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1. Definitions and notations

Let Za, be a given infinite series with the sequence of partial sums {s,}. Let
{p,; be a sequence of constants, real or complex, and let us write
P,=po+ps+-+ps Poy=p-,=0.

The sequence to sequence transformation

(1'1) tn = Z pn—ksk/Pn = Z Pn—kak/Pn; (Pn;éo)
k=0 k=0

defines the sequence {t,} of Nrlund means [11] of the sequence {s,}, generated
by the sequence of coefficients {p,}. The series Xa, is said to be summable
(N, p,) to the sum s if lim,, ., ¢, exists and is equal to s, and is said to be absolutely
summable (N, p,) or summable [ N, p,|, if the sequence {t,} is of bounded varia-
tion, that is, the infinite series X, |, ~,_, | < oo (symbolically, {t,} e BV) [10].
In the special case in which

_ n+6—1)_ ['(n+96)
"—( d—1 " T(n + DIO)

(1.2) 6> -1)
the Norlund mean reduces to the familiar (C,d) mean. Thus the summability
|N,p,,| is the same as ‘C,él if {p,} is defined by (1.2).
The (N, p,)(C, 1) mean of {s,} is defined as the (N, p,) mean of the sequence
of (C,1) means of {s,}. We write t, for the (N, p,)(C,1) mean of {s,}. Thus
1 7 1 &
l == — ——
= P, k=20p"_k k+1 v§osv.
The series Xa, is said to be summable (N, p,)(C,1) to the sum ¢, if lim,_ .t
exists and is equal to ¢ and is said to be absolutely summable (N, p,)(C,1) or
summable |(N,p,)(C,1)|, if {t,}eBV.
The conditions
470
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(1.3) lim p,/P, =0 and X |p,| = O(P,)), n> o
n—w k=0

are necessary and sufficient for the regularity of the (N, p,) mean, while the

conditions:

(1.4) {P,/P,.i} €BV, forany k = 1 and p,_,/P, = o(1), n > oo, for some fixed k;

are necessary and sufficient for its absolute regularity [9].

Let f(t) be a periodic function with period 2x and integrable (L) over { —r, 7).
We assume without any loss of generality that the constant term in the Fourier
series of f(t) is zero, so that

f " f(ydt = 0
and T

0 €KX

(1.5) f(t) ~ X (a,cosnt + b, sinnt) = X A(t).

n=1 n=1

The derived series of (1.5) is

™8

(1.6)

n(b,cosnt — a,sinnt).

n=1

We write throughout:

o) = Hfx+ 0+ (x=0}; ¥ = H{fx+ ) —fx-1};
D (1) = 1"—105 fo (t—u)* " P(u)du o > 05 Oo(t) = $(1);

$u(t) = Tla+ D70, o 2 0; g(1) = Y(D)/1;

Py = X |[p; Ry = (n+ Dp,/Py;
k=0

S, = X(k+1D)7'PJP,; SF= Z(k+ D)7 PP,
k=0 k=0

Afn = Anfn =fn_fn+1; Vn = Z kIApk—ll/Pns
k=0

Aty = i sin(rt)/k(k + 1);
r=0

[m] denotes the greatest integer not greater than m. In particular we write
t = [n/t].

By ‘F(t)e BV(a,b)’, we mean that F(¢) is a function of bounded variation
in the interval (a,b) and by *{f,} € B’ that {f,} is a bounded sequence.

K denotes a positive constant, not necessarily the same at each occurrence.
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2. Introduction

Concerning the {C| summability of the Fourier series (1.5), Bosanquet [2]
has proved the following.

THEOREM A. If ¢,(t)eBV(0,n), then the Fourier series of f(t) at t = x,
is summable I C,o+ 5| for every 6 > 0.

A generalisation of Theorem A when o = 0 to IN, p,,| summability is the
following result of Pati [12].

TueoreM B. If ¢(t)e BV(0,n) and {p,} is a nonnegative monotonic non-
increasing sequence such that {R,}€BV, {S,} €BV, then the Fourier series
of f(1), at t = x, is summable ]N,p,,[.

Theorem B for more general sequences {p,} has been obtained by Pati [13]
Varshney [15], Dikshit [3], [5] and Si-Lei [14].
For the (N, p,)(C,1) method Astrachan [1] has proved the following.

TueorReM C. The (N,p,) (C,1) method is K,-effective (0 <a £ 1), pro-
vided the sequence {p,} satisfies the conditions (i) {R,}€B, (i) {V,}€B and
(i) {Sy}eB.

That the (N, p,) mean used in Theorem C satisfies the regularity conditions
(1.3), is apparent from the following.

I
™M=

*
Pu_

n—1 T
p,+ Z Ap,]|
k u=k

0o

n—=1 n—1

+ X ZIApul
k=0 u=k

IA

n+1

Pn

n—1
= |P,R,| + X (u+1)|Ap,]
u=0
= 0(|P.],
by virtue of the hypotheses (i) and (ii) of Theorem C, the former of which implies
that p,/P, = o(1), n > .

Thus, Astrachan’s use of the regularity conditions in his proof of Theorem C
is justified. It may also be observed that the hypothesis ‘{p,} is a regular sequence’
may as well be dropped from the statements of some earlier results due to Hille
and Tamarkin ([6], Theorem I) and Astrachan [1]. In [4] the present author
has indicated and supplied a deficiency in the proof of Theorem C.

Theorem C implies inter alia that the Fourier series of f(t) is summable

T Throughout the present paper E: will be taken as zero ifa > b.
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(N, p)(C,1) at every point t = x, at which lim,,,¢,(¢) = f(x), provided the
sequence {p,} satisfies the hypotheses of the theorem.

Since generally bounded variation is the property associated with absolute
summability in the same sense in which continuity is associated with ordinary
summability, it is natural to expect from Theorem C that the condition
¢,()eBV(0,n), along with the bounded variation of sequences in (i), (ii) and
(iii) may be sufficient to ensure the I(N, D) (C,l)] summability of the Fourier
series of f(¢), at t = x. Further, since the ](N, P»)(C,1)| with {p,} defined by
(1.2) is the same as I C, 1+ 5[ , Theorem A and Theorem B also suggest that the
condition ¢,(t) e BV(0,n) along with the hypotheses of Theorem B, concerning
{p,} may lead to the |(N,p,)(C,1)| summability of the Fourier series of f(1),
at t = x. That, this is indeed true for a more general sequence {p,} is established
by our Theorem 1, which contains as a special case Theorem A for « = 1, when
we observe that the (C, §) mean is a special case of the (N, p,) mean and appeal
to a result of Kogbetliantz [8].

In Theorem 2 we obtain a result for the |(N » D) (C, 1)] summability of the
derived series, which includes the following form of a result due to Hyslop |7].

THEOREM D. If g(t) e BV(0,n), then the derived series of the Fourier series
of f(t), at t = x, is summable |C,1 +5[ for every 6> 0.

3. Main results

We prove the following.

THEOREM 1. If ¢,(t) € BV(0,7) and {p,} is any sequence such that Py=0 (|P,]),
{R,} €BV and {S,} € BV, then the Fourier series of f(t) at t = x, is summable

| (N, p)(C, D).

THEOREM 2. If g(t) € BV(0,n) and {p,} satisfies the hypotheses of Theorem 1,
then the derived series (1.6), at t = x is summable ](N,p,,)(C, 1)‘.

4. Some preliminary results
We require the following lemmas for the proof of our theorems

Lemma 1. If {p,} is any sequence such that P} = O(IP,,]), {R,} eBVand
{S,} €BV, then {V,}€B.

Lemma 1 is the same as Theorem 2 of [5].

LemMa 2. If {p,} satisfies the conditions P¥ = O(|P,,
{S,} €BV, then uniformly in 0<t < n

), {R,}€BV and

nt sin(n — k + Pt
P —ppyT 7 2
kzz()( npk pn k) n— k + %

@.1) 5 [ < K.
n=1

PnPn—l
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ProOF. The lemma follows from Lemma 1, when one observes that the proof
of (4.1) is similar to the proof of the following ([14], p. 284)
sm(n — k)t

1

2z K.
n=1

LemmA 3. If 0(t) e BV(0,x) and {p,} is any sequence such that Py= O (| P,,h,
{R,} €BV and {S,} e BV, then the sequence {u,}, where

" sin(n + 1)t
= L 0(1) el dt

IIA

is summable ] N, p,,[ .

Proor. Following the proof of a theorem of Pati ([12], p.156), we observe
that if 0(t) e BV(0, %), then in order to prove the [N, p,,| summability of {u,}
it is sufficient to show that (4.1) holds, uniformly in 0 <t < n. Thus Lemma 3
follows from Lemma 2.

LeMMA 4. Uniformly in 0 <t £ n and for any positive integer n

T 4() | =k
k=1

Proor. By a change of order of summation, we have

n 1 k n n 1 1
t = invt ¥ |—— ——
I wern B = R B (k k¥ 1)
o sinvt 1 .
B v=21 v _n+1 ‘,_—z_lls‘n‘,t
. < sinvt
The lemma follows from this when we observe that H Y. ‘ < K.
LEMMA 5. If 0 £ v <n, then uniformly in 0<t <~
| Z Pl (1) I < KP}.
k=0
PrOOF. Applying Abel’s transformation, we get
v v—1 k
Z Pkln—k(t) ‘ é Z |Pk+1| | Z 'ln—r(t)‘ n—r(t) ‘
k=0 k=0 r=0 i =0

< KP},
by virtue of Lemma 4.

LEMMA 6. For any sequence {p,} such that P¥ = O(|P|), {S,} € BV implies
that {S}}eB.
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Lemma 6 is the same as Lemma 2 of [5].

LemMa 7. If {p,} is any sequence such that P} = O(IP,,‘), then {S,} e BY
implies that
I3 hod 1
1P| X

a1 é K’
n=k+1 ann—ll

where kK = 0,1,2, ...

PROOF. Since P¥=
M

1
[P] X

n=k+1 n'Pn—ll

klp| % |Pel (1 )

liA

n=k+1 n Pt—-l
M-1 1 1 n ] v_ll
< U
s Klpl i:“:(p NE p*)z} I
1\ IP Al [P] % |P_y]
— = K )y
+K!P"[(p,’:) Z M T b

M (P +Pyy)
K| P "=,§ (P*)? p*_ 1 |2

IIA

w] Sn-1 + KS¥ + KSy—,

M-1

= K[Pk| e |p,,|+K
Mt 1 1

=K|P,,I h) ( - ) +K=£K,as M- o,
n=k+1 P:_l P

since by Lemma 6, {St} e B. This completes the proof of the lemma.

LemMA 8. For k 2 1 and uniformly in 0 <t £ m, we have

4.2) o),
() = {
4.3) ok *1).
PROOF. Since |sinvt| < vt, we have
k
[ 4] =t k(k T S < Kt,

which proves (4.2). (4.3) follows directly from the fact that X ., sinvi= O(7).
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LEMMA 9. If (1) € BV(O,n) and {p,} is any sequence such that P} =
{R,} €BV and {S,} € BV, then the sequence {v,}, where
1

= o H(t) {sind(n + Dt/sinkt}?dt

s

is summable IN, p,,[.

PrOOF. We write

n
tn—tn_1= Z
=0

n—1

k \
_ Bv__ Py-1
= DA X (P,, )

1
= P,p PHAw, .
P Pn L kz()( nPx — Pn k) kVn—k

Since
{sin}(n + )t/sin}t}? = i {sin(k + $)t/sin}t},
k=0

we have by a well known identity due to Kogbetliantz [8]

U, — Upey = k(k+ 1 j O(t) E rcosrt} dt
= — -k(T_FT) J‘O r§1 Slnrt}df)(t).
Thus
2 *r 1 n—zl 1 n—k
t,—t_q = — J {P P2 O(P,,pk — p.Py DG —kT 1) rzlsmrt}d()(t).

Since by hypothesis [*| dO(t)| <
it is sufficient to demonstrate that uniformly in 0 <t < =

tn—_tn—-1,<w’

n—1
@d I = T |pp— TR nPI) |
We write
o0 1 n—= .
X = G+ DP.P,_, k_z {P.p(k + 1) — p,(n + )P} A, _4(1) l
[0} 1 n—1
2 p(n—=k)A, (1)
n—1 k=0
- Z 1 + Z 2
say.

https://doi.org/10.1017/51446788700011113 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700011113

[8] Absolute summability of a Fourier series 477

Now
© 1 n—-1
X, £ Y — ZR—R,,)PA,,_t|
= L e E® ni(1) |
«© 1 n—-1 n—1
= X —— Pin_(t) X AR,
n=1 ("+1)an—1l k=0 K )v=k
0 1 n—1 v |
= X — AR, X P, _(t
n=1 ("+1)|Pn—1l v=0 k=0 ‘ k()‘
© 1 n—1
= K —_— AR, | P¥
B n=El (n+ 1), P,.—l I v=2()I vl ' (by Lemma 5)
] @ 1
< K 2 |AR,|| P, Y —
v=()I Il 'n=v+1 (n+1),Pn—1'
(4.5) < K Z|AR| =K,

v=0
by virtue of the hypothesis {R,} e BV and Lemma 7.
We next write

o 1 n
L= 2| rprs L e
ZEEI 1 "
e ] =k n— At
im1 M+ D] Py | W2 | Pa-ic] | 2(®)]
(46) 0 1 T {n/2] n | H
- __————;EJ“ L+ I :kp,,_ A1)
n=2:+2 (n+1)‘Pn—l| k=1 k=t+1 k=[n/2]+1 " I
= 221+ 222+ 223+224,
say.

Since by Lemma 8, 4,(t) = O (¢), we have
2t+1 1 n . 2t+1
4.7 Xy S Kt X Y |po-k] S Kt T 1=K,
n=1 ,Pn—l k=1 n=1
by virtue of the hypothesis that P} = O (|P,|).
We next note that, by the boundedness of {R,} and the assumption that
PF = O(|P,|), we have for 1 < k < 4n

| Py P o o Proy_ | Puy
< < < <
4.8) lp"“"‘_Kn—k+1_K n =K n =K n
By (4.2) and (4.8), we have
oo 1 T [e] 1
4.9 2,<Kt 2 —— Yk=Kt Y ——=<K.
(49 22 n=2:+2 (M +1)? ;) n=2:42 M+ 127
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Further, by (4.3) and (4.8), we have

: SN
< K7 S —_
23 = n=2t+2 (n+1)2 k=t+1 k
2 1 i 1
<Kt ¥ — X —0
- k=c+1 k aiz (n+1)?
(4.10) < Kt X _1 < K.

k=cr1 Kk +1) =

Finally, since, for relevant values of the variables 1/k < 2/(n + 1), it follows
from (4.3) that

(-] 1 n
2, £ Kt z — z Pn-
* n=2742 (B + I)ZIPn—1, k=[n/2]+1 l kl
@ 1
4.11 < Kt ¥ ——— 2K,
( ) - n=2t+2 (n+1)2 -

by virtue of the assumption that P,* = O (| P, |).

Combining (4.4)-(4.7) and (4.9)-(4.11), we demonstrate that ¥ < K, and
this completes the proof of the Lemma.

LemMma 10. If {p,} is any sequence such that P}= O(|P,|),{R,}eBV
and {S,} € BV, then the (N, p,) mean is absolutely regular.

ProOF. In order to show that {P,/P,,,} e BV, for any v = 1, we write

*F = )

n=0

Pn _ Pn—l l

s P, D DPn+
3 |___' ’ Pu _ Putv
Pn+v Pn+v—1

Pn+v
o P n+\' 1
n A ‘
n§0 Pn+v—1 ’ (k + 1)

IA{Rk/(k + 1)} I , we have

n=0 ! Pn+v 1

IA

Writing , = | P,/P,+,-1| and &,

[ce] n+v—1
< T XI5

n=0 k=n
v—-1 v—1 n+v-—1 © ntv—1 n—1

_ {2+z;5k+zun{2—z}5k
n=0 k=n k=v n=y k=v k=v
v—1 k ) n+v—1 © n—1

= Zak Zﬂn+ Eﬂn Z 5k_ Z,u,,Z(Sk
k=0 n=0 n=1 k=v n=v+1 k=v

© © o0

= 2(Sk Zl“n+ Z5k+v Z Hy — 25k z Hn

k=0 n=0 n=k+1 k=v n=k+1
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v—1 :
Rk \
Z 8 (=

. l
n=0 Pn+v—1

< R P
+ X |A ( k ) z n |
k=v k+1 n=k-v+1 ! Pn+v—l |
(412) =Z}+27,
say.
Now by assumption P¥ = O(IP,,I), we have
$* < K i {IARkl | Res1 | 5 P}
=0 lk+1 (k+1)2) S P*, ,_,
K 4 K "2 |P,
< T | AR, | P} + X |
P* k=0 p+ k-0 kK+1
V"l v—1
(4.13) <K Z |AR,|+ KS}_, S K,
k=0
by virtue of Lemma 6 and the assumption that {R,} e BV.
Similarly,
¥< K % {‘ARk' le+1 l } . P}
k= (k+1D) (k+1)2] o own PR,
2 ]ARkl A
<
“.14) = E 1 E k+1)2= =k,

since {R,} € BV.
Combining (4.12)-(4.14), we prove that {P,/P,.,} €BYV, for any v = 1.
Finally, since P} = O(|P, ), we have as n - 0,
Pu-s/Py = O[|P,_,J{(n = v+ DP}|] = o(Py,[P}) = o(D),

by virtue of the assumption that {R,} e BV .

Thus the conditions (1.4) are satisfied and the (N, p,) mean is absolutely
regular.

5. Proof of Theorem 1
Writing o,(x) for the (C, 1) mean of £4,(x), we have

o, (x) = n(n—l-f-T) &(1) Z {sin(r + 3t /sin}t} dt

,;(,%1) f 0u¢(t) {sind(n + 1)t/sin}t}3dt.

Integrating by parts we get
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O . 1 [T ®y(1) sin(n + Dt
9u(x) = n(n + 1) {sin(n + Dz}? 2n L sinlt  sinit di

I 1 " O,(1)
n(n + 1) ], sin it

cosit{sind(n + 1)t/sin1}>dt

= w,+v,+u,

say.

Since the (N, p,)(C, 1) mean of £4,(x) is the (N, p,) mean of {5,(x)}, in order
to prove the theorem it is sufficient to demonstrate that the sequences
{u,}, {v,}, {w.} are summable |N,p,| under the hypotheses of the theorem.

That {v,} and {u,} are summable | N, p, |, follows directly from our Lemma 3
and Lemma 9, respectively, when we appeal to the hypothesis:

©,(D/t = ¢,(1) e BV(0, 7).
Next, we observe that

Wy =Wy =, +ﬁn’
where

_ (-4 _ Asin(n + Hn

" n+3 n+% °
—A4 (n even);
g = 2n+LH(n+1) ’
—A
LR

and 4 = ®,(n)/x.

That Z«, is summable jN , p,,l , follows as a special case of Lemma 2, while
the IN , p,,] summability of Xf,, follows from its absolute convergence, when
we appeal to Lemma 10.

This completes the proof of Theorem 1.

6. Proof of Theorem 2

If s}(x) denotes the nth partial sum of the derived series (1.6), then
1 1 " d .. .
$p(x) = ——— | Y(®) ={sin(n + )t/sin}t}dt
T 0 dt
and therefore the (C,1) mean of {s}(x)} is

ol(x) = — Tnlﬁ) Ln 0 %{sin 3(n + 1)t/sint)2dt
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. 217 J;n _Sllll;l% {sin(n + 1)t/sin1}dt
1 ")

a(n+1) J, sinit

cost{sini(n + t/sinit}?dt.

Following the technique of proof of Theorem 1, we observe that the hypo-
thesis Y(¢)/t = g(t) e BV(0,n) is sufficient to ensure the ,N, p,,l summability of
{o)(x)}, by virtue of Lemma 3 and Lemma 9.

This completes the proof of Theorem 2.
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