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ON BANACH SPACES OF VECTOR VALUED
CONTINUQUS FUNCTIONS

PiLArR CEMBRANOS

Let K be a compact Hausdorff space and let E be a Banach
space. We denote by C(X, E) the Banach space of all E-valued
continuous functions defined on K , endowed with the supremum

norm.

Recently, Talagrand [Israel J. Math. 44 (1983), 317-321]
constructed a Banach space FE having the Dunford-Pettis property
such that C([0, 1], E) fails to have the Dunford-Pettis property.

So he answered negatively a question which was posed some years ago.

We prove in this paper that for a large class of compacts K
(the scattered compacts), C(X, E) has either the Dunford-Pettis
property, or the reciprocal Dunford-Pettis property, or the
Dieudonné property, or property V if and only if E has the

same property.

Also some properties of the operators defined on C(X, E) are
studied.
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1. Introduction

In 1953 Grothendieck [4] axiomatized some relevant properties of C(K)
spaces, introducing among others the so-called Dunford-Pettis, reciprocal
Dunford-Pettis and Dieudonné properties. Later Pelczynski [7], in 1962,
showed that C(K) spaces enjoy another property, that he called property
V , which can be defined on analogous terms to the preceding ones. Since
then, these properties began to be studied on spaces of vector valued
continuous functions, in particular on C(X, E) . The problem that was
posed is the following: if E has the Dunford-Pettis property, does
C(K, F) have this property too? The same question was asked for the other
properties. This problem remained open for some years but, recently,
Talagrand [9] constructed a Banach space E having the Dunford-Pettis
property such that C([0, 1], E) fails to have the Dunford-Pettis
property. Talagrand's work shows the interest of looking for conditions on

spaces XK and E to obtain an affirmative answer to the posed problem.

We prove in this paper that for a large class of compacts XK (the
scattered compacts), it is enough to take a Banach space E having one of

the mentioned properties to insure that C(X, E) has the same property.

Since the study of such properties on a space is closely related to
the study of the operators defined on it, we devote the first part of our

work to show some properties of the operators defined on C(X, E)

Throughout the paper E and F are Banach spaces, K 1is a compact
Hausdorff space and I 1is the 0-field of Borel subsets of XK . C(X, E)
is the Banach space of all F-valued continuous functions on K , and
B(Z, E) is the Banach space of all functions ¢ : X > E which are the
uniform limit of a sequence of ZI-simple functions. Both spaces are
endowed with the supremum norm. The term "operator" means a bounded linear
operator. We denote by L(E, F) the space of all operators from E to
F.

It is well known that an operator T : C(K, E) ~ F may be represented
as an integral with respect to a finitely additive set function
m : L > L(E, F") having finite semivariation on X (%(K) < +w) and so
that ||T] = m(K) (see, for example, [2], p. 182); m is called the

representing measure of T .

A compact space K 1is scattered if every subset A of K has a
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point relatively isolated in A . The class of compact scattered spaces
includes all countable compact spaces and all compact ordinals (with the
interval topology).

2. Some properties of the operators defined on C(X, E)
An operator T : C(K, E) + F whose representing measure m has its

values in L{(E, F) determines an extension 7. B(L, E) + F given by

5’(¢)=I ¢dm , ¢ € B(L, E) ,
K

with |[T]] = |7l (see [1], Theorem 2).

Batt and Berg [1] showed that an operator T : C(K, E}) + F is weakly
compact if and only if its extension T to B(I, E) is weakly compact.

We shall prove that one can obtain analogous results for other

properties of T when KX 1is metrizable.

THEOREM 1. Let X be metrizable. Then an operator T : C(K, E) - F
is wneconditionally converging if and only if its extension T to B(T, E)

is wneonditionally converging.

Proof. Let T : ¢(K, E) + F be an unconditionally converging
operator. Then, by Theorem 3 and Lemma 2 of [3], its representing measure
m has its values in [L(E, F) and there is a finite non negative measure

A on § so that

(1) lim m(4) =0 .
A(4a)»0

If we suppose that T : B(L, E) » F is not unconditionally converging,

then there exist ¢ > 0 and a weakly unconditionally convergent series

Yo, in B(Z, E) such that

(2) |]’1\’((pn) | > for all n €N .

It is well known that a series Z :z:n in a Banach space is weakly

unconditionally convergent if and only if the set

{Z xn : g CNis finite}
nEC
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is bounded. Therefore there is M > 0 verifying

(3) ” y (pn” < M for all finite subsets G of N .

By (1) we can choose & >0 , & < A(K) , such that

(b) ma) < hi for A €% with A(4) <6

M
According to Lusin's theorem, for each n € N , there exists a compact

n
K, < K such that )\(K\Kn) < §/2" and ‘pnlk (the restriction of ¢ to
n

[==]

K, ) is continuous. Put Ky = ngl K, . Then }\(K\KO] <8 ,and K #9¢

because 6 < A(K) . Let us denote & for n € N . By (3) the

=0 |
n nKO

series Z ‘i’n is weakly unconditionally convergent in C(K . E’}

Now, by the Borsuk-Dungundji theorem (see 21.1.h4 of [8]), there is an

operator S : C{K_, E} +~ C(K, E) , with ||S| =1 , so that S(& =&

)|
(O Ko
for every & € C(_KO, E’) . The operator IS : C[KO, E) + F is

unconditionally converging. However, the series 3. TS(@n} does not

converge in F because, by (2), (3) and (L), for each n € N ,

[ vl gy, 0%

ol - ] el - ety

2

lzs (2, I ‘”K s(e,)an

v

v

7o, )11 - 2mn(K\K ) > € -

oo
1
N |m

This contradiction shows that if 7 : C(X, E) * F is unconditionally

~
converging then T 1is also. The converse is obvious. -

THEOREM 2. Let K be metrizable. Then an operator T : C(K, E) + F
trans forms weakly Cauchy sequences into weakly convergent ones if and only
i1f its extension T to B(EL, E) trans forms weakly Cauchy sequences into

weakly convergent ones.
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Proof. Let T : C(K, E) > F be an operator which maps weakly Cauchy
sequences into weakly convergent sequences. Then T is unconditionally

converging. Let m and A be as in the preceding proof. Let ((pn) be a
weakly Cauchy sequence in B(Z, E) and let y" € F" so that (’f’((pn)] is
o(F",.F')-convergent to y" . If we suppose that [’I\'[q)n]) is not weakly

convergent in F then y" k F . By using Grothendieck's completeness
theorem (see 3.11.4 of [5]) it follows that there exist € > 0 and a net
(yé]iq in the unit ball of F' which is o(F', F)-convergent to zero

such that

(5) I(yé, y”)| >€g for all 7 €171 .
Choose & >0 , 6 < A(K) , verifying

m(4) < for A €L with A(4) < §

&
B5upllo, |

Similarly as in the preceding proof we can take a non empty compact K., C K

0
so that )\(K\KOJ <8 and & = (pano is continuous for n € N , and an
operator S : C[KO, E) » C(K, E) , with ||S]| = 1 , such that S(é)lK =@

(8]
for & € C(Ko, E) . TFor each t € K, the sequence (fbn(t)] is weakly

Cauchy in E , therefore, according to Theorem 9 of [3], (én) is weakly
Cauchy in C(Ko, E) . Then (TS(@H]] is weakly convergent to an element
y € F. Since (yé]tﬂ. is O(F', F)-convergent to zero there exists

io € I so that

Ky, v} <e/6 for a1 ©z4 .

Let 71 = io ; then there is n € N verifying

(T, )", yi)l < e/6 ana K(T5(8)-y, y})l < e/6 .

Thus we have
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Ky, u2) = Kum2e), i)l + (2le,)-15(8,) . )l
+ rs{e,)-v, yi) + Ky, y1)l
<5+ lyiE(e,)-7s ()l
<E. ”K\KO (0,5 (2,))an]|
< £+ 2o, m(r\gy) < e

But this contradicts (5).
The converse is clear.

THEOREM 3. Let K be metrizable. Then an operator T : C(K, E) » F
maps weakly convergent sequences into norm convergent sequences 1f and only
if its extension T to B(I, E) maps weakly convergent sequences into

norm convergent ones.

Proof. Let T : C(X, E) * F be an operator which maps weakly
convergent sequences into norm convergent ones. Then T is
unconditionally converging. Let m and A be as in the proof of Theorem

1. Let [(Pn) be a sequence in B(L, E) which is weakly convergent to
zero. Suppose that there exist € > 0 and a subsequence of (tpn] (which

we still denote by [(pn) ] so that
(6) IZ(o,) Il > € for a1l n €N .

Choose § >0 , § < XK) , verifying

m(4) < EEEEIRE—TT for A €I with AA4) <6
n

Reasoning as in the proof of Theorem 1, there exist a non empty compact

KO C K , with )\(K\Ko) < § , such that @n = cpanO is continuous for all
n € N |, and an operator S : C'(K , E) + C(K, E) , with [iS|l =1 , so that

S(¢)|K =% for & € C(KO, E’] . According to Theorem 9 of [3], (@n) is
0

weakly convergent to zero in C(K , E’] . Then (TS(@n)) is norm

convergent to zero and there exists O € N such that
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”'-75'(4’”) Il <e/3 for all nz2n

0
Thus if n = no one has
1Z{e ) Il = 17(e,)-75(2,) | + li7s(e )|
< M (Lpn—S(‘irn))dm" .
K\KO
~ 2
< 2Ilq>nll'fI(.K\K0] + §3‘ <3°€

But this contradicts (6).

The converse is obvious.

3. Some properties on C(X, E)

THEOREM 4. If K is scattered then C(K, E) has the Dunford-Pettis
property if and only if E has.

Proof. It is clear that if C(K, E} has the Dunford-Pettis property
then E has it too.

Suppose that E has the Dunford-Pettis property.

(A) If K is metrizable then, by 8.5.5 of [§], K is countable.

Now the proof of Theorem 13 (a) of [3] works the same here.

(B) For a general K , let T : C(K, E) » F be a weakly compact

operator and let (fi’n) be a sequence in C(K, E) weakly convergent to

zero. Similarly as in [1], page 236, we can construct a metrizable

quotient space K of K and a sequence @n] c ¢(X, E) such that
¢ (n(t)) =@ (t) forall t €K and n €N, where 7 : K+ X is the

canonical mapping. By 8.5.3 of [8), X is scattered, and Theorem 9 of [3]
implies that (En) is weakly convergent to zero in C(K, E) . 1If we

consider the operator T : C(K, E) + F defined by T(%) = T(%*m) for
% € c(X, E) , it follows from (A) that 1lim lli@n] =0 . since
n
T(q;ﬂ) = ?(En) for all n € N , we conclude that C(X, E) has the Dunford-
Pettis property.

Note that if C(K, E) has the Dunford-Pettis property when X is
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metrizable then, as in (B) of the preceding proof, it follows that C(X, E)
has the Dunford-Pettis property for every compact K . Therefore an
immediate consequence of 8.5.7, 21.5.10 and 21.5.1 of [8], and Theorem b is
the following:

COROLLARY 5. (XK, E) has the Dunford-Pettis property for every
compact K if and only if C([0, 1], E) has the Dunford-Pettis property.

Recall that if m 1is the representing measure of an operator
T : C(K, E) * F , it is said that the semivariation m of m is

continuous on I if for every decreasing sequence (An) in I , with

2 An =@ , there is l7i1m m(An] =0.

LEMMA 6. et K be a metrizable scattered compact space and let

T : C(K, E} ~ F be an operator whose representing measure m verifies
(i) m(z) € L(E, F) ,

(¢2) m(A) : E~» F 1is weakly compact for each A €L ,

(ii1) m is continuous on L .
Then T 18 weakly compact.

Proof. By 8.5.5 of [8], K is countable. Put K = {ti : 7 €N}
Let (@n) be a bounded sequence in C(XK, E) . For each n € N we can
take a L-simple function 0, € B(Z, E) so that Hcpn—@nll <1l/n .

According to condition (Z%Z), for every % € N the sequence

(m({tt}] (q)n(ti)))n has a weakly convergent subsequence. This fact enables
us to use Cantor's diagonal argument to extract a subsequence of {(pn)
[which we still denote by [cpn] ) such that [m({tz}) (cpn (tz]”n is weakly

convergent in F for all 7 € N . For each © €N let y; be the

o(F, F')-limit of (m({tt}] ((pn[ti]”n . The series Zyl converges in
F . To prove this suppose that there exist € > 0 and a sequence (Oj]

of finite subscts of N , with max OJ- < min 0j+ for § € N, such that

1

>¢ forall j €N .

.2 %

1€0,
J
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Hence for every J € N we can choose y; in the unit ball of F'
verifying

> € .,

I( oy, yf>
iea, v I
J

Thus it follows from the choice of (yi) that there is an increasing

sequence [nj) C N such that

>€ for J €N .

g%mmmm¢wxﬁ>

(o]
We set A.= U {t. : 1 €0 } , J € N . Then one has
J k=i 7 k

v

ma;) m({e, « 1 € o.1)

> alfe,Nlo, )]
J

1€0.
J

v

Ty |

supﬂwnﬂ

€

> .
suplle, T

This contradicts condition (ZiZ) since (Aj] is a decreasing sequence in

2: with N Aj =@ . Therefore z:yi converges in F . Let y = E:yi
dJ

We claim that [T(@n)] is weakly convergent to y . Let € >0 and let

y' € F' with |ly'll =1 , then there exist n, €N and k € N such that

€ 1 €

".E: yi” <e/b, m({ti P12 no}) < hsupllo +1 ° % < LT+
L>n0 n
and

< €g/4y for all n = k

(X nleNlo,60) - % viuw)

If % is the extension of T to B(Z, E) and we put B = {ti : 1> no}

then for each n = k one has
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tA

K7(2,-0,), v") + (2(o,)-4, y')]

(w2 - KU o o)
< Y oy y')i

i>n
0

"o "o
(3 nllz;D e, (2,) - 3 ov )

=1

|<T(@n)"y! y'>|

A

+

L+

IA

[ ~
€+ o In(B) +

+ <eE.

Thus we conclude that T 1is weakly compact.

REMARK. Note that conditions (), (ZZ) and (iZZ) of Lemma 6 are
necessary for an operator T : C(X, E) > F +to be weakly compact but, in

general, they are not sufficient.

THEOREM 7. Suppose that K is scattered. Then C(K, E) has either
the reciprocal Dunford-Pettis property, or the Dieudonné property, or
property V if and only if E has the same property.

Proof. We only consider the case of the Dieudonné property. The rest

can be proved in the same way.

If C(X, E) has the Dieudonné property it is clear that E has it

too.
Assume that E has the Dieudonné property.

(A) Let us first suppose that X is metrizable. Let
T : C(K, E) * F be an operator which maps weakly Cauchy sequences into
weakly convergent ones. Then T is unconditionally converging and, by
Theorem 3 of [3], its representing measure m verifies conditions (Z) and

(i21) of Lemma 6. For each A € I the map Tyt E » B(L, E) defined by
TA(x) = xX, 1is a bounded linear map. So it follows from Theorem 2 that
the operator m(4) = §TA : E > F transforms weakly Cauchy sequences into

weakly convergent sequences. Since E has the Dieudonné property
m(A) : E + F is weakly compact. Therefore, according to Lemma 6, T is

weakly compact.

(B) For a general K the same method used in [7], page 236, and the
fact that a metrizable quotient space of a scattered space is scattered

(see 8.5.3 of [8]), proves that C(X, E) has the Dieudonné property.
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The next result is an immediate consequence of 8.5.7, 21.5.1 and

21.5.10 of [8] and Theorem 7, by means of the standard reduction to the

case K metrizable.

COROLLARY 8. C(K, E) has either the reciprocal Dunford-Pettis

property, or the Dieudonné property, or property V for every compact K
if and only if C([0, 1], E) has the same property.

1

(z]

£3]

(41

[51

(61

[7]
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