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NOTE 

RECURSIVE METHOD FOR DETERMINING FREQUENCY 
FACTORS IN INTERSTRA TIFIED CLAY 

DIFFRACTION CALCULATIONS 

Key Words-Frequency factor, Interstratification, Recursive algorithm, Stacking sequence, X-ray powder 
diffraction. 

The Fourier series technique of predicting X-ray dif­
fraction patterns for interstratified clay minerals re­
quires the calculation ofa matrix of frequency factors, 
0' (Reynolds, 1980). In considering a clay composed of 
stacking sequences of two types of layers, designated 
A and B, the elements of 0' give the probabilities of 
finding AA, AB, and BB layer pairs at each possible 
separation distance in all possible sequences or arrays. 
When the matrix is determined by considering each 
possible sequence individually, the computation time 
required increases exponentially with the number of 
layers in the longest sequences, Nmax, and quickly dom­
inates the time required for the diffraction calculation. 
The exponential nature of this increase is due to the 
great number of possible arrangements of A and B 
layers in even moderately long sequences (2N) and has 
effectively limited the modeling of diffraction from in­
terstratified clays to crystallites of ::::;20 layers in thick­
ness. 

We suggest a recursive algorithm for calculating fre­
quency factors. The method is so-named because the 
factors for a given separation are taken to be function­
ally dependent on more easily. calculated factors for 
smaller separations, leaving 0' elements on both sides 
of the derived equalities. The computational advantage 
is gained by treating groups of permutations of the clay 
layers at once instead oftreating each possible sequence 
individually. The effort required in the calculation only 
increases linearly with the number of layers in the se­
quences, N, allowing the consideration of larger crys­
tallites and the use of smaller computers than was pre­
viously possible. Further, the results are less likely to 
be affected by the numerical error introduced during 
the serial addition of floating-point numbers of varying 
magnitudes, a particular problem on computers with 
small word lengths (see Sterbenz, 1974). 

DISCUSSION 

The frequency factor matrix is divided into elements 
based on the types of layers in the pair considered and 
the separation ofthese layers, given by the numbers of 
A and B layers in the sequences: 

0' AA,m,n = 0' A-A,m,n, 

Here, m is the number of A layers in the sequences; n 
is the number of B layers; and AA, AB, and BB rep­
resent all sequences with an A on each end, an A on 
one end and a B on the other, and a B on each end. 
The directional terms A --> A, A --> B, etc., represent 
the sequences which begin with the first layer and end 
with the second. Both terms, O'A_B and O'B_A, which 
comprise 0' AB are equal by symmetry. 

A straightforward method of calculating 0' which is 
in common use today (informally circulated MOD-4 
and later programs of Reynolds) is to generate each 
possible sequence of A and B layers for N :s; Nmax, 

compute the probability of the sequence occurring, de­
termine which element in 0' corresponds to the se­
quence, and add the probability to the value of that 
element. The probability of occurrence of a sequence 
is assumed to be the product of the appropriate layer 
fractions P A and P B and junction probabilities P A.A, 

P A.B' etc. (Reynolds, 1980, 252-255). Unfortunately, 
the relative computational effort required for each val­
ue of N in this process is approximately (N - 1)2N

, 

and a practical limit to N max is quickly reached. Al­
though various hybrid forms of this algorithm which 
we have developed significantly improve efficiency, each 
retains an exponential increase in calculation time with 
N and some require large amounts of additional mem­
ory. 

The recursive algorithm calculates the matrix ele­
ments for (m + n) = N from the elements in which 
(m + n) = (N - 1). Inasmuch as all possible sequences 
with AA terminations, m A layers, and n B layers may 
be constructed by adding an A layer to the end of each 
A --> A and A --> B sequence of (m - 1) A and n B 
layers, 

assuming Reichweite 1 (or nearest-neighbor) ordering. 
Similarly, 

O'AB,m,n = O'AA,m,n-IPA .B + I12O'AB,m,n_ I P B.B 

+ 0' BB,m - I ,nP B.A + 1120' AB,rn -I ,nP A.A, 

and 
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By seeding the matrix elements in which N = 2 at 

and 

(and taking all elements with negative m or n subscripts 
to be zero), U is easily filled by computing the elements 
for progressively greater N using the recursion for­
mulae. 

Frequency factors for Reichweite 2 (next-nearest 
neighbor) ordering are also easily calculated, although 
directional values must be stored for eight termination 
types for each possible m at the previous value of N 
(n is fixed by m at constant N). In Reichweite 2 se­
quences, the eight directional terms U A-AA, U A-AB, 
... , UB_BB are calculated from binary junction prob­
abilities as 

UA_AA,m,n = UA_AA,m_l,nPAA.A + UA_BA,m-l,nPBA.A, 

UA_AB,m,n = UA_AA,m,n-1PAA.B + UA_BA,m,n-1PBA.B, 

for (m + n) = N. Once the directional values for N are 
known, the frequency factors are formed by summing 
these terms according to their terminating layers: 

(J AA,m,n = (J A--.AA,m.n + U A ....... BA,m,n, 

(fAB,m,n = UA_AB,m,n + O'A ....... BB,m,n 

+ UB_AA,m,n + UB_BA,m,m 

and 

(fBB,m,n = (JB ..... AB,m,n + uB-+BB,m.n· 

The terms for this N may now be used to calculate new 
directional terms for (m + n) = (N + 1). 

Similarly, frequency factors for Reichweite 3 order­
ing are found by first calculating sixteen directional 
terms UA_AAA, UA_AAB, , , . , UB_BBB for each m as 

UA_AAA,m,n = UA_AAA,m-l,nPAAA.A + UA-BAA,m-l,nPBAA.A, 

U A_AAB,m,n = U A_AAA,m,n-l P AAA.B + U A-BAA,m,n-l P BAA.B' 

and then, as before, summing the intermediate terms 
according to their terminations to form the frequency 
factors UAA, UAB, and UBB. 

Figure 1 shows the actual computer time required 
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Figure 1. Log-log plot and semilog regressions of the com­
puting time used by the common method of determining 
frequency factors (circles), an improvement on this method 
(squares), and the recursive formulation (diamonds) as a func­
tion of maximum sequence length. 

to determine U for different values of N max by the 
"straightforward" method in common use today, a 
"hybrid" of this algorithm, and the recursive algo­
rithm. All tests were made on the University ofIllinois 
CDC CYBER 175 computer using the FTN5 compiler 
at optimization level 2. A linear extrapolation of the 
data in semilog coordinates suggests that the first al­
gorithm might take 300,000 years of computer time to 
determine U for Nmax = 50 layers, and the second might 
need 100 years; the recursive formulation finished in 
0.0 I seconds. 

Little work has been reported on three component 
systems, probably because of the very long run-times 
involved. The algorithm described above is easily 
modified so that it is appropriate for such calculations, 
and its efficiency compared to a 3N approach should 
be even greater than the examples given here. 
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