since © C (2,
we have done for the case py € ©. Thus we assume pi ¢ O. If py € O, then
pr € Q; is obvious. If p, ¢ O, it follows that pg, p, € Q\ ©. Since ¢ > k and
Pk € £, we conclude that p, € ; by the construction of 2;.

Note that py, must be a minimal element of €2; and

QN(V'\Q1) = (©U{pk,, - Pk })
N (V/ \ (@U {pku s 7pkj_1})) = {pkj}'

By the easy calculation, we have

m

m j—1
Qe = E H Yk, H Lk rQﬁQj—l’
=1

s=j+1 s=1
TQj,Qj—l :*B(G(Qj,vl\ijl)), jzl,...,m.
Therefore, the claim follows.

Claim 4. (Fe, Ds) is acyclic.

We proceed by induction on h.

If h =1, the cover ideal J(G) = (x1, y1). Then (Fs, 0s) is just the Koszul
complex associated with {z1,y:} and thus it is acyclic.

Now we assume h > 1. The induced subgraph G’ := GV\{z1,491} 15 also
a Cohen-Macaulay very well-covered graph. Note that G’ satisfies the
properties (i), (ii), (iii), (iv) of Theorem 2.1 and (v) of Theorem 2.2 with
respect to the induced labeling from G. Let (F',d") denote the complex
corresponding to G’. Then by inductive hypothesis, (F', ') is acyclic.
Since the inclusion K[V (G')] — K[V (G)] is a flat extension, by tensoring
K[V(G)] to (F', 9"), we obtain the acyclic complex over K[V (G)]. We define
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the map ¢: F' — F by e(Q,T) — e(Q, TU{p1}). Then ¢ is an injective
map of complexes. Also the induced map J(G') = Ho(F') — Ho(F) = J(G)
is a multiplication by z1. Let Go be the quotient complex F/F’. Then the
short exact sequence of complexes

0—F —F—G—0
induces the long exact sequence
o= Hy(G) — H\(F') — Hi(F) — H1(G) — Ho(F') =5 Ho(F).

By inductive hypothesis, F’ is acyclic, that is, H;(F') =0 for all s > 0. Also
the multiplication map is injective. It then follows that H;(F) = H;(G) for
all ¢ > 0. We prove H;(G) =0 for all i > 0.

We consider the induced subgraph G” := G\ ({2 }uNg(1))- Let G§:=
G" \ {isolated vertices of G"}. Tt was proved by Mahmoudi et al. in [11,
Proof of Theorem 3.2] that G is also a Cohen-Macaulay very well-covered
graph with respect to the induced labeling of the vertices from G. Let
(F",9") denote the complex corresponding to G{j. Similarly to the case of
(F', "), we do not distinguish (F”,9") with (F" @ K[V(G)], 9" ®1). Let
Ce denote the mapping cone of the complex homomorphism

f” ——93; f”
Then we have a short exact sequence of complexes
0— F"—C— F'[-1] — 0,
where (F"[—1]); := F/";. This induces the long exact sequence

o — Hy(C) — Hy(F")
= Hy(F") — H1(C) — Ho(F")
B Ho(F") — Hy(C) — 0.
By inductive hypothesis, the complex F” is also acyclic, and the multi-
plication map J(G”) = Ho(F") == Ho(F") = J(G") is injective, we have

H;(C)=0 fori>1.
Finally we prove that C =2 G. Note that

Co=F'v10F", >0,
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where F_1=0. Set L" ={Q),: A" €dgy}. Then the free basis of C; is
&y =By_1 UBy where

Q' el T"CV(agr)

_ AN ) v)s

%é {e(Q ?T ) N Q// ﬂT” C A(Q//)’ #(Q// mT//) :£7 Q// U T// — V(DG/O/)}

On the other hand, the free basis of Gy is

- QeL,meQ, TCV(),
A GRS S

We define K[V (G)]-linear homomorphism ty: C; — G, by

¢€(€(Q//7 T”)) —

e(QUQun, T"U{p1} U{pe - {p1, pi} € Eu(d)}), e(Q",T") € By,
e(Q"U Q. T U{pr : {p1, i} € Eu(00)}), e(Q",T") € By.

Then 1 is well-defined. Note that A(Q" U Qy, ) = A(Q") U{p1} and T" N
{p1} =0. Tt is easy to see that all 1, are bijective and (1)¢) induces an
isomorphism of complexes. 0

REMARK 3.3. In [11, Lemma 3.4], Mahmoudi et al. characterized the
regularity of a Cohen-Macaulay very well-covered graph by using G’ and
G” (the notations are Gy, G, respectively).

By the above explicit minimal free resolution of J(G), we obtain the
nonzero extremal Betti numbers of J(G). Recall that 3; ,(J(G)) is extremal
if 8;+(J(G)) =0 for all j >¢ and 7> ¢ with |7| — |o| > j — i, where |o| =
o1+ -+ o, for c € N".

COROLLARY 3.4. The free basis e(S2, T') corresponds to an extremal Betti
number of J(G) if and only if the following two conditions are satisfied:

(i) A(Q) is a facet of Ny, ;
(il) QNT=A(Q).

Proof. We use the same notation as above.

We first assume that e(£2, T') corresponds to an extremal Betti number of
J(G). Suppose QNT # A(2). Weset A/ :=A(Q)\ (NT)and S:=TUA".
Then the degree of e(€2, .5) is
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deg (€2, S) = deg H Yi H x; H x5

PiEQ D¢ P, QNS

:degHyini H z; Hfl?z
Pi€Q  pigQ  peQNT  p,eA’
= dege(Q, T) + deg H T;.
pi€A’

Hence e(2, T') does not correspond to an extremal Betti number, a contra-
diction. Therefore, we assume QN7 = A(f2). Suppose that A(Q2) is not a
facet. Then there exists p; € V(0¢) with A(2) U {p;} € Ay, Let p;, be such
a vertex with maximum index. Set © := QA(Q)U{piO} and S =T U {p;,}. We
claim © = QU {p;, }. Indeed, ©® D QU {p;,} is obvious. Conversely, assume
pr € O. If pi = py for some py € A(Q2), then pi € Q. Otherwise, by applying
Lemma 2.4 to © =Q4(q)u{p, }» we have {py} U A(2) € Ay,. On the other
hand, py > p;, also satisfied. In particular i < k. Then the maximality of i
implies that p;, = pg, as desired. Hence

deg e(©, S) = deg H Yi H T; H T

Pi€O  p;g®  p,EONS
= deg yi, H Yi H ; H ;
piEQ D¢ P €QNT
= dege(Q, T') + deg yi,.
This is also a contradiction.
Next, let e(€2, T') be a free basis of Fy of degree o satisfying the conditions
(i), (ii). Suppose that there is a free basis e(©, S) of Fj, of degree 7 with

k>4t 70, and |7| — |o] > k — ¢. Note that J(G) has a linear resolution,
and thus |7| — |o| =k — £. Since

oc=dege(Q, T) degl_[yll_[ac2 H Zi,

Pi€EQ  pigQ p; €QNT

T =dege(O,5) degl_[yzl_lxZ H x;

Pi€EO  p;¢O p;EONS

and 7 > o, it follows that

{Qc@,
(Ve)\Qu@nT)c (V(dg)\O)U(ONS).
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By Q2cC O, we have (V(0g)\0©)NNQ=0. Hence QNT CONS. Then
AO)DONSO>OANT =A(Q), where the last equality follows from the
condition (ii). Since A(©), A(Q2) € Ay, and A(Q) is a facet of Ay, by (i),
we have A(Q2) = A(O). Then it also follows that 2 = ©. Again by (ii), this
contradicts to T > o. []

Now we can prove Theorem 1.1 for a Cohen—-Macaulay very well-covered
graph by showing the following proposition and using the Alexander duality:
pd S/I(G) =reg J(G) given by Terai[l8].

PROPOSITION 3.5. Let G be a very well-covered graph. If B, »(J(G)) #0
is extremal, then there exists a pairwise 3-disjoint set B={DBy,...,B,} of
complete bipartite subgraph of G with V(B) =o.

COROLLARY 3.6. Let G be a Cohen—Macaulay very well-covered graph.
Then

pd S/I(G) = height I(G)

B  B={By,..., B} is a pairwise 3-disjoint set

- max {#V(B) " of complete bipartite subgraphs of G '

Since J(@G) is squarefree, we only need to consider the case where the
degree o is a (0, 1)-vector because otherwise f;,(J(G)) =0. Hence we
sometimes identify the degree o with a subset of V(G).

Proof of Proposition 3.5. Assume that (3, ,(J(G)) # 0 is extremal. Then
there exists a free basis e(Q,T) with #(QN7T)=r and dege(Q,T)=o0.
Also by Corollary 3.4, A(2) is a facet of Ay, and QN T = A(f2) holds. Note
that

o =deguyq),r =deg H Yi H T H ;.

pi€Q pigQ pi€A(Q)

Set A(R2) :=={p¢,, - .., pe, }. Since A(R) is independent in 3¢, it follows that
{zey, ye, }s - - {4, ye, } are pairwise 3-disjoint in G. We define V; to be
the set of z € V(G) which divides uyq) 7 and one of {2, x4, }, {z, 3, } is an
edge of G. Next we define V5 to be the set of z € V(G) \ Vi which divides
u (), and one of {z, 2y, }, {2, ys, } is an edge of G. Similarly, we define Vj
to be the set of z € V/(G) \ (V1 U---UV,_1) which divides u4(q)r and one
of {z, ¢}, {#, v, } is an edge of G. As a result, we obtain V1, ..., V,. Note
that xy, , ye, € Vi.
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We prove the following 2 claims which derive the proposition:
Claim 1. c=ViU---UV,.
Claim 2. Gy, contains a complete bipartite graph as a spanning subgraph.

Proof of Claim 1. 1t is clear that V; NV, # 0 if k# 4. Also
{xgl,...,xgr,ygl,...,ygr}cvlu---UVTCa.

We set op:=0c \ {ze, .-, %0, Yoy, - - -, Ye, }- We prove og C V4 U---UV,.
Then Claim 1 follows.

If y, € 09, then p; € Q. Therefore, py > py, for some py, € A(S2). This
implies {zy,, y¢} € E(G). Therefore, y, € V1 U--- U V.

If 2y € 0¢, then py ¢ Q. Note that p, ¢ A(Q). Since A(f2) is a facet of Ay,
and A(Q) C A(Q2) U {p¢}, it follows that A(2) U {pe} ¢ Ay, in other words,
A(Q) U {p¢} is not independent in d¢. Since p, ¢ €2, it follows that pyps, €
Eq(d¢g) for some k or {py, p, } € Ey(0¢) for some k. In the former case, we
have {x¢, yy, } € E(G), and the latter case, we have {zy, x4, } € E(G). Thus
zpeV1U-- UV

Proof of Claim 2. For each k, we set

Vik == {Z €V {Z7 :l:fk} € E<G)}7
ng = {wg S Vk : {xg, ygk} S E(G)}

Note that Vi N Vo, =0 by the condition (iv) of Theorem 2.1. Also Vi; U
Vo, =V, holds. Take z € Vi, and zy € Voi. Since {z, x4, }, {ze, ye, } € E(G),
we have {z, z;} € E(G) by the condition (iii) of Theorem 2.1. [

84. Proof of the main theorem

In this section we prove Theorem 1.1. We use arguments similar to that
of [9, Theorem 7.1].

First, we recall some notation. Let G be a very well-covered graph
on V={xi,...,xh,y1,...,yn}r with the properties (i), (ii), (iii), (iv) of
Theorem 2.1. Then we obtain the transitively closed semidirected graph
0 on the vertex set {p1,...,pn}. Let Z1, ..., Z; be all strongly connected
components of 0. Then we obtain the acyclic reduction 5@ of 0, whose ver-
tex set is {q1, . . ., ¢ }. The semidirected graph ¢ corresponds to the acyclic
reduction G of G. Note that G is a Cohen—Macaulay very well-covered graph
and we may assume that the vertex set of G is {ug, ... up, v1, .., 0}
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satisfying (i), (ii), (iii), (iv) of Theorem 2.1 and (v) of Theorem 2.2 (though
we need to replace notation x;, y;, 2, by u;, v, wg, respectively). Also we set
Co = #2Z4. Moreover, for o =[], ufe [], vp?, we set o€ =[], use< [T, v;*.
The following result is an extension of the result for unmixed bipartite
graphs by Kummini [10, Proposition 3.2] to very well-covered graphs.

PROPOSITION 4.1. Let G be a very well-covered graph. Using the above
notation we have

pd S/I(G) = max{|c¢| — r : Br.o(J(G)) # 0}.

One can prove this proposition by a similar argument due to Kummini
[10]. We omit the proof.
Now we prove Theorem 1.1.

Proof of Theorem 1.1. We use the same notation as above. Let G be a
very well-covered graph on V = {x1, ..., xn, y1, ..., yn} with the properties
(i), (ii), (iii), (iv) of Theorem 2.1.

Take Bﬁg(J(@)) #0 which gives pd S/I(G). We may assume that
Br.o(J (CA}')) is extremal. Indeed, suppose that S, ,(J (@)) is not extremal.
Then there exist s>r and 720 with |7|—|o|>s—r satisfying
BS,T(J(@)) # 0. In this case,

=)= (o =1 = 3 G+ 3 G—(s—1)

UaET\O vpET\O
z|rl=lo|=(s—r)20.

Therefore, we can replace §y o (J J(@)) by Bsr(J J(G)).

Since G is Cohen Macaulay, we can take a pairwise 3- d1s301nt set
B= {Bi,.. , B, } of complete bipartite subgraphs of G with V(B) =0 as
Constructed in Proposition 3.5. We can assume that {ug,, ve,} € E (By,) and
{ta,, var }, - - - {tta,, v, } are pairwise 3-disjoint in G. Moreover, we can
assume that Bk is the complete bipartite subgraph of G on Vk = V(Bk)
which is decomposed as Vlk L ng, where

Vlk = {wb c Vk : {wb, uak} € E(é)},
ng = {ub € sz : {ub, Uak} S E(@)}

Set

Vig:=| | {weipeez}y Ul U {weipeez} |,

ube\71k vb€‘71k
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Vék = U {xg pe € Zb}.

ube‘,}Qk

Since ‘71k N 17% = (), we have Vi N Vo, = 0. Note that for each b, at least
one of u; and vy is not contained in ‘71k Let By be the complete bipartite
graph with the bipartition Vi U Voi. Set B:={By, ..., B,}. It is clear that
V(Bi) NV (By) =0 for k#¢ and #V(B) = |0°|. We prove the following 2
claims which derive the theorem.

Claim 1. By, is a subgraph of G.
Claim 2. B is pairwise 3-disjoint in G.

Proof of Claim 1. Take {2, xm} € FE(By), where zp € Vi, and x,,, € Vo Then
there exist w, € Vlk and uy € ng such that pe € Z, and Pm € Zp.

We first assume a=b. Since wy € Vig, Ua € Vo, and Vig N Vo = 0, it
follows that w, = v, and thus zy = y,. On the other hand, py, pm € Z,. In
particular, p,,pe € E4(0¢). This means {z,,, y¢} € E(G) as desired.

We next assume a #b. If z; =2y, then w, = u, and we have {q,, g} €
E.(3¢) since {uq, up} € E(By,) C E(G). Therefore, {ps, pm} € Eu(dg). This
means that {z, xm} ={z¢, xm} € E(G). If z;=y; then w,=v, and
we have qyqa € F4(0g) since {vq, up} € E(By) C E(G). Therefore, ppps €
E;(0g). This means that {zs, 2} = {ys, xm } € E(G).

Proof of Claim 2. Recall that {ug,,va,}, ..., {ta,,vq,} are pairwise 3-
disjoint in G. Let py, € Z,,. Then {4, ye, }, ..., {2e,., e, } are pairwise 3-
disjoint in G. [

85. Projective dimension of symbolic powers of the edge ideal of
a very well-covered graph

In this section we show that the projective dimension of symbolic powers
of the edge ideal of a very well-covered graph is nondecreasing.

We recall the definition of a symbolic power of an ideal.

Let I be a radical ideal of a polynomial ring S. Let Ming(S/I) =
{P1,..., P} be the set of the minimal prime ideals of I, and put W =
S\ Ui_; Pi. Given an integer £ > 1, the ¢th symbolic power of I is defined
to be the ideal

IO =1'SynS=()PSpNS.
i=1
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In particular, if [ is a squarefree monomial ideal of S, then one has
[(f)zpfm...mpf_

We use the following lemma:

LEMMA 5.1. [14, Corollary 1.3] Let I be a monomial ideal in a polyno-
mial ring S. Take a monomial m such that m &€ I. Then

depth S/(I : m) > depth S/I.

Now we state the main result in this section.

THEOREM 5.2. Let G be a very well-covered graph or a graph with a
leaf. Then fori > 2,

pd S/I1(G)D = pd S/1(G) V.

Proof. Let P be a minimal prime ideal of I(G). We first assume that G
is a very well-covered graph whose vertices are labeled as in Theorem 2.1.
Then P is of the form
P=(z1,29,...,2p)

where z; =z; or z;=y; fori=1,2, ..., h by [2, Corollary 2.2].

Next we assume that G has a leaf ;. And we assume that {x;,y1} €
E(G). Then just either one of z1 and y; is contained in P.

In either case we show that

Pt 1Yy = P

Take a minimal monomial generator m of P?. Then m is not divided by z19;
and z1y; € P. Hence (m) : 2131 € P, Hence P’ : z1y; C P"~1. Conversely,
take a minimal monomial generator m of P?~!. Since we have x; € P or
y1 € P, we have mz1y; € P’. Then we have P*=1 C P : zyy,.

Now we have

I(G)(i) CTYy = ﬂ P iz
PeMing S/1(G)

= ﬂ (P": 2191)

PeMing S/1(G)
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_ ﬂ pi-1

PeMing S/I(G)
= I1(@)Y,
By Lemma 5.1 we have
pd S/I(G)Y > pd S/(I(G) ™) : z1y1)
= pd S/I1(G)Y. 0

As an application we show that the projective dimension of the ordinary
powers of the edge ideal is also nondecreasing for certain bipartite graphs.

COROLLARY 5.3. Let G be an unmized or sequentially Cohen—Macaulay
bipartite graph. Then for i > 2,

pd S/I(G)" > pd S/I1(G)"".
The above corollary follows from the next facts:

LEMMA 5.4. [15, Lemma 3.10], [16, Lemma 5.8, Theorem 5.9] Let I(G)
be the edge ideal of a graph G. Lett > 2 be an integer. Then I(G)® = I(G)?
holds if and only if G contains no odd cycles of length 2s — 1 for any 2 <
s<t.

LEMMA 5.5. [20, Lemma 2.8] Let G be a sequentially Cohen—Macaulay
bipartite graph. Then G has a leaf.

REMARK 5.6. Using the corresponding result to Lemma 5.1 for Stanley
depth sdepth instead of depth in [1], we can prove the following nonincreas-
ing property of Stanley depth, similarly:

(1) sdepth S/I(G) < sdepth S/I1(G)~Y for a very well-covered graph G
with 7 > 2.

(2) sdepth S/I(G)" < sdepth S/I(G)"~! for an unmixed or sequentially
Cohen—Macaulay bipartite graph G with ¢ > 2.
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