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Abstract. A symplectic fibration is a fibre bundle in the symplectic category (a bundle of sym-
plectic fibres over a symplectic base with a symplectic structure group). We find the relation
between the deformation quantization of the base and the fibre, and that of the total space.
We consider Fedosov’s construction of deformation quantization. We generalize the Fedosov con-
struction to the quantization with values in a bundle of algebras. We find that the characteristic
class of deformation of a symplectic fibration is the weak coupling form of Guillemin, Lerman,
and Sternberg. We also prove that the classical moment map could be quantized if there exists
an equivariant connection.
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1. Introduction: Statement of the Problem and the Main Theorem

Quantization is a map from functions on a (phase) space to operators on some
Hilbert space. It involves a parameter (usually the Planck’s constant 4 or
h = h/2n). The product of two operators is given by some series in /. The
quantization map transforms the product of functions into a noncommutative prod-
uct of corresponding operators. The zero degree term in the /i-decomposition of a
noncommutative function (series in /z with functional coefficients) gives a com-
mutative product of functions. The term of degree one linearly depend on the Poisson
bracket. This allows one to think of quantization as a deformation of a multiplicative
structure of the algebra of functions on a manifold in the direction of the Poisson
bracket. In the formal deformation quantization one does not consider questions
of convergence of series in . However, the formal deformation turns out to be
a useful tool for describing global properties of a manifold. The concept of
deformation quantization was described in [1]. When we say quantization we mean
deformation quantization.

Fedosov found a beautiful geometrical construction of deformation quantization
[8], [10] which we use here. What follows can be considered as an exercise in his
domain, it is in fact a generalization of the first part of his article [9] and owes
a lot to its methods.
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Quantization of a symplectic (or Poisson) manifold M is a construction of a
noncommutative associative product on M. It is called a *-product. A *-product
is defined as a product on C*°(M)[[A]]. This noncommutative algebra A" should
be a deformation of the algebra of functions on the manifold, C*(M). Let
(M, wp) be a symplectic manifold. Then the symplectic form wg defines a Lie algebra
structure on C*°(M), called the Poisson structure. (The Jacobi identity follows from
the fact that the form wy is closed.) For f, g € C®(M) let {f, g} = (df)*(g), where
t:7*"M — TM, defined by wg (see Section (2.2)).

DEFINITION 1.1. Deformation quantization of a symplectic manifold (M, wy) is
an associative algebra Al = C®(M)[[A]] with an associative product
w: A" x A" A" such that

(1) The product = is local, that is, in the #-product a(x, ) * b(x, 1) = Y 2, i er(x),
the coeflicients ci(x) depend only on a;, b; and their derivatives 9*a;, aﬁb, with
i+j+ ol + Bl < k for any a(x,h) = Yy h'ax) and b(x, h) = Y7% h/b;(x),
ai(x). by(x) € C¥(M)

(2) It is a formal deformation of the commutative algebra C>®(M):
co(x) = ao(x)bo(x).

(3) The correspondence principle gives

[a, b] := %(a * b — b xa) = {ay(x), bo(x)} + /& r(a, b),

where r(a, b) € A"
(4) There is a unit: a(x, h)* 1 =1 *x a(x, i) = a(x, h).

DeWilde and Lecomte [6] and also Fedosov [8] proved that on any symplectic
manifold there exists a quantization.

The following idea lies behind the Fedosov construction (see [7]): a Koszul-type
resolution is considered for C*(M)[[/]]. Each term of the resolution has a
noncommutative algebraic structure, thus providing the algebra of functions with
a new noncommutative product. Fedosov constructs such a resolution by using
the differential forms on the manifold with values in the Weyl-algebra bundle.
The main step is to find a differential on it which respects the algebra structure.
This differential is called Fedosov connection and is obtained by an iteration pro-
cedure from a torsion free symplectic connection on the manifold.

It is known [20, 22] that any connection on a symplectic manifold gives rise to a
torsion-free symplectic connection. Hence, one can get the Fedosov connection from
any connection on a tangent bundle: first adding some tensor to make it symplectic
(Section 2.2) and then applying the iteration procedure.

We introduce a notion of an F-manifold:
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DEFINITION 1.2. An F-manifold @ is the following triple (manifold, deformation
of a symplectic form, a connection): ® = (M, w, V), where w = w + Az, and
o e T(M, A>T*M)[[H]], a series in /& with coefficients being closed 2-forms on the
manifold M.

In a recent article [13] a similar object is called a Fedosov manifold, namely, a
symplectic manifold together with a symplectic connection. Indeed, these three
objects (M, wg, V) define the first three terms in the *-product:

e Algebraically a manifold is described by the algebra of functions on it, that is M
defines the structure of the commutative product.

e A symplectic form defines the Poisson structure and, hence, the term at /.

e A connection defines the term at 4> (as follows from [20]).

It turns out that these three terms determine the higher terms in the * product. The
deformation quantization theorem ([8]) can be stated as follows

THEOREM 1.3 (Fedosov). An F-manifold (M, w,V) uniquely determines a
x-product on the underlying manifold M.

Deligne [5] and Nest and Tsygan [25] showed that the class of isomorphisms of
quantizations of a symplectic manifold M is determined by the class of the form
o in H*(M)[[A]]. It is called a characteristic class of deformation.

We study the deformation of the twisted products of two F-manifolds (B, wg, V5)
and (F, o, VF). Our question is the following: how to define the product of two
F-manifolds and what the x—product on the total space is, in other words, what
a ‘twisted product of quantizations’ is.

We show that under certain assumptions a twisted product of two F-manifolds is
again an F-manifold. So we want to relate the x-products on these three manifolds.

One can regard the product M = B x F asa fibre bundle M — B over a symplectic
base B with a symplectic fibre F. Obviously, the product depends on how twisted the
symplectic fibration M = B x F is. This can be described by a connection on M — B
which should be compatible with the symplectic form on M.

When the structure group of the bundle M — B, G, acts by symplectomorphisms
on fibres this bundle is a symplectic fibration ([15], see Section 3). The total space M
is symplectic and the fibres are symplectic submanifolds of it, provided that the
action be Hamiltonian and G be a finite-dimensional Lie group.

The case of B being a cotangent bundle of some differentiable manifold X was first
developed by Sternberg [27]. His construction describes the movement of a ‘classical
particle’ in Yang-Mills field for any gauge group G and any differentiable X.
Weinstein gave a general construction of the symplectic form on M in [29].
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The quantization of a symplectic fibration is a quantization with coefficients in the
auxiliary bundle of fiberwise quantizations. This leads us to a more general case of
quantization with coefficients in some bundle of algebras (some examples of such
bundles are considered in [10]). Our case is more difficult than the quantization with
values in most other auxiliary bundles. Fibres of the auxiliary bundle obtained from
the symplectic fibration structure are noncommutative algebras. This non-
commutativity of fibres makes the quantization procedure more complicated.

We believe that it is useful to understand that the quantization of symplectic
fibrations respects a fibre bundle structure in order to see that the quantization
is a fundamental notion like some homology theory.

We make a new definition:

DEFINITION 1.4. An F-bundle (with an underlying manifold B) is a triple
¥ = (@, A, V), where

o O = (B, »? V58)is an F-manifold,

e A is an auxiliary bundle of algebras over B,

e V" is a covariant derivative on A, which respects the algebra structure on the
fibres.

We construct an F-bundle from a symplectic fibration M — B. Each fibre of
M — B is an F-manifold, so we can quantize the fibres. Provided the connection
V¥ be G-invariant we can construct a new bundle A — B, the bundle of algebras
of quantized functions on fibres. The fibre of A over a point b is the quantization
of the fibre of M — B at that point:

Ay = AM(My). (1)

The bundle A is defined by (1). A connection on the bundle M — B determines a
covariant derivative V* on the bundle A. Its construction is carried out in section
(5.1) in the way that it respects the algebraic structure, that is this covariant deriva-
tive is a derivation of the %-product on A.

An F-bundle corresponds to an F-manifold modeled on M, the total space of the
symplectic fibration, and hence provides a quantization of the total space. Our main
theorem is:

THEOREM 1.5. Consider a symplectic fibration M — B with a standard fibre being
an F-manifold (F, o, VF) and the base an F-manifold ® = (B, w®, VB). An F-bundle
(@, A, V) with fibres Ay = Ah(Mb) gives a quantization of the underlying manifold
B with values in the auxiliary bundle. This also defines a quantization of the total
space M.
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The main claim of this theorem is that a quantization of the base with values in the
auxiliary bundle (1) corresponds to a certain F-manifold (M, w, V), with @ being a
series in / starting from a symplectic form on M.

To carry out the program first of all one has to construct a symplectic form on M.
There is a one-parameter family of symplectic forms on the total space. The con-
struction involves the notion of the weak coupling limit of Guillemin, Lerman
and Sternberg [15]. The behavior of the x-product when the parameter tends to zero
gives us a way to understand the relation between quantizations of the base and
the fibre with the quantization of the total space.

Our main Theorem (1.5) can be reformulated as a statement about the solutions of
two equations given in Theorem (5.5).

Fedosov’s quantization procedure is discussed in Section 2. The classical setup for
symplectic fibrations is discussed in Section 3 and the quantization of the moment
map is presented in Section 4. Main results about the quantization of symplectic
fibrations are given in Section 5, examples are discussed in the last section.

NOTATIONS
Repeated indices assume summation.

Grading and filtration of the Weyl algebra bundle are Z-grading and Z-filtration,
we do not use the natural Z,-grading on the differential forms.

For any bundle £ - M, A"(M, £) denotes C*®-sections of n-form bundle with
values in the bundle &,

AWM. E=TM NT* M), AM,E) =2 A M, ).
A"(M) denotes the bundle of n-forms on M.

The term ‘connection’ is used in two senses:

e for a covariant derivative on any vector bundle, usually denoted by V

e for a connection on a fibre bundle that is a splitting of the tangent bundle to the
total space of a fibre bundle into a sum of a vertical and a horizontal
subbundles.

2. Generalities on Deformation Quantization

The subject of this section becomes nowadays fairly standard (see for example an
excellent introduction to Fedosov quantization [19]).

2.1. WEYL ALGEBRA OF A VECTOR SPACE

Let E be a vector space with a nondegenerate skew-symmetric form w. The algebra of
polynomials on FE is the algebra of symmetric powers of E*, S(E*), and it has a
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skew-symmetric form on it which is dual to w. Let e be a point in E and {¢'} denote its
linear coordinates in E with respect to some fixed basis. Then {¢’} define a basis in E*.
Let w? be the matrix for the skew-symmetric form on E*. Let us consider the power
series in / with values in S(E™):

DEFINITION 2.1. The Weyl algebra W (E*) of a vector space E* is an associative
algebra

W(E") = S(ENIAL:  ale,h) = ) aw(e)i,

k=0

given by the Moyal-Vey product:

ao b(e, h) = exp {—fwk’ik 9 } a(x, i) b(z, i)

— 2
2 axk 9z )

X=z=€

The Lie bracket is defined with respect to this product. We can look at this algebra as
at a completion of the universal enveloping algebra of the Heisenberg algebra on
E* ® hC, namely, the algebra with relations

e oel —eloe = —iliw’ (3)

where w? = w(é', e/) defines a Poisson bracket on E*.
Hence, one can define the Weyl algebra as

W(E*) = U(E* ® hC).

Let us consider the product of the Weyl algebra and the exterior algebra of the
space E*: W(E*) ® AE*. Let dx’ be the basis in AE* corresponding to ¢’ in W(E*).

There is a decreasing filtration on the Weyl algebra W(E*): Wy D W) D Wr D ...
given by the degree of generators. The generators e’s have degree 1 and /4 has degree
2, so that the condition (3) is homogeneous of degree 2:

W, = {elements with degree > p}.

One can define a grading on W as follows
griW = {elements with degree = i}.

it is isomorphic to W;/W;, ;. One can see that the product (2) preserves the grading.

DEFINITION 2.2. An operator on W(E*) ® AE* is said to be of degree k if it maps
W; ® AE* to Wi @ AE* for all i.

Such an operator defines maps griW ® AE* to grig W ® AE* for all i.
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DEFINITION 2.3. Derivation on W(E*) ® AE* is a linear operator which satisfies
the Leibniz rule:

D(ab) = (Da)b + (—1Y*Pa(Db)

where @ and D are corresponding degrees. It turns out that all C[[/]]-linear
derivations are inner.

LEMMA 2.4. Any linear derivation D on W(E*) ® AE* is inner, namely there exists
such v € W(E*) so that Da = i/h|v, a] for any a € W(E*)

Proof. Indeed, 8/de'a = i/2h[wye, a].

So for any derivation one can get a formula:

i,
Da:%[zwijeDef,a}. O

One can define two natural operators on the algebra W(E*) ® AE*: § and §* of
degree —1 and 1 correspondingly. The operator 0 is the lift of the ‘identity’ operator

u:ed®1l—>1Qdx

and 6* is the lift of its inverse. On monomials "' @ ... ® e @ d¥' A ... Ad¥ €
W™(E*) ® A"E* 6 and 6" can be written as follows:

§:e"®... Q" @dx AL Ad1—

m
Ze" ®...ek... Q" @dx* NdxX' A ... Adx"
k=1

" ®...@em"QdY A ... dXFP—

n
Z(—l)lef/ REN®...QemQdX AL .. d¥ ... Adx"
=1

LEMMA 2.5. Operators 6 and 6* have the following properties:

Sa=dv 2 = —1wk1 K, al|, Sa=elina, F=87=0
de/ h av/

On monomials é' ® ... @ " @ dx/t A ... A dx/
50" + 53 = (m + n)Id,

where Id is the identity operator. Any element a € gr,, W(E*) @ A"E* has a
decomposition:

a= ;(55*0 + 0*0a) + ay,
m+n
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where ay is a projection of a to the center of the algebra, that is the summands in a
which do not contain e-s.

2.2. SYMPLECTIC CONNECTIONS (COVARIANT DERIVATIVES)

The term symplectic connection in this section in fact must be changed to symplectic
covariant derivative to avoid confusion with another symplectic connection notion in
the next Section. However there is already an established practice to call a covariant
derivative a connection which we decided to follow here. We hope that one can get
used to distinguish one from the other from the context.

Let us consider connections on a manifold M.

PROPOSITION 2.6. Let w be a skew-symmetric 2-form on T M. Then there exists a
torsion-free connection V preserving this form only if o is closed.

Proof. The skew-symmetry of w is the following condition: w(X, Y) = —w(Y, X).
The connection V is torsion-free when Vy Y — Vy X = [ X, Y]. Suppose such V exists.
Then it preserves the form w when Vo = 0. This means that forall X, Y, Z € T M:

Vx(@(Y,Z2))=o(VxY,Z)+ o(Y, VxZ) “)
Since w(Y, Z) is a function Vy(w(Y, Z)) = Xw(Y, Z). Then,

XoY,Z2)—Yo(X,Z)+ Zw(X, Y)
=w(VxY,Z)—o(VxZ,Y)— o(VyX, Z)+
+o(VyZ, X)+o(VzX,Y)—w(V,Y, X)
=o(X,Y],Z2)—o(X,Z],Y)+wo(Y, Z], X)

which is exactly the condition dw = 0. ]

Remark 2.7. Here we want to make an analogy with a Riemannian case. The
Riemannian metric is a symmetric two-form and there is a unique torsion free con-
nection compatible with it (the Levi-Civita connection).

The statement of the uniqueness of Levi-Civita connection in the Riemannian case
is substituted by the requirement for the form to be closed in the skew-symmetric
setting:

e Symmetric: A torsion-free compatible connection always exists and unique
(Levi-Civita connection).

e Skew-symmetric: A torsion-free compatible connection exists if the form is
closed and, in general, not unique.

Let M be a symplectic manifold with a symplectic form , a closed and

nondegenerate skew-symmetric form 2-form on 7 M. There are many different
torsion free connections preserving it.
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DEFINITION 2.8. A connection which preserves a symplectic form is called a sym-
plectic connection.

Any connection on a symplectic manifold gives rise to a symplectic connection:

PROPOSITION 2.9 ([20, 22]). Let w be a closed nondegenerate 2-form. Then for
every connection V there exists a 3-tensor S, such that

V=V+S

be a connection on T M compatible with o. Then
A ~ 1
VyY = VXY—iTor(X, Y, X, YeTM

defines a torsion-free connection compatible with the form w. The 2-form Tor is the
torsion of the connection V: Tor(X,Y)=VyY —VyX — Vx y]

The tensor S is defined as follows:

SxY = 3 ((Vxo)(Y. P

where f: 7*M — TM is the inverse tob: TM — T*M ’ = w(u,.) for ue TM.
Symplectic connections form an affine space with the associated vector space
A'(M, sp(2n)), the Lie algebra sp(2n) valued 1-forms on M.

2.3. DEFORMATION QUANTIZATION OF A SYMPLECTIC MANIFOLD

Let M?" be a symplectic manifold with a symplectic form . In local coordinates at a
point Xx:

o = wydx' Adx/.

The symplectic form on a manifold M defines a Poisson bracket on functions on M.
For any two functions u, v € C®(M):
o ou v
— i
{fuvi=ow o o) (5
where (0%) = (w;)”".
We can define the bundle of Weyl algebras W,,, with the fibre at a point x € M
being the Weyl algebra of 7:M. Let {e!,...e*"} be 2n generators in 75M, corre-
sponding to dx’. The form w? defines pointwise Moyal-Vey product.
The filtration and the grading in W), are inherited from W(7 ;M) at each point

x € M. Denote by W' the ith graded component in W);:
Wy = @iwi.
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A symplectic connection V acts on any symmetric power of the cotangent bundle by
the Leibniz rule. Moreover, the cotangent bundle 7*M = W!, hence V acts naturally
on the sections I'(M, W') with values in T(M, W' @ T*M).

It preserves the grading, in other words it is an operator of degree zero. In general
this connection is not flat: V2 # 0. Fedosov’s idea is that for W, bundle one can add
to the initial symplectic connection some operators not preserving the grading so
that the sum gives a flat connection on the Weyl bundle.

THEOREM 2.10 (Fedosov). There is a unique set of operators ry : (M, W') —
C(M, T*M @ W) such that

D=—-0+V+rn+nrn+... (6)

is a flat connection and 6*r; = 0. There is a one-to-one correspondence between formal
series in h with coefficients in smooth functions C*°(M) and horizontal sections of this
connection:

Q : C¥MDIAN — Tpa(M, Wh). ()

Main idea of the proof is to use the following complex:

0= T(M, W) > A M, W) > 22, W) > .. (8)

This complex is exact since ¢ is homotopic to the identity by 6*. An equation for r; for
each i > 1 has the form

o(r;) = function(V, ry, ..., ri_1). 9)

It is not difficult to show that this function is in the kernel of 6 hence r; exists.
First few terms in the recursive construction of D, its flat sections and *-product in
coordinates are given in [18].
The noncommutative structure on the Weyl bundle determines a *-product on
functions by this correspondence, namely for two functions 1, g € C*(M)[[A]];

fxg=0"'0() o Q). (10)

In fact, the equation D?> = 0 is just the Maurer—Cartan equation for a flat con-
nection. One can see the analogy with the Kazhdan connection [12] on the bundle
of algebras of formal vector fields. Notice that § = dx'd/d¢’ is of degree —1. The
flatness of the connection is given by the recurrent procedure, namely starting from
the terms of degree —1 and 0 one can get other terms step by step. While Kazhdan
connection does not have a parameter involved it has the same structure — it starts
with known —1 and 0 degree terms. Other terms are of higher degree and can
be recovered one by one.

Let us also mention here that locally the connection D can be written as a sum of
two terms — one being a derivation along the manifold, the usual differential d,
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and the other, denote it I', being an endomorphism of a fibre of the Weyl algebra
bundle. Since all endomorphisms are inner, one can write it as an adjoint action
with respect to the Moyal-Vey product. I" acts adjointly by an operator from
(M, W) to T(M,T"M QW).

D=d+F=d+é[w]O, (11)

where y € (M, T*M ® W). Then the equation D> = 0 becomes

dr + %[r, ), =o0.

The same equation for y then is as follows:

[y, 71

where w is a central 2-form. This equation states that D? is given by an adjoint action
of a central element, so it is zero. However, it turns out to be very important which
exactly form o is given in the center by the connection D. Inner automorphisms
of the Weyl algebra are given by the adjoint action of elements of the algebra
(Lemma 2.4). Its central extension gives the whole algebra. Curvature of the Fedosov
connection is zero, however its lift to the central extension is nonzero and defines the
isomorphism class of quantization.

DEFINITION 2.11. The characteristic class of the deformation quantization is the
cohomology class of the form [w] € ; H*(M)[[A]].

2.4. QUANTIZATION WITH VALUES IN A BUNDLE OF ALGEBRAS

This subject was discussed at length in the book [9], but here we want to look at it
from a slightly different angle. Given an F-manifold (B, , VZ) we know how to
construct a map C*(B) — I'(B, Wp). Let L — B be a bundle of C[[A]]-algebras.
Now we want to generalize the problem of quantization and obtain a map:

OF :T(B, L) - I'(B, Ws ®cqm £)-

In order to do that we need a connection V£ on £. Let RE € A*(B, £) be its curvature.
Also the sections of £ must commute with sections of the Weyl algebra bundle Wg.
Then we can define a connection on Wp @y £ as the sum of connections.

Vv=vl@l+1l@V-
with the curvature

R=R¥®1+1® R~
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We define a grading on Wp ®cyjsy £ as on Wp. The operator R could have a
degree if it changes the power of 7, and since the degree of /7 is 2 it could only
be even: R =Y R4, k >0 where

R, AYB, gr(L)) — AT (B, gr (L))
One should add an extra term in the equation on r; (9) for each even i = 2k
O(ry) = function(V, ry, ..., rap—1) + Rfk.

Then like in Theorem 2.10 we can consider a complex similar to (8)

J o J
0— F(B, Wg Ry [:) — Al(B, Whp Q) L) — .AZ(B, Wg Qi [:) — ...

with § acting only in Wp. This complex is still exact (the ®-product is over a field
C[[A]]), since R* = 0 one can find a preimage of R and the reasoning is exactly
as before. The flat connection and the corresponding flat sections are constructed
similarly to [18].

However, in the case when £ has a Lie algebra structure and R” is an inner action
of the form RE =i/l adH for some H € A*(B, L) the procedure changes! The
adjoint action might start from the degree —2 term and one has to change not only
the equations (9), but also the initial ¢ to balance it. This is exactly what happens
in the case of symplectic fibrations and what makes it more interesting.

3. Symplectic Forms on Symplectic Fibrations

In this section we collect the facts known about symplectic fibrations: we give a
definition and construct a one-parameter family of symplectic forms on the total
space. One can find a nice exposition in the sixth chapter of the book [21], see also
[15].

The meaning of the term symplectic connection used in this section is different
from Definition 2.8. It is a connection which preserves the symplectic structure
on fibres (see Definition 3.3) while in Section 2 the symplectic connection was in
fact a symplectic covariant derivative preserving a symplectic form on a symplectic
manifold.

3.1. SYMPLECTIC FIBRATIONS
DEFINITION 3.1. A symplectic fibration is a locally trivial fibration = : M — B

with a symplectic fibre (F, ) whose structure group preserves the symplectic form
¢ on F. This means that
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1) There is an open cover U, of B and a collection of diffeomorphisms
p p
¢, : n'U, — U, x F such that the following diagram commutes:

L LN Uy x F

N
Ua

(2) For the fibre over b € B, F, = n~!(b), let ¢,(b) denote the restriction of ¢, to Fj
followed by projection onto F, ¢,(b) : F — F. Then

¢[fac(b) = ¢ﬁ(b) o ¢a(b)71 € SymP(F’ U)
for all o, f and b € U, () Up.

If n : M — Bisasymplectic fibration then each fibre F}, carries a symplectic struc-
ture o, € A*(F;) defined by

oy = ¢,(b)c

for b € U,. The symplectomorphism class of the form is independent of « as follows
from the definition. Also, if there is a G-invariant symplectic torsion-free connection
VF on F it defines a symplectic torsion-free connection V, on each fibre Fj.

DEFINITION 3.2. A symplectic form o on the total space M of a symplectic
fibration is called compatible with the fibration x if each fibre (Fp, o) is a symplectic
submanifold of (M, w), with o, being the restriction of w to Fj.

3.2. SYMPLECTIC CONNECTIONS

Each symplectic form on M compatible with the symplectic fibration = : M — B
defines a connection on it, that is a choice of splitting of the following short exact
sequence of vector bundles:

0> W - TM - n*TB — 0.

Here VM is the canonically defined bundle of vertical tangent vectors, that is those
fields which vanish on functions coming from the base.

DEFINITION 3.3. A connection on a fibre bundle M — B is a splitting of the
tangent bundle of M into a sum of subbundles

C: TM =HM & WM, (13)

where HM = =n*7 B. The connection is compatible with a symplectic form on M, o
if at each point x e M

HM:={XeT M oX,V)=0 forall Vel M}
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Each symplectic form such that its restriction to fibres is nondegenerate defines a
compatible connection. Namely, the horizontal subbundle consists of all vector fields
which are perpendicular to the vertical ones with respect to the symplectic form.

3.3 INGREDIENTS: A CONNECTION ON A PRINCIPAL BUNDLE AND A HAMILTONIAN
ACTION ALONG THE FIBRES

Symplectic fibrations are associated fibre bundles to the principal bundles with a
structure group being the group of symplectomorphisms of the fibre, so we have
a principal G-bundle and a symplectic manifold (F, o) to start with.

Let us first consider a principal G-bundle, that is a smooth manifold P with a
smooth action P x G—>P which is free and transitive. Then the quotient
P/G = B is a manifold.

For a principal bundle a connection can be defined by a so-called connection
I-form. Namely, the fibres of a vertical subbundle VP are naturally identified with
g under the map: g — Vect(P) given by the infinitesimal action of G on P.

Xegi— X e Vect(P).

Hence the horizontal subbundle HP can be described not only as a kernel of the
projection operator Pr: 7P — VP, but also as a kernel of a connection 1-form:

A:TP — g.

It is a G-invariant form on the principal G-bundle P with values in the Lie algebra g,
such that

1;A=X, for Xeg.

Now let G act on a symplectic manifold (F, g) by symplectomorphisms, that is
there is a group homomorphism

G — Symp(F,0): gi—>,.

The infinitesimal action determines the Lie algebra homomorphism
s ) . d
g— Vect(F,o0): X — X, definedby X = ar 170¢exp(fx) (14)

A symplectic form determines a correspondence between functions and certain
vector fields, called Hamiltonian vector fields:

C®(F) — Vect(F,0): H— X, defined by iyno =dH. (15)
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DEFINITION 3.4. The action of G on F is called Hamiltonian if

() Thereis alift g— C®(F): X i— Hy

g . Vect(F, o)

This means that there is a Hamiltonian function Hy so that 1,0 = dHy.
(2) This map is a Lie algebra homomorphism Hjy y) = {(Hy, Hy}. [X, Y] is the Lie
bracket in g and {Hy, Hy} is the Poisson bracket in C*°(F).

(If a group action satisfies only first condition it is called weakly Hamiltonian.) Let us
also mention the following equality:

Hiyyyy= XHy — YHy (16)

Hamiltonian action determines a map u : F — g*, for each point x € F defined by
(u(x)|X) = Hy(x) for any X € g, where (-|-) is the pairing: g* x g — C. This map
is usually called a moment map, however for our purposes of quantization we will
call a map g — C*®°(F) a moment map as well. It is this map of algebras which
we are going to quantize.

3.4. WEAK COUPLING: CONNECTION <«— SYMPLECTIC FORM

The following proposition in its present form is an adaptation for our purposes of a
theorem about weak coupling form from [15].

PROPOSITION 3.5. Let G — Symp(F, 0) : g—>V, be a Hamiltonian action on (F, o)
with a moment map pf : g — C®(F). Then every connection T on the principal
G-bundle P — B over a symplectic manifold (B, w®), gives rise to a one-parameter
family of symplectic forms on the associated bundle M = P xg F — B, which
restricts to the forms oy, on the fibres:

Q, = Lo’ + 1w’ (17)

where ¢ is a small parameter and o' is the coupling form. This coupling form at each
point x e M, n(x) =b is

o' =0y + Hy, (18)

where T € A*(B,VM): T(X,Y)=—Pr(X", Y")), X, Y € TB. Pris the projection
to the vertical subbundle of TM, VM. The Hamiltonian function Hy is defined
as follows: 170, = dHr
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Remark 3.6. Notice that g, is nonzero only on vertical vectors, while Hy is nonzero
only on horizontal ones. This extra term H7p is needed for the form to be closed, the
small parameter ¢ insures that the form Q. is nondegenerate.

Proof. Sketch (for the full proof see [15] or [21]). The main idea is to use the so
called Weinstein universal phase space — W = P x g*.

Given a connection on P the space W could be identified with the vertical
subbundle of the cotangent bundle

W =PxgT'G=V*P.

A connection is a splitting I' : 7P = HP @ VP and V*P is defined as 1-forms which
vanish on horizontal vectors: V*P = (HP)*. Hence, it has a G-equivariant symplectic
form coming from the canonical symplectic form on 7*P. Moreover, the action of
the group G on W is Hamiltonian.

The moment map u' : W — g* is given by the projection

pro - W — g".

Then the symplectic reduction of W x F at 0 value of the moment map u = u" + uf
is exactly M = P x¢ F, and the symplectic form on M is inherited from W.

The explicit formula is obtained in the following way. Let the connection I' be
given by a connection 1-form, 4, : 7,P — g. It determines a horizontal subbundle
in 7P by

HyP ={v e T,P | Ay(v) = 0}.
V*P = (HP)" is also defined by /. The connection A: 7P — g together with the
action p : g — VP define the injection

1, VP — T*P.

By definition of the connection 1-form this injection is equivariant under the action
of G and hence the 2-form

W) =1} Wean € Az(V*P)

is invariant under the action of G. This pull-back of the canonical symplectic form on
TP gives a closed 2-form on V*P.

The canonical 1-form o on 7P is defined as follows. Let (p, s,) be a point in 77, P,
let also v be a tangent vector field in the tangent bundle n : 7(7*P) — 7*P, then at a

point (p, sp), (2v)(.s,) = —{splms¥),. Since the pullback of the canonical 1-form to
VP is (jalv) ., = —(prespli(mv)), so
w) = —d(prg|4). (19)

The form on W x Fis w; + ¢. The form on the reduced space M = (W x F)//G ata
regular value of the moment map u"” + uf = 0 is obtained as follows. Since u" is
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given by the projection to g*, " = pry the form on M becomes
o' =duf|l) +o.

The 1-form (uf|A) can be rewritten as a Hamiltonian H;. It should be understood in
the following way. The connection 1-form A:7P — g defines a connection on
the associated bundle M = P x¢ F. The horizontal subbundle in 7M is the image
of HP under the map P x F — M. By abuse of notation we call the map
TM — g also A. From now on A is a 1-form on M with values in the Lie algebra
g. Hence H; is a 1-form on M.

Its differential gives a two form d(uf|l) =d(H;). Applied to two vectors
V, W eTM it gives

d(H)(V, W) =VH,(W) - VH,(W) — H;([V, W]).

Using (16) we get that it is nonzero only on horizontal vectors and gives the Ham-
iltonian of the curvature which in this case is the commutator [V, W]. Also we
see that o' restricted to fibres gives the symplectic form on the fibres. OJ

This construction is quite general [15]: the symplectic fibrations with a connection
constructed this way turn out to include all symplectic fibre bundles with a connec-
tion for which the holonomy group is a finite dimensional Lie group.

3.5. LOCAL COORDINATES

Let us take a point x € M. One can introduce a local frame {f,} of vertical tangent
bundle VM and a local frame {e;} in 7 B at a point b = n(x) of B, with dual frames
{f*} and {¢'}. Using a connection we obtain a local frame on the tangent bundle
TM =7*TB@® VM at a point x. Then the form can be written as a block matrix:

w*of +eHry 0

Q. =
¢ 0 820'b

. (20)

Hence, the corresponding Poisson bracket is also a block matrix:

(m*w® + 2 Hyp)™! 0
0 e 205! |

We see that the Moyal product with respect to this form is a product of those on the
base and on the fibres.

Locally M = B x F and the connection can be written as V = d, + A, where Aisa
I-form on B with values in g. If the we consider the map: g — C*(F), A4 becomes the
1-form on B with values in C*°(F), that is a (1, 0) form on M. Hr in this local form
becomes just dA.
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4. Quantum Moment Map

Let (F, X, V) be an F-manifold. Here X is a deformation of the symplectic form o:
Y =0+hoy + oy +---,

o; being closed 2—forms on F. Let A"(F) be the corresponding quantization of F with
the characteristic class [Z] € H>(F)[[/]]. Ah(F ) is a noncommutative algebra of for-
mal series in /i with coefficients being smooth functions on F. The x-product on
A(F) defines the Lie algebra structure:

gl =4 xg—gnf). for f.ge AYP).

Let G be a group acting on F so that the action is Hamiltonian (Definition 3.4). Let
g — C°°(F) be its moment map. There is an induced action of G on Aﬁ(F ). We want
to quantize the moment map, namely, get a Lie algebra map from the algebra g to the
quantized algebra Ah(F ). However it is possible only up to a two-cocycle in
C*®(F)[[7]], so we get a projective representation, otherwise we should consider a
central extension of Ah(F ). We could also slightly change the definition of a quantum
moment map. We eliminate central elements by considering a map into the adjoint
representation of Al (F), the inner automorphisms Inn Al (F). They obviously
inherit the Lie algebra structure from Ah(F ), SO

DEFINITION 4.1. A quantum moment map is a map of Lie algebras
b€ g — Inn Ah(F). In particular it means that there is the correspondence
principle: limy_.o u““(X)(f) = {Hy, f} for X e gand f € Aﬁ(F).

Remark 4.2. This definition could be reformulated through a homomorphism of
associative algebras pu: U(g) — Ah(F ), such that on vector fields it gives

uOH(S) = (X)), /1,

PROPOSITION 4.3. Consider a Hamiltonian action of a group G on (F, o), with the
Hamiltonian function X — Hy for X € g. Let

(F, S=0+ ihiai, v)

i=1

be an F-manifold such that V is a G-invariant connection. Assume also that one can
define functions H.,,i=1,2,--- as follows

140 =dH},. (21)

Let Ah(F) be the algebra of quantized functions on F. Then the quantum moment map
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is given by

o)

w(X)=Hy+ Y WH'y (22)

i=1

Also pke: g — Inn ANF), wWX)"(f) = [u(X),f], is a homomorphism of Lie

algebras.

pHeX, YD) = [0, 1Y), (23)
Moreover, there are no higher terms in h :

(u(X), fl. = [Hx.f1. = {Hx, f}. (24)

Proof. * We are going to prove (22-24) by lifting the Hamiltonian Hy to a section
of the Weyl algebra bundle, since the *-product on C*(F) is defined by the
Moyal-Vey product on the Weyl algebra bundle (7),(10). Namely, let
I'p_pat(F, Wr) be the space of flat sections of the Fedosov connection D constructed
from V, corresponding to the quantization of F with the characteristic class X. Then
there is a one-to-one correspondence Q : C®°(F)[[A]] — I'p_fat(F, Wr) which defines
a product on F by f xg = Q' (Q(f) o O(g)). The structure of a Lie algebra in the
Weyl algebra bundle Wp is defined by the fiberwise commutator

[a,b], =aob—boa, forabel(F, Wr)
Recall that the map H : g — C*(F) is given by the condition
10 = dHy, (25)

where X is a vector field corresponding to X under the map ¢ — Vect(F) (14). We
find the image of a Hamiltonian Hy in I'p_gqa(F, Wpg) by generalizing the proof
of Fedosov [10, Propositions 5.8.1,2],[11] to the case of a deformed symplectic form.
By construction the Fedosov connection D is G-equivariant since any element of the
group G preserves the initial symplectic connection V. An easy calculation shows
also that flat sections of an equivariant connection D are also equivariant. It also
means that the Lie derivative of D is zero with respect to any vector field X:
[Ly. D], =0. Since Ly and Dy = 15D + D1y, are first-order derivations commuting
with D we can find an analogue of the Cartan homotopy formula for the Lie deriva-
tive on forms with values in the Weyl algebra bundle. The difference of L; and
Dy could only be an inner automorphism of the Weyl algebra bundle, we denote

it [0(X), ], :
Lya = (ixD + Diy)a +[Q(X), a],. (26)

It is easy to see that the equality (26) is true in Darboux coordinates chosen so that
the field X is just a pure derivation in the direction of only one of the coordinates.

*] am grateful to Boris Tsygan for pointing out a gap in the proof in an earlier version of the
paper.
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Then D=D"=d+ 6 and Q(X) = Q%X) = central section(X, h) —1yd. Let D =
D° +[Ay, ], be another flat connection, Ay being an equivariant one form in
Wr. Then since the L; does not change and commutes with the new D as well,
the right-hand side of (26) must not change ecither, so one has to subtract iyAy from

0'(X).

We want to show that we could chose the central section (X, h) in Q(X) to be equal
to wW(X)=Hy +h... so that Q(X) = u(X) — 1xyy becomes a quantization of the
moment map, that is a flat section corresponding to Hy.

Recall that locally we can write a connection D as Df = df + i/h[y, f], (11). The
equation D> =0 becomes (12):

iy, 7],
S+dy+-0— 0. 2
tdy+27 (27)

Then since Ly D = 0, from (26)

0= fue (a4 411 ) + (44 5L i J0) = w2, DL = 3+ i)
we get

(13d +dig)y =0. (28)
Using (21),(25), and also (27),(28) we find that indeed Q(X) is a flat section of D :

i

DO(X) = d{Hy + M} + ) = d(x) + 4 [ (Hy + BHY + 11, = 27 1x7),

= le+l)(d'))+0+l)((% [Vﬁz’y]0> = lx<2+d')/+% [V’Z’y]()) = 0

We also get that u(X) = Hy + Zf’ilhiHiX, so the commutator

(X0 1, = 7 0710, QL) = 3 07 ICHy +hHY + -+~ 15, 0L
=207 =15, QL) = 0 (15D — DY) = €7 1340}

= Lyf = X(f) = {Hx.f).
Then since the action is Hamiltonian we get on the quantum level:

['uLi(’(X)’ 'uLiL’( Y)]* = ad[HXv HY]* (29)
=ad({Hx, Hy}) = ad(Hyy.y) = p"“(X, Y). O
For the case X = g, in the absence of additional terms K H', we do not need to con-

sider the adjoint representation. The notion of the quantum moment map repeats
the classical one, it is a map from g to Ah(F) :
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COROLLARY 4.4. Consider a quantization AMF) obtained from the F-manifold
(F,0,V). Let a group G act on F, and the connection V be equivariant with respect
to this action. If the action is Hamiltonian with the Hamiltonian function

X +— Hy, X € g, the quantum moment map is a homomorphism of Lie algebras
h
w:g— A"F):

wX)=Hy and [uX).f], ={Hx.f}.

Remark 4.5. We get that u’“ : g — Inn A"F)isa map of Lie algebras. This gives
the positive answer to a question posed in [28] that every classical moment map
can be uniquely lifted to a quantum moment map to Ah(F ).

5. Quantization of Twisted Products

5.1. AUXILIARY BUNDLE: QUANTIZATION OF THE FIBRES

In this section we consider the bundle of quantizations along the fibres of our sym-
plectic fibration M — B and construct a covariant derivative on this quantized
bundle from the connection on the bundle M — B.

Fibrewise Quantization

Again, let m: M — B be a locally trivial fibration with a fibre F. Let F be an
F-manifold (F, Z, V). Here we take X to be arbitrary characteristic class, that is
a cohomology class [X] € H*(F)[[A]]. £ = ¢ + ho| + 265+ -, where ¢ is a sym-
plectic form on F.

Let AE(F ) be a quantization of F, that is a noncommutative associative algebra of
formal series in / with coefficients being C*°-functions on F. We are defining the
bundle A over B such that its fibres are algebras of quantized functions on the fibres
of the bundle = : M — B, that is the fibre of A at a point b € Bis A\, = Aﬁ(Mb). The
structure group G of mw: M — B acts on F by symplectomorphisms. If V is
G-equivariant there is a G-action on Ah(F). Since M = P x¢ F is an associated
bundle to a G-bundle P — B, the auxiliary bundle A is also associated to P :

A = P xg A"(F). (30)

Covariant derivative on an auxiliary bundle
A covariant derivative on the bundle A — B respecting the algebra structure can be
obtained from a connection 1-form on the principal bundle. Understanding of the
formula for this covariant derivative is important for the sequel. We also find that
the curvature of this covariant derivative equals to the adjoint action of the second
summand in the coupling form (18).

In general, a choice of a connection on the principal G-bundle P determines a
covariant derivative on any associated vector bundle (we follow the exposition
in [2]).
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Let . € A'(P, g) be a connection 1-form on a principal G-bundle P. Let also G act
on some vector space E, and the action be given by the map p, p : G - End(E).
Then the bundle £ = P xg E — B is an associated bundle to the principal bundle
P. The space of differential forms on B with values in &, A%(B, P x¢ E), can be
described as a subspace of the space of differential forms on P with values in E.
This subspace is a space of all basic forms with values in E, A(P, E),,. A basic
differential form on a principal bundle P with a structure group G, taking values
in the representation (E, p) of G, is an invariant and horizontal differential form,
that is a form o € A(P, E) which satisfies the conditions

() ga=0a, geC
(2) ©X)o =0 for any vertical field X on P.

An element in P x ¢ E is defined by its representative p x s € P x E. Let us denote it

as [p, s].

LEMMA 5.1. If o € AU(P, E),,,, define ap € AYB, P x¢g E) by
OCB(TE*Xl, ceey TE*Xq)(b) = [p, OC(le ceey Xq)(p)]’

where p € Pis any point such that n(p) = b, and X; € T ,P. Then o is well defined, and
the map o — og is an isomorphism from AY(P, E),,, to A/(B, P x¢ E).

As a particular case, there is a representation of the sections of £ as G—equivariant
functions on P with values in E. Let C*°(P, E)° denote the space of equivariant maps
from P to E, that is those maps s : P — E that satisfy s(p - g) = p(g)s(p). There is a
natural isomorphism between I'(B, P xg E) and C®(P, E)°, given by sending
s € C®°(P,E)° to sz defined by sg(b) = [p, s(p)]; here p is any element of n~!(b)
and [p, s(p)] is the element of £ = P x¢ E corresponding to (p, s(p)) € C*(P, E)°.
Infinitesimally, a function s in C*°(P, E)Y satisfies the formula:

(Xp - $)(D) + p(X)s(b) = 0, for X € g,
where we also denote by p the differential of the representation p:
p:q— Vect(E). 3D

Given a connection 1-form A on P one obtains the covariant derivative V on the
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associated vector bundle £ from the following commutative diagram:

d A
C*(P,E)¢ Q) AN(P, E)pas

L

[(B,£) —Y—— AYB,§)

In other words, the covariant derivative 1is defined as follows:
(Vyxs)(b) = [p, (XHsp)(p)], where X € TB and X% is its horizontal lift to the
principal bundle P. The formula for the covariant derivative on our auxiliary bundle
bellow should be understood by means of the diagram (32).

Covariant Derivative on A
Now let us return to our particular case, namely

E=A=PxgA"F), so E=A"F),
Then (31) becomes a map p: g — Vecz(Ah(F )), or in other words it is given by the

moment map u-¢ : g — Inn A"(F).

PROPOSITION 5.2. Covariant derivative on A — B corresponding to a connection
I-form A on P — B is given by the formula:

VAf = df +[H;. f1, = df + {H;.f). (33)
Its curvature is a 2—form on B with values in A:
RM ={Hy.f}., where T(X,Y)=—Prix" Y%, Pr:TP- g

Proof. The covariant derivative formula follows from (25) and the diagram (32).
Then the general definition of the curvature of a covariant derivative
V:I(B,E)— A(B,E) is

RX,Y)= V)-(V)', — V?V;{ — V[)“(’f,],

where X, Y € TB, and X , Y are their horizontal lifts. In our particular case the
expression for the curvature follows from the formulas (24) and (29). O

5.2. FEDOSOV CONNECTION AND FLAT SECTIONS ON SYMPLECTIC FIBRATIONS
In this section we will show that the complex of differential forms with values in some

twisted Weyl bundle gives a resolution of I'(B, A).

Bundle of Sections
The structure of the bundle = : M — B is reflected in the representation of the space
of functions on M as sections of a certain bundle over B. Namely, let 7 be the bundle
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over B, such that a fibre over b € B is the space of series in / with coefficients being
functions on the fibre M, of the bundle n: M — B:

Fp = C=(Mp)[[A].
Then C®(M)[[A]] can be represented as sections of the bundle F:
C=MD[[A]] = (B, F). (34)

Hence, we can try to obtain a quantization of M by quantizing the bundle 7 — B.
This leads us to consider the twisted Weyl algebra bundle over B.

Let W), be the Weyl algebra bundle on M. Consider Wy, — the bundle on B,
such that its fibre over b € B be W,, the space of sections of the Weyl bundle
on the fibre M;. A symplectic connection (13) on the bundle = : M — B leads to
an isomorphism of bundles

B:T(M, Wy)— I'(B,Ws Qciy T'(M/B, W) (35)

or more generally for differential forms.

LEMMA 5.3. A symplectic connection on an F-bundle M — B :
TM =HM & VM, H-M =7*T,-\B
defines an isomorphism of bundles:
A" (M Wy) = &pigen A’ (B, Wi Qcii AN(M /B, W) (36)

Proof. At each point z of M the Weyl algebra can be defined as the universal
enveloping algebra of the Heisenberg algebra of 7:M & #R. The universal envel-
oping algebra is by definition a quotient of the free tensor algebra by the ideal

I=(e®f —e®f +iliw '(e,f)}, fore,feT:M,

where w is a symplectic form on M. The connection on 7 M splits the ideal into a sum
of a horizontal and a vertical ideals:

I=1Iy+1y.

Thanks to the splitting of the symplectic form (20) vertical ideal I is also an ideal in
the tensor algebra of V*M, which leads to the result.

We consider fiberwise quantization as a first step in the quantization of the total
space. This gives the auxiliary bundle described in Section 5.1. The quantization
map along the fibres is

o' I'(B, F) — I'(B, A). (37)
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Twisted Weyl Algebra Bundle
Let Wp be the Weyl algebra bundle corresponding to the F-manifold {B, v, V5}.
Consider a twisted bundle

“Wp = Wg ®cyy A — B,

where A is a bundle of quantization along the fibres (30). Thanks to the splitting of
the form (20) the sections of Wp and sections of A commute with each other.

Remark 5.4.T(B, “Wg) can be considered as a space of fiberwise flat sections of the
bundle obtained by f (35): I'(B, Wp ®cymy I'(M /B, Wpy/)). Indeed, the F-manifold
(F, o, V) induces a structure of F-manifold on each fibre. It defines corresponding
isomorphism of flat sections of Weyl algebra bundles:

A =Tpa(M/B, Whu;B) (38)

The bundle “Wj is a bundle of graded algebras with degrees assigned as in the
original Wp bundle, namely,

deg(h) =2, deg(e')=1, e"s being generators of Wj. (39)
The filtration

(“Wp), = {s € “Wp, such that deg(s) > n}
also defines a grading

gra(“Wg) = {s € “Wp, such that deg(s) = n},

so that gr,(“Ws) is isomorphic to (“W3),/(“Wp),.,. The Moyal-Vey product o for
Wp and the noncommutative product * on the auxiliary bundle A define a pointwise
noncommutative product on “Wp. Let us denote this product on “Wp also by o. The
noncommutative product on A contains terms in different degrees in 7, but does not
have any other degree bearing terms. Hence, the product on “Wj is not preserving
the grading anymore.

The symplectic connection on B and the connection on the auxiliary bundle give
rise to a connection on “Wp: V=VE®1+1Q V>~

In what follows we will omit the tensor signs, this should not cause a confusion.
The curvature of this connection is R = R® + R*. Following the general scheme
we want to construct a flat connection V by adding to the existing one operators
of degree —1 and higher.

Main Theorem

THEOREM 5.5. The equation (D™)* = 0 for the connection

D™t AUB, “Wp) — AT (B, “Wp)
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has a solution in the form:
A I

where y € A'(B, Inn®Wg) is a sum of operators of degree = —1, so that

d+i/hly, ] =V +0d+r, in particular deg(d) = —1 and

r= Z e, e Al (B, grkAWB).
k>1

The solution satisfying a normalization condition 5~ 'r = 0 is unique.
Flat sections of this connection are in one-to-one correspondence with sections of
the auxiliary bundle, T'(B, A):

0" : T(B, A) - (B, “Wp). A1)

Proof. The main equation is w + dy + i/A[y, y] = 0. It can be rewritten

R+%[V,5]+%[V,r]+52+%[5,r]+r2:0.

For each k > 1 we get an equation expressing r; in terms of r;, i <k :

k=2
[0, 7] = [V, rea] + ) _lris riil. (42)
i=1

However, the equation on r; which must kill the curvature gives an unusual term in
—1 degree. Namely, the equation on r;: r; = Rf + R gives a solution which is
a sum of two terms in degrees 1 and —1 (sic!). Indeed in a local frame:

r =06 (R + R") = 67" (Rfje'e’ + Rydx*dx' = (R e'ele + Ryyeh)dx'.

The operator Rije*dx' = i/l ad{Hr, " dx'} acts on a section s € ['(B, “Wp) in the
following way:

i

I i
h

[HTk,ekdxl, s] = 7

[e5,s] Hy, dx' + (Hr,, s)e"dx',
where Ty, is an element in g on M and, hence, its action on Ah(F ) is defined, so it is
also defined on sections of the bundle “Wj : [H7,.s), = {Hr,, S} = Tus.

The operator i//i ad.{¢}H Tk,dxl is of degree —1. This term has to be added to d, the
initial —1-degree operator, but as soon as it is present it changes all the equations (42)
since there is not only ¢ in degree —1 anymore.

However, if we change 0 the iteration method can still be applied yielding a sol-
ution for the flat connection. In the central extension the curvature of this connection
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starts from the term of degree —2 :

%ado{(wk, + Hy )X A dy').

We are looking for a square root of it in the form 6 = i/hide'dx*. That is applied
twice ©'9 must give this central element:

%(C&)ki + HT,C,)dxk A dxl =8I (-2 [%Aikeidxk, %A,‘]éidx/:|.
Obviously, 4;; € I'(B, A) should be in the form of some series in w and Hy:

Ao’ Ay = oy + Hry,,

or

A = Oim(Lpic + 1/2 @™ Hyp, +...) = Opm (\/1 T o Hy )

We have used here the skew symmetry of the forms wy = —wy and Hr,, = —Hr,.
This series converges if the ratio of w and Hy is much bigger than 1 (that is size
of the fibres is very small in comparison to the base). It means that the fiberwise
symplectic form should be much smaller than the one on the base.

This forces us to introduce a rescaling parameter &:

m
k

(wx + Hr,)dxX* A dx! — (o + & Hr,))dx* A dx'.

Then the (—1)-degree term in the flat connection should be

A5 = iwkm (\/1 +Ew 'Hr )I/ndxlado{ek}.

h

Now the equation for the flat connection D should start with 49 instead of J:
D="5+V+r
Let us write how ‘% acts on a monomial

s=e"®..0e"Qf ®dx' A ... Adx" e gr,(W5g Qcpy A) @ A"T*B, f € gro(A).

N ®... Qe Qf @dxI A ... AdxIn—
Zei' ®...e/i\/f...®ei"’ ®f®XliA’dxl/\dxj‘ A A dy
k=1

where X is the following matrix X = /1 + ¢2w~1H7. In order to get rid of this cor-
rection term X we can ‘rescale’ the bundle Wp by changing

i = (X o) e W@y A
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with the following commutation relation:
[6F, 8, = —il(w + ¢ H7)". (43)

On monomials in &, ' has the same action as § on monomials in e (Lemma 2.5). We
can define “6~! and the whole set up in the twisted Weyl bundle becomes a familiar
data for Fedosov quantization of a symplectic manifold. This way we reduce the
problem to the usual Fedosov quantization and prove the theorem.

We construct a flat connection on the twisted bundle by iterations, r; being
monomials in ¢. Uniqueness follows from the condition 5~ 'r =0, which gives
the same restriction as “6~'r = 0. The flat sections of this new connection corre-
sponding to the sections of the auxiliary bundle can also be obtained by the standard
recursive procedure. ]

5.3. QUANTIZATION OF THE TOTAL SPACE

Here we want to prove that the deformation we got in the previous section is indeed a
deformation of functions on M. Since by quantization of functions on M we under-
stand an isomorphism to flat sections of a flat connection of Weyl algebra bundle
over M we reformulate the problem as follows. Namely, there is a homomorphism
of noncommutative algebras o such that the following diagram commutes:

C=(M)[[A]] —— I(B,F)

| e

Taa(M, Wn) -2 Tau(B,*Wa)

The first line is an isomorphism of commutative algebras (34). The left vertical arrow
is a quantization of a symplectic manifold M like in (7). O is a lift of the
quantization Qfi*™ (37) to T'(B, “Wj3) followed by the quantization in the twisted
Weyl algebra bundle (41) from Theorem 5.5.

THEOREM 5.6. Let M — B be a symplectic fibration with a symplectic fibre F. Let
A be the quantization of F with the characteristic class of (Definition 2.11).
There exists an isomorphism of bundles of algebras:

B:T(M, Wy) — (B, Wp @cpm I'(M/B, W),

where the Weyl algebra structure is defined on I'(M, Wyy) from the symplectic form
(17) on M, and T'(B, W) from the symplectic form wp on B.
Let D¥ be a flat connection on T(M /B, Wyg), such that Una(M /B, Wy/8) = A.
Then there exists a flat connection on Wy, DM = D+ DF | such that its flat sections
are mapped by the isomorphism f to the flat sections of D™ in “Wg = W ®cq A It
leads to a homomorphism of algebras: Ah(M) > Tia(B, “Wp). The characteristic
class of the quantization of M is exactly the class of the form (17).
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Proof. Again we work in local frames. Let {f,} be a frame in the vertical tangent
bundle VM at a point x € M and {¢;} be a frame in the tangent bundle to
B, TB, at a point b = n(x) of B, with dual frames {f*} and {e'}.

Using a symplectic connection we obtain a local frame {n*e;, f,} on the tangent
bundle 7M = n*T B @® VM at a point x. Let us denote its dual frame as {&/, /*}.

Then the form on M can be written as a block matrix (20), so that in this frame

[ =ea, [&.¢= 0" + 1", (44)

The flat connection D defines an isomorphism of algebras of fiberwise deformed
functions. The map Wy, — “Wp : éi—¢ defines a homomorphism of algebras:

Ttiverwise flat (M, War) =2 T(B, Wr Qcqy £))-

Indeed although the Moyal-Vey products in the bundle of Weyl algebras are
different, the o-product of &'s in “W;p and the o-product of &s in Wy, give rise
to the same x-product (see (43)), so it gives a homomorphism of algebras.

The last step is to construct a connection D in Thberwise fat(M, W) so that flat
sections of D (40) correspond to the flat sections of D. Substituting ¢ with & in
the formula for D* gives D.

The connection D together with the Fedosov connection along the fibres D gives
rise to a connection DM on W: DM = DF + D. Its flat section s € ['(M, W) satisfy
simultaneously two equations DFs =0, Ds=0.

The characteristic class of this quantization is exactly the class of Q, (following
from (44)). This way we get a correspondence between the quantization of the total
space and the quantization on the base with values in the auxiliary bundle A. ]

Symplectic Fibrations versus Riemannian Fibrations

There is some analogy with Riemannian fibrations (see [3]). Mazzeo and Melrose
([23]) gave an interpretation of Hodge-Leray spectral sequence from an analytic
point of view. In particular they introduced language similar to b-calculus for
description of Riemannian fibrations. The idea was to introduce a small parameter
&, so that all horizontal differential forms had the parameter in some degree. In other
words, everything which came from the base was ‘marked’ by this small parameter.
This gave the description of terms in the spectral sequence by the coefficients in
the Taylor decomposition with respect to this small parameter.

Symplectic fibrations provide a somewhat similar picture. We want to introduce
calculus similar to the one in [23]. Let us call it MM-calculus.

In the case of symplectic fibrations the parameter naturally comes in the con-
struction of a symplectic form on the total space. Indeed, when the parameter is
zero one gets a fiberwise noncommutative product while along the base it is
commutative. The *-product then is a bidifferential expression only in vertical
coordinates. The term at the first degree of the parameter gives a Poisson bracket
in the horizontal direction, it is a first order bidifferential expression in the horizontal
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direction. If the fibration is trivial these bidifferential expressions are fiberwise con-
stant.

Given a connection (13) on M: TM = HM & VM one implements the splitting into
the structure of the product manifold X = M x [0, V), where V « 1 is some fixed
small number. (We want it to be small enough so that ¢ involved in the symplectic
form (17) is bigger than V.) The product X = M x [0, ¢) has an induced fibration,
with leaves F and the base B x [0, ¢). Consider the space £ of smooth vector fields
on X which are tangent to the fibres, M, of the product structure X — [0,))
and which are also tangent to the fibres of the fibration M — B, above
Xo = M x {v = 0}. In local coordinates x/, & in M, where the x’s give coordinates
in B, the elements of £ are the vector fields of the form

2p 2
Zaj(x9 57 V)Vaxj + Zbk(x, é, V)aék.
Jj=1 k=1

Consider a vector bundle "7 M for which L is the set of sections £ = C*(X," 7 M).
There is a natural bundle map 1, : * 7M — 7 yM, the lift of 7M to X. It is an
isomorphism everywhere except over Mo, where its range is equal to VM. It is
important to define the dual map ' : T3M —"7*M, which range over M, is a
subbundle which is naturally isomorphic to the bundle of forms on fibres.

Given a connection (13) on M: TM = HM @ VM, the restriction of "7 *M to the
boundary, My, of X naturally splits

vT*MOM = VﬁlT*B @ V*M, Uy = Vﬁln*ﬂ —+ lv(a)_

The exterior powers of "7*M also split at the boundary so one can define a new
bundle of rescaled differential forms on X. Namely,

k
AM) =Y A(M/B) & v ¢ AL (B).

=0

The symmetric powers of *7*M have the following decomposition

k
'STM =) S(M/B) & v ¢S ITB.
J=0

This way one can define the rescaled Weyl algebra bundle. Let { f;} be a local frame of
vertical tangent bundle VM corresponding to 9, and a local frame {e;} in 7 B, cor-
responding to 9y, at a point b = n(x) of B, with dual frames {f*} and {¢'}. Using
the connection we obtain a local frame on the tangent bundle
TM =7*TB® VM at a point x. The differential on the bundle of forms "Ak(M)
is given by

dx’ .
d=v=——>0+ dé*ae,,
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so that d " AX(M) —" A (). Similarly a connection on 7 M determines a sym-
plectic connection on "7 M.

The Fedosov connection on rescaled Weyl algebra bundle "Wy, ¥ D, has the
Taylor decomposition in degrees of v. Since Fedosov connection is flat it should
give an equation in each degree of v. The v-decomposition of (*D)> must give 0
in each degree of v. The result for quantization can be stated as follows:

PROPOSITION 5.7.

(1) The quantization of M for v =0 is C*(B, Aﬁ(M/B))

(2) Theterm at the first power of v is the product on the base given by the Poisson bracket
with values in the quantization of the fiber.

(3) nthpower of vallows one to write a product on the base with values in the quantization
of the fibre up to the nth power in h.

6. Examples of Symplectic Fibrations and Their Quantization

Fedosov quantization provides a way to construct a k-product on a symplectic
manifold. In the previous section we showed how Fedosov quantization works
for any symplectic fibration. However, step-by-step calculations become com-
plicated very quickly and explicit formulas are readily available only in a few par-
ticular cases. Mostly the results which we are getting are of the type that ‘under
quantization some of the variables behave in a certain way’.

For the trivial symplectic fibration, that is for the direct product of two
F-manifolds (B, o8, V5) and (F, o, VF) we get the direct product of quantizations:

Ah(B x F) = Ah(B) Q] Ah(F)’

with the characteristic class w® + e, where ¢ can be arbitrary nonzero number, since
for nondegenerate w and ¢ for any nonzero ¢ the sum is nondegenerate in the absence
of the curvature term.

An example of a symplectic fibration with fibres being R?" is considered in [10].

Good source of examples of symplectic fibrations are cotangent bundles to fibre
bundles with connections (see again [15]). Indeed, consider a bundle X over B, such
that X is an associated bundle to a principal G-bundle P with a fibre F:
X = P xg F. Then G acts by symplectomorphisms on the cotangent bundle 7*F
equipped with the canonical symplectic form. We construct a new bundle
M = T*X over T*B, which is the pullback of P xs 7*F to T"B.

The connection, that is a splitting of 7M, is inherited from the splitting of 7 X.
Namely, HM is defined as the pullback of HX.

The symplectic form on M is the canonical symplectic form on the cotangent
bundle. Due to the fibre bundle structure we can split it into two parts — one along
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the fibres and the other one coming from the base. There is no need to introduce the
small parameter since we know that the form is already nondegenerate.

The algebraic index theorem on a cotangent bundle coincides with the analytical
index theorem of Atiyah-Singer on the initial space [26]. Our example shows that
this way we may obtain the relation on the index of the fibre, the base, and the total
space for any fibre bundle (if the structure group is a finite dimensional Lie group).

Now let us move to other particular examples. Consider the following situation:
the associated bundle M — B to the principal G-bundle with a fibre being 7*G
— the cotangent bundle to G. This example is the inverse of the quantum reduction
problem and it was discussed in the article [11], which is a generalization of [9].

The article [9] treats a symplectic fibration M — B with a symplectic fibre being a
cylinder. The fibre can be represented as C* = 7*S! — the cotangent bundle to the
circle. Locally a point z in M can be described by coordinates (x,r, §), 0 being
an angle coordinate on the cylinder and r the height, while x = (x, ..., x»,) denotes
coordinates of the base point n(z). Then M = P x ) C*, where P is a principal
U(1)-bundle. The symplectic form can be constructed from Proposition (3.5).
Let A be a connection 1-form on P. In this particular case:

A:TP—g=R.

Hamiltonian of 4 is a function in r only, it does not involve 6. Quantization on the
fibres is the Weyl quantization like in R*":

.0 d
axb=exp {_lhﬁ W}a@)b(z)|y2x

Lda b K[ Pa b
=ab— ’EW kT <8x"8x1) <8x”+"8x"+’> o (43)

The symplectic connection is flat. Hence the the fiberwise flat sections are expressions
in (r +11), (0 +f?), where (f!,f?) are generators in the Weyl algebra bundle cor-
responding to (dr,df) in T*F. The resulting flat connection in the Weyl algebra
bundle on M is a series in (r + /) (it does not involve the other coordinate (0 + f2)).

Examples of symplectic fibrations are numerous. Symplectic fibrations with
two—dimensional fibres are first nontrivial examples to look at, in particular
fibrations over a symplectic base with a Riemannian surface as fibres (see [21]).

A nontrivial example of a symplectic fibration is provided by an S?-bundle over a
symplectic base. An S?>-bundle n : M — B can be considered as an associated bundle
to a principal U(1)-bundle, P. We construct a symplectic form on M = P x ) S*.
The manifold M is presented as the symplectic reduction of (W, Q) at a regular value
0 of the moment map. The algebra of the group U(1) is simply R. Let VP C 7P be the
bundle of vertical tangent vectors. The fibre at a point p being V,P C 7,P. A con-
nection 1-form, 4:7,P — R, determines a horizontal subbundle by

H,={veT,P| i) =0}
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This horizontal subbundle induces an injection: 7; : V*P < TP, namely, a vertical
cotangent vector £ € V) P is a linear functional on 7, P which vanishes on the hori-
zontal subspace 7, P. The subbundle V*P inherits the standard symplectic form from
T.P, do.y. The manifold (Weinstein universal space)

W = VP x S?

carries a natural symplectic form Q = prywg + 1jdoca, + prioc, where prg: W — B
and prg : W — S? are the obvious projections and ¢ is a U(1)-invariant volume form
on S2. Q is invariant under the diagonal action of U(1). V*P is equivariantly
diffeomorphic to P x R, so the moment map u: W = P x R x S — R is given by

:u(pv n, Z) - h(Z) —-n

where i : S> — R is the height function, it is a moment map for the action of U(1) on
S? by rotating about the vertical axis, and 7 is a projection P x R — R.

The level set ~'(0) can be identified with the manifold P x S> by the map which
takes the form Q to prywp — d(H,) + pric on P x S?, where H(p, z) = h(z) is the
height function on S$2. This form is equivariant under the U(1) action, to make sure
it is nondegenerate we need to introduce a small number ¢, so that the form on
M becomes

W = prywp — 62{d(H;,) + prgo}.

Let us consider local coordinates at a point m in M: (x, &, 0), where x = (x, ..., X2,)
denotes coordinates of the base point 7n(m) while ¢ and 0 are cylindrical polar
coordinates in the fibre, & gives a height function and 0 is an angle. Then the sym-
plectic form on the fibre is

g=dindo.

The vertical vector field d/90 has a Hamiltonian ¢&: H% = ¢. The auxiliary bundle A is
a bundle of quantized functions on fibres, it is associated to a U(1)-bundle P. The
connection on A is inherited from a connection 1-form by Proposition (5.2). In
coordinates it is Vs = ds + A{¢, s}, where /1 is a local 1-form on the base and
{-, -} is a fiberwise Poisson bracket, s being some section of A. The curvature of this
connection is

RY = %adHT = T(&, ),

where T is a 2-form on the base, the curvature of the connection A. Since a Ham-
iltonian of any vector field is a linear function of just one coordinate £. A flat con-
nection is D = 6 + V + r, where

5 = ad(wddx’) and & = (/1 + 20 I1T¢E e).

As a result one gets that a flat connection in the case of a sphere bundle does not
depend on the cylindrical angle coordinate 6. The characteristic class of the
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deformation with values in the auxiliary bundle of quantization of the fibres is
w8 + 2 TE.
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